MATH180C: Introduction to
Stochastic Processes Il

Today: Brownian motion

Next: PK 8.1- 8.2

Week 9:

» homework 6 (due Friday, June 2)



Brownian motion - Definition

Def | Brownian motion with diffusion coefficient 6% s
o continwous time stochastic procass (®)se
Su’c(S'ﬁj(hj
(i) Blo)=o, B) is contimous as a function of +
(1) For all ogseteee BEY-BE) (¢ a Gaussian random

Vonable with mean 0 and varmance 8'(t-s)
(i) The increments of B ace independent « i o=toctie-- <t,
thew [ B()- E({c-\ﬁ-:‘ ose ivxéePev\Jevx’c (Gamssian) r.v.s.

L

S =\ & standacd BM



BM as o Gaussion peocess

Def . Stochastic process (Ae)eso 1s called o Gaussian procss
o Lor any Oct,ct, ¢---¢tn
(Xe, o, Xen) is o Sowssian vecior | or eTu(\n»leij
for any G CnelR
1$ oo Gawssion (V.
Recall thai the distribution of o Gowussion vector is

u\\r\'\jue((j defined (07 ts meoin and covoriance mateix.

S(M-\\Qdkj, E’_Qc(l\ G&USS“QV\ P(‘Ocess (S un\'ﬁuel\j d{jcr[bed bj
P(():E(Xe) ond r<S {\ Co\;(XS X{:)70

L covariance —Fumd:toh



BM as o Gaumssion process

Proposition BM s o Goussian process wrth

and

Proo{'_ For any Oct e tas - ¢ £, | Bt)'—Btj-\ are inAeF.
Gaussian, thuy
Z Ci By;=

, (=
\S qd&o GMSSIQV\'

P"Dj definition . Lebt s<dt

Tkeh r(slf\:

—
—-—
=

—
—



Some properties ot BM
Propos(“.ioh. Let (Be)ao be oo standard B M. Then

() For any s>0 , the process s oo BM
\r\dependevﬁc of (Buw, 0gass) .

(i) The process s o BM

(i) For any c>o  the process is o BM

(i\l\ The Froc:ass (XQQO de{ined bj for t39
s o BM.

Proof (1) Define X = Bias- By, Then
= indepandent Gawssian increments,
(X)gs, has conmtinuous paths =>
(W) Xe is Gowussian, for sct

P(‘o:;g- ot Um}t*—o is wore fechnical, thws OM'\JT&Q&.



Construction of BM

PM con be constructed as a &mit of ProPec‘\j

cescaled condom woalks

et i%gl];‘ be « 5acIuehce of (dd rvs  E(5)=0,

AV Y (%‘\ = 6% ¢ Denote ond detfine
/\x:
ek t—‘? R

Theorem (Donske )




Appl\‘u‘\q Donsker's theorem
Exoqm?\& Lek (%\\ be (vd. v P(¢=1)=P(%=-\)=0.s

E($)=0, Var(8:)=1.
Denole (S,,)m,_o s « Mackov chain.
From the ficst STep th(\Js{s of MC we know that for

O~V\\3 -a¢o<ch
H: )(1 is The process }n{-ecPo\m‘Hnj Swm  Then ¥n
P(X" hits - before b )=

=7 P( B hits -a be fore \3\ =

= (‘5\\,(. \9 \wa)} l P(S \\+5~abe¥ooeb\~&‘o,rb



BM as a marffnﬁq\e_

Let (Xt}{zo be ol contivumous time stochastic procass. \We say
’ﬁm‘t (XEX\:IO 6 o M“ct(hj“\q I8 E(‘Xt’l\)‘” Vizo and

P(‘opos({:(oh Let (BQ{_ZO be o stondad BM. Then
G
Gy
Proot: E(By [{Bu,otusst)=
E (Bt 11Bu 0tuesy)=

Thwm (\_2\‘\}\ Let (Xe)pwo be o contimuous mactingale  such
‘t\r\q’& (X: “L}tzo 'S o W\M“L'\W‘OG\Q .



A\)FFOX'\MO\{.{V\D o RM  with random wol ks X.t

n=29 Nn=\00V

zm

W

NnN=S090 n=1000




SJEOHDLV\S times and the s'trovxs Moar kol .Pronr'tj (lec.s)

_D_e_‘f__(‘h‘(:ormo«.\‘). Let (Xi)izo be o stochastic process
ond [eft T20 be o random variable. We call T
o s+oPP(n3 time f the ewent
(Tet)
con be determined from thu khowledje of the
‘)rouss wp to tuve t (\'.e.\ feom [ X5 - o.‘Sé'ES)

EX&mPles: 3. (X’cy{-zg be. r('jh‘\—COV\'l‘(n,uo&AS

. mun ft20: Xt=13 is o S‘\'OFPIV\3 time

C. Su.P ll‘t?.o‘. X_t=3,‘] \‘g hoi’ o S\'omgmc) -Hw\e__



StOPPth 'ttW\Q,S and the S‘t(‘onj MQ_C\LO\I .P("QPQ('tj Uec.'$>

Theorem (no proo{\

et (Xf)tzo be o Markoy process let T be a Stopping

time of (Xt)tzo. Then, conditional on Tew and X+ =%,
(Rr46 de20

() is (ndependent of X, 0¢s5¢T )

() hag Htu same distribution as (Xe Jao S+CL("Hh§ from x

Excump\e. (Bt\tzo is Moarkov., For ony X R detine
Tx = mun {t: By <y Then
. (Bt»f'cl-Bt,Jtzo > o BM S't'OLr'HV\j from x

. (EJ:C-et-L—BT,L)tzQ S .\V\AQ‘D%QQV\{ ot { By 0sseTn§
(\ndependent of what B was doing before it hit =\






Reflection PdnL{P\e,
Thm  Let (Bqt?_o be o standard BM. Then

for Gy t20 and x>0

Proo'(:_ et T, = PN {‘t : B{__ = } Note thot Tx s a
SfoPPan time and is un{clue(j determined bj {B, 0eueTs]
From ’Cb\e &Q‘Fl‘m"“\‘OV\ 0{ Ty | i TL\’?-V\

P( moxBy2x, Bt<13 1

0¢u ¢t

NON P( mox By 2 1» =

ocuLt



Re{lection PdnL(P\e

Proot with o plc‘tur& ' /\/W\/\/\/

X

F (Bdis, is o BM, then (gdﬁb 1S o BM where

—~ Bt , tﬁT-'JL
By =
B, - (Bt-B‘lx\ B v

::) ’to eack SQW\P‘Q PQ‘H'\ w'u'u/s \’Y\Cxxt Bu\_bx c\vxé Bt’l we
ocue — ~

0SS ociale oo uwv'\ﬂue_ Po;t\,\ with  mox Byusx and By ex
cfuet

lSo

P( max B, 3%, Bex) = P(E}E)‘L\ => P (mox B, 2x) =2 P(B{_}l)n

Ocuty 0suck



