MATH180C: Introduction to
Stochastic Processes Il

Today: Birth processes. Yule process

Next: PK 6.2-6.3

Week 1:
join Piazza

HW1 due Friday, April 14 on Gradescope
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De_SCr(P‘t(on of the birth processeS via Sojourn Times

Theorem

Let (Ao be « Sequence of Fos(tive humbers . Let

(XJJQ,, be o how-decraasinj r(sk‘l’-—con'&fnuous process Koz 0,

tolking values (n {012-3, Let (S: )ise be the SQJOU\-NI\

times associated with (Xe)ezo, ond define W, = z S:

Then conditions

(o) Solgutgz‘-“ arce. Tm&e()enclsm\’ e)c(PommHa(_ r.d.S
of cate Aoy Ao Se~ Exp (A )

(b) K, =

ore Qc‘m‘m\e_m% to

((—\ (-X*\{'io IS o @'—w‘t \)‘\rﬂ\ @'\mc-esS (,Jl{'\ ()Qramkr;
(AN



Ex plosion
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Birth processes and celoted dfferentiol equq'tc‘ons

P t) salisfies the ‘(o[l_cwihj SjSTeM
of diFecentian eqs. With (mitial conditions

B) = AP (¥) P (e)= |
Pr()= - AP )« APB() P (0)= 0

(*) Pz [t) = - X B () £ ) P (£) PT (6) = o

Fh () = = AP ()= Ano Bl > Pn (0) = O
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Solv’mg the system of diferential e.o‘u\o:tioo\s <)
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Solving the system ol difertential e.quo:tiov\s <)

Ba(6), n2|
Consider the function Q. (+) = P, ()
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General solution to (*)

Assume that  Aj+ Xj for E:ﬁj.
Then Hor nx1t
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Question ®

In o certaun FOFU\L&‘{:(OV\ each (ndividual

Au,r{r\j Ny (small) time (ntervol of lu\jﬁn h
cdi\les o birth to ohe new wndividuad With
Pr‘obub'tlithj jsh+o(h§, (néeFe_hdenH\j of other
members of the FDPU\\Q‘HOV\. All members of the
PoFulod'ion ive Horever . At time O the
_FoFuLQ‘\:l'OV\ consists of one tndividuod.

What s the distechution on the size of the
\DOPuLa‘tiov\ ot a j'u!eh time t(?.



The Yule process

Let X¢ , t20, be the sie of the FoPu\oC\T\'Oh at time t
Xo=| (S*QFJC from one common ancestor )
Com?udl Pald)= P(Ke=n \Xo=\>
H  Xe=n | then du.r(vv] o time interved of length
() P(Xw\=h+\ [ Xg=n)= th + o(h)
7(53 P(Xt+|,\=h \Xt=h\= \_ ﬂ(%)h “'O(h)
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Pv\('l’) satisfies Hae sjs’t‘ewx ot diferential equa‘f'fons
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