THE 2D MUSKAT PROBLEM II:
STABLE REGIME SMALL DATA SINGULARITY ON THE HALF-PLANE

ANDREJ ZLATOS

ABSTRACT. We study the Muskat problem on the half-plane, which models motion of an
interface between two fluids of distinct densities (e.g., oil and water) in a porous medium
(e.g., an aquifer) that sits atop an impermeable layer (e.g., bedrock). We show that unlike
on the whole plane, finite time stable regime singularities do arise in this setting, including
from arbitrarily small smooth initial data. To obtain this result, we establish maximum
principles for both the potential energy and the slope of solutions in this model, as well as
develop a general local well-posedness theory in the companion paper [21].

1. INTRODUCTION AND MAIN RESULTS

The Muskat problem models motion of the interface between two incompressible immiscible
fluids of different densities p; > po (such as water and oil, or salt water and fresh water) inside
a porous medium (such as a sand or sandstone aquifer) [1,16]. It involves the PDE

Op+u-Vp=0 (1.1)
for the fluid density
p(x,t) = p1 = (p1 = po)xa, (%), (1.2)

where u is the fluid velocity and €, is the (time-dependent) region of the lighter fluid. The
velocity is determined via Darcy’s law

u:=—Vp—(0,p) and V-u=0, (1.3)

which takes this form after temporal scaling of (1.2) by a factor that is the product of the
gravitational constant, permeability of the medium, and the reciprocal of the fluid viscosity.
Here p is the fluid pressure, which is uniquely determined by the incompressibility constraint
V-u =0, and —(0, p) represents downward motion of denser fluid regions due to gravity.

The Muskat problem is related to the Hele-Shaw cell problem [14,19], and has even been
used to model cell velocity in the growth of tumors [11,17]. One can also consider it for a single
fluid with a continuously varying density, when the model is known as the incompressible
porous medium (IPM) equation.

We consider here the Muskat problem in two dimensions, where it has been studied exten-
sively on the whole plane R2. We mention here only the works most relevant to the present
paper and refer the reader to our companion paper [21] for additional recent references. Local
regularity on R? was proved in [5,7] in the classes of fluid interfaces that are graphs of either
H3(R) or H*(R) functions of the horizontal variable, provided the lighter fluid lies above the
heavier one. This is the stable regime, when the Rayleigh-Taylor condition holds [18,19], and
the problem is ill-posed in Sobolev spaces when the heavier fluid lies above the lighter one

anywhere along the interface [7,20].
1
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This limitation does not apply in the space of analytic interfaces [3], and it was in fact
shown in [2,3] that there are initial H*(R) interfaces that instantly become analytic, then
develop overturning in finite time, and later lose analyticity (and even C* regularity) while
remaining in the (unstable) overturned regime (cf. [9]). Hence these papers demonstrated
existence of overturning in finite time in Sobolev spaces, at which point local regularity breaks
down and the interface has a vertical tangent — while remaining a smooth planar curve —
as well as (post-overturning) finite time loss of interface regularity in the space of analytic
curves. Nevertheless, the latter is due to Rayleigh-Taylor instability when the model is in
the unstable regime, rather than a result of super-criticality of the PDE (which is due to u
having the same level of regularity as p). One cannot do “better” on R?, at least within
the class of H*(R) interfaces, because all stable regime solutions remain analytic prior to
overturning [3]. In fact, it is known that even corners in the initial interface experience
instant smoothing [12,13].

However, since aquifers typically sit atop impermeable rocky layers, the Muskat problem
has a particular physical relevance when considered on the upper half-plane R x R™. An ad-
ditional appeal of this setting is that it allows one to model dynamically important situations
when the heavier fluid invades regions initially occupied exclusively by the lighter fluid by
flowing underneath the latter along the impermeable bottom. The local regularity proof in
H3(R) from [7] does extend to the half plane if the interface stays uniformly away from the
bottom, but constants in the available estimates blow up as the interface approaches R x {0}.
Hence this does not allow one to extend the theory to the most interesting setting when the
interface touches the bottom, which includes the above invasion scenario.

Nevertheless, it turns out that local regularity for H? interfaces does hold on the half-plane,
and we provide a (much more involved) proof of this in the companion paper [21]. It is likely
that the approach in [3] can then be adjusted to show analyticity of the fluid interface before
overturning and in the region where it does not touch the bottom. But this would still leave
open possible emergence of finite time interface singularities at R x {0}, and in particular in
the stable regime as well as within the well-posedness theory in Sobolev spaces.

The main result of the present paper is Theorem 1.2 below, which shows that finite time
stable regime interface singularities do develop for the Muskat problem on the half-plane.
Moreover, this can happen for arbitrarily small smooth initial data (in fact, it happens for
all small nonzero data from a fairly general class) and after an arbitrarily long time. The
mechanism for this is essentially the invasion scenario described above, specifically when the
invasion happens from both directions, and the singularity likely develops at the meeting
point of the two invading “fronts”.

Our proof has three main ingredients. The first is the local regularity result from [21], which
in particular shows that if the interface touches the bottom initially, it cannot “peel off” the
bottom unless a singularity occurs. The second is a quantitative L? maximum principle for
the fluid interface in Theorem 1.4, which shows that unless the interface is close to flat
(except on a small set), its L? norm (when it is appropriately defined and finite) decreases
at a uniformly positive rate. Such a maximum principle is known for the Muskat problem
on R? [6], and since this L? norm is also the potential energy of the interface, one can even
think of this result as monotonicity of the latter. This was recently derived for the IPM
equation in [15], and used there to prove that solutions must be asymptotically stratified.
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Since topological constraints force Sobolev norms of some solutions to grow as they stratify
(unless they become singular), [15] also demonstrated unbounded growth of certain solutions
to IPM on a horizontal strip.

The same conclusion can be derived for the Muskat problem on the half plane, once the local
well-posedness theory from [21] and Theorem 1.4 are available, because mass conservation
forces interfaces that become more and more flat while still touching the bottom to have
near-vertical tangent lines somewhere. But just as in [15], this is not sufficient to prove
development of singularity (of the interface as a curve) or even of interface overturning (while
it remains a smooth curve) in finite time.

Instead, we conclude the proof of existence of finite time singularity using our third ingredi-
ent, a maximum principle for the slope of the interface on the half-plane from Theorem 1.3(ii)
below. We show that if the initial interface is not too steep, then it remains such as long as
it remains regular and so its tangents cannot become near-vertical. It follows that a finite
time interface singularity must occur, with no overturning and so in the stable regime, for
any initial interface (from an appropriate class) that is not too steep and touches the bottom.
It is possible that some version of our approach could be also applicable to the question of
finite time singularity for IPM on the half-plane or on horizontal strips, although this will first
require extension of the local well-posedness theory to solutions with more general boundary
behaviors than what is currently available [4].

We note that a simple proof of the maximum principle for interface slopes on the whole
plane was provided in [8], but the half-plane version is much more involved and its proof in
fact forms the bulk of this paper. To illustrate the challenges involved, we note that a version
of it on strips R x (0, 1) was obtained in [10], but this result has fairly restrictive hypotheses
and only applies to interfaces that remain far away from the strip boundaries. In contrast,
Theorem 1.3(ii) applies to all interfaces on the half-plane with slopes bounded by 1—30.

Since this result is of independent interest, we prove it in more generality than we need
here, namely for interfaces that need not vanish at 00 or be periodic, and may even have
O(|x|*™) growth as ¥ — 4oco. This is the optimal power for a general local well-posedness
result, and one of the contributions of [21] is extension of existing theory for the Muskat
problem to such interfaces (on the plane, half-plane, and horizontal strips); previously, all
local regularity results required interfaces that are either from H*(R) or from H} (R) and
periodic (k > 2).

Basic setup and local well-posedness. From (1.3) we see that the vorticity V* - u equals
Pz, if we define V*+ := (9,,, —0,,). Since we have the no-flow boundary condition uy = 0 on
R x {0}, it follows that

u(x, t) = VA p, (x, 1) = %/R - (i’;:i’,)'? B (|>;:3;)|2 ) P (v,1) dy, (1.4)

where A is the Dirichlet Laplacian on R x R*, ¥ := (y1, —92), and y* := (y2, —y1). Motion
of the fluid interface 09 (see (1.2)) determines the full dynamic for the Muskat problem.
One can use this to derive from (1.1)—(1.3) an equivalnet PDE for the fluid interface x; —
f(z1,t) > 0, with Q; = {z2 > f(x1,t)} for t > 0 when the fluids are in the stable regime.
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This is done in [21] via the same argument as on the plane, and we get

T, ) — f.lx —y,t (2, )+ [z —y,t
e = py [ [SUAED e —ut) | _y(ole ) 4l
where we also assumed without loss that p; — pp = 27w. The corresponding whole plane

version is instead
T Z‘,t — Jz\T — 7t
= py [ YD),
rY+ (f(@,t) — flz —y,1))
Before stating our main results, let us first introduce the general spaces of interface func-
tions that we will consider in Theorem 1.3. For £ =0,1,... define the (local) norms

dy, (1.5)

(1.6)

k
||g||i2(R) = S‘ég 191l 22 ([e—1,041)) and ||9||Hk(R) = Z ||9(‘7)||i2(R)
T =0

on the spaces of those g € L2 .(R) for which these are finite. Then for k > 1 and any v € [0, 1]
define the seminorms

9]l gy == sup lg(z) — 9(y)|

e |z —yP and H!JHM(R) = ||9/||ﬁk71(11@) + HgHC'*l*'Y(R)a
rT=yY|Z

which vanish for constant functions. We note that ||g|| Ar®) < 09 allows g to have O(|z|177)

growth at +o00, and refer the reader to [21] for further discussion. We now have the following
local regularity result, which holds on both the plane and the half-plane.

Theorem 1.1 ([21]). Let v € (0,1] and H¢||g3(R) < 00.

(1) There is ~y-independent Ty, € (0,00] and a unique classical solution f to (1.6) on
R x [0,Ty) with f(-,0) = ¢ such that

sup |[f ()]l gy < o0 (1.7)
te[0,7)

for each T € (0,Ty). It in fact satisfies

sup |[f(- 1) = dllgsy < oo and  sup [|fi( 1) [lwreem) < 00 (1.8)
te[0,T] t€[0,T]
for each T € (0,Ty), and if there are 4o € R such that ¢ — 1o, € H3(RE), then even
sup [|f(+t) = ¥[[mam) < oo (1.9)
te[0,7)

Finally, if Ty < oo, then for each 4" € (0, 1] we have

Ty
| IOl oy e = o (110

0
(i1) If ¥ > 0, then (i) holds with f > 0 solving (1.5) instead. And if inf¢) = 0, then
inf f(-,t) =0 for each t € [0,Ty).

Main results. We are now ready to state our main result, which shows that for the Muskat
problem on the half-plane, stable regime finite time singularity develops from all initial data
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that initially touch the bottom and do not have large slopes (plus they are either periodic or
H3(R) perturbations of non-zero constant functions). In it we also use the seminorm

o glx) — gyl
19/l () S A P

Theorem 1.2. If 0 < ¢ € lff?’(R) is periodic, miny = 0 # ¥, and ||¢'|| @) < 10, then
Ty < oo and f from Theorem 1.2(ii) satisfies
3 Ty
elim@ony <75 and [l dt = (11D

for each~' € (0,1]. The same result holds when periodicity of 1 is replaced by 1 —1), € H*(R)
for some constant 1, € (0,00).

Remarks. 1. Since 1) € H3(R), we have ||1/’||H3(R) < oo for all v € [0, 1]. This and the first
claim in (1.8) show that we do not need to specify v in Theorem 1.2.

2. So while remaining a Lipschitz graph, the interface leaves C>7'(R) for each 4/ > 0 (and

hence also H? (R)) at time T}, < oo when, for instance, for some (arbitrarily) small £ > 0

we have ||) —¢||gs(r) < €. And this can happen after an arbltrarlly long time because in [21]
we showed that T¢, 2 Cy(1—1In |WHH§ gy) for some C, > 0.

As we explained above, the main ingredient in the proof of Theorem 1.2 is the following
L* maximum principle for f, on the half-plane. Since we prove it in the general case
Y]l f3(r) < 00, the result is new even on the plane and we state it here on both domains.

Theorem 1.3. (i) Let 7,4, f be as in Theorem 1.1(i). If ||fo(-,t')||zo@) < 1 for some
"€ [0,Ty), then || fo(-,t)||Lo(r) ts decreasing on [t',Ty) (strictly unless it is 0).
(it) If v,v, f are as in Theorem 1.1(ii), then (i) holds with || fo(-,t)||p@) < 1 instead.

Finally, we state the L? maximum principle for f (which is new on the half-plane) that we
also use in the proof of Theorem 1.2. In it we let

(a+b)*(a—b)?
2[c2 + (a+b)?] [¢® + (a — b)?]
Theorem 1.4. Let 0 < ¢ € 1513(1&) and let f be from Theorem 1.2(ii).
(i) If ¥ is periodic with period v, then

d
EH.]C( )“L2 ([o,v]) 2“10361( ) )H2 L([0,v]xRT) < _/ A(f(%,t),f(y,t),&l - y) dxdy
[0,/]xR
(1.12)

Aa, b, c) = > 0.

for each t €10, Ty), where p(-,1) == 2TX (0<o<f(@r )} -
(11) If Y — oo € H3(R) for some 1o € (0,00), then f := f — 1) satisfies

d -~
a“f(vt)H%Q(R) = _2||px1('7t)||§'{71(RXR+) S - /RZ )\(f(l‘,t), f(y,t),x - y) dl’dy (113)

for each t € [0,Ty), where p(-,t) = 2T X fo<wa< f(z1,0)}-
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Remark. The proof of Theorem 1.4 shows that for (1.6) we instead have

a (f(@1) = F(5,1)°
%Hf(%t)”m(s) == /SX]Rln (1 + (z —y)2 ) dzdy,

where S is [0, 7] in (i) (with ¢ := 0) and it is R in (ii). This is a result from [6].

The rest of the paper is composed of four sections. We prove Theorem 1.2 in Section 2,
using Theorems 1.3 and 1.4. The latter result is then proved in Section 3, while the much
longer proof of Theorem 1.3 is split between Sections 4 and 5.

2. PROOF OF THEOREM 1.2

The proofs of both claims are similar, so we only provide here the first one. We note that
the proof of the second claim involves norms || f(-, %) L1y and || f(-, ¢)|| 2@y With f = f =1
instead of || f(-,%)||1(o,1)y and || f (-, £)|| 220,17y (see (1.9) and the end of the next section).

Assume that the period of v is 1 because the general case is identical. By the uniqueness
claim in Theorem 1.1(i), f(-,t) also has period 1 for each ¢ € [0,Ty,).

Theorem 1.3(ii) proves the first claim in (1.11), while (3.2) below shows that

3
1 = 1 = [
1) rctouy = Il = L € (o 40)

for all ¢ € [0,7}). The last claim in Theorem 1.1(ii) and the first claim in (1.11) now
show that for each ¢t € [0,T}), there is A, C [0,1] that is an interval or a union of two
intervals of total length > 2L such that f(-,t) < % on A,. These two claims also show that

11|z xfo,1,)) < 55+ and so there is B, C [0, 1] that is an interval or a union of two intervals

of total length > 2L such that f(-,¢) > 2% on B,. But then the integral in (1.12) is at least

4L% L2 6
2 9 9 L

L > =
S+ G+ 5) - B
for each ¢ € [0,T). This and (1.12) now imply that T}, < oo because || f(-, )||L2 (o = 0- I

we then combine the first claim in (1.11) with (1.10), we obtain the second claim in (1.11).
So to complete the proof, it remains to prove Theorems 1.3 and 1.4, as well as (3.2).

3. PROOF OF THEOREM 1.4

Proof of (i). Assume that the period v = 1 because the general case is identical. By the
uniqueness claim in Theorem 1.1(i), f(-,¢) also has period 1 for each ¢ € [0,T},). Since

y(f'(@) £ file—y) _ d fx) £ flz—y)
o ey ) " )
for any y € R, we see that
d
a”f(',t)HLl([o,u) =0 (3:2)

fort € [0, Td,) From (3.1) and integration by parts in « we obtain (dropping ¢ in the notation)
fl@) £ f(z —y)
= Bagony -3 | #e)mctan drdy

[0,1] xR Y
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_ / r nf(x)if(x—y)
= Zi:/[o,m PVZf(x)a cta e dxdy

nez

_ / fl2) 1)
- Z_L:/[OJ]QPVZf(x)arctan p— dxdy

nezZ

= _ Z PV/ f'(z) arctan M dxdy.

[0,1]xR -y

Let us write the integral in x as

/01 [(x_y)ia (f(x)if(y)) ARG )ff( )arctanM} dr,  (3.3)

dx r—y x r—y

where

G(s) := sarctans — InvV1 + s2 = / arctan r dr.
0

We integrate the first term in (3.3) by parts in = again and find that (3.3) equals
"1 + 2 1)+ 0) £
[t (1 L0 o (HU2I0) (101210
0o 2 (r —y) 1—y —y
plus the additional “boundary” term —2x f(y) when y € (0,1) and + is + (from the singu-

larity at x = y). The last two terms above cancel with the same terms when y is increased
and decreased by 1 because f is 1-periodic, so we obtain

d _ ! (f(x) £ f(y))?
EHJCH%? —47r/0 f(y) dy—%:/[ovl]XRln (1—1— ) ) dxdy. (3.4)
We now use the formulas

In(1+p) +In(1+ q) — In(1 +p+ )>/Hq(1 ! >d > il
n p n q) —In p+q) > - — z =
1 z ptz (1+q¢)(1+p+q)

with p := % and q := % and then

2In(1+p+q) —In(l+p+qg+7r)—In(l+p+qg—7r) >0
2f(z)>-2f(y)*

with r .= Gz~ to get
o (1 CELELORY o (1 EP Y (1 00 s, 0
where
3 — (a+b)*(a—b)?
Ma-b ) = Gy o [ @+ (a = 5] = (3:5)
Since also

2 2
[ (15 Y = [ o1+ o]y =2e0
R y Rdy y y
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/[W;ln (1+ (xf((w )dmy_/m” Zln( xifg)iy)z)dwdy

neL

and

for y € (0,1) (by 1-periodicity of f), this and (3.4) yield
G By <= [ A7) £~ y) dody. (36)
[0,1]xR

Now (1.12) follows from X > .
Let I'y :=T'¢(¢) and

Q) = {x€(0,1) x (0,00) | z2 < f(21,1)}.
We have
mof) (=@
/ f at r, m d ( ) - /I‘t o) (0? 8tf(x1)) 1 T fl(fljl)2 dO’(X).
We now use the fact that 9, f(x1) is precisely the number such that at time ¢ we have
CEfE)D) (=P
(0.00) -~ =)

where the second vector on both sides is the unit outer normal n(x) to ] at x = (1, x2).
So 1-periodicity of f, the divergence theorem, and V - u = 0 yield

iy = [ ol [ i [ et

o5y, A [0,1]x[0,00)
— [ 0 (-8) () =~y et
[0,1] % [0,00)

The integration by parts at the end can be justified by approximating p by smooth charac-
teristic functions p,, of Q with u" := 9,, (—=A)~"(pn)s,, and then p, — p in L*([0, 1] x [0, 00))
implies u™ — u in L*([0, 1] x [0,00)) and (pn)z, — pzy, in H7([0, 1] x [0, 00)).

Proof of (ii). This proof is almost identical to the one above, with all integrals over [0, 1]
being now over R (which simplifies some steps) and with the whole argument estimating
instead

L Olow  and LGOI,
Since f, = f, and f; = f,, all steps in the proof easily extend to this setting. We note that
in the last part of the proof we use
Q= {x eRx (0,00) | z2 < f(z1,t)},
QF = {x R x (0,00) | +1hs < £33 < £f(21,1)},
and also 9 — 1, in place of x5. This then yields

3 il = [ o= vnula) i) = | (= tecJu) )

Q;
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:/erug(x)dx—/t_@(x)dx:PV/;UQ(X)dX

because PV fo[o ] ug(x) dx = 0.

4. PROOF OF THEOREM 1.3
For k=0,1,... and v € [0,1] let

k
lgllcen@ =D 199l re@ + 9% e m
=0

when g € L2 _(R) (note that then C*°(R) = W*>(R)), and for k¥ > 1 define the seminorms
(vanish on constant functions)
||9||0577(R) = ||gl||0’“*177(]R) + ||9||élfv(ug) and ||9||05(R) = Hg,”C’C*LO(R) + ||9||0177(R)
Note that when v € (0, %] and k£ > 1, then
Ity < Cio ey (1)
holds for all g € L .(R), with some constant C, < oo. We will assume without loss that

v € (0, 3] because ||gHH3 < oo implies ||g||H3 ® < oo for all 7" € (0,7].
Since

flao)tfle—y) £ty fle—y) _d . fl@)*flz-y

VA (flm) £ flz—y)? dy y

we see that

/f ifa:—)iyf’(x—)dy: 7 +is+ and f(z) >0
)£ flx—y))? 0 +is—or f(z)=0

when [ fllcz@) < oo (and f > 0 when =+ is +). Hence (1.6) can be equivalently written as

_ ( y)fx(x,t)—(f(x,t)—f(y,t))
filz.1) = PV/R @yt G - fmnE v

where we also changed variables y <> x — y, while (1.5) is equivalent to

y)fale,t) — (f(,8) + f(y, 1))

@) = mxoe (fle:) + 2 v g 49
Note that the last integral with + being + is discontinuous at all points in {x | f(z,t) = 0},
but this will not cause a problem because our analysis of (4.3) will be performed at points
where f,(x,t) # 0 and therefore f(z,t) > 0. Note also that “PV” is only needed in (4.2) and
(4.3) as [y[ — oo but not as |y| — 0 when [|f(-,?)[|c2r) < o0.

Finally, we observe that the second claim in (1.8) implies

(4.2)

sup || fo(z, ) [lwree (o)) < 1 fallzoe@xpoy + sup [|fi(- 8)|[wreem) < 00
zeR tE[O,T]

for each T € [0,Ty). This and (1.7) yield f, € W'°(R x [0,T]), so My := || fo(-,t)||~ is
locally Lipschitz on [0, T}).
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Proof of (i). Let M; be as above and assume that M; € (0, 1] for some ¢ (if M; = 0, then
f(-,t) = C for some C' € R, and then this holds for all ' > t). For the sake of simplicity, in

the following argument we drop ¢ from the notation (other than in M;) and denote ¢’ := g,.
For any (x,t) € R x [0,T}) with f'(z) # 0 we have

(@) = ) |
(2) = )2

_ (z —y)["(@) 2 , I
—PV/R@;_y)u(f@)_ T A @PY [ ot 1) = e =)

LA [ -y
8tf(%’)_dsspv/R CEIEENT;

where
2 2 1
y —r-— (a” " —a)yr
ha(yar) = 2 ( 2\2 )
(y* +12)

and so the last integral is just

1 (@)@ — (@) — fo)] [ — v+ P @) — )
f/<x>PV/R (@ — 92 + (f(x) — f(5)2 !

after changing variables y <+ * —y. We note that (4.6) and (4.8) below show that both
integrals converge in the principal value sense.

When |f'(z)] = M; € (0,1], then f"(x) = 0 and hyp ) (y, f(x) — f(z —y)) > 0 for all
y € R (see (4.4) below), with the inequality being sharp when |y| is large (since equality
only holds when f(z) — f(z —y) = f'(z)(xr — y)). Hence 0,f'(z) < 0, which yields the
result when such x exists for each ¢ € [0,7}). But this need not be the case when only
£l i3y < 00- One could circumvent this issue by looking at points where | /()| is maximal

Y

on [z — L,x + L] for large L, but this will not be the case for the much more involved
argument in (ii) because an estimate like (4.4) is not available for the analogous term coming
from the second integral in (4.3). We will therefore instead estimate O;f’(z) at all points
where | f'(z)| is close to My, which will also work in (ii). Our argument is based on replacing
hpay(y, f(x) = f(x —y)) bY hegn(p @) (Y, f(2) — f(x — y)) and estimating the difference,
and then using that hgn (s @), (¥, f(2) — f(z —y)) > 0 for all y € R if also M, < 1.

Let us consider any 0 € (0, 3M] and any z € R such that | f/(z)| > M, — §. We have

(1 — M — |M' — M| M) y?

hsgn(p @) (Y, f(2) = [z —y)) = i >0 (4.4)
for all y € R because |f(x) — f(x —y)| < Mi|ly| and M; < 1. We also have
M +4
iy (s F(2) = F(& =) = hegn(r@yan (Y, f(z) = flz —y))] < ]\}tyg o (4.5)

for y € R because
(b~ —b) — (¢! —a)| < |b—a| (1 +min{a, b} ?)

for a,b > 0. Writing

f(@)— Sl ) = fayy Ty
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for some z between = and x — y shows that the numerator of hy . (y, f(x) — f(z —y)) is
L+ f(2)*) " (=) o Lt ['(@)*)(f"(z) = f"(x)) . f"(z)? /A
2f"(x) 2/ () 4
Estimating the last two terms by

2(1 + Hfll‘gla“r)’ ‘3—&-7

()]

for |y| <1, and using

y* y’ 2(a- + ay)(a- — ay)

‘ (P +a2)? (P +ad)? lyl*
with ay := f(z) — f(x £ y), we see that there is a constant C., (depending only on ) such
that for any ¢ € [0, 1] we have

pv [ (9 f@) — Fl— ) dy] <

Finally, we have

CLA+IFIE) | G+ PR
@ T @

(4.6)

P e g e e £ e

for some new C., (see (2.2) in [21]), as well as

F7 @) < 2071 (M = | ()0, (4.7)

The latter holds because | /' (y)— f"(z)| < 1| f”(z)| whenever [y—z| < | f"(z)|" (2] /[l ¢) 7,
and so

1@ 2 s [ (sl ) < o) 2

(@) @)
@I e |

QI M) 2

It follows that (recall also (4.1))
(z —y)f"(x)
dy
P [ e
Estimates (4.4), (4.5), (4.6), and (4.8) show that with some new C., we have
sen(fo(w, ) 0folw, ) < Cy (14 11£(,0)220 ) 8772 (4.9)

(
when M; >0, 0 € (0, 5M,], and |f'(x)| > M, — ¢ (use € := = /6 in (4.6), and then |y| > ¢ in
(4.4) and (4.5)). Taking & — 0 in (4.9) and using (1.7) (together with v € (0, 1]) now yields
%Mt < 0. Moreover, we have

<2 PGS (4g)

1= (M) =M - MMy

> (4.10)
y' 2y°
for |y| = 2||f|lga) /"M, since | f(z) — fz —y)| < M 2t |y| for these y. Joining this with
(4.4) adds a negative constant to the right-hand side of (4.9) that is uniform in ¢ and z,

hsgn(f’(x))Mt(y7 f(ﬂ?) - f(.I’ - y)) >
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which makes the right-hand side of (4.9) negative when § is small enough. Thus %M, < 0,
which finishes the proof.

Proof of (ii). We proceed as in (i), again assuming that M; € (0, 1], but this time we have
(z —y)["(x)
o f'(z) = PV/ dy
W= | e (@) = FP

—2p(@) Y PV / oy, F(2) = (z — ) dy.

Estimates from the proof of (i) apply to three of the integrals above. As for the fourth,
similarly to (4.5) we obtain

M +4

(v* + f(2)?)
for y € R, where we used |yr| < y? + r? instead of | f(z) — f(x —y)| < M|y|, as well as that
f(x) + f(x —y) > f(x) because now f > 0. We also have

@)l < 212V @),
which is proved similarly to (4.7) (using f > 0), so

M
f(x) > W (4.12)
when 6 € (0,3M,], and |f'(z)| > M, — 6.
Hence (4.5), (4.6), (4.8), (4.11), and (4.12) (but not (4.4)!) show that
. 5 v/2 ﬂ Cv“f”('at)n?:oo
sen(fo(w. ) 0fale,t) < Oy (L4 5 0) 320 )02 4 TVE 4+ =0V
' ! (4.13)

—2f'()) / hsgn(fr(@yan (Y, f(2) £ f(x —y)) dy
T Jly>Ve
when § € (0,3M;] and |f'(x)] > M, — 6, where O, M;*\/§ comes from (4.11) for |y| > /9,
and we also used that (4.12) and f > 0 imply

Ve 1 +Mt_1
it 50+ e =)y > 2B

Taking 6 — 0 in (4.13) will conclude %M, < 0 when M, € (0, 2] (and hence finish the
proof) if we can prove

ipigt dpr 3 /| 5Tl FO) = F)dy > 0 (4.14)

for any a € (0, %] and ¢ € [1,00), where

Faes = {1 20] S e =0 & [(0) < —a+5 & |fllea <}

Here we assume without loss that = 0 and f’(0) < 0, which can be achieved by translating
and reflecting f, and we also changed variables y <+ —y, which replaces h_, by h,.
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Fix a, c as above, and for each § > 0 and each f € F, s let
(F(0) —ay ye (LQ=LCVo) f(O)ff(\/3)>

a ’ a

(
1(0)~F(/3)
foly) = FVE) ye (MR ),
F(=VG8)  ye (=3, f(O)—J;(—\/S)) 7
/() ly| > Vo
(generally f5 & Focs). Then ha(y, f5(0) — f5(y)) = 0 for y € (LO=LEYD JOZIWD) g
Vs e iUk f(EV0) <V5 (4.15)

a a
because

a>fly)>a—-0—cVé>a—(c+1)Ve
for |y| < v/8. Hence

/ haly, £5(0) — fs(y)) dy| <
ly|<V6

2 1
(c+ )5 sup
a az,we(0,(c+1)d]

sup
fe}—a,c,é

ha<\/5—z,a\/5—w)‘—>0

as & — 0 because the sup is O(67/2) (the O(§) terms in the numerator of hy (V6 — 2, av/d —w)
cancel). Since (4.12) (with M; = a) shows that for all f € F,.s and all |y| < f—;: (< af(0))

we have
2(/(0) + fiy)?* _ 2 _ 512c

|ha<y7f5(0)+f5(y))| < (f(0)+f5(y>>4 = f(0>2 =T g4

for all small 4 we obtain

1024¢2
o | [l 550+ 50 dy] < 10N 5 L,
fe}—a,c,é IyIS\/g a

Hence (4.14) will follow from

inf 3 [ a0 F) dy > 0 (1416)
+

fe€Fa,c

where

Fae ={fZ0|If I = a=—f(0) & [|fllen-s < c & f(0) = a*(16¢)""} 2 {fs5] [ € Fucs}

It turns out that the constraints involving ¢ are not needed if we only want to prove (4.16)
with the > inequality, which we do next. We then derive (4.16) as stated at the end of this

section. Let us from now on fix any a € (0, 3] and denote

22— (ot —a)yr
My,r) = ha(y,r) = 2 @~ aly

(V2 + r2)2
Lemma 4.1. For a € (0, 1%], let F be the set of all f > 0 such that f'(0) = —a = || f'|| L.
Then

H() = [ [ 10+ ) + W £0) = F5)] d = 0 (4.17)

for all f € F, and equality in (4.17) holds only when f(y) = aly — f(0)a™ .
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Remark. Note that there is no PV needed in (4.17) for f € F. Indeed, h(y, f(0) + f(y))
is integrable on R because f(0) > 0, while with

ay) = a— F0)— fly)

; [0, 2al

we have

) ' —a__aly
h(y7f(0> f(y)) > [1 T (a — a(y))2]2 Y2

because a € (0,1], so [, h(y, £(0) — f(y)) dy € [0, 0] also exists.

>0 (4.18)

Proof. The remark above shows that the integral in (4.17) exists and belongs to R U {o0}.
Next, if f € F and f(y) := %, then f € F and H(f) = f(0)H(f). Therefore it suffices

to consider the case f(0) = 1, which we do from now on.
Then for any S C R we have

/Sh(y, 1+ f(y))dy > —2/

Y+ 2+ ay)® +a'y(2+ ay)

dy =:1 € (—00,0), (4.19)

0 max{y, 2 — ay}*
which together with (4.18) imples H(f) > I. Since we also have
Hlaly—a™) = [ [h5:2 — ay) + bly. o)) dy =0 (4.20)
R

because h(y,ay) = 0 for all y € R and

d 1—3a*—2a(1—a?)y
dy P+ (2-ay)?

it suffices to consider only f with H(f) < 1, which then implies

a(l+a®)h(y,2 — ay) = : (4.21)

-1

1-1> /Rh(% 1— f(y))dy = /R 1t (C; _;?y))zp CY?EQ?J) dy.

If for some yo € (0,1] we have yoa(yo) > C’yg’/2 with C := 1 — I, then from (ya(y)) =
a+ f'(y) € [0,2a] we obtain

yaly) > (C = 2a)yy? > (C — 2a)y*?

for y € [yo — y2/%, yo], and hence (4.18) shows that

Yo at—a C—2a at—a)(l-2a
/Rh(y,l—f(y))dyz/ o T a2 ys/f dy > ¢ [1—1-)6(;]2 2 )(1—I)>1—[

Yo—Yo

because a € (0, 1%] and I < 0. The same argument applies to yo € [—1,0), so we see that

H(f) <1 forces |y|a(y) < Cly[>? and so
0 <sgn(y) (fy) — (1 —ay)) < Cly[*? (4.22)

for all y € [—1,1]. We will make use of this estimate in the next section.
Next, (4.21) shows that it suffices to show

H(f) > H(aly —a™|) (4.23)
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when f is not aly — a™!| (recall that we assume f € F and f(0) = 1). Letting A :=a™' —q,
we have

ouh( 7n)_27’3—1-3Ayr2—61/27’—143/3 1 (f)
T y’ - <y2 + T2)3 - y3 g y 9
where ; )
2s° +3As* —6s — A
= 4.24
o) e (4.24)

We will separately study the integral in (4.17) over y < 0 and y > 0. We start with the
former, which will be much simpler to minimize. This is because at the end of this proof we
will show that

so—b a
/ g(s)ds > / g(s)ds (4.25)
so—a b
for any b € [—a, a) and sy < 0. This now implies that if y < 0 and we let b := %(y) € [—a,a]
and sg := % < 0, then

v [h(y, 1+ f(y) — h(y,2 — ay) + h(y,1 = f(y)) — h(y, ay)]
1+f(y) r 1-f(y) r
L. (;) ir+s |, o(5) o

so—b b
:/ g(s)ds—l—/ g(s)ds >0,

0o—a
with equality at the end only when f(y) =1 —ay (i.e., b = a). This shows that 1 — ay is the
unique minimizer of

H(f) = / Wy, 1+ f(9)) + h(y, 1 — f())] dy

among all Lipschitz f : (—o0,0] — [0,00) such that f'(0) = —a = ||f'||z~ and f(0) = 1.
Recalling (4.23), it now suffices to show that aly — a™!| is the unique minimizer of

H*(f) = /Ooo [y, 1+ f(y) + h(y,1 = f(y))] dy (4.26)

on the set of all Lipschitz f : [0, 00) — [0, 00) such that f/(0) = —a = || f'||z~ and f(0) = 1.
This is the claim of the next lemma, which we prove in the next section, so the present proof
will be finished once we establish (4.25).

To this end we note that from
, st 4+ 2483 — 65 —2As + 1
g (S) =—06 2\4
(1+ s?)
it follows that ¢g has at most 4 local extrema and sgn(s)g(s) > 0 when |s| is large enough.
Since a € (0, %] also implies a~! > 10a and so

' 10
g(—a ) =(@?+2a""+a)(1+a ) >0,
g(—a) = —(a™' = 10a + 5a®)(1 + a*)™* <0,
9(0) = —A < g(-a),




16 ANDREJ ZLATOS

g(s)
-a |0 a
s
-A
FIGURE 1. The function g for a = - (and so A = 3).
g(a) = —(a ' +2a+a*)(1+a?)? < g(0),
gla™) = (a7 =10a" +a)(1+a?)? >0,
1 —2a + 4a® + a*
"(a) =6 >0
we see that g does have 4 local extrema at
51 € (=00, —a™t), sy € (—a™ ', —a), s3 € (0, a), s4 € (a,00), (4.27)

and these are negative local minima at s1, s3 and positive local maxima at sg,s4. Figure 1
shows g when a = 10, and hence A = 3.
We next note that

253 — A s1 )\’ —a 1 \? 3a3
> - >3 = >3 = > g(—
o) = oy 2 (Hs?) - <1+a2) i+ ey~

s0 g(s) > g(—a) for all s < —a. This and g(s) < g(—a) for s € (—a, a] show that

[ s> g [ oty

0o—a a
when b € [—a,a) and sy — b < —a. We also have

d so—b

oo g(s)ds = g(so —b) — g(so —a) <0

so—a

when so—b € [—a,a—(b)4] (i.e., so € [b—a,a—(b)_]) because g(s) > g(—a) for all s < —a, g
is decreasing on [—a, 0], and g(s) < ¢(0) for s € (0, a]. Hence if b < 0, then for all so < a+b

(= a— (b)) we have
/:jg<s>ds > [ oty
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while if b > 0, then for all so < b (< a — (b)_) we have

/S:iabg(s)ds > /:ag(S)ds > (a —b)g(0) > /bag(s)ds-

In both cases, the range of sy for which the inequality holds includes all sq < 0, therefore we
proved (4.25). O]

Let us next show (4.16). Assume that f,, € F, . is a sequence such that lim,, .. H(f,) =0
(and H(f,) > 0 for all n by Lemma 4.1). If limsup,,_, . fn(0) = 0o, then clearly

limsup / (. £a0) + fuy)) dy > 0,

n—oo

while (4.4) and (4.10) show that

in / (g £u0) — fuly)) dy > 0.

n

Hence limsup,,_,., H(f,) > 0, a contradiction, so we have m := sup,, f,,(0) < co. Since also
£2(0) > £ e see that

i oy I (0)y)

with ¢ = ¢(i5)77. Now H(f,) = fu(0)H(f,) < mH(f,) — 0 and f,(0) = 1. So the
argument from the start of the proof of the next lemma, applied to H and on R instead to
H* on R*, shows that some subsequence { f,,, } converges to some f € F, » with f(0) = 1 such
that H(f) = 0. But then Lemma 4.1 shows that f(y) = aly — a™'| ¢ F, ., a contradiction.

It now remains to prove the following result, which was used in the proof of Lemma 4.1.
We do this in the next section.

€ ]'_a75/

Lemma 4.2. For a € (0, 3], let F* be the set of all Lipschitz f : [0,00) — [0, 00) such that
(0) = —a = ||f'|z=~ and f(0) = 1. Then aly — a™| is the unique minimizer of H* on FT.

5. PROOF OF LEMMA 4.2
From (4.19) and (4.18) we again see that

J:= inf HY(f)>1
Jnf H™(f) =

and (4.22) holds for all y € [0,1] whenever H*(f) < J + 1. Let f, € F' be such that
H*(f,) < J+ . The Arzela-Ascoli Theorem and (4.22) show that there is a subsequence
{fn,} that converges to some f € F*t in L2.([0,00)). Since for all f € F* we have

[ o1+ )+ ht1 = Fp|ay < [ RO R CuB R0 g,
M M

as M — oo, it follows that for each o € (0,a) we have

Lo ZI/OO [Py, 1+ fu, () + Py, 1 = fu, (y dy%/ Wy, 1+ f(y) +h(y, 1= f(y)]dy
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as k — oo. Since I, , < H(fn,) + 70 < J+ n—lk + 7o for all k, which holds by (4.18) and
h(y,1+ fu(y)) > —7 for all (y,n) € [0,a] x N, we see that

[ b1+ 1) + 1w o))y < 470

for each o € (0,a). Hence H*(f) < J, which means that H* has a minimizer in F*.
Consider now any such minimizer f, and for 0 < p < ¢ and d > 0 let

g 6 ¢ (.0)
pad min{f(s) + 4, f(p) + a(s — p), f(q) + alg — s)} s € (p,q)

and

(e £(s) s ¢ (p,q),
P max{f(s) =, f(p) —a(s —p), f(q) —alg—s)} s€(p,q).

Then clearly f ;€ F*, while f s € F* aslong as f > 0 on [p,q], and we let (with every
statement below that includes £ being two separate statements)

Py =1inf {s € (p,q) | /' # £a on (p,s)},
vimint {s€ )| [0F £ =0} N us 6 0%
¢y =sup{s € (p.q) | f' # Faon (s,q)},

gy = sup {s € (p,q) ‘ /q(a + f'(s))ds = 5} g asd—0F

(with inf () := oo and sup () := —o0). Then for each § > 0 we have
Joas =1 on (=00, p] U [gy-, 00),
Ee=FE0 onlpf g ]ifps <qf

Since f minimizes H*, it follows that whenever pj, < ¢;- (as well as minsep, 4 f(s) > 0 in
the “—” case), we have

+( £t _ gt q(:)t,
o< tim H*( W)(S HY(f) _ /i [Pe(y, 1+ f(y) = hey, 1 = f(y))] dy

Pot

[ D) ()

+

This shows that if f* £ +a on (p,p+¢) and f' #Z Fa on (¢ — ¢,q) for all € > 0, and also
Mingep,q f(s) > 0 in the “lower sign” case, then

I T PR
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Assume that f' # a and f' # —a on (p,p + ¢) for all € > 0. Then there are g, \, p such
that f' # —a on (¢, — &,q,) for all ¢ > 0, so (5.1) yields

5 [ L) (e () (2)

There are also ¢/, \, p such that f' # a on (¢, — ¢, ¢,,) for all £ > 0, so (5.1) again yields

5 [ () () () 12),

provided f(p) > 0. This will yield part (i) of the following result.

Lemma 5.1. Let [ be a minimizer of H on F* and p € (0, 00).
(i) If f'#£ a and f' £ —a on (p,p+¢€) for alle > 0, then

(240 (2)

(i) If f' #Z a and f' # —a on (p,p —¢) for all € > 0, then (5.2) holds.
(11i) If ' = —a on (p—e,p) and f' =a on (p,p+ €) for some € > 0, then

p p
(w) If f'=a on (p—e,p) and f' = —a on (p,p+¢) for some e >0, then

()= (57)

Proof. We proved (i) when f(p) > 0, but it obviously also holds when f(p) = 0. We can
obtain (ii) via a similar argument (with ¢, , p). In (iii) we see that (5.1) holds with + being
+ and with (p —&,p + ¢) in place of (p, q) whenever € > 0 is small enough, so multiplying it

by ’2’—2 and taking ¢ — 0 yields (5.3). Finally, (iv) is obtained similarly when f(p) > 0, via
(5.1) with 4+ being —, while it holds trivially when f(p) = 0. O

Consider the open sets

(2242 (42)
(2421421

Lemma 5.1 is now clearly equivalent to (i) and (ii) in the following result. In it we also let

+ . 1E£f(y)
Sy =y

and the set
Py = {y >0

which satisfy

1 1
—a<s, < min{a, —} < =< s;. (5.4)
Yy Yy
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Lemma 5.2. (i) For each y € Py there is € > 0 such that either f' = —a on (y — e,y +¢€),
orf'=aon(y—c,y+e),orf'=—-aon(y—e,y) and f'=a on (y,y+¢).

(ii) For each y € P_ there is ¢ > 0 such that either f' =a on (y —e,y+¢), or f' = —a
on(y—ce,y+e), orf'=aon(y—e,y) and f' = —a on (y,y+¢).

(111) If %{Ey") < a for some yy € Py, then with y; = inf{y > yo| f(y) = 0} we have
(Yo, 1) € P_.

Proof. It remains to prove (iii), so assume that yo is as above, and also that f(yy) > 0
(otherwise the result is trivial). First note that s < a implies s} < a for all y > yo. Then
Yo € Py and f(yo) > 0 show that if s € (0, s3) is the unique number with g(s’) = g(a) (recall
that g(0) > g(a)), then

0<s'<sy_0<33<s;“0§a
(and in particular, ¢'(s,,) <0 < ¢'(s; ). We have

yd%(g(sgf)—g(sy‘)) = (5y9'(s)) + 5, 19'(s,)1) + () (9 (5) + 9(5,)) (5.5)

for all y > 0, and we also claim that

rg'(r) + 4lg'(g)l > alg'(r) + ¢'(q)] (5.6)
whenever s’ < ¢ < r < aand g(r) = g(¢). From this and (5.5), and g(s ) = g(s,, ) we see that

d‘; (g(s+) g(s;)) < 0 holds for y = yo as well as for any other y € [y, y1) N Po. Therefore

we must have (yo,y1) € P_, and it remains to prove (5.6) assuming that s’ < ¢ < r < a and
g9(r) = g(q).

If ¢” were constant on [0, a], we would have ¢'(r) = —¢'(¢) # 0 and (5.6) would follow
trivially. We therefore want to show that ¢” does not vary too much on [0,a]. We note
that this can be done easily for all small enough a > 0, but we provide here a quantitative

argument that applies to all a € (0, 130] Since

g"(s)  A+10s — 10As* — 20s* + 5As* + 25°

12 (1+ s2)5 ’
g"(s) 1—3As— 155"+ 10As® 4 155" — 3As” — s°
120 (1+ s2)6 ’

and a < 5, we see that g” increases on [0, s”] and decreases on [s”, a] for some s” < s and

both close to § (because the second numerator above is approximately 1 — 3a~1s). In fact, a
simple analysis of the three parentheses in

3as — 155> + 10As® + 155" — 3As” — °
= (3as — 155* + 10a""s*) — (10as — 155% 4 3a~*s)s* + (3as — s%)s*

shows that when s € [0, a], they take values in [~2a?, <], [~2a?, 24, and [0, 2a?], respectively.
Thus the absolute value of the whole expression is bounded by 2a?(1 + a? + a4) S U yhich
means that for s € [0, a] we have sgn(s —%)g"(s) > 0 when 3a~'|s — &| > 1 ThlS holds
when |s — §| > % because a* < 775, so we can pick s” ;= ¢ — & and s”’ 3+ 115 above.

< 6“ < 1 there.
_l’_

100’ 3715
Then |¢"”(s)| S 120(3a~ 12
] [837 ]

i 1) < 48 on [s",5"], so |g"(s) — 9"(3)]
Hence ¢”(s) takes values in [¢”(0), g"(§) + 1] on [0, s3] and in [¢"(a ), "(%)
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A simple estimate thus yields

7THA—-1<12 (A — %) (1+a*)<g"(s) <12(A+0.7)+1< 124+ 10

for s € [0, a]. This shows that if g(r) = g(q) for some s’ < g < r < a, then

o /
A lq 83|7 lg'(q)] - [12A + 10 - 3
Ir— s3] |g' ()] THA—1 — 2

because A > 3. Then s3 > s’ + %(a —35) > %‘1 and

2090) T > 1) + o)

Hence we proved (5.6) and the proof of (iii) is finished. O

rg'(r) +qlg'(q)] >

From (5.4) we see that g(s, ) < g(—a) <0 < g(s;) holds for all small enough y > 0 (recall
that g(a) < g(—a)) and so (0,0) C P, for some ¢ > 0. Let us pick the largest such o.
Since also f’(0) = —a, it follows from Lemma 5.2(i) that f(y) = 1 — ay on [0, p] for some
p € (0,a7'] (again pick the largest such p). We first claim that p = a™'.

Assume therefore that p < a=!. Then s, =a<s, forally <p, soo>p Lemma 5.2(i)
then shows that f(y) = 1+ a(y — 2p) on [p,o]. Let ¢ > o be the largest number such that

fly) =14 a(y —2p) on [p,q] (or let ¢ := oo if f(y) = 1+ a(y — 2p) on [p,00)). For all
§ € (0,a7t —p| let

1—ay y €[0,p+ 4],
min{1 +a(y —2(p+9)), f(y)} y>p+d.

Then fs = f —2ad on [p+0,q) and fs = f on [gs,00) for some g5 \, q¢ as 6 — 0 (the latter if
q < 00). It follows that

+ g+
0 < lim H*(f;) — H
6—0t 2a0

Fts f(;(y) = {

(f) _ /pq [ = 2 (y, 1+ f(®) + Aoy, 1 — f(y)] dy

_ /q —9((2 = 2ap)y™" +a) + g(2apy ™" — a)
yS
p

(5.7)

dy.

Arguments of both functions in the last integral are strictly decreasing in y, and for y € [p, o)

we have

1

—a < 2apy ' —a<a< (2-2ap)y ' +a.

The properties of g then imply that there is gy € [p, 00) such that the integrand is negative
on [p, qo) and positive on (g, 00). If we therefore show that

/°° —9((2 —2ap)y~" 4+ a) + g(2apy~' — a)
y3
p

dy < 0, (5.8)

it will follow that this integral with any ¢ € (p, 00| in place of oo is also negative, which will
contradict (5.7).
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One can directly integrate in (5.8), but it will be simpler to instead keep the limit in (5.7)
outside of the integral. We see that the left-hand side of (5.8) is

. Ks— Ky
lim ——,
s—0+  2a0
where .
Ky = / (.2 + aly — 2p — 26)) + h(y, a(2p + 25 — )] dy.
p
We have - . ( )
y°— (B xay)” — Ay(B £ ay "
h(y, B+ = =0,G*(B 5.9
(y7 ay) [y2+(Bj:ay)2]2 Yy ( >y)7 ( )
where (recall that A = 1_(1“2)
1 B
GT(B,y) := —
B = o P B ap®
B 1 — 3a? B 2(1 — a? Y
G (B,y) = 2\ 42 2 : 2) 2 27
2a(1+a?) y* + (B — ay) 14+a?> y?+ (B —ay)
and then
1 (1+a*y*— B?
OpGT(B,y) = — ;
G (B y) 2a [y?* + (B + ay)?]?
~ 1 3a®> — 1)B? + 8a(1 — a®)yB + (1 — 10a* + 5a*)y?
DoG-(By) = L BB el —etyB 1 )2
2a(1 + a?) [v* + (B — ay)?]
This and p € (0,a™!) means that if we first integrate in y and then take § — 0*, we obtain
Ks — K
lim —2——% = 2q OpGT (2 — 2ap,p) — 2a G~ (2ap, p)
6—0t )
_(+a)p? —4(l—ap)®  (+a’)p’ 40 -ap)®
[p* + (2 — ap)*]? [p* + (ap)?]? [P?+ (2 —ap)

proving (5.8). This yields a contradiction, so indeed p = @' and f(y) =1 — ay on [0,a™!].

Next, let us consider f immediately to the right of y = a=!. One option is f = 0 on
l[a™, a™! + €] for some € > 0, and we analyze it later. Otherwise we have a=! € P, where
P :={y >a'|f(y) > 0}. Since (1+ f(a™'))/a™! = a and ¢'(a) > 0, it follows that
PN(a=t,a ' +¢) C Py for some € > 0. So Lemma 5.2(i) applies on this set and we see that
fy)y=aly—a ) =ay—1on (a ta'+e).

If f(y) = ay—1 does not hold on all of [a™!, 00), let ¢ € [a~! +¢, 00) be the largest number
such that this equality holds on [a™!, ¢q]. We can now proceed similarly to the case p < a™!

above to obtain contradiction with f being a minimizer of H™ on F+. If
() = max{1 — ay, 0} y € [0,a™t + 4],
T minfay — 1 - ad, f(y)} y>at 40,
then

0 < lim 22U — A7) :/q 9@ 92y —a) dy. (5.10)

5—0+ ad -1 y?
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The integrand is again negative on (a™', q) and positive on (go, o) for some gy € (a™*, 00),
so it suffices to show that
* —gla)+g2y ! —a
a

3
—1 y
in order to get a contradiction with (5.10) (since also ¢ < 00). Letting

Ks = / [h(y, ay — ad) + h(y,2 + ad — ay))] dy,

we again see that the left-hand side of (5.11) equals

. K; — K
lim ———
§—0t ad

_ + -1 - 1y _ a a _

= 0pGT(0,a™ ) —0gG~ (2,0 ") = A+ d)  Aita) 0

So we proved (5.11), obtaining a contradiction, which then forces f(y) = aly—a™!| on [0, 00).
It remains to show that if f = 0 on [a™',a™" + ] for some € > 0, then f cannot be a

minimizer of H* on F. Assume first that f # 0 on [a™!, 00), and let p > a~! be the largest

number such that f = 0 on [a™!,p]. Let also ¢ := min{y > p| f(y) = 0} € (p,00]. Then

Lemma 5.2(iii) shows that there is at most one number in (p, ¢) N Py, and if such number y,

does exist, then

(p,a) NP =) and  (p,q) N P- = (Yo, 9) (5.12)

If there is no such yo, then (p, q) is one of Py, so we can pick yy € {p, ¢} so that (5.12) holds.
Then Lemma 5.2(i,ii) show that either f(y) = a(y — p) for all y € [p, 00) (when ¢ = 00) or
_Jaly—p) yep 5

f(y) - q+p
alg—y) ye€[5P

(when ¢ < 0o, and then we must have % > o). In the latter case we let
fily) = (Ut =p} -y el 5+,
max{f(y),alq +20 —y)} y> L2+,
and then

o< g B [ L (110) (1= 000)) 4y

50+ 2a0 atp Y3 Y

2

(the last inequality follows from (%2, ¢q) C P_), a contradiction. In the former case we let

fs(y) = max{f(y),aly —p+9)}
and then

+ _ g+
OSQH&H qé)a(sH U) _ 056+ (1 — ap,p) + 05G (1 + ap,p)

1 p*+2ap—1 1 p*(1 — 3a®) + p(6a — 2a®) + 3a* — 1
T PP (it 1)
20 p*—Ap—1
C14a (P12

< 0,
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where at the end we used p > a™ !, together with a™?—Aa~'—1=0and (y>— Ay—1)' > 0 on

(a~!, 00). This is again a contradiction, so it remains to consider the case f =0 on [a™!, 00).
In that case we pick any yo > s3, so that there is ¢ > 0 such that
1,/
Orh(y, ) = —3g (=] <0 (5.13)
Y )

for all (y,r) € Ba:((yo,1)). Then we pick any f, € F* that is equal to f outside (yo—¢, yo+¢)
and it is positive on this interval (from f € F* we have fy < ae there). Then

Yyo+e

H*(fo) = H(f) = / [A(y, 1+ fo(y)) + h(y, 1 — fo(y)) — 2h(y,1)] dy < 0

Yyo—¢€

by (5.13). This again yields a contradiction with the assumption that f is a minimizer of
H* on F*, so the proof of Lemma 4.2 is finished.

REFERENCES

[1] J. Bear, Dynamics of fluids in porous media, Dover Publications, 1988.
2] A. Castro, D. Cérdoba, C. Fefferman, and F. Gancedo, Breakdown of smoothness for the Muskat problem,
Arch. Ration. Mech. Anal. 208 (2013), 805-909.
[3] A. Castro, D. Cérdoba, C. Fefferman, F. Gancedo, and M. Lépez-Fernandez, Rayleigh- Taylor breakdown
for the Muskat problem with applications to water waves, Ann. of Math. (2) 175 (2012), 909-948.
[4] A. Castro, D. Cérdoba, and D. Lear, Global existence of quasi-stratified solutions for the confined IPM
equation, Arch. Ration. Mech. Anal. 232 (2019), 437-471.
[5] C.H.A. Cheng, R. Granero-Belinchén, and S. Shkoller, Well-posedness of the Muskat problem with H?
initial data, Adv. Math. 286 (2016), 32-104.
[6] P. Constantin, D. Cérdoba, F. Gancedo, and R.M. Strain, On the global existence for the Muskat problem,
J. Eur. Math. Soc. 15 (2013), 201-227.
[7] D. Cérdoba and F. Gancedo, Contour dynamics of incompressible 3-D fluids in a porous medium with
diifferent densities, Comm. Math. Phys. 273 (2007), 445-471.
[8] D. Cérdoba and F. Gancedo, A mazimum principle for the Muskat problem for fluids with different
densities, Comm. Math.Phys. 286 (2009), 681-696.
[9] D. Cérdoba, J. Gémez-Serrano, and A. Zlatos, A note on stability shifting for the Muskat problem II:
From stable to unstable and back to stable Anal. PDE 10 (2017), 367-378.
[10] D. Cérdoba, R. Granero-Belinchén, and R. Orive, The confined Muskat problem: differences with the
deep water regime, Commun. Math. Sci. 12 (2014), 423-455.
[11] A. Friedman, Free boundary problems arising in tumor models, Atti Accad. Naz. Lincei Cl. Sci. Fis. Mat.
Natur. Rend. Lincei Serie 9 15 (2004), 161-168.
[12] E. Garcia-Judrez, J. Gémez-Serrano, S. Haziot, and B. Pausader, Desingularization of small moving
corners for the Muskat equation, preprint.
[13] E. Garcia-Judrez, J. Gémez-Serrano, H.Q. Nguyen, and B. Pausader, Self-similar solutions for the
Muskat equation, Adv. Math. 399 (2022), 108294.
[14] H. Hele-Shaw, Flow of water, Nature 59 (1898), 34-36.
[15] A. Kiselev and Y. Yao, Small scale formations in the incompressible porous media equation, Arch. Ration.
Mech. Anal., to appear.
[16]) M. Muskat, The flow of homogeneous fluids through porous media, McGraw-Hill Book Company, New
York, 1937.
[17] C. Pozrikidis, Numerical simulation of blood and interstitial flow through a solid tumor, J. Math. Biol.
60 (2010), 75-94.
[18] L. Rayleigh, On the instability of jets, Proc. Lond. Math. Soc. 10 (1879), 4-13.



STABLE REGIME SINGULARITY FOR THE MUSKAT PROBLEM 25

[19] P.G. Saffman and G. Taylor, The penetration of a fluid into a porous medium or Hele-Shaw cell containing
a more viscous liquid, Proc. R. Soc. London Ser. A 245 (1958), 312-329.

[20] M. Siegel, R. Caflisch, and S. Howison, Global ezxistence, singular solutions, and ill-posedness for the
Muskat problem, Comm. Pure Appl. Math. 57 (2004), 1374-1411.

[21] A. Zlatos, The 2D Muskat problem I: Local regularity on the half-plane, plane, and strips, preprint.

DEPARTMENT OF MATHEMATICS, UC SAN DIEGO, LA JoLrLA, CA 92093, USA
EMAIL: ZLATOS@QUCSD.EDU



