UNIQUENESS OF POSITIVE VORTICITY SOLUTIONS
TO THE 2D EULER EQUATIONS ON SINGULAR DOMAINS

ZONGLIN HAN AND ANDREJ ZLATOS

ABSTRACT. We show that particle trajectories for positive vorticity solutions to the 2D Eu-
ler equations on fairly general bounded simply connected domains cannot reach the bound-
ary in finite time. This includes domains with possibly nowhere C' boundaries and having
corners with arbitrary angles, and can fail without the sign hypothesis when the domain
has large angle corners. Hence positive vorticity solutions on such domains are Lagrangian,
and we also obtain their uniqueness if the vorticity is initially constant near the boundary.

1. INTRODUCTION AND MAIN RESULTS

In this paper we study the Euler equations

Owu+ (u-V)u = —Vp, (1.1)
V-u=0 (1.2)
on simply connected bounded open domains 2 C R? with singular boundaries and at times
t > 0, with u the fluid velocity and p its pressure. These PDE model the motion of two-
dimensional ideal fluids and it is standard to assume the no-flow (or slip) boundary condition
u-n=0 (1.3)
on (0,00) x 9 (pointwise when 92 is C!), with n being the unit outer normal to 2. These

PDE can be equivalently reformulated as the active scalar equation
Ow~+u-Vw=0 (1.4)

on (0,00) x Q, with
w:=V Xu=0,uy — Op,uy

being the vorticity of u. This of course means that the velocity in (1.4) is uniquely determined
from the vorticity via © = V*A~lw, and we can then call w a solution rather than w.

A natural class of solutions are those with bounded w [16], and we provide the defini-
tion of weak solutions from this Yudovich class at the start of the next section. We will
only consider such solutions on the time interval (0, 00), when they are called global weak
solutions, because they exist for all initial values wy € L*°(Q2) on very general domains 2 [5]
(nevertheless, our results equally apply to solutions on finite time intervals (0,7)).
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It is well known that the velocity u is spatially log-Lipschitz on each compact K C €

when w is bounded (uniformly in time, see (2.1) below). Hence for each € Q there is a
unique solution to the ODE

d
%Xf = u(t, X}) and Xj==x (1.5)

on an interval (0,¢,) such that
ty :==sup{t > 0| X7 € Qfor all s € (0,t)}

(so if X7 reaches OS2, then t, is the first such time). That is, { X} }ic(04,) is the Euler particle
trajectory for the particle starting at x € 2. We note that while a priori the ODE only
holds for almost all t € (0,t,) (with X being continuous in time), u can be shown to be
continuous when w is bounded, so that (1.5) in fact holds for each ¢t € [0,¢,) (see Subsection
2.1 below). Since (1.4) is a transport equation, it is then natural to ask whether general
weak solutions are transported by w in the sense that w(t, X7) = wy(z) for a.e. t € (0,00)
and a.e. x € Q such that ¢, > ¢. This is indeed the case [7, Lemma 3.1], but that does not
a priori exclude the possibility of vorticity creation and depletion on 9f2 unless ¢, = oo for
a.e. ¢ €  (then V -u = 0 shows that [Q\ {X] |z € Qand ¢, > t}| = 0). If both these
properties hold, so that w(t,-) is the push-forward of wy via X} for each ¢t € (0,00), we
call such w a Lagrangian solution. It is currently an open question whether non-Lagrangian

solutions can exist on (sufficiently singular) two-dimensional domains.

Existence of non-Lagrangian solutions would imply non-uniqueness of weak solutions.
But even if all weak solutions are Lagrangian on some domain, this does not immediately
yield their uniqueness. In fact, while weak solutions are known to be unique on rectangles [2]
and on domains that are C! except at finitely many corners that are all exact acute angle
sectors [4, 11], this remains an open question on more singular domains. The main issue is
that the velocity typically is not log-Lipschitz near corners with angles greater than 7, which
removes a crucial ingredient from the proof of uniqueness. However, one can sometimes
obtain a partial result via [12, Proposition 3.2], which shows that a Lagrangian solution
remains unique as long as it remains constant near the singular portion of 9€2. In particular,
if wg is constant near JS2 and each Euler particle trajectory associated with a corresponding
solution w can be shown to never reach J€ (in which case dist({X} |z € K},00) > 0 for
any compact K C € and any t > 0), then w is the unique Lagrangian solution with initial
value wy. And if all weak solutions within some class are proved to be Lagrangian, this will
yield uniqueness of w in that class. We note that a similar idea was used in [1] to prove
uniqueness of solutions on a sector in R? with an obtuse angle, for initial data wy > 0 that are
supported in some sub-sector (and hence wy need not be constant near the obtuse corner).
If that sub-sector does not extend all the way to the left side of the sector, suppw(t, -) will
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be instantly carried away from the corner and any solution will vanish in its vicinity for each
t > 0, which [1] was then able to leverage to obtain uniqueness of such solutions.

The above approach was successfully used by Lacave for solutions w > 0 on domains
that are C! except at finitely many corners that are all exact sectors with angles > Z [10],
and later without the sign restriction on w by Lacave and the second author on domains that
are CM! except at finitely many corners with angles in (0, 7) [12], as well as by both authors
on domains with much lower boundary regularity [7] (including infinitely many corners with
angles in (0,7)). The latter paper in fact contains a sharp criterion for the geometry of 02
that guarantees that no weak solution has a particle trajectory that reaches 92 in finite time.
This criterion is slightly stronger than exclusion of corners with angles > 7 (in particular, it is
satisfied by all convex domains), and it was demonstrated in [9,12] that particle trajectories

for bounded w on domains that do have such corners can reach 9f2 in finite time.

The examples in [9,12] all involve sign-changing solutions, so in view of [10] it is natural
to ask whether signed solutions can exhibit such singular behavior on more irregular domains
than those considered in [10]. The main result of the present paper is a negative answer to
this question on much more general domains, allowing both infinitely many corners without
size or shape restrictions and considerably less boundary smoothness in-between them. In
particular, we show that positive (and then obviously also negative) weak solutions on such
domains are Lagrangian, with particle trajectories approaching 92 no faster than double-
exponentially, and that these solutions are also unique when wy is constant near 0S2.

Let © C R? be a bounded open Lipschitz domain with 9Q a Jordan curve, let L :=
|02 be the arc-length of 0, and let ¢ : [0,L] — C be a counter-clockwise arc-length
parametrization of 92 (so (L) = ¢(0)). For any 0 € [0, L), the unit forward tangent vector
to Q at o(#) is the unit vector

7(0) := lim o(¢) — o(0)

A To(6) = o @) (16)

provided the limit exists (we also let 7(L) := 7(0)). If it does for each 6 € [0, L), and 7T has
one-sided limits everywhere on [0, L], then 7 is a requlated function (see [3, p.145]) and the
domain € is also called regulated (see [13, p.59]). In that case 7 is right-continuous, and if
we identify R? with C and let arg(z) € (—x, ] for z # 0, then

(Y ‘= ar —7_—(9) -7,
) =g (s ) € (o) i

for 6 € (0, L] is such that m — @(#) is the interior angle of Q2 at o(6). Note that &(0) is not
defined, and a(#) € (—m, ) for 6 € (0, L] because {2 is Lipschitz.
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So corners of ) are precisely the points () with 6 € (0, L] and a(6) # 0, and regulated
domains clearly have countably many of them. If also } 4 q 1) [@(6)] < oo, then

Be(6) = arg (7(0)) — Y _ a(0) (1.8)
0'<0
is a continuous function on [0, L] provided we let arg(7(6)) be the argument of 7() plus an
appropriate -dependent integer multiple of 27 (essentially, /3. is the argument of the curve
that we obtain if we successively eliminate all corners o(f) by rotating o([¢, L]) around
o(f) counterclockwise by angle a(f)). We will also assume that 3. is Dini continuous on
0, L], that is, it has a modulus of continuity m : [0, L] — [0, 00) with fOL @dr < oo (ie.,
18:(0) — 5.(0)] < m(]0 —&'|) holds for all 0,6 € [0, L]). We recall that any Hoélder modulus

1

of continuity is also a Dini modulus, while m with m(r) = \10_1gr| for 7 € (0, 5) is not. We can

now state our main result.

Theorem 1.1. Assume that a bounded open Lipschitz domain Q@ C R? with 0Q a Jordan
curve is requlated. Let T be the forward tangent vector to Q from (1.6), let & be from (1.7),
and assume that 3 o 7y |(0)] < oo and B. from (1.8) is Dini continuous. Consider any
0 <wp € L>®(Q) and let w > 0 from the Yudovich class be any global weak solution to the
Euler equations on Q0 with initial value wy (such w is known to exist by [5]).

(i) We have t, = 0o for all x € Q and {X] |z € Q} = Q for all t > 0, and there is a

constant C,, < oo such that for any € > 0 and all large enough t > 0,
sup  dist(X7,0Q) > exp(—e?). (1.9)
dist(z,00)>e

Moreover, w(t,X}) = wo(z) for a.e. (t,z) € (0,00) x Q (i.e., w is Lagrangian), and u is
continuous on [0,00) X  and (1.5) holds pointwise.

(ii) If supp (wp — a) NI = & for some a > 0, then w is the unique non-negative weak
solution with initial value wy.

Remarks. 1. Hence the well-known double-exponential bound on the rate of approach
of particle trajectories to the boundaries of smooth domains (going back to [8,15]) still holds
on the domains considered here, even though u can be far from log-Lipschitz near 0 and
even unbounded at corners with angles > 7. A partial explanation is that w > 0 forces u
to “circulate” around 0f) counter-clockwise, thus keeping any particle trajectory near any
corner for only a short time during each passage through its neighborhood. However, our
domains can even have everywhere singular boundaries (e.g., a dense set of corners), so all
of 02 could be the set of potential trouble spots rather than just a few individual corners.

2. Part (i) of this result suggests a natural open question: is there any planar domain €
and a weak solution w > 0 to the Euler equation on it that has a particle trajectory starting
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inside {2 and reaching 0f2 in finite time? Of course, a second one is whether such solutions,
if they exist, can fail to be Lagrangian (this is currently open even for unsigned w).

Let us briefly discuss our approach and its relation to [7,10,12]. In all four papers, the
central ingredient is a non-negative Lyapunov functional on (0, 00) x Q that vanishes only on
(0, 00) x 092 and its change on Euler particle trajectories can be controlled sufficiently well to
show that it can never become 0 unless it is 0 initially. Lacave first chose this functional to
be the stream function ¥ := —A~'w of the fluid velocity u [10] because its rate of change in
the flow direction u is 0. When w does not have a sign, then ¥ can vanish inside €2, and [7,12]
therefore used instead the time-independent function 1 — |7 (z)|, with 7 : 2 — D a Riemann
mapping. In the present paper we consider again solutions w > 0, and so revisit the idea of
using the stream function. However, in Lemmas 2.2-2.5 we obtain sharper and more general
estimates on ¥ and 0,V than [10], which allows us to include much more general domains,
with arbitrary corners as well as considerably less regular boundaries overall.

In the next section we state these estimates and use them to prove Theorem 1.1, leaving

the proofs of the estimates and of a formula for 0,V for the last two sections.

Acknowledgements. AZ acknowledges partial support by NSF grant DMS-1900943
and by a Simons Fellowship.

2. PROOF OF THEOREM 1.1

We complete the proof in three steps. We always assume that () satisfies the hypotheses
from Theorem 1.1, and (w, u) is a weak solution to (1.1)—(1.3) on (0, 00) x €2, as defined next.

2.1. Weak solutions and space-time differentiability of the stream function. We
consider here weak solutions to (1.1)—(1.3) from the Yudovich class

{(w,u) € L® ((0,00); L=(2) x L*()) | w =V x u and (1.2)~(1.3) all hold weakly}

where the weak form of (1.2)—(1.3) is
/ w(t,z) - Vh(z)dz =0 Vhe H. (Q) with Vh € L*(Q)
Q

for a.e. t € (0,00) (see [5,6]). It is well-known that V x u € L*°((0,00) x ) implies that u
is bounded and log-Lipschitz on any compact K C ) at a.e. time ¢ € (0,00) (and uniformly
in these times), after possibly redefining it on a measure zero spatial set for each such ¢. If
we also redefine u at the exceptional measure-zero set of times (and also at ¢ = 0), then for

any compact K C ) we will have

sup su w(t, z)| + < o0 2.1
up s (I )|+ 24
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(this is also shown in the proof of Lemma 2.1 below). Let now X;** for (s,z) € [0,00) x
be the unique continuous function satisfying

d

EXf’x = u(t, X;") and X" =u (2.2)
a.e. on the maximal interval 7% C [0,00) (containing s) such that X;* € Q for all ¢t €
I5%\ 0I**. That is, I** is the (backward and forward) life-span of the particle trajectory
X", Of course, X;»* = X7 and 1%* = [0,1,] (or [0, 00) if £, = co) for all z € Q.

We say that (w, u) from the Yudovich class is a weak solution to (1.1)—(1.3) on (0,7") x §2
(for some T' € (0, c0]) with some initial condition wy € L>°(£2), if

/T/ w(Op +u- Vo) dedt = — / wo(z)p(0,z)de Yo eCrX(0,T)xQ). (2.3)
0o Jo v

This is in fact the definition of a weak solution w to the transport equation (1.4) when w is
some given vector field, but it is also equivalent to the relevant weak velocity formulation of
the Euler equations on € (see [6, Remark 1.2]). When 7' = oo, we call such solutions global.
Existence of a global weak solution is guaranteed by [5] for any wy € L*(2) on very general
domains (while uniqueness is still open on most singular domains), and so for the sake of
notational simplicity we will always assume that 7" = oo.

Lemma 3.1 in [7] now shows that for a.e. t € (0,00), a weak solution (w,u) satisfies
w(t, X}) = wo(x) for a.e. x € Q such that ¢, < t. We can therefore redefine w on a set
of measure 0 so that w(t, XJ) = wo(x) holds for all z € Q and all ¢t € (0,¢,). Let now
s1 € (0,00) be any Lebesgue point of w as a function from (0,00) to L'(€2). Replacing ¢ in
(2.3) by @i, where 1. € C([0,00)) satisfies x[s;,00) < Ve < X[s1—-e,00), and taking ¢ — 0
shows that (w,u) is also a weak solution to (1.1)—(1.3) on (s1,00) x §2 with initial condition
w(si,-) (i.e., (2.3) holds with (0,wp) replaced by (si,w(s1,-)). Doing the same with any
p € C((0,00) x Q) and x[,5,] < ¥e < X[o,51+¢] Shows that (w,u) is also a weak solution to
(1.1)=(1.3) on (0, s1) x £ with terminal condition w(sy,-) (which becomes an initial condition
if we reverse the direction of time and replace u by —u). This and Lemma 3.1 in [7] show
that we can redefine w on a set of measure 0 so that w(t, X;"") = w(s1, z) holds for all x € Q2
and all t € I°v* \ 9I°** (clearly the values on the curve (¢, X;"") will not change for any z
such that 0 € I°**). We can continue this way, with s,, s3,... consecutively in place of s,
where {s;},>1 is dense in (0, 00). This allows us to change w on a measure zero set so that
for all s € [0, 00) (and with w(0, ) := wy) we will from now have

w(t, X;") =w(s,x) Ve e Qand t eI\ 0", (2.4)
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It is well known that since Q is simply connected, w from any weak solution (w,u)
uniquely defines the velocity u via its stream function

U(t,) = —-A"w(t,-)

for all ¢ > 0 (the negative sign is chosen so that ¥ > 0 when w > 0). Namely, after
redefinition of v on a measure zero set we have u = —V+WU, where (v, v5)® := (—vs,v;) and
V4t = (=0,,,0;,). We can now use (2.4) to show that ¥ is space-time differentiable (we
postpone the proof of this to the last section).

Lemma 2.1. We have ¥ € C([0,00) x K) for each compact K C Q, and V¥ = ut and

1 Ty) - T T -T@\" o
2”/{2(\7-@)—7'(90)]2 |T(y)_7'($)*‘2) DT (y)u(t,y)w(t,y)dy (2.5)

for each (t,x) € [0,00) x 2, where T : Q — D is any Riemann mapping.

8,5\1/(2(:, .I) = —

Note that while (2.5) formally follows from the definition of ¥ and (1.4), we will mainly
need to know later that W is C'. Since Lemma 2.1 now shows that u = —V+W is continuous
on [0,00) x Q, this version of u still satisfies (2.1). Since u is uniquely determined by w,
from now on we will refer to w as a weak solution to (1.4) (with u := V+A~'w), instead of
to (w,u) as a weak solution to (1.1)—(1.3).

2.2. Formulation on the unit disc via Riemann mapping. Let next 7 : 2 — D be a
Riemann mapping as in Lemma 2.1, extended continuously to 09, and let S := 71 We

will now use T to rewrite u and 0; V¥ in terms of integrals over D. We have

[ T@ =T
2m Jo ' T () = TWPIITW)]

U(t,z) =— [A T w(t, )] (z) = w(t,y)dy, (2.6)

and then
u(t,z) = —VEU(t, 2) = %DT(m)TR(t, T(2)) (2.7)
for any (t,z) € [0,00) x Q, where
R(t,€) == /D (é__j'? - é__j:'Q) det DS(2) w(t, S(2))d= (2.8)

for (¢,€) € [0,00) x D. We note that the second equality in (2.7) holds because T = (T, T?)
is analytic, which means that

0T 0,1 _ [ 0aT" 0.7
b7 = (axlrz 6x27“2> - <—8$27’1 am) (29)
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and so for any v € R? we have

0.7 0.7\ \"_ (0.7 -0.T .
8&72 Tl 8&72 7_2 B _a:lfl 7-2 8:1‘1 7-1 7

Lemma 2.1 and u - V¥ = 0 now yield for any x € Q and ¢ € [0, ¢,),

dyo yoy_ L [( TW-TKXH) T -TX)" ' )
X = zw/g<|’r<y>—T<Xf>|2 |T<y>—T<Xf>*|2) DT(w)ultv)wltv)dy

the parenthesis is replaced by W when T(X2) = 0). If we substitute (2.7) here and use
[Tl t

DT (y)DT (y)" = det DT (y) I (2.10)
(note that det DT = (05, T)% + (9., T")? > 0), after a change of variables we obtain
d 1 z—T(X?) 2 —T(XP)*
—U(t, X)) =—— — - R(t t,S5(z))dz.
79030 =5 | (FoRhr ~ ) et S
Finally, from this and the identity
z w |z — w|
A _ (2.11)
22wl [z ]
for all z,w € C\ {0} we see that (with the fraction below replaced by é when 7(X}7) =0)
d 1 [ T(XF) = T(XE)|
—U(t, X)) < R(t t,S dz. 2.12
vexn| < o [ TEDS IO irealete sGla @2

It will also be convenient to re-parametrize the forward tangent vector 7 to 2 to
S ip\ S 0
7(0) == lim (6. ) (6. ) ,
=0+ |S(e?) — S(e”)]

with & € R. Then of course 7(0) = 7(I'(¢)) for all § € R, where I' := (0”(07”)71 oS. We
now let {0;},51 C (0, L] be the set of all points such that (2 has a corner at o(f;), and define

_ (0
0, :=m+arg (—I'(0;)) €(0,2r] and o= al6;) € (—1,0)U(0,1)
m
for j > 1. That is, Q has corners at {S(e")};>; with angles {7 — ma;};>;. Then we define
Be(0) = B(T(e”))  and  Bu(6) =7 ay
6;<6
for 6 € (0,27] and extend these two functions to R so that for all # € R we have
Bel®+2m) = fe®) + 2m5  and B0+ 2) = u(8) + 21 (1 — ),

where K = W (which means that >y, @(#) = 2m(1 — £)). Then of course f. is

continuous, [y is piecewise constant, and 3 := (. + ;4 is the argument of 7 in the sense that
0 = () for all § € R (we also have 3(6 + 27) = B(0) + 27).
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Lemma 1 in [14] shows that I" and I'"! are both Holder continuous, which means that £,
is Dini continuous because 3, is. Indeed, if m is a modulus of continuity for /3. , then 3. has
modulus of continuity m(r) := m(Cr?) for some C,v > 0, and a simple change of variables
shows that f fﬂ)dr < oo if and only if fo mff dr < oo.

We next state the following important formula for det DS.

Lemma 2.2. We have

™

) 9 2m
det DS(z) = det DS(0) 51|z — €| 2% exp (—— / Im
> ; =y

(.6) ~ w8) 09

for each z € D (this holds even without . being Dini continuous), as well as

/O%Ime ~ (5:(0) — r9) db| < o

sup
zeD

Proof. Since S is analytic, det DS(z) = |S'(2)[?, where &' is the complex derivative when S
is considered as a function on C. Since (2 is regulated, Theorem 3.15 in [13] shows that

s =180 ew (5 [ G (5(9) —0-7) de)

for all z € D, and from f% 629+z df =27 € R and Im & 19 = 2Im —z— we get

—Z

det DS(z) = det DS(0) exp (-% Im / " ewz (B(6) — 6) d9> (2.13)

(note that 5(6) — 6 is 2m-periodic). We split the integral into two parts, one of which is

| = @ -0 =mas =i [ m—ze ) (o) - (1= 9),

where we used integration by parts. Since fo n(l — ze ®)df = In1 = 0, it follows that
2 2 )
exp (—— Im/ Ba(0) — (1 — K)Q)d@) = exp (—— / In|e® — 2| dﬁd(é))
T 0 T Jo

iej ‘—20@‘ .
This and (2.13) prove the first claim.

= szl‘z — €

Let 3 (0) = B.(0) — kO, which is also 2m-periodic. If 3, has a Dini modulus of continuity
m, then § has Dini modulus 7(r) := m(r) + |k|r. So for any z € D and 6, := arg(z) we

for any 6 € R the estimate

2]

: : z _ z z
obtain using Im 00—, Im Si0F0:) 5 and ‘—ei<0+92)—z ~ 2‘9|

2 N m N 5
[ b0 = | [ (040 - G0 ] <

Since this is finite, the second claim follows. W
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In view of (2.12), (2.8), and this lemma, of particular concern to us will be corners
corresponding to «; > 0 (i.e., those with angles less than 7; note that the velocity u on Q
in fact vanishes at these, while it may be infinite at the other corners). We therefore let
a; :=max{a;, 0} and define 37 (0) := 73, oo for all § € (0,27]. We then extend 5] to
R so that 5 (0 + 2m) = 85 (0) + 73,5, o, and choose § € (0, £] such that

+ _ At (p _ 1+ . +
B (6 + 36) . B (6 — 39) <o, — ma;gg o (2.14)

for each 6 € R. Note that a, € [3,1) because max;>; o <1 by > i1l < oo

2.3. Estimates on the stream function and conclusion of the proof. We now state
the following three crucial estimates, whose proofs we postpone to the next section. In them,
constants Cq and Cf, only depend on 2.

Lemma 2.3. There is Cq > 0 such that for each (t,£) € [0,00) x D we have

‘\If(t,S(f))’ < CQHw(ta )HL°°(1 - ’5‘)2min{1—a*,1/4}.

Lemma 2.4. If w > 0, then for each (t,&) € [0,00) x D we have
1—|§|/ (1 —|z|)det DS(2)
VESO) 2 o7 [ mandle — g1 =gz (b SE)d=

Lemma 2.5. There is C, > 0 such that for each (t,€) € [0,00) x (D\ B(0,3)) we have

|R(t, 2)]
p |z —¢&llz — &

(1 —|z|)det DS(z)
p max{|z — ¢, 1 — [¢[}?

dz < Cplm( ) ot S + (e o= )
Remarks. 1. Lemmas 2.3 and 2.4 are sharper and more general versions of Lemmas 3.1
and 3.2 in [10]. Our use of Lemma 2.5 to estimate 0;¥ is analogous to the use of Proposition
2.4 and Lemma 3.5 in [10], but instead of bounding |R| above by essentially ||w| -~ and
leaving w as a function, we bound w by ||w||z~ and leave |R| in (2.12). This is because for
the domains 2 considered here, R can blow up at 0D (see (4.2) below). In particular, this
happens at corners with angles < 7, which is why such corners had to be excluded in [10].

2. Lemma 2.5 easily extends to £ € B(0, %) but we will not need this.

From now assume also that w > 0. Since (1 — |z|) det DS(z) is bounded below by a
positive constant on B(0,r) for any r < 1 due to Lemma 2.2, for any a > 0 there is ¢, > 0
such that

(1 —|z]) det DS(z)
p max{|z — £[,1 — [¢[}?

w(t, §(2))|dz = callw(t, )] L=
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whenever ||w(t, )| > allw(t, )| z~. From this, the above lemmas, and (2.12) it follows that
when |7 (X})] > 2 (in which case also |T(X7) — T(X7)*| < 3(1 — |T(X})])), then we have

d 101+ e ) i
(e x)] < PO e ) a1 - [T XD
W(t, X7)
< Chollw(t, )| e (t, XF) |In =————L1 | 2.15
= ,QH ( )HL ( t) CQHw(t,~)HLoo ( )

where C, o > 0 is some constant that only depends on (a, §2).

For each € > 0 let Q. := Q\ U, c9q B(w,€). For each € > 0 such that Q. # @, let
T, := dist(a:, 2\ QE)HUHZL((O,oo)XQE) > 0.
Then X} € Q. for all (t,z) € [0,T:] x Qq, and therefore (2.4) yields w(t, X7) = wy(z) for all
(t,x) € [0, T] x Q.. Taking e — 0 we obtain
laollzee < Timinf [lw(?, )|z < [lwl[re,

and then from V - u = 0 also

lw(@, e = llwollzr@a) 2 llwollzr = 12\ Qael llwoll e > flaol[zr = [\ Qac| [Jw][ze (2.16)
for each e > 0 and all ¢ € [0, T.].

If now wy # 0, let a := L|lwo||r1]|w||z% > 0 and let € > 0 be such that |2\ Q.| < a.
From (2.16) we obtain
lw(®, )z = aflwllzee = allw(t, )
for all t € [0, T;]. Thus (2.15) yields

d
—W(t, X}
dt (7 t)

for all (t,z) € [0,7] x Q such that [T(X})| > 2. This and Gronwall’s inequality show that
X7 e Qforall (t,z) € [0,7:] x Q. Therefore w(t, X7) = wo(z) for all (t,z) € [0,7] x 2, and
in particular, ||w(7T:, )| = |Jwollz:. We can therefore repeat this argument with the same
a and ¢ on the time interval [T;, 27.], then on [27%, 3T.], etc.

v(t, XY)

In
Callw| L

< Cogllw|[z=¥(t, X}) (2.17)

It follows that w is a Lagrangian solution to (1.4) on (0,00) x Q and ||w(t,)||» =
lwollr for all (¢,p) € [0,00) x [1,00]. Integrating (2.17) shows that there is a constant
C! (depending on ||wo| =, |lwol/z1,€2) such that for each ¢ > 0 and all large enough ¢ > 0
we have U(t, X7) > exp(—e%") whenever ¥(0,7) > ¢. Since Lemma 2.3 yields C” > 0
such that W(t,S(£)) < C"(1 — |¢])2mintl=a1/4} for all (¢,€) € [0,00) x D, and T is Holder
continuous on Q (see [14, Lemma 1)), this shows (1.9). Using also that (1.5) can clearly be
solved backwards in time with the same estimate on the boundary approach rate, we find
that {X[ |z € Q} = Q, thus finishing the proof of Theorem 1.1(i) for wy # 0.
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If wo = 0, then w = 0 is clearly a Lagrangian solution to (1.4) on (0,00) x Q with
X} = x, which satisfies Theorem 1.1(i) except for (1.9). If w > 0 is a different global weak
solution, then the above arguments with time 0 replaced by any 7" > 0 such that w(7”,-) £ 0
show that for all ¢t € (1", 00) we have ||w(t, )|, = ||w(T",-)||z:. But then [jw(t,-)|| 1 must
be constant on the time interval (7", 00), where T” € [0, 00) is the infimum of times ¢ with
w(t,-) # 0 (and that constant is then positive). This contradicts continuity of w as an
L' (2)-valued function of time because w(0, -) = wy = 0 (note that as in [12], boundedness of
w shows that v is uniformly in time bounded on any compact subset of {2, which together
with (2.4) yields w € C([0, 00); LP(€2)) for any p € [1, 00)).

Theorem 1.1(ii) follows immediately from Theorem 1.1(i) and Proposition 3.2 in [12].
We note that the latter result shows that Lagrangian solutions are unique as long as they
remain constant near d€) (more specifically, near the non-C?7 portion of 92 for some v > 0).

3. PROOFS OF LEMMAS 2.3-2.5

Let us first state an auxiliary technical result.

Lemma 3.1. Let 8 be a (positive) measure on R and let I := (0* — 26,0" + 25) for some
0" € Rand 0 € (0,%]. Let H C D be an open region such that if re!@+9) ¢ H for some
r € (0,1) and |p| < 7, then re’® %) ¢ H whenever |¢'| < |§| (i.e., H is symmetric and
angularly convex with respect to the line connecting 0 and € ). If F : [0,00) — [0,00) is

non-decreasing and convex, then

[ (o4 ol [0z = as ) @z < [ 5 (ot il - )

holds for any non-increasing h : (0,00) — [0,00) and non-negative f,g € L'(H) such that
fref@+9)) > f(rel @+ and g(re’@+9)) > g(re!®+9)) whenever r € (0,1) and |¢'| < |¢|.

The proof of this result is identical to that of Lemma 4.1 in [7], which was stated
with F(s) = s* for some o > 1, because the only properties of F' used in it were that
it is non-decreasing and convex. We will be using it here with F(s) := e®, ¢ = 0, and
h(s) :=2B(I)In 2, so that for any 3,1, H, f as above we have

/Hf(z)exp(— /ln|z—e’9|dﬁ )dz</f z— e

Since Lemmas 2.3-2.5 are all stated at a single time ¢, we will drop ¢ from our notation

~28(D . (3.1)

in the proofs below. Hence we will have w(z), ¥(z), and R(z). For z € D we will also denote

A(z) :=det DS(2) |w(S(2))| > 0.
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We note that
/A(z)dz < ||w||Loo/det DS(2)dz = |9 W], (3.2)
D D

and that constants C4, Cy, ... below will always be allowed to depend (only) on €.

3.1. Proof of Lemma 2.4. We have
=2 _ | Jez—zral = le = oP
1§ — 2% [ € — 2]z
(€172 — 2Re (€2) + 1) — (|¢]* — 2Re (£2) + |2])
1§ — 2% [
L, 0—lEPa -

—1—

3.3
€ — = PP (3
for £,z € D with z # 0, which also means that ‘ ||| € (0,1) when z # 0,£. Hence
(0l ><2—|2z| ) > 10 K0 LP)
[€—22] 2 [§ — z* 7] 2 €= 2Pl

and so for each £ € D we have
L= -1z S 1= !E\ (1—1z[)
w(s©) > 1 [ FEE G | e

Given any z,£ € D, let M := max{|z —¢&|,1 —[{|}. Then 1 —|z| < 1—[{|+ |z =& < 2M, so

€ =212l S 16—zl + 1z = 2" |e] = [z = ] + 1= 2] < |[e — €| +2(1 - |2]) < 5M

when 2z # 0, and the result follows.

3.2. Proof of Lemma 2.3. Identity (3.3) and —In(1 —r) < (1%7,)% for r € [0,1) (equality
holds for » = 0 and the right-hand side has a larger derivative on (0, 1)) show that
1
A-[gP)a—[z[*) \ 2 1 1
E== <1 1 [ “e==pre P e Rl el 18
€ = =lz] L N € — 2]

[€—2*[2]z[2
Hence it suffices to show that there is C; > 0 such that

—1In

[ BB e < e - e, (3.4)

where & := min{1 — o, 1} (note that 2& —
to replace D by A; := B(£,0) N D in (3.4).

Let us decompose Ay into Ay := B(&,e) N Ay with € = L As == B(Ee) N A
with € = E and Ay := A;\(A2 U A3). Now Lemma 2.2 and (3 1) with H := Ay, [ :=

< 0). From (3.2) we see that it in fact suffices
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(arg(&) — 24, arg(§) + 20), f(z) = %, and 8 := Zejel ajdgj, where g, is the Dirac
mass at 0;, yield

1

(1 |z|)2 / (1—lz])> 0,120t
7 A(2)dz < Os|wl|zeo 7 Tp.crlz — "% dz
/Al og M= Gllell | ez = <P

1—|z 3 ~
<Cllolli | (il TP EE R
A |Z_§|

l—204* i —2a, )
A (/ — e+ / By / 33|z—5|—2—2a*dz>
Ay

3 20 G— 1
<Cyl|w] [ > < 2Ch|w|| = (1 = [€])**2

because (2.14) shows that }-, o, o) < a, < 1. This therefore finishes the proof of (3.4).

3.3. Proof of Lemma 2.5. First integrate over Ay := D\B(&,d). Then (2.11), (3.2), and
|

— 7
2

an

e 2 12

>1- |3 (3.5)

for any 2,z € D yield

|R(z) zZ—Z .
d — dzd
/Ao|z 5||z—5* Zgaz/Ao/v—znz—ﬂ (2)dzdz

< F="

<— A(2)d
5 [ ac
47|Q|
= —— llwllze.
So it remains to integrate over A; := B(&,6)ND. From (3.5), |¢| — 2 and (3.2) we have
1 17— 5 o
_— ——————A(2)dzdz < Cy|In(1 — |&])] ||w]| Lo, 3.6
/A1 2 = &llz = &1 By 12 — 2|z — 2] 2 (= el 30

where we also used that with B, := B(¢, K;;/') ND and B := B(¢, %) N D we have

dz d 4 d
/— / : © < 6rln, ——— +50 (3.7)
D\ (

|z =&llz = &1 7 JovBeuBe) |Z—€|2 1§ =& Jp, |2 —¢ € — §’|
for any &,¢& € C.

We now let ¢ := 1 — [{] and split A; into Ay := B({,5) and A3 := A; \ A;. We
start with Ay, and let E, := B({,£) and Ey := D\(B(0,3) U B(§,5)). We also denote
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M(&, z) == max{|z — £],1 — [¢]}. When (z,2) € Ay x Ey, then (3.5), |z — &*| > ¢, and (3.7)
show that

F 2 d
/ 1 Z==] A(%)d%dzg—/ A(%)/ ST
Ag |’Z—£H’2_£*| Eq |Z—Z||Z—Z*| € Eq As |Z_£HZ_Z|
%

A(Z)|In|Z — €|| dz.

g ol

From Lemma 2.2 and (2.14) we see that det DS(Z) < C3(1 — |Z|)™2 for some C3 and all
z € D, hence

/ AG) |1 |2 — €]| dZ < 4Che2||w| | / 1|2 — €]| d? < Cyl|wl|re?| Ine].
B(&.,e2) B(§,?)

From the last two estimates and M (£, 2) = ¢ < 2(1 — |Z|) for Z € E; it now follows that

02|1I1€|

/AQ |z—§||lz—§*| - JZZH;J 2*|A(2)d§dz§CQC4||w||Loo5|1n5|+ - EIA(Z)d,%
< cilme ( [ e+ ol )
Moreover, for all (z,2) € Ay x Ey we have |z — Z*| > |z — Z| > |2;§| > 1_TH and
|Z — 2*| <3(1 —|Z]), therefore
1 z — 5 1|2 d
[orare et < [ gl [ i
< Gl = il [ relacas

where we also used (3.7). The last two estimates and (3.6) show that

| e < ook G Col = ) ([ A+ o )
so it remains to integrate over As.

Let Fy i= B(&, 2), Fy := D\ (B(0, 1) UB(E, 26)), and F :
for all (z,2) € A3 x F} we have |z — Z*| > |z — Z| > 1_T|£‘ >
which together with (3.7) yields

(B(€,26)ND)\ B(, £). Then

|2 — €[ and [2 — 27| <3(1 - |2]),

1 |2 — ¥ - -1zl . ~/ dz
- —A(2)dzdz < 192 ——A(2)dz e
/ T E & Jn A= e e
1— 1z N
< Gyl n(1 — el) e

Fy M(£7 2)2
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And from (3.5), (3.2), and (3.7) we obtain

| R 2/ ) / dz
— —A(2)dzZdz < = A(2)dz -
Lﬂgz—au—sﬂJ@V—zw—ﬁﬂ Qdzdz <5 | MIE | e
< Gyl In(1 — ¢} [l

For the integral involving (z,2) € A3 x F3, let Fy := F3N B(0,1 — 6ﬁ) and for Z € Fj3
let A; := B(z, |Z;§|) N A;. From [¢],]Z] > 1 and (2.11) we get

7€ < |5 5| +4E— €] < |5 — 5| + 8|5 — 2| < 10|z — 7|

when also z ¢ 14:;. This, (3.7), |2 —2*| < 3(1 —|Z]), and |2 —&*| > |2 = &| > I_T‘El for Z € F3,
and |Z — &*| > @ show that

1 e o
—~ —A(2)dzdz
‘Aﬁz—ﬂb—éﬂzﬂz—dv—Zﬂ(>

1 5 — 7 o
§4// — — — —A(2)dzdz
N P Epr) P e )

1 e I
—|—20// _ _ A(2)dzdz
o Fodr el —aE -

12— 27|
12— ¢El1Z =&

.
<Culn(t - )] [ 755

<Cy A(Z) (In(t = |Z]) + [In(1 — |€])]) d=

A(3)dz.
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Finally, let F5 := F3\ F;. From (3.5), (3.7), Lemma 2.2, and (3.1) with H := Fj,
I':= (arg(§) — 30,arg(§) +30), f =1, and f:= 32, o af 0y, we obtain

1 17— 57 o
— —A(2)dzdz
/AS Py e I A e R

dz
A(zZ dz
SQ/FS (z)/A3 P TP
dz dz
8 A(z i — dz
< /F () </ |z—s|2\z—z|+/AS\A2 |z—s|rz—5*1|2—s|> :

<cu [ ae (i ey ) e

hl 1— - 0. 1—2at 1~
ScmewHLw/ HejeI|Z—€9]| 2a5 13

Fs

—20ux

;-8 dz

In(1 —
< 013M||w||m/ 5
9 F

< Cua|In(1 = [€])] [[w]| o,

€l

where in the last inequality we used that |F5| < glfla*, which is less than the area of a disc
1
with radius €2=2e«. Combining the above estimates and (3.6) yields

|R(2)| 1— 2|
/AS T f*’dz < (C14C7+Cs+C1o+Cha) | In(1—[€])] (/D ME 22 Z)QA(z)dz + IIwIILoo) :

and the result follows.

4. PROOF OF LEMMA 2.1

We see from (2.7), a change of variables in the integral from (2.5), and (2.10) that we
need to show boundedness and continuity of R and

z—¢& z—&*
Q(t, & :z/( — )-Rt,zwt,Sz dz
6= [ (g~ ) Rt 2)w(6.5()
on [0,00) x K for any compact K C D, as well as that 0,V (¢, z) = —%Q(t,']‘(x)) holds for
each (t,x) € [0,00) x Q.

So fix any such K and let d := dist(K,0D) > 0, then fix any (¢,£) € [0,00) x K and
let B := B(£,%) and B := B(£,9). With Cy = SUp|,<1_q/2 det DS(z), and using (2.11),

)2 4
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|lw— 2*| > |w — z| for all z,w € D, (3.7), and (3.2), we obtain for any (#,¢’) € [0,00) x B/,

£ ¢ £-¢|
R(t,€) ~ Rt €] <lelli~ ( [ + /D\B)(K_ZH?_Z, s Ve psa:

1 8|9
<2 wl& =& [ 67CyIny ——— +50C,; + ——
<2l - €1 (67Catn, 12+ 500+ 21
and (using also |z — 2*| < 2|¢' — z*] and Holder’s inequality)
Rit€) = RO < [ o 2l dee DSl S(2) — it S()lds

<2 (/]D) |§' _ z|7% det D‘S(Z)dz) 3 l|w(t, ) — W(tl, ')HL3(Q)- (41)

(Note also that the first of these estimates and (4.2) below prove (2.1).) Since the last
integral is bounded in & € B’ by Lemma 2.2 and (3.2), and w € C([0,00); LP(Q2)) for any
p € [1,00) (see the end of Section 2), these two estimates show that R is continuous at (¢, §).

Boundedness of R on [0,00) x K follows from the estimate

|[R(t,€)| < Callwl|p (1 — [€)' 7 (4.2)

for all (¢,€) € [0, 00) x D, with a, from (2.14) and some Q-dependent constant Cq. To obtain
it, first note that |z — z*| < 2| — 2*| and (3.2) yield (with ¢ from (2.14))

-z 2 2(€2
/ ’Z—Z|* det DS(2)dz < —/ det DS(2)dz < L

Q\B(£,9) & — 2]|§ — 27| 4 Q\B(¢,5) 0
Then use Lemma 2.2, and (3.1) with H := B(§ 9), I := (arg(§) — 20, arg(&) + 26), f(z) :=
|£_Z|, and [ := Zejef o 59j to get (with ¢ : |§| and f: )

P _ —20ux
/ |z—z|* det DS(2)dz < C”/ wdz

B(£,6) € — 2|[§ — 2*| B(£,6) £ — 2|

/ g 20 ’5 o —1-2a
<C dz + —Fdz+9 1€ — 2| *dz
Beo) € — 2| B(Ee) € BES\(B(E)UB(ER))

< C//(l . |£D172a*

with some 2-dependent constant C’, C” because -, af < a, < 1by (2.14). The last two
estimates now imply (4.2).

Let us now turn to ). Fix any K as above, then fix any (¢,£) € [0,00) x K and let
d, B, B' be as above (without loss assume that d < 1). Then for any (¥',¢’) € [0,00) x B' we
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have from (2.11),

Q14,6 = QU €)) < o~ [ (|£

where the second fraction is just

§ ¢ & — &7 )

+ R(t,z)|dz,
—Z||£’— | ’ *—Z|’§’*—z| | )’
W when ¢ = 0 and |£,* -7 When & = 0. Using (2.11),
splitting the integration to z € B and z € D\ B, and applying (4.2) and (3.7) yields

Q0.6 - Q1.6 < el = ] (@72 (1 2 ) )

for some Q-dependent constant C’. Next, we have

|Q(t7§/) - Q(tlvfl)l SHWHL"O/ |€/ _’é-zié* ’_ Z|

& —¢"] ' —w(t,8(z))|dz
+ [ e SR el S) - (. Sl

Splitting the first integration into z € B’ and z € D\ B’, and then using | — ™| < 2|¢™* — 2|,
(4.1), and (4.2) shows that the first integral is bounded above by

/ 4 /
Cullo(t, ) —wlt' ooy + 7 [ 1R(E.2) — B, dz
D

|R(t,z) — R(t',2)|dz

for some (2, d)-dependent constant Cy. This converges to 0 ast’ — t by w € C([0, 00); L*(Q2)),
together with (4.1) and integrability of the right-hand side of (4.2).

Using | — €] < 2|¢™* — 2|, (4.2), and Lemma 2.2, the second integral is bounded by

(1_|Z|)172a* q z % (§] Z)|\W zZ)) —w / NPdz %
/D<\€’—Z\detDS(z)§> d] </Dd tDS(2)|w(t, 8(2)) — w(t', S(2))] d)

< Callw(t, ) = w(t', )| r @)

O/

for some Q- dependent C’" and (d,Q)- dependent Cy, provided p € (2,00) is large enough so
that with ¢ :== £ we have (1 — 2o, — = y a;r)q > —1. The above estimates thus together
show that @ is contlnuous at (t,€).
We can also use (2.11), [£ — &*| < 2[&* — z|, and (4.2) to get
1— |z 1—2a
Q.9 < 2allellz [ L0 (1.3
D € — 2|
for all (¢,€) € [0,00) x D, showing boundedness of @ on [0, 00) x K for each compact K C D.
Hence it remains to show 8,¥(¢t,z) = —5-Q(t, T (z)) pointwise, which will follow from
1 t1
~ 5 Q(t, T (xg))dt = W (t1,x0) — V(to, o) (4.4)

for all 0 <ty < t; and xg € () because @ is continuous. So fix any such (tg, t1, o).
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Let
sy e L [T =Tl 1 [T() = ()
' |T($0) T[T () 20 [T (&) =T (o) || T (o)
(so W(tj,z0) = fQ w(tj, z)dz for j =0,1) and

T - T T() T
V@ "W“”)“%DT(‘C) (m Tl 7@ — T >*|2>

for each x € Q (recall (2.9)). Also, for each r € (0,55%) let g, € C2°([0,00)) be such that
X[t0+7‘,t177‘] S gr S X(to,tl)

and g, is non-increasing on [0, 1] and non-decreasing on [t1,00); and for each h € (0,1] let
frn € C>(]0,00)) be such that

(1) fu(z) =0 for z € [0, 4],

(2) f (x)—xforxe[h,h],

(3) falz) = ¢+ hfora €[5+ h,o0),
(4) 0 < fi(z) <2 for z € [0,00).

Now for any h,r € (0, min{1, 55 }) and (¢, z) € [0,00) x  let

©r, h<t7 x) = gr(t)fh(¢($))
Then clearly ¢, , € C°([0,00) x Q) and ¢, ,(0,-) = 0, so plugging it into (2.3) yields

[ [ ottt sitote) utem) -viatsie [ [ wit 210 ulote) v =0

Since w(t, z)g.(t) f1(d(x))(x) is a bounded function and u € L>((0,00); L3(£2)), we can use
the dominated convergence theorem to pass to the limit » — 0 and obtain

/t1/Qw(t,x)f}’lw(x))u(t,x)-w(x)dxdt+/Qw(to,x)fh(gh(x))dx—Aw(tl,m)fh(¢(x))dx:0,

where in the second integral above we used that w € C([0,00); L' (€2)). If we can show that
w-1 € L((0,00); L'(Q)), then taking h — 0 will yield

//¢ u(t, z) w(t, z)dzdt = /gzﬁ w(ts, dx—/¢ w(to,

via the dominated convergence theorem. But this is precisely (4.4) due to (2.7) and (2.10).

If B := By, 3dist(zo,0%)), then u - ¢ € L>((0,00); L*(B)) because u is bounded on
[0,00) x B by (4.2). From (2.9) we see that there is C,, such that

()] < Co||DT (2)]| < 2C,,| det DT ()|2

for all z € Q\ B, so ¢ € L*(Q) by [, det DT (z)dz = [D|. So u-1 € L>((0,00); L'(Q\ B)),
which indeed yields u - ¢ € L°°((0, 00); L(€)) and thus finishes the proof.
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