The Y A_k ¥ representation

This converts the stoichiometric representation dx/dt =S
v(Xx) of a chemical

reaction network to the form

SviX)=YA k¥(X) =Y G K¥X).

Here A_k is the Laplacian of the complexes graph and Y
IS the complexes to species matrix. The factoring A_k =

G Kis found in

V. Katsnelson's UCSD undergrad honors thesis.

It also computes properties of A_k and the deficiency of

the network.

in[12)= S=Transpose[{{-1, 1, O, O, 1, 1}, {-1, 1, O, O, O, O}, {-1, O, 1, 1, O, O}, {-1, 1, -1, 1, O, O3},
{0, o, -1, 1, -1, 0Oy}, {1, -1, 0, O, O, O}, {0, O, 1, -1, O, O}}](*stoichionetric matrixx);
S //
Mat ri xForm

Out[13]//MatrixForm=
-1 -1 -1 -1 0 1 O

11 0o 1 0 -10
o 0 1 -1 -120 1
0o 0 1 1 1 0o -1
1 0 0o 0 -10 O
1 0 0 0O O o0 O

in[14]:= (*nr 3: Function returning the rank of matrix
m For conpatibility with earlier versions of Mthenmaticax)
nr3[m_] :=Length[Sel ect [RowReduce[m], ! (Dot [#, #] ===0) &]1;

(*uUni on perforns an unsorted uni onx)
uUnion[x_] : = Reap[Sow[1, x], _, #1 &][[2]]

in[16:= out Of 1Make2[vec_] : = {Map[ Max [0, #] & vec], - Map[ M n[0, #] & vec]}
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= ** Computation of Y **

n(17:= (* matrixY takes the Stoichiometric matrix as intput and yields a
list of three matrices.
The first is matrix Y, the second is a list of the input conplexes for all
the reactions (with repetitions), and the third is a list of the output
conmpl exes for all the reactions (with repetitions). *)

n[18l:= matri xXY[Smat _] : =
Modul e[ {t ransposeS = Transpose [Smat ], | nput Matri x, Qut put Matrix, Actual Y}, InputMatrix = {};
QutputMatrix = {};
Y={}
Y = Fl atten[Map [out Of 1Make2 [#] & transposeS], 11;
| nput Matri x = Map [out Of 1Make2 [#][[2]] & transposeS];
Qut put Matri x = Map[out Of 1IMake2 [#]1[[1]1] & transposeS];
Actual Y = Transpose [uUni on[Y]1];
{Actual Y, I nputMatrix, QutputMatrix}]

nfop= Y = matrixY[S];
infzo= (* Here is the matrix Y. *)
in21:= MatrixForn] Y[[1]]]

Out[21]//MatrixForm=

01 00O01O0O0TGO
1 01010000
000101011
000110100
1 000O0O0O0OT1IPO
100 0O0O0O0OODO

in22):= (* Here are the input conplexes. They may be identified with
nononi al s whose exponents are given by the rows of this matrix. *)

in[23):= Mat ri xForn{ Transpose[ Y[[2]]1]]

Out[23]//MatrixForm=
11

O O O o o

O O O o o

O O O O O P
O OO r OBk
O Fr OFr OO
O O O O r O
O OpFr O OO

inf24:= (* Here are the output conplexes. *)

in[25]:= Mat ri xForn{ Transpose[ Y[[3]]11]]

Out[25]//MatrixForm=

00

P P OO R

O O O O -

O O Fr P OO
O OFr O Fr O
O OFr O OO
O O O O O -
O O O r OO
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* Computation of G **

infzel:= (* matrixG takes in matrix Y, the input conplexes matrix,
and the output conplexes matrix, and yields matrix G *)

in27:= matri xG[{Ymat _, Inputmatrix_, Qutputmatrix_}]: =
Modul e[ {Actual Y, I nput Matrix, QutputMatrix, Actual K, autvec},
Actual Y = Ymat ;
InputMatrix = I nputmatrix;
QutputMatrix = Qutputmatri x;
Actual K = {};
For[i =1, i <Length[lnputMatrix], i ++,
(» W will have Y.autvec =
i'"th colum of S. InputMatrix[[i]] is the input conplex of the i'th reaction. If the j'
th colum of matrix Y is InputMatrix[[i]], then the j'th entry of autvec will be -1.
*)
autvec =Table[lf[j ==Flatten[Position[Transpose[Actual Y], InputMatrix[[i1111[[11], -1,
(» QutputMatrix[[i]] is the output conplex of the i’
th reaction. If the j'th colum of matrix Y is QutputMatrix[[i]],
then the j'th entry of autvec will be 1. Gherwise, it will be O.
*)
I1f[j ==Flatten[Position[Transpose[Actual Y], QutputMatrix[[i1111[[111, 1, 011,
{j, Length[Actual Y[[1]]]1}];

(*» Actual K will be the matrix consisting
of all the autvec's generated at each iteration in our For |oop.
*)

Act ual K = Append[Actual K, autvec];
1
Transpose [Act ual K]]

neer= G = matrixgv];
G/ Matri xForm

Out[29]//MatrixForm=
1 0 O

-1 -1 -1

» oo oo
OO0 O0OoOOoOOo
=

O o oooo

o

o
|

[N

o

O O O o o oo
o O O O O O
O O O o or o
|
[N
o O ©o o oo
|
[N
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m (* Check to make sure YG=S *)

n@ol= Print ["YG =", MatrixForm[Y[[1]].CG], ", S=", MatrixForm[S]];
Y[[1]1].G=S
-1 -1 -1 -10 1 O -1 -1 -1 -10 1 O
1 1 0o 1 0 -10 1 1 0o 1 0 -10
YG - o 0 1 -1 -10 1 o o 0 1 -1 -10 1
o o 1 1 1 o0 -1 0 0 1 1 0 -1
1 0 O -1 0 O 1 0 O -1 0 O
1 0 0 0O O O o 1 0 0 0O O O o

out[31)= True

= ** Computing ¥ (x) **

inz2):= makeMonomi al [Ymat _, synb_]: =
Modul e[{tnp, lista, pow, mat}, mat = Refine[Sign[Ymat], Map[# >0 & Variables[-Ymat]]];
pow = Tabl e[0, {Length[mat [[1]1]1]}];
tnmp=Table[lf [mat [[i, j1120, 1, If [pow[[j]1]1>0, synb[i] (-Ymat [[i, j11), Pow[[j1]++;
symb[i 1” (-Ymat [[i, j11)11, {i, 1, Length[mat]}, {j, 1, Length[mat [[1]1]]1}];
lista=Mp[Apply[Ti nes, #] & Transpose[tnp]]; listal;

in33i= Psi = makeMonomi al [-Y[[1]], X];
Print["&(x)= ", MatrixForm[Psi ]]

X
G
x
2

iS|
=
I
X X X X X X X X X
AR BB R
x X X X
Ci ®

= ** Computation of K **

in@si= (* matrixK takes matrix G as input and yields matrix K. *)
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ne)= matri xK[Grat _1 : = Modul e[{G Actual K}, Cear [k];
G={};
Act ual K = Transpose [Gmat ];
n=1;
(» Kis a #(reactions)x #(conpl exes) matrix. For each conpl ex...
*)
For[i =1, i <=Length[Transpose[Actual K11, i ++,
(» If complex i participates in reaction j, then the j'th entry of tvec
is the rate constant k[i,j]. It's O otherw se.
*)
tvec = Tabl e[l f [Transpose[Actual K]I[[i]]1[[j]1] == -1, position =
Flatten[Position[Actual K[[j 1], 111[[1]1];
ki, position], 0], {j, 1, Length[Actual K]}1;
G = Append[G, tvec];
1

Transpose [G]

1
nE7= K = matri xK[ G ;

K/ / Mat ri xForm
Out[38]//MatrixForm=

0 ki[2, 1]
k[2, 3]
k[2, 4]
(6, 5]
(8, 7]
[3, 2]

O X O O o oo
O O O O o o o
O O O O o o o
O OO X O oo
X O O O o o o
O O X OO o o
O O OO o oo

O O O O o o
o O O o

(7, 9]

» #x Computation of A, %=

nEol= Ak = G K;

Ak // Matri xForm
Out[40]//MatrixForm=
0 ki[2, 1] 0
-k[2, 11 -k[2, 3] -k[2, 4] Kk[3, 2]
k[2, 3] -k [3, 2]
k[2, 4]
0

X O O O o
O O O o o

(6, 5]
-k [6, 5]

O O O o oo

-k[7, 91 kI8, 7]
-k[8, 7]
k[7, 9] 0

O O OO O O o o o
O O OO O O O O o
O O OO O O O O o

O O O O oo oo
o O O o
O O O O O o
o O o

o
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m **We finally obtain our desired formula **

ngi= Print ["YGKE(x)= ", MatrixForm[Y[[1]]], MatrixForm[G], MatrixForm[K], Matri xForm[Psi ]]
1 0 0 0 0 0 O
010001000y + 10 010
101010000 o 10 0 0 -10
000101011 °c 0 1.0 000
YG<@<X):0001101000001000
100000010/ 9 0 10 00
1000000O0GO0TO c 0 0 0 1 0 -1
0 0 0 0 -10 O
0 0 0 O 0 1
X[2] X[5] x[6]
0 k[2, 1] © 0 00 0 0 0| x[1]
0 k[2, 3] O 0 00 0 0 0| x[2]
0 k[2, 4] © 0 00 0 0 0 ||x[3]x[4]
00 0 0 0 k[6,5] 0 0 0||x[2]x[4]
00 0 0 00 0 k[8, 7] O ||x[1]x[3]
00 k(3,21 0 0 O 0 0 0 || x14]
00 0 0 00 k[7, 9] 0 0)|x[3]x[5]
X [3]

n421:= (* The desired deconposition Y Ak &(x). =)

inj43:= deconposition[S_]: =
Modul e[ {Y, G K, Ak, psi}, Y= matrixY[S]; G=natrixG[Y]; K=matrixK[G];
Ak = G K; psi =nakeMonom al [-Y[[1]]1, x1; {Y[[111, Ak, psi}]

Inj44):= deconposi tion[S]

oufa4= {{{0, 1, 0, 0, O, 1, O, O, O}, (1, O, 1,0, 1, O, O, O, O}, {O, 0,0, 1,0,01, 0,1, 13,
{0, 0,011,010 0} {100 00001 0} {1,0000000 013,
{{0, k2, 13, 0, 0, 0, 0, 0, O, O}, {0, -k[2, 1] -k[2, 3] -k[2, 4], k[3, 2], 0, O, O, O, O,
{0, k2, 31, -k[3, 2], 0, O, 0, O, O, O},
{0, k2, 41, 0, 0, 0, 0, 0, 0, O}, {O, O, O, O, O, k[6, 5], 0, O, O},
{0, 0, 0, O, O, -k[6, 5], 0, O, O}, {O, O, O, O, O, O, -k[7, 9], k[8, 7], O},
{0, o, 0, 0, 0, 0, O, -k[8, 7], O}, {O, O, O, O, O, O, k[7, 9], O, 0},
{x[2] x[5] x[6], x[1], x[2], x[3] x[4], x[2] x[4], x[1] x[3], x[4], x[3] x[5], x[3]}}
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n4si= (* |inkageC asses takes the Laplacian of a graph (e.g. the Ak matrix in the Y Ak &(x))
as an input. It returns a vector with two conponents. The first
conponent gives a list of all the linkage classes. For exanple,
{1, 3,4} would be a linkage class where the first,
third and fourth conplex participate in reactions with each other. By definition,
the linkage classes are disjoint.

The second conponent in our output is a list of 3-

tuples for each different conplex in our chemical network. A 3-tuple will list

all the reactions a certain conplex particpates in. The first vector in the 3-
tuple gives the index i of a particular conplex y_i. The second vector in the 3-
tuple gives indices for of each conplex that y_i particates in a reaction wth,
and where y_i is an input for that reaction.

The third vector in the 3-
tuple gives indices for of each conplex that y_i particates in a reaction wth,
and where y_i is an output for that reaction. For exanple,
the 3-tuple {{5}, {1,2}, {2,4,6}} neans we have the reactions y_5-y_1,
y 5.y 2, y 2y 5, y 45y 5 and y_6-y_2. =)

in46:= | i nkaged asses [Ak_] : =
Modul e[ {di ag, A, newA, n, conpgraph, cl asses, cl ass, testvec, conponentln, conmponent Qut },
A= Ak;

diag = Tr [A, List];

newA = A - Di agonal Matri x [di ag];

n=>Length[A[[1]1];

conpgraph = {};

cl asses = {};

For[i =1, i sn, i ++,

testvec =Table[lf[j =i, 1, 0], {j, n}];

conponentln =Flatten[Position[Map[ToString, newA.testvec], _? (#+"0" &11;
conmponent Qut = Flatten[Position[Map[ToString, testvec. newA], _?(##"0" &11;
conpgr aph = Append [conpgr aph, {{i }, conponent|n, conponent CQut }1;

cl ass = Uni on[conponent I n, conponent Qut, {i}];

cl asses = Append [cl asses, cl ass];

1

For[i =1, i <Length[cl asses], i ++,

For[j =i +1, ] <Length[cl asses], | ++,
If [Intersection[classes[[i]], classes[[j11] # {},
classes[[i]] =Union[classes[[i]], classes[[j]1]]; classes =Delete[classes, j1;] =i1;

Ik
{cl asses, conpgraph}
1

in47):= component s = | i nkageC asses [AK]

oufa7= {{{1, 2, 3, 4}, {5, 6}, {7, 8, 9}},
({1, {3 (233 ({2}, {1, 3, 43, (3}}, ({3}, {2}, {2}}, {{4}, (3, {(2}},
{{5}, {}, {6}}, {{6}, {5}, {}}, ({7}, {93}, {8}}, {{8} {7}, {3}, ({9}, {}, {7}1}}

in4sl:= Print ["The nunber of |inkage classes is ", Length[conponents[[1]]1]]

The nunber of |inkage classes is 3

in49:= (* The next formula gives the topol ogical deficiency of a chemcal reaction
network. Its input is the stoichionetric matrix. =)
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ins01:= t opDeficiency[S_]:=Mdulel {y, ak, psi}, {y, ak, psi } =deconposition[S];
Length[ak ] - Length[ |inkaged asses[ak][[1]]] - ntr3[S]]

ins1):= t opDefi ci ency [S]

out51]= 1

ins21:= (*The next formula gives the matrix deficiency of a chemical reaction
network.lts input is the stoichionetric matrix. Two versions are given. A
probabilistic version that runs on noderately big exanples and a synbolic one. %)

mat Def i ci ency [S_] : = Modul e[ {t npak, y, ak, psi}, {y, ak, psi} = deconposition[S];
Max [Tabl e [t mpak = ak /. {Vari abl es[ak] -» Randonm nt eger [{1, 3}1};
Lengt h[Nul | Space[y.tnpak]] - Lengt h[Nul | Space [t npak]], {5}11]

mat Def i ci encySynbolic[S_]:=Mdul e[{y, ak, psi}, {y, ak, psi } =deconposition[S];
Lengt h[Nul | Space[y. ak]] - Lengt h[Nul | Space[ak]]]
ins4):= mat Def i ci ency [S]
out[54]= 1
inss:= mat Defi ci encySynbol i c [S]

out[ssl= 1



