The Y A_k ¥ representation

This converts the stoichiometric representation dx/dt =S
v(Xx) of a chemical

reaction network to the form

SviX)=YA k¥(X) =Y G K¥X).

Here A_k is the Laplacian of the complexes graph and Y
IS the complexes to species matrix. The factoring A_k =
G Kis found in

V. Katsnelson's UCSD undergrad honors thesis.

It also computes properties of A_k and the deficiency of
the network.

(* This notebook presents all the conmands available in the
chemfrAK. mfile. =)

<< "Deskt op/chenYAk. ni
chemyAk is | oading...

chemvAk has | oaded

S=Transpose[{{-1, 1, O, O, 1, 1}, {-1, 1, O, O, O, O}, {-1, O, 1, 1, O, O}, {-1, 1, -1, 1, O, O},
{0, o, -1, 1, -1, 0Oy}, {1, -1, 0, O, O, O}, {0, O, 1, -1, O, O}}](*«stoichionetric matri xx);

S //

Mat ri xForm

-1 -1 -1 -10 1 O
1 1 0o 1 0 -10
o 0 1 -1 -10 1
o o 1 1 1 o0 -1
1 0 0o 0 -10 O
1 0 0 0 O O o

(* matrixY takes the Stoichionetric matrix as intput and yields a

list of three matrices.

The first is matrix Y, the second is a list of the input conplexes for all
the reactions (with repetitions), and the third is a list of the output
conpl exes for all the reactions (with repetitions). *)

Y = matrixY[S];

(* Here is the matrix Y. *)
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Mat ri xForn] Y[[1]]]

01 0001O0O00O0
101010000
000101011
000110100
1 00 0O0O0O0OT1IOP0O
1 000O0O0OTODO

(* Here are the input conplexes. They may be identified with
monomi al s whose exponents are given by the rows of this matrix. *)

Mat ri xForn{ Transpose[ Y[[2]]]]

1111000
0 00 O0OOT1O0
0 001100
0 00 0O OO1
0 00O 100
0 0 00O OOTP

(* Here are the output conplexes. *)
Mat ri xForn{ Transpose[ Y[ [3]]1]]

0 0 0 OO 0

P P OO PP
O O O O -
O O Fr O
O O Fr O K
O O OO
O O O O O P
O O O O

(* matrixG takes in matrix Y, the input conplexes matrix,
and the output conplexes matrix, and yields matrix G *)

G=mtrixdV];
G/ Matri xForm

1 0 0 O O 0 O
-1 -1 -120 0 1 O
0 1 0 0 O -10
0o 0 1 0 O 0 O
o 0 o0 1 0 0 O
0o 0 0 -10 0 O
o 0 0o o0 1 0o -1
0o 0 0O O -10 O
o 0 O O O o0 1
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m (* Check to make sure YG=S *)

Print ["YG =", MatrixForm[Y[[1]].G], ", S=", MatrixForm[S]];
Y[[1]].G=S
-1 -1 -1 -1 0 1 O -1 -1 -1 -1 0 1 O
1 1 0 1 0 -10 1 1 0 1 0 -10
VG - o o 1 -1 -10 1 ’ S:O o 1 -1 -10 1
o o 1 1 1 0 -1 o o 1 1 1 0 -1
1 0 O -1 0 O 1 0 O -1 0 O
1 0 0 O o o0 o 1 0 0 O o o0 o
True
Psi = makeMonom al [-Y[[1]], XI;
Print["@(x)= ", MatrixForm[Psi ]]
X[2] x[5] x[6]
X[1]
X[2]
X[3] x[4]
T(X)= | X[2] x[4]
X[1] x[3]
X [4]
X[3] xX[5]
X [3]

(* matrixK takes natrix G as input and yields matrix K *)
K= mtrixK[G;
K/ Matri xForm

0 k[2, 1] O

(6, 5]
(8, 7]
(3, 2]

O O O O o o o
O O O O o o o
O OO X O oo
X O O O O o o
O O X O O oo
O O O O o oo

O O O o oo
O X O O oo

(7, 9]

Ak = G K;
Ak // Matri xForm

k[2, 1] 0
-k[2, 11 -k[2, 31 -k[2, 4] Kk[3, 2]
k[2, 3] -k [3, 2]
k[2, 4]
0

o O o

o
O O O o o

K[6, 5]
_k[6, 5]

O O O o oo

“k[7, 9] K[8, 7]
_k[8, 7]
k(7, 9] O

O OO OO oo oo
O OO O O oo oo
O OO O O oo oo
O O O O O oo oo

O O O o
O O O O o o
o O o

o
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m **We finally obtain our desired formula **

Print ["Y&Ke(x)= ", MatrixForm[Y[[1]]], MatrixForm[G], Matri xForm[K], MatrixForm[Psi ]]
1 0 0 0 0 0 O
010001000y + 10 010
101010000 o 10 0 0 -10
000101011 °c 0 1.0 000
YG<@<X):0001101000001000
100000010/ 9 0 10 00
1000000O0GO0TO c 0 0 0 1 0 -1
0 0 0 0 -10 O
0 0 0 O 0 1
X[2] X[5] x[6]
0 k[2, 1] © 0 00 0 0 0| x[1]
0 k[2, 3] O 0 00 0 0 0| x[2]
0 k[2, 4] © 0 00 0 0 0 ||x[3]x[4]
00 0 0 0 k[6,5] 0 0 0||x[2]x[4]
00 0 0 00 0 k[8, 7] O ||x[1]x[3]
00 k(3,21 0 0 O 0 0 0 || x14]
00 0 0 00 k[7, 9] 0 0)|x[3]x[5]
X [3]

(» The desired deconposition Y AK &(x). =*)

deconposi tion[S]

{{{0, 1, 0,0, 0,1, 0,0 0}, {1, 0, 1,0, 1, 0, 0, 0, 0}, {0, 0,0, 1, 0, 1, 0, 1, 1},
{0, 0,0 1,1, 0, 1,0, 0}, {1, 0,0, 0, 0,0 0, 1,0}, {1, 0, 0,0, 0,0, 0,0, 0}},
{{0, k[2, 1}, 0, 0, 0, 0, 0, 0, 0}, {0, -k[2, 1] -k[2, 3] -k[2, 4], k[3, 2], 0, 0, 0, O, O, O},
{0, k[2, 3], -k[3, 2], 0, 0, 0, 0, O, 03},
{0, k[2, 47, 0, 0,0, 0, 0, 0, 0}, {0, 0, 0, 0, O, k[6, 5], 0, 0, 0},
{0, 0, 0, 0, 0, -k[6, 5], 0, 0, 0}, {0, 0, 0, 0, 0, O, -k[7, 97, k[8, 7], O},
{0, 0, 0, 0,0, 0, 0, -k[8, 7], 0}, {0, 0, 0, 0, 0, O, k[7, 9], O, 0}},
{X[2] x[5] x[6], x[1], x[2], x[3] x[4], x[2] x[4], x[1] x[3], x[4], x[3] x[5], x[3]}}



chemYAkdemo.nb | 5

(= linkageC asses takes the Laplacian of a graph (e.g. the A_k matrix in the Y A_k &(x))
as an input. It returns a vector with two conponents. The first

conponent gives a list of all the linkage classes. For exanple,

{1, 3,4} would be a linkage class where the first,

third and fourth conplex participate in reactions with each other. By definition,

the linkage classes are disjoint.

The second conponent in our output is a list of 3-

tuples for each different conplex in our chemical network. A 3-tuple will list
all the reactions a certain conplex particpates in. The first vector in the 3-
tuple gives the index i of a particular conplex y_i. The second vector in the 3-
tuple gives indices for of each conplex that y_i particates in a reaction wth,
and where y_i is an input for that reaction

The third vector in the 3-

tuple gives indices for of each conplex that y_i particates in a reaction wth,
and where y_i is an output for that reaction. For exanple,
the 3-tuple {{5}, {1,2}, {2,4,6}} neans we have the reactions y_5-y_1,
y 5.y 2, y 2y 5, y 45y 5 and y_6-y_2. =)

conponents = | i nkageC asses [AK]

{{{1, 2, 3, 4}, {5, 6}, {7, 8 931},
{041y {3 (233 ({2}, {1, 3, 43, {33}, ({3}, {2}, {2}}, {{4}, {}, {2}},
({5}, {3}, {63}, {{6}, {5}, {}}, {{7}, {93, {8}, ({8}, {7}, {3}, {{9}, {}, {7}}}}

Print ["The nunber of linkage classes is ", Length[conmponents[[1]]1]]

The nunmber of |inkage classes is 3

(*Thi s gives the topol ogical deficiency of a chem cal reaction
network. The input is the stoichionetric matrix. =)

t opDefi ci ency [S]
1

(*» The next fornula gives the chem cal deficiency of a chemical reaction
network. Its input is the stoichionmetric matrix. =)

mat Def i ci ency [S]
1

(* Anot her exanpl e done from scratch: t.brucei. =x)

S= {{O, o1 -13,00 0 0000 00, 0 0,0,0,
o, o, 0060000000000 0000000 00 0 03,

{-, 1,00 -13,0000 0000000000000 000000O0,
o, 000200000000 o0 o0 0} (¢o0001-11025000000
o, 0,0000000000600000¢0000 0000 00 0 03,

{0, 0, 0,00 1, -1, -1, 0, 0, 0, 0,000 0000®00O0 0 000,000,
0, 0002000000000 0 0} (00000001 -2,10000
o, 0,00¢00¢0600000°00000000000000.0o0.O00o0 03,

{, o000 -1,00 -1,0,00 0001 -1,00 00000000 0,Hn0,
0,01 -1,0 00000 1 -1, 0, O}, (0,0, 0,0 1,0,0,1200,0 0,00,
-1, 1,0000¢0000000¢00O00O000-11000000-2 200},

{0, 0, 0, 0,00, 0000600000000 000000000 00,
o, 0,090,000 0 01 -1 0 0} {(0,00000001 -1 -110,0,
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0, o00o0¢00¢060000%0~-111-2°000000000000o0 0},

-1, 0,0 0,00 0,0 0,0 0,0 0, 0,0,
{0, 0,0, 0,0 0, 00000, 0,0,0,

1,

1,
,1-1,-1,1,60260 -1,100 0,0 0,0 0, 0,0, 0},

{0, 0, 0,0, 00006000600 -112+-1,10,2000000 00000,

-1,
, 0, 0, 0, 0},
0, 0,00¢00¢000 00000 0, 0},

-1,
0
0

1
0
0

c oo

c oo

o O O

o O O

{0, 0, 0,060,000 00000, 0,

0, 0600600060000 0000001-1-11000000 00}

{0, 0, 0, 0, 0, 0, 0, 0,0 06060060001 -2, -11000000000 0,

0, 0,000,000 0 0000 0, 03},

{0, 0, 0,0, 0000 00000, 0,

0, 0290869060601 -1,-1,00000000000000000 0 0},

{0, 0,0 0,0 0,0 0,0000006000000001-10000,

o, 0,000,000 0 00,00 0,03},

{0, 0, 0, 0,000 0,0 0,0,0,0,0,

0, 02o00¢00¢0600010000000000000-1,100,n1-13,

-1, 0,0, 0,0, 0,

0, 0,0, 0,0 0,0 0,0 0,0, 0, 0,0,

, 00000000000 0 0,0,
.1, -1, 0,0, -2, 2},
, 0,0 00006006000 0000000000000000 1 -13,

{0, 0, 0, 0, 0,00 0,000900O0 0 002000800 00,000 0 -1,1,

0
0
1, -1,00 0000 0,0 0 0,0, 0},

0
0

’
’

0
0

{0, 0, 0, 0, 0,0 0,0,00,0,0,0,0,

6,00o00000000001-1-11060000000000 00}
{0, 0, 0, 0, 0, 0, 0,0 0,000 000006000 000,0000 01,

-1, 0, 0, 0,0 0,0 0,0, 0, 0,0, 0}, {O, o, 000%000®000 00000,

, 0,0, 0 0 00, 00,0 0,0, 0},

1
2

1
2

0, 0000600000000 0,

{0, 0, 0, 0,0 00060006001 -2$,0000000000,1 -1090,

{0, 0, 0,0 00000000, -1, 1,

.0 -1,1¢0000 00000 00,0 0 0,0 0},

{0, 0, 0, 0, 0, 0, 0,0 0,000 o0 o0 0006000000000 000,

, 0,0, 0,0, 0},
0,0 0,0 0, 1, -1, 0, 0, 0, 0, 0, 0},

0
0

1
1

0
0

0
0

1
)

0
0

{0, 0, 0,000 0 0 00,00 0,0,

6 0¢0900000010000000000o0.0O0O0LO00 00}

0, 0,0 000000000000 008©0 0000000000,

o, 0,000,000 00000 0, 03},

{0, 0, 0, 0,000 0,0 0,0,0 0,0,

0, 000600606000 0004000O0000000000000.0 0 03,

{0, 0, 0,00 0000000000000 00000000 00,

0,00 00000 00,0 0,0, 0},

0, 0,0, 0,0 0,0 0,0 0,0, 0,0, 0,

o, 0006006000 000000O00000000000.0.0o0 0 03,

{0, 0, 0,000 0 0006000000901 -1-21200602000000,

0,060006000 00 0 0,00, 0},

{0, 0, 0,0, 0,000,000, 0,0,0,

6026009000600 00000000000000000 00 0}

{0, 0, 0, 0, 0, 0,0 0006000000001 -1-1,120620,0000,

0, 0,0¢00¢000 00000 0, 03},

{0, 0, 0,000 0 0 0 0000,0,

6, 00 00000 00000000000 00000, 0,0 0,0},

¢, o0, 000600000060 000000000000 00000

0, 0,00¢00¢06000 0000 0, 03},

{0, 0, 0,000 0 0, 0,000 0,0,

o, 0, 0,0 0000000000000 000 001 -10 0003},
-1, -1,1,000 0000000008000 000 000000,

0, 0,060,000 0 00,00 0,03},

{0, 0, 0, 0,00 0, 0,0 0,0 0, 0,0, 0,

0, o, 002006000 000000O000001-1-1100no000, 0}};

{Y, Ak, Psi} =deconposition[S];

Y // Matri xForm

Ak // Matri xForm

Psi // Matri xForm

", topDeficiency[S]];

deficiency is

Print [" The topol ogi cal

Print ["The matrix deficiency is ", matDeficiency[S]];
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0

0

k3, 1]
0

“k[1, 2] -k[1, 3] k[2, 1]

k[1, 2]

“k[2, 1]

0

0

“K[3, 1]

k[1, 3]

0
0

0 k[5, 4]

-k [5, 4]
0

0

0
0

0
0

k7, 6]

_k[6, 7]
K6, 7]

“K[7, 6]

0
0

0 ki[9, 8]

k9, 8]
0

0

k

~k[10, 11]
k[10, 11]
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deficiency is O

The topol ogi cal

The matrix deficiency is O

The |inkage cl asses:

{{{1, 2, 3},

{22, 233,

{41, 42}3,
(N

(18, 19, 20, 21},
(39, 403,

{8, 93, {10, 11}, {12, 13}, {14, 15}, {16, 17},
{{5},

{6, 73,

{4, 5},

(34, 35, 36}, {37, 38},

{32, 333,

{{3},

(30, 313},

{13,
{611,

{26, 27}, {28, 29},

{24, 253,

{4},

{511},

{13, {13}, ({4}, {}
{911, {8}, {13}, {{10},
{121},

{{13},

{1311,

{2, 31}, {{2},

{2, 33,

{73,

{{{1},

{1133,

{113,

{{93,

{1

{{83,

{13311,

{63,

{{7},

{7311,

{{6},

{153}, {15}},

{{14},

{123,
{163,

{13},
{173,

{1033}, ({12},

{103,
{143,
{183,
{223,
{263,
{303,
{341,
{403,

{{11},

{{18}, {19, 20}, {19, 20}3},

{161},

{{173,

{1733,

{{16},

{14311,

{{15},

{2331},

{1

{{22},
{2711,

{2013,

{273,
{{303,

{203,
{{26},
{2831,

{{21},

{18, 2113,

{{20}, {18, 213,
{{25},

{1831},

{{19},

{1
{28},
{32},
{383,
{423,

{243,

{25}},

{293,
{333,
{34},
{39},

{{24}, {1,

{1}

{{23},

{31}},

{313},

{{29},

{2933,

{{28},

{26} 1,

{{273,

{{34}, {35, 36}, {35, 36}},
{37},

{3233,

{{333,

{3333,

{{32},

{30} 1,

{{31},

{3711},

{{38},

{381},

{{37},

{3411,

{{36},

{341},

{{35},

{{42}, {41}, {41}1}}

{421},

{{41},

{3911,

{{40},

{401},

{{39},

(* A (too) big exanple =x)

{{0, 0, 0, 0, 0, 0,0 0,000,000 000000806010 000,

S=

1, 0,0, 0,0, 0,00,

0, 0600900060606 000000000 0000,

o, 0,060,000 0000000000000 00000o0 00,

0, 0,0 0,0 00,0,

-1, 0, 0, 0,0 0000000600000, 00 0,

0, 000690060 -1000020000000000000000 0 0},
{0, 0, 0000000060000 -10040000000000000

-1, 0,0, 0, 0, 0,

o, 0o,00000®000000000 000000,

1,

0, 0000000000000 0000000000000,

0, 000600606000 000400000000000000000 0

0, 000090600¢01000¢000000000000o00 00 03,
, 0, 0006000006000 0000000000 00000

1, 0, 0,0, 0, O,

-1, 0,

0, 0,00¢00¢00000000000000 0,

0, 000600406000 000400000000000000000 0

., 00000008000 000 0000000 00,
»0-1,0020 000000000000 0 0,0 0},

{0, 0, 0, 0,00 0 0000000000000 000,0 0000,

0
1

c o
o o
o o

o o

o o

1, 0, 0, 0, 0, O, O,

-1, 0, 00,0000 0000000 00,HnQ0,

0, 0,

0, 0600000606000 0000000000000000 00,

0, 0,000080000000 00,0,

1, 00, 0, 0,0,0,0 0,0 0,0,

0, o00o00600¢00-1000400000000000000.0.0 0 03,
{0, 0, 0, 0,00 0000060000 00000001000000,

-1, 0,0, 0,0, 0, 0,

0, 0600600060000 0000000 000,

o, 0,0600¢000000000O0000000000000o0 00,

0, 0,0 0,0, 0,0,

-1, 0,0, 0,000,090 0000¢0000 000,00,

o, 0,090,000 1000000000000 00 00 0,00 03,
{-1,¢01,0000¢0000000080 0000000000000,

o, 00006000 000000O0000000000000o00 0,

0, 000¢00¢06000 00000,

-1, 0, 0,0, 0,0, 0,0 0,0, 0,0,

1, O,

0, 0900900060060 00000000600000000000 000,

60090000000 00000000000000 000 0}
{0, 0, -1, 0, 0, 0, 0, 0, 0, 0,0, 0,000,000 0000000000,

0, 00020060600 000000O000000000000000,

0,060060060000000 00,0,

1, 00, 0,0, 0,0, 0,0 0,0, 0,

o, 0,00060000000000000000000000 00,
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0, 0,o00¢00¢06000000400000000000000o0 0,0},

{0, 0,0 -1, 0,0, 0, 0,0, 0 -1,0 0,0, 0 0, 00 0,0 0 0 0 0 0 0,0, 0,

0, 0, 0,0, 0,00,

-1, 0,0 0,0 0,0 0,1,0,1,0, 0 0 0 0,0 0,0, -1,

1, 0, 0, O,

1, 0, 0, 0, 0, O, O,

0, 0006000000000 00 000,

1, 0, 0, 0, 0, O, O,

0, o,0¢00¢00000000000000000,

o -1,0 -1,0000000016000000 00 00, 0 0, 0,0}

{0 000600000¢060000000000000 00000
0,0 00 0,0 0,0 0,00 00,00 0,0 0,0 0,0 0,0 0,0, 0,
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o, 000600606000 0000000000000000000 0

0,0600000000000000000000 10 -10 0}
0, 0,0 0060000060000 0000¢001000000 000
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0, 0, O,
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-1, 00 00,000 0006000000000,
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1
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{Y, Ak, Psi} =deconposition[S];

Y // Matri xForm
Psi // Matri xForm

Ak // Matri xForm

deficiency is ", topDeficiency[S]];

Print [" The topol ogi cal

Print ["The matrix deficiency is ", matDeficiency[S]];

Print ["The |inkage cl asses:

", linkageC asses [Ak]];
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X[31] x[65]

X[4112x[47] x[50]
X [421% x [48] X [49]

X [63] X [69]

X[23] x[31]

X[20] x[69]

X [31]
X [19]

deficiency is 11

The topol ogi cal



