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Correspondences with split polynomial equations

By E. Izadi at Athens, H. Lange at Erlangen, and V. Strehl at Erlangen

Abstract. We introduce endomorphisms of special jacobians and show that they sat-
isfy polynomial equations with all integer roots which we compute. The eigen-abelian vari-
eties for these endomorphisms are generalizations of Prym-Tyurin varieties and naturally
contain special curves representing cohomology classes which are not expected to be repre-
sented by curves in generic abelian varieties.

Introduction

Let A be an abelian variety of dimension g and ® a divisor on 4 representing a prin-
cipal polarization. The minimal cohomology class for curves in A4 is

(e
(g—1

By a well-known result of Matsusaka [M] the minimal class is represented by a curve C in
A if and only if (4, 0) is the polarized jacobian of C. Welters [W2] classified the abelian
varieties in which twice the minimal class is represented by a curve. More generally,
Prym-Tyurin varieties of index m contain curves representing m times the minimal class.

A Prym-Tyurin variety P of index m is, by definition, the image of D —id in the
jacobian JC of a curve C where D is an endomorphism of JC satisfying the equation
(D —1id)(D + (m —1)id) = 0. The image of an Abel embedding of C in JC by the map
(D —1id) : JC — P is a curve representing m times the minimal class in P [W2].

There are few explicit constructions of Prym-Tyurin varieties in the literature.

In this paper we consider the more general situation where the jacobian of a curve
admits endomorphisms satisfying polynomials of higher degree that can be decomposed

This work was done while E. Izadi was visiting the Mathematisches Institut in Erlangen at the invitation of
H. Lange and as part of the Faculty Exchange Program between the University of Georgia and the University of
Erlangen. E. Izadi is greatly indebted to H. Lange for his generous hospitality and to the Universities of Georgia
and Erlangen for their support.

The first author was partially supported by a grant from the National Security Agency.



184 Izadi, Lange and Strehl, Correspondences with split polynomial equations

into products of linear factors with integer coefficients which we compute. So our endomor-
phisms have integer eigen-values and, after isogeny, the jacobians of our curves split into
the product of the eigen-abelian varieties of the endomorphism. The images of Abel embed-
dings of our curves will, after isogeny (to obtain principally polarized abelian varieties),
give curves representing multiples of the minimal class in the eigen-abelian varieties. In a
future paper, we will compute the multiples of the minimal class that one obtains. As in
the case of Prym-Tyurin varieties, these multiples will be computable from the coefficients
of the polynomial equations of the endomorphisms.

The curves that we consider are immediate generalizations of constructions of Recillas,
Donagi and Beauville (see e.g. [R], [D], [B]). Roughly speaking, they are defined as follows
(for details see Section 1). Suppose given a ramified covering p, : X — Y of degree n of
smooth projective curves and an étale double cover X — X. Then a covering C — Y of de-
gree 2" can be defined as the curve parametrizing the liftings of fibres of p, to X. Moreover,
the involution on X induces an involution ¢ on the curve C. Assuming the ramification of
p, is simple, we show that the curve C is smooth and that it has either one or two connected
components. We concentrate on the case where C consists of two smooth connected com-
ponents C; and C,. The computations in the case where C is irreducible yield polynomial
equations similar to those obtained for the case n odd below. We shall not address this case
in this paper.

To be more precise, suppose first that n = 2k + 1 = 3. In this case ¢ induces an iso-
morphism C, — C, and we denote C = C;. Using the involution on X we introduce a cor-
respondence D on C. Our first result is Theorem 2.4, which says that D satisfies an equation
of degree k, integral over the integers, whose coefficients are given by explicit recursion re-
lations. Denoting the induced endomorphism of the jacobian by the same letter, clearly any
integer zero of this equation yields an eigen-abelian subvariety of D on JC. Our main result
for odd n is that all zeros of this equation are integers. In fact, we have

Theorem 1. Suppose n =2k + 1, k = 1. The correspondence D satisfies the equation

=

(X + (=)™ M2i+ 1)) =0
0

i

which obviously does not have any multiple root.

Suppose now n = 2k = 2. Then the involution ¢ induces an involution on each com-
ponent C’ for i = 1 and 2, which we denote by the same letter. Hence JC; decomposes up
to 1sogeny into the product of the Prym variety P/ := im(¢ — id) of ¢ and its complement
B? :=im(o +id). In this case we introduce a correspondence D; on the curve C; which for
n > 6 decomposes the abelian varieties B7 and P7 further. Again we compute the equation
for the correspondence D;. This is a polynomlal equation in D; and ¢D;. Setting o = 1, re-
spectively ¢ = —1, we obtain an equation for the endomorphism induced on B, respec-
tively P?, the coeflicients of which are given by explicit recursion relations (see Theorems
3.6 and 3.7). Again we prove that all zeros of these equations are integers and thus lead to
decompositions of the abelian varieties B and P/ for n = 6 into eigen-abelian subvarieties.

Theorem 2. (1) Suppose n = 4k with k = 1. For i = 1 and 2 the correspondence D;
induces endomorphisms on BY and P{ satisfying the equations
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k
* on B’ [1(X —8(k — j)* +2k) =0,
Jj=0
k—1 )
® on P?: [T (X +8(k—j)” — 10k + 8 +2) = 0.
j=0

(2) Suppose n = &k — 2 with k = 2. For i = 1 and 2 the correspondence D; induces en-
domorphisms on B} and P{ satisfying the equations

k—1

* on B [T (X —8(k—j)* + 10k — 8 —3) =0,
=0
k—1 )

* on P’ T (X +8(k — j)* — 18k + 16j +9) = 0.
j=0

It is easy to see that the polynomials involved do not have multiple roots. The main
idea of the proofs of Theorems 1 and 2 is to identify the fibres of the coverings f : C — Y
and f; : C; — Y with sub-vector spaces of the space of bit vectors of length n. This gives an
additional structure on the fibres, namely that of a Hamming scheme, as known from alge-
braic combinatorics and coding theory (not to be confused with a scheme in the algebro-
geometric sense). Using this we associate to D and D; endomorphisms of vector spaces for

which we can explicitly determine the eigenvalues and eigenvectors.

The contents of the paper are as follows: In Section 1 we recall the n-gonal construc-
tion. In Section 2 we introduce the correspondence D and compute its equation in the odd-
degree case. Section 3 contains the analogous computations for even n. In section 4 we pro-
vide the combinatorial tools needed for the proofs of Theorems 1 and 2, which are given
in Section 5. In Section 6 we give a system of equations for the dimensions of the eigen-
abelian varieties involved. We use these equations to compute these dimensions explicitly
for n < 10. Finally, section 7 contains a combinatorial remark related to the situation of
Theorem 1 which is worth noting.

1. The n-gonal construction

1.1. The setup. Let Y be a smooth curve of genus gy, X a cover of degree n of Y of
genus gy and X an étale double cover of X which is not obtained by base change from a
double cover of Y:

X¥Sxiy,
Then Y embeds into the symmetric power X ) via the map sending a point y of Y to the

divisor obtained as the sum of its preimages in X. Let C = X" be the curve defined by the
fiber product diagram

W

C
(1.1) l )
Yy — X,

In other words, the curve C parametrizes the liftings of points of ¥ to X.



186 Izadi, Lange and Strehl, Correspondences with split polynomial equations
Lemma 1.1. If p, is at most simply ramified, then the curve C is smooth.

Proof. Since C was defined by the fiber product diagram (1.1), the tangent space
to C is the pull-back of the tangent space of Y. Away from the branch points of p,, the
map C — Y is étale and hence C is smooth. The ramification points of C over Y can
be described as follows. Let y € Y be a branch point of p,. Let X be the ramification
point of p, above y and let Xi,...,X, > be the remaining (distinct) points of X above
y. Then a point of C above y is a ramification point if and only if it is of the
form x+x'+x1+ - +x,.0€ X where x and x’ are the two points of X above
% and x; is a point of X above X; for i=1,...,n—2. The tangent space to X at
X+ X 4+x 44 x2 € X can be canonically identified with

n—2
0x(x) ® Ox(x") D Oy, (x:)
i=1
and the tangent space to X at 2X + X; + - - - + X,_» can be canonically identified with
n—2
025(2X) P O,(X;).
i=1

The differential of x sends @, (x;) isomorphically to € (X)) and sends ¢y(x) and
O,/(x") both isomorphically to the subspace (;(X) of (),3(2X). Its kernel is therefore one-
dimensional and it follows that C is smooth at x + x’ + xj + - - - + x,_» if and only if the
image of the tangent space (),(y) of Y at y is not contained in the subspace

n—2
0z(X) €D U, ().
i=1
Equivalently, if and only if the composite map
n—2
(1.2) Oy(y) = O2:(2%) D Ux,(Xi) — CUx(2X)
i=1
where the second map is the quotient by the image of the tangent space of X is not
Zero.
Now choose a general map ¥ — P! of degree m with simple ramification disjoint

from the branch locus of p,. Let p € P! be the image of y by this map. Define C by the
pull-back diagram

C ., x(m

J/ J/K(mn)

P 1 X(mn) )

By [W1], 8.13, a) p. 107, the curve C is singular exactly above the ramification of the map
Y — P!. In particular, it is smooth above p. Applying our analysis above to this case, this
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means that the composite map

0,(p) — 02:2%) 6B 0 (%) — 0:(2%)

i=1

is an isomorphism. Here X;, i =n — 2,...,mn — 2 are the other points of X above p. It is
now easy to see that after identifying ¢,(p) with @,(y) via the differential of ¥ — P!, this
map is equal to the map (1.2) which is therefore also an isomorphism. This shows that C is
smooth. [

Now we investigate the number of connected components of the curve C. We first
have

Lemma 1.2. If p, is unramified, then the curve C is a union of 2n disjoint copies of Y.

Proof.  This follows immediately from the fact that, locally, a small loop in Y will
lift to n disjoint loops in X and 2x disjoint loops in X. []

So the case where p,, is unramified is uninteresting from the point of view of construc-
tion of abelian subvarieties of jacobians. From now on we will assume that p, is ramfied with
simple ramification.

Recall that the Norm map Nm : Pic”(X) — Pic”"(X) is defined as O (D) + Ox(x.D)

and that its kernel has two connected components that are translates of the Prym variety P
of the double cover x : X — X. Therefore the fibers of the induced map

Nm|, : Nm~'(¥Y) - ¥ < X® — Pic"(X)

are disjoint unions of two translates of P. Let ¥ — Y be the étale double cover parametriz-
ing the components of the fibers of Nm|,,. Then, by the definition of C, the composite map

o\

— X — Pic"(X)

induces a map C — Y whose composition with ¥ — Y is the natural map C — Y from
(1.1). We have

Lemma 1.3.  The curves C and Y have the same number of connected components.

Proof.  As in the proof of [W1], Proposition 8.8, p. 100 (also see [I], p. 109), it can be
seen that any two points in a fiber of C — Y can be joined by a pathin C. [

From now on we make the following assumption.

Hypothesis 1.4. The map p, is simply ramified and the double cover ¥ — Y is
trivial.

By the above lemmas, this is equivalent to the fact that Q is smooth with two con-
nected components. Note that when ¥ =~ P!, the double cover ¥ — Y is always trivial.
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One situation (see [D], Section 2.2) in which ¥ — Y is trivial is when X — X — Y is
simple of type D,, i.e., has the following properties.

Definition 1.5. We say that the covering X — X ™ Yisa simple covering of type
D, if:

(i) py: X — Y is simply ramified of degree n with branch divisor & # ¢ and
x: X — X an étale double covering.

(i) p,: X — Y is a primitive covering.
(iii) The monodromy map of the covering p, o x : X — Y can be decomposed as
m(Y\Z, y0) = W(Dy) = Son.

Here yoe Y\Z is a base point, W(D,) denotes the Weyl group of type D, and
W(D,) — S, the standard embedding. Recall that a covering is called primitive if it is
not the composition of two coverings of degree = 2. The simply ramified covering p, is
primitive if and only if the canonical map 7; (X, ) — 71 (Y, *) is surjective. According to
[D], Corollary 2.4, any covering X — X 2 p! satisfying (i) and (ii) is a simple covering of
type W(Dy).

In general the curve C can be irreducible. For examples see [KL] and use, in par-
ticular, Remark 2.10.

~ The involution ¢ exchanging complementary liftings of the same point of Y acts on
C and we let C be the quotient of C by this involution. This means the following. Let
Z:=X; + -+ X, be the sum of the points in a fiber of p,, and, for each i, let x; and x; be
the two preimages of X; in X. Then
Z: =X+ Xy
is a point of C and
o(z) =x{ 4+ +x.

The degrees of the maps C — ¥ and C — Y are 2” and 2"! respectively. Since the rami-
fication of p, is simple, it is easily seen that ¢ is fixed-point-free if n = 3. Also, we can see
that for each ramification point X; = X, of p, there are 2”2 ramification points in a fiber

of C — Y obtained as x| + X{ + D,_» where D,_; is one of the 2"=2 divisors on X lifting
X34+ X

Let C; and C, be the two connected components of C. Then half of the divisors
X1 + x{ + D, lie in C; and the other half lie in C».

Writing the degree of the ramification divisor of p, as
deg(Ry/y) = 29x —2 — n(2gy — 2),
this shows that the genus of C, and C, is

ge,=2"(gx —1—(n—4)(gy — 1)) + L.
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If n is odd, the involution & exchanges the two components of C, hence induces iso-
morphisms

Cl = éz ~ C.
So we have the following diagram
é] v 62 Xv
2:ll lZ:l
(1.3) C=C=0C X
N l’"l
Y.

If n is even, the involution ¢ acts on each component of C hence C also has two con-
nected components, say C; and C,. For n = 4, since ¢ is fixed-point-free, we compute the
genus of C; and C; to be

g, =2"*gx —1—(n—4)(gy — 1)) + 1.

In this case we obtain the diagram

é] X C2

2:1l lz:l lZ:l
o X G
Y

:1
Zx " %21

If n = 2, the degree of each component C; over Y is 1 so
Ci=2=C~Y.
1.2. Notation. For each k € {0,...,n}, we denote by
[k + (n—k)'](2)

the sum of all the points where k of the x; are added to (n — k) of the x], the indices i being
all distinct. For instance

/

[1+(n—1)’](z)=l<z_< X4t x g XX e+
I=n

R2+(n—=2)12)= X x4 x XXX XX e+

1<i<j<n
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2. The correspondence for n odd

2.1. Definition of D. Fori =1 or 2, we define a correspondence D; on C; as the re-
duced curve

Di={(xi+ - +xp,x1+x+--+x)}=CixC;
and we define
DcCxC
as the image of D; in C x C. Note that the image of D; in C x C is equal to the image
of D,. The correspondence D defines an endomorphism of the jacobian JC whose “ei-
genspaces’’ are proper abelian subvarieties of JC. We call these the eigen-abelian varieties
of D. The aim of this section is to determine the polynomial equation satisfied by this
endomorphism. To study this correspondence, we work on the curve C which we consider
as (.
For any z = x| + - - - 4+ x,, € C we define as usual

D(z) = p2.((piz) - D)

as divisors on C, where p; and p, are the first and second projections. The points of C in
the support of D(z) are sums of x; or x/. It is immediate that

(2.1) D) =1+ (n—1)])
and

(2.2) D*(z) = nz +2[2" + (n — 2)](2)
where D' is the composition of D with itself i times.

2.2. The general equation for n odd. Applying D to successive equations, we can find
polynomial equations for D for any n odd. First we have

n—2
Proposition 2.1. (1) For any even integer k, 0 < k < — there are integers aj/ sat-
isfying an equation

(2.3) D¥(z) = afz 4+ akD*(2) + -+ af , D" (z) + kK’ + (n — k)](2).
-2 :
(2) For any odd integer 1 < k < nT’ there are integers af satisfying an equation

(24)  DN(z)=d"D(2) + kD3 (2) 4+ -+ af_,D* 2 (2) + Kl[k + (n — k)] (z).

: -2
Note that the integers aj/ are defined only for / = jmod2,0 < j </ < nT
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Proof.  According to equations (2.1) and (2.2) the proposition is valid for k = 0,1
and 2. Applying D to (2.3), we obtain

D"V (z) = akD(z) + D3 (2) + - - - + af ,D*1(2)
+kln—k+D[k—-1)+n-k+1D) @)+ E+D[(k+1)+@m—k-1)]z).
Using (2.4) to substitute for [(k — 1)" + (n — k + 1)](z), this becomes
(2.5) D*(z) = (a§ — k(n —k +1)a; ") D(z)
+ (a5 —k(n—k+1)as "D (z) +
+ (4 —k+ Dag5) D (2)
(ak s +k(n—k+1))D"(z)
+ (k+ Dk + 1)+ (n—k - 1)](2).
Similarly, applying D to (2.4) and using (2.3) to substitute for
[(k = 1)" + (n =k + 1)](z),
we obtain
(2.6) D" (z) = —k(n —k + )a§ 'z + (af —k(n—k +1)ay ") D*(z) +

+ (af_y —k(n—k + D)ai_ )Dk 3(2)
k
k-

+k+ Dk + 1)+ (n—k = 1)(2).

By induction this completes the proof. []

The proof of the proposition gives the following recursion relations for the integers af.

—4 ,
Corollary 2.2. Setting a, = —1 for 0 </ < & and a7' = a’ | =0 for odd ¢, we

have forall i =k+1mod2and 0 <i <k —1,
(2.7) aftt =af | —k(n—k+1)a".
Using this we obtain

Proposition 2.3. With the above notation we have

k +lk 2i+1 ) ) k—2i+3 ) ) k—1 ) )
ag =D X am=p+1) - X pn—p+ 1) Y ji(n— i+ 1)
J1=jo+2 =j+2 Jir1=jit+2

k
f0r0<1<% dk< , where we set jo = —1.
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Proof. We prove the formula by induction. The formula holds trivially for k =0

1
and 1. Assume now that it holds for all / <k —1and all i, 0 <i < /% We need to

. k+1
proveitfor/ =kandalli, 0 <i =< % From (2.7) we deduce

ay_y = ay gy — (k= 1)(n—k+2)a 3,
= _ k2042 ' 2 _
=(=D" Y jin—jp+1) X pa—j+) 3 jma(n— i+ 1)
Ji=l1 Ja=j1+2 Jir1=ji+2
" k—2it1
P Dk 42) S il i+ )
Ji=1
k=2i+3 . =l '
Yo o hm—=j+1)- X0 jiln—ji+1).
=jh+2 Ji=Ji-1+2

Note that in the expression in the proposition, if we remove the last term, i.e.,
(k—1)(n — k +2), all the upper bounds of the former sums go down by 1. This gives us
the second line above. The rest will then be the third line above, which proves the proposi-

tion. []

2.3. The final equations for n odd. With these coefficients a]./ the following theorem
gives the equation for the correspondence D. '

Theorem 2.4. Suppose n = 2k + 1.

(1) For k even D satisfies the equation
k=2 R _
(2.8) XEp(k4+ 1) afx = 3 a1 X =0.
i=0 i=1

(2) For k odd D satisfies the equation

k—1 . k .
(2.9) XEp(k+ DY afx' =S a1 X =0.
=0 i-1

Proof. (1) If n =2k + 1 with k even, then
[(k+ 1)+ (n =k =1)](z) = [k" + (n = k)](2)
and we can use (2.3) to substitute in equation (2.5) which then becomes
D" (z) = —(k + Da§z + (a§ — k(k +2)a} ") D(z) + - -
— (k+ Dag_4D*(2) + (a_y — k(k +2)a=3) D (2)
— (k+ Dag_,D*2(2) + (af_, + k(k +2)) D (z) + (k + 1)D*(2).

From the recursion relations (2.7) we see that this equation is just (2.8).
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(2) If n = 2k + 1 with k odd, then [(k+ 1)+ (n — k — 1)](z) = [k + (n — k)'](z) and
we can use (2.4) to substitute in equation (2.6) which then becomes (2.9), again using the
recursion relations (2.7). [

3. The correspondence D; for n = 4 even

3.1. Definition of D;. For i=1 or 2, we define a correspondence D; on C; as the
reduced curve

Di={(xi4+ - +xpx1+x2+x}+---+x)} = Ci x C.
For n = 6 the map from D; onto its image in C; x C; is of degree 2 and we define
Di c C,' X Cl‘

as the reduced image of D; in C; x C;. For n =4, the map from D; onto its image in
C; x C;is of degree 4 and we define

Di C Cl' X Cl'
to be twice the reduced image of D;in C; x C;.

The correspondences D; and D; define endomorphisms of the jacobians JC; and J C
whose eigen-abelian varieties are proper abelian subvarieties of JC; and JC;. The aim of
this section is to determine the polynomial equations satisfied by these endomorphisms.

As before, foranyz=x; 4+ -+ x, € C; write

Di(Z) = D2 ((PTZ) -D,-)

as divisors on C;, where p; and p, are the first and second projections. With the notation of
Section 1.2, we have

(3.1) Di(z) =2+ (n—2)'1(2)
and

D,.z(z) = (;)z +2(n—2)2" + (n—2)](z) + 6[4' + (n — 4)](2),
which can be rewritten as
(3.2) Di(z) = <Z>z +2(n —2)aDi(z) + 6[4" + (n — 4)](z).

Remark 3.1.  If n = 2, then the correspondences D; are just the diagonals of C; x C;
and C; x C,. So D; and D, are the diagonals of C; and Cj.
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3.2. Splitting of the jacobians. The involution ¢ splits the jacobians of C; into their
+1 and —1 eigen-abelian varieties, i.e., the respective images of ¢ + 1 and ¢ — 1. We denote

P’ :=Im(c—1)cJC;, B’ :=Im(g+1)cIC.

Note that BY is the image of JC; by the pull-back map of C;,— C.

It is immediate from the definitions that the endomorphisms ¢ and D; commute on
JC;. Hence D; induces endomorphisms on P¢ and B? which we denote again by D

As the double cover C; — C; is étale, the map JC; — BY which is obtained from pull-

back of line bundles from C; to éﬂ has degree 2. The endomorphism of JC; obtained from
D; and that of Bf obtained from D; fit into the commutative diagram

i -2 ¢

|, |

D;
ag ! ag
B° — BC.

3.3. The general equation for n even. We proceed as in the case n odd to find the
general equation for D;, for i = 1 or 2. In order to formulate it, we define

w=fi(3)

-2
Proposition 3.2. Fori =1 and 2 and any integer k, 2 < k < nT’ there are integers
b;‘, 0 £ j £ k satisfying an equation

(3:3) Dy (z) = kz_%)l bfa* D] (z) + {k}o*[(2K)" + (n - 2K)](2).

Note that ¢/ = id for ¢ even and ¢/ = ¢ for / odd.

Proof. Suppose first k = 2. Then
DX(z) = <Z>z +2(n—2)2"+ (n—2)](z) + 6[4' + (n — 4)](2)

_ <2> +2(n — 2)aDi(z) + 6[4 + (n — 4)](2)

S -4 ~ .
which is of the form (3.3). For2 <k < nT we apply D; to (3.3) to obtain

(34)  Df*l(z) = byo" Di(z) + b{a D} (z) + -+ + b0 DY ()

+ {k}<” a 221”2)0“1[(21«— 2) + (n — 2k +2)](2)
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+ {k}2k(n — 2k)a* 1 [(2k)" + (n — 2k)](2)

k) (2kz+ 2>ak+1[(2k +2) + (n— 2k — 2)](2).

First assume k > 3. Then, using (3.3) to substitute for [(2k —2)" + (n — 2k +2)](z) and
[(2k)" + (n — 2k)](z), we can write

{k}(” B 2zk+2>ak+1[(2k— 2)' + (n— 2k +2)](z)

()2 oo Koo

J=

and
k—1 .
{kY2k(n — 2k)a* 1 [(2k)" + (n — 2k)](z) = 2k(n — 2k) <aﬁlk(z) — X bfa* D] (z)>.
Jj=0

Inserting these into (3.4) we obtain

- 2k —2k+2
(3.5) DM (z) = (—( 5 >(” 5 - >b(’)‘la’” —2k(n—2k)b{§ak+‘>z

2k —2k+2
(e (A e

— 2k(n — 2k)b{fak+2> Di(z) + -

_ 2k (n—2k+2 _ _
+<b£302“_<2)< / )bﬂazkg

—2k(n — 2k)b,]§_202k1> DF2(2)

2k (n—2k+2
e (737

—2k(n— 2k)b,lf_102k> DF1(2)

+ (b,’;laZk_l + 2k(n — 2k)a)bf(z)

+ {k + 13" 2k +2) + (n — 2k — 2)](2).
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For k = 2 we only need to replace 64 + (n — 4)](z) which is

6[4 + (n—4)')(z) = oD? — (”

2)0—2(11 —2)D;

and we obtain the equation

5} =—4n=4)(} )+ ((;) +o("57) —4<n—4)2(n—2)>b,-

+(2(n—2) +4(n—4))oD} +6- 156+ (n— 6)'].

-2
This proves the existence of (3.3) for all £ < nT O

3.4. The recursion relations between the coefficients for n even. Using equations (3.2)
and (3.3) we obtain the following initial values

b = <’2“> and b2 =2(n—2).

. . . -2 . .
Using equations (3.3) and (3.5) we obtain, for 2 < k < nT’ the recursion relations for
the integers b/ .

n—2

Corollary 3.3.  Seiting b*| = bf~' =0 and bf = —1 for 1 <k <

all 0 < j <k
2k\ (n—=2k+2\
bl = bk~ ( ) ( )bjk ' — 2k(n — 2k)bY.

, we have for

2 2

3.5. The final equations for n even. Suppose first that n =4k — 2, k = 2. Then we
have

[(2k)" + (n — 2k)] = [(2k)" + (2k — 2)] = o[(2k — 2)" + 2k] = 0.[(2k — 2)" + (n — 2k + 2)].
So, combining (3.3) for k and k — 1, we obtain
Proposition 3.4.  Suppose n = 4k — 2, k = 2. Then D' satisfies the following equation
k=1 . 2k . .
(3.6) Xk — J;J (b}akﬂ — ( 5 )bf—lakﬂ—l) X/ =0,
where the bj/ are the integers of Subsection 3.4.

Now suppose n = 4k, k > 2. Here we apply D; to (3.3) for k = n/4 to obtain

- k-1 L -
DFY = 0 b IDI + {k}o* Di(2k) + 2k]

J=0

k—1 .
_ Z b{co_lc+jD_]+1
1
=’
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+ {k}ak<<2k2+2> (2K +2)' + (2% - 2)]

+[(2k —2)' + (2k +2)]) + 4k>[(2k)" + 2k]> .

Now we use equation (3.3) for k£ — 1 and its image by ¢ to replace
[(2k +2)" + (2k — 2)] + [(2k — 2)" + (2k +2)]
and equation (3.3) for k to replace [(2k)’ + 2k] and obtain

Proposition 3.5.  Suppose n = 4k, k = 2. Then D; satisfies the following equation:

k . .
(3.7) X4y <<2zk> <2k2+ ’ > bET - b]kl> "X
=0

k(2K ([ 2k +2 AR
+2 << 5 ) ( 2+ )b]k‘ + 4k%}) "X =0
j=0

where the bj/ are the integers of Subsection 3.4.
3.6. The equations in B and P7. According to Subsection 3.2 the correspon-

dences D; induce endomorphisms on the abelian subvarieties BY =Im(s + 1) < J C; and
P? =Im(o — 1) < JC; which we denote by the same letter.

On B/ we have ¢ = 1. Inserting this into Propositions 3.4 and 3.5 we finally obtain
the following result.

Theorem 3.6. On the abelian variety By the endomorphism D; satisfies the following
equation:

(1) Forn=4k -2, k = 2,

k=1 2k ‘
(3.8) X4y | bf - ( )b}” X/ =0.

=\ 2/
(2) Forn=4k, k =2,

k 2k (2k+2\, A

(39  xH +§) (2( 5 ) < 5 >ka ' 4khf — b}‘1>Xf =0.
On P{ we have ¢ = —1. Here we obtain

Theorem 3.7. On the abelian variety P{ the endomorphism D; satisfies the following
equation:
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(1) Forn=4k — 2,k = 2,

(3.10) X643 (1) (bf+ (22k>b,k‘l>Xf 0,

j=0
(2) Forn=4k, k = 2,

k—1 .
(3.11) Xk — ;) bEX/ =0.

Note that after proving Theorem 2 we can conclude that equation (3.11) means
that the eigen-abelian variety of one of the roots of equation (3.7) on P{ has dimen-
sion 0.

Proof. (1) is a direct consequence of Proposition 3.4. For n = 4k, n = 2 we obtain
an equation of degree k by noting that [(2k)’ + 2k] = o[(2k)" + 2k|. Subtracting equation
(3.3) from its own image by ¢ and dividing by —2 we obtain the equation (3.11) on P/ after
replacing ¢ by —1. [

4. Combinatorial preliminaries

In order to find the zeros of (2.8), (2.9), (3.8),..., (3.11) we need some combinatorial
properties relating our set up to the Hamming scheme from algebraic graph theory (see
[MS], [G] for background information). In particular, we shall use the fact that the eigen-
values of the distance—k transform are given by values of the Krawtchouk polynomials. For
convenience, we will keep the presentation self-contained. Note that for the proofs of
Theorems 1 and 2 only the cases k = n — 1 and kK = n — 2 below are relevant.

4.1. The distance—k transform and its eigenvalues. Consider the group
B" =273 = ({0,1}",®)

of bitvectors of length n with componentwise addition mod2. For x = (xy,...,x,) € B"
and y = (y1,...,y,) € B" let

6= > x and d(x,p) =[x -y

1<i<n

denote their Hamming weight and distance. Let B} denote the set of bitvectors of length n
and weight k where 0 < k < n.

For any field F (below we assume that the characteristic of F' is % 2), let
R, = F[B"]

denote the vector space over F with B” as a basis. We consider the following endomor-
phisms of Ry:
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e The Hadamard transform is the endomorphism of R, defined on basis elements
x € B” by

x= > (=D)"y= > x()y,

yeB” yEB”

where x - y is the scalar product, i.e., y, : y — (—1)"" denotes the character of B” belong-
ing to x.

® For 0 < k < n the distance—k transform I, . is the endomorphism of R, defined on
basis elements x € B” by

x—(x)= Y x@y.
yeBy}

In other words I, x associates to x € B” the sum of all basis elements at Hamming distance
k from x (changing k coordinates from 0 to 1 or vice versa).

Proposition 4.1.  For 0 < k < n, and for x € B} (0 < / < n), the Hadamard transform
X is an eigenvector of Iy, i with eigenvalue

s = 1(B) = £(-1) ( )( )
k

Proof.  First note that all the operators I', x (0 <
a common system of eigenvectors. Write

< n) commute, hence they have

Loe®) = X (D7) = X (D" X y@:

yeB” yeB” zeB)

_ Y S ()R 3 (- )”’(Z( ™)

yeB" zeB} yeB” zeB!
where we have used (—1)""®) = (—1)*7(=1)*".

It is clear that the eigenvalue

k() = 30 (1) = . (BY)

zel)

corresponding to x depends only on the weight ||x|| = ¢ of x, so that one can write 4, x , for
it. Now for x € B):

S gt = X (=D = (1= /(140"
k=0

zeB”

from which the above expression for 4, , follows by comparison of coefficients of
. 0O
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Remark 4.2. For ne N the Krawtchouk polynomials Pi(x;n) (0 <k < n) are de-
fined by

Pi(ism)zF = (1= 2)"(1+2)"",

0<k=n

or equivalently,

Pi(xin) =‘§<—1>’(j)(}ﬁ:§),

so that 4, . , = Pi(/;n). We note the following well known and easily proved properties of
these eigenvalues:

}Ln,k,/ = <_1)k . }'i’l,k,}’lffv

in,k,f' - (_1)/ : ln,n—k,/y

n n
(/) . }Ln,k,/ - (k) . An,/,k-

4.2. S,-symmetry. Since the Hadamard transform and the distance—k transforms
are compatible with the natural action of the symmetric group %, on B, and on R,, one
can take quotients and consider the vector space

R,=R,/%,.
It is convenient to take a polynomial model for this space, i.e., let
Hy = Hy(X,Y)

denote the vector space of homogeneous polynomials in variables X, Y of degree n. Take
the monomials

&=X'Y"", 0</Zn,

as a basis, where &, is taken as the image of the elements of B;. Then the quotient action of
the distance—k transform has the matrix representation Gy x = [g,ily<.;<,» Where

. <§)(Z:i) ifi=k+/-2
(i —

0 otherwise.

The quotient action of the distance—k transform may also be represented as a differential
operator

Lk (kN o i
A = — () TYk=ip¥~ pl
k!j=0 j X Y
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on #,. Then the eigenvectors take the convenient form
/ -
Uny = 0ns(X,Y) = (X = V) (X+¥)"" (0</<n).

These polynomials v, , form a basis of J#, adapted to the operators Ay, with eigenvalues
i,,_’k,/ (0 é k,/ é n)

Remark 4.3. In terms of the Krawtchouk polynomials

2 n
s = 3 PUGIXA TR = 35 4 XFY
k=0 k=0

The remarkable fact that the 4, x , appear both as coefficients of the eigenpolynomials v,
and as their eigenvalues corresponding to Ay:

Akvn,/ = jvn,k,/ *Un,s (0 =< k7 2 =< I’l),

can be written equivalently as

n n n
/Z:()(Z)/ln,k,/ln,j,/ = 2n(k>5k,jv

which is the orthogonality relation for the polynomials P (x;n) (0 < k < n).

4.3. More symmetry. Let ", respectively #, , denote the subspace of symmetric,
respectively antisymmetric, polynomials in #,, i.e.

%ni = {pejfn ‘p(Xv Y) = ip(Y7X)}
Then obviously {v, 2|0 <2/ < n} is a basis of #,", and {vy241|0=2/+1=<n}isa
basis of 2, . Since the operators Ay are symmetric with respect to X, Y, the subspaces

A" and #, are Ay-invariant.

Let 2,7, respectively #,, denote the subspace of polynomials in #, where the vari-
able Y appears only with even, respectively odd, powers, i.e.

Hy ={peMu|p(X,Y) =pX,=Y)}, AP ={peA|p(X,Y)=—p(X,-Y)}
Let

PIX.Y) = (p(X,Y) + p(X,=Y))/2 and p°(X,Y)=(p(X,Y) - p(X,~Y))/2
denote the even and odd part of p(X, Y). We have v, (X, —Y) = v, ,—s(X, Y), hence

U}i/’ = (Un,/ + Un,nff)/z,

U,(l),/ = (Un,/ - Un,rh/)/za
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so that the 2-dimensional subspace spanned by {vy,/, vnn-¢} has also {v; ,,v7 ,} as a ba-
sis. A degenerate situation occurs for n even and / = n/2, where v, ,, itself is an even
polynomial, hence vy /2= Unnj2 and vn oy = = 0, and we only have a one-dimensional sub-
space.

From 2, 5.; = (—1)* - 4, 4. it follows that

N2

Apt | — Ink,c - Uy, 1f k 1s even,
KO0 =\ Ay 00, if k is odd,

and similarly

AupO Ink,e - Vg, 1f Kk is even,
v,y = S .
kUn, ¢ dnke,r - Uy, if K is odd.

Hence, if k is odd, then the subspaces #,” and #, are not A-invariant, they are
rather Ak-lnvarlant with

_~2
Av —/lnk, v, and Akvn— nkil v,

Moreover, if k is even and 7 is odd, then {v; ,|0 </ < n/2} is a basis of #;, and
{vy,10 </ < n/2} is a basis of #,”.

Finally, if & and n are even, then a basis of # is {vn 0S4 <n/2} U{vy 0t
and a basis for J#, is the sarne as for n odd. Note that in this case vs 5, €M, and
Up 241 € A, and, s1m11ar1y, ve o €, and vy ,, | € #, , because n and n —/ have the
same parity.

As a consequence we obtain

Proposition 4.4. (1) If'n is odd and k is even, then the actions of Ay on the four invari-
ant subspaces H,", H, , AL, AL of dimension (n+ 1)/2 are isomorphic, as they all afford
the s with0 =</ < n/2 as ezgenvalues.

(2) If n and k are both even, then the invariant subspaces #," and #, (of dimension
n/2) are not only different in dimension (dim #," =n/2 + 1,dim #, = n/2), but the actions
of Ak on these subspaces have complementary subsets of eigenvalues: {210 <2/ < n/2}
Jor AF and {y k204110 £ 20+ 1 < n/2} for A, . All of these are double eigenvalues, ex-
cept y,k,n2, Which is simple.

In the case of Proposition 4.4 (2) one can use J#,;, #,’ to separate the eigenvalues as
follows. Consider the invariant subspaces

HEE=HAHE, HO=HEAH, H =K \HE, KO =H AL,

Then we have the following:
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o [f n =0 mod4:

‘ dim eigenvalues eigenvectors range
r%H-H: I’l/4 +1 }"Vl,k,ZI' U;k_z/ 0 é ! é n/4
AL\ nfd ke 00 42 0</<n/4
%nie n/4 )“n,k,2/+1 U;Jﬂl/-ﬁ—l 0 é < n/4
%H—O 1’!/4 j'l’l,k.,Z/Jrl Ur(l),k,2/+l 0 é < l’l/4

o Ifn=2mod4:

‘ dim eigenvalues eigenvectors range
A (n+2)/4 Dk 0 ko 0</<n/d
Ay | (n+2)/4 Tk 00 42 0</<n/4
%nie (}’Z + 2)/4 ;bn,k,Z/Jrl U:,k72/+1 0 é < 7’1/4
%n_o (l’l - 2)/4 /]*n,k,2/+l Urcz),k.,2/+l 0 é < (l’l — 2)/4
5. Proofs of the main theorems
5.1. Proof of Theorem 1. Let the situation be as in Theorem 1 , suppose

n =2k + 123 and consider the coverings of smooth projective curves X — X —"> Y with
p, of degree n and « étale of degree 2, satisfying Hypothesis 1.4. Let f: C — Y denote
the associated covering of degree 2"~!. For a point y € Y let p;'(y) = {X,...,%,} and
k(%) = {x;,x/}. Then

(5.1) Y p)={x"+---+x|e="orno’, even number of 's}.

Since the correspondence D is independent of the point y € Y, we can identify f~!(y)
with the set of bitvectors of length » with an even number of components different
from 0:

(5.2) Y y)=B":={(e,...,e,)|ei=00r 1,3 ¢ even}.

This gives us two additional structures on f~'(y), namely the addition @ and the Ham-
ming distance on B". Denote by R{ the corresponding subspace of R,:

RS == F[B"<],

and define 2, as in Section 4. Using these identifications the correspondence D on C in-
duces the distance—(n — 1) transform I',, ,_; on the vector spaces R; as well as the differen-
tial operator A,_; on the vector space #,’. Now, according to Theorem 2.4, the correspon-
dence D satisfies an equation of degree k. Hence to complete the proof of Theorem 1 it
suffices to show that A,_; admits the k eigenvalues (—1)*™/(2j + 1), 0 < j < k. This follows
immediately from Proposition 4.4, since the only nonzero terms of

Ao = ;(—W’(i) <nﬁi,~>
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are those where j =/ — 1 and j = / as nonzero summands, so that

o= () -()0)

— (~1)(n—2)

= ()" 2k —-¢)+1) for0</<n.
Setting i = k — [, this finishes the proof. [

5.2. Proof of Theorem 2. Let the situation be as in Theorem 2, i.e., suppose
n =2k >4 and consider the coverings of smooth projective curves X 5 X2y with Pn
of degree n and « étale of degree 2, satisfying Hypothesis 1.4. Fori=1,21let f;: C; — Y
denote the associated covering of degree 2"~!. For a point y € Y the fibre f;~!(y) is given as
n (5.1) and will be identified with B™° as in (5.2). Defining R and ., as in Section 5.1
and using these identifications, the correpondence D; on C; induces the distance—(n — 2)
transform I', ,_» on the vector space R; as well as the differential operator A,_, on the vec-
tor space . Since ¢ = 1 on the abelian subvariety BY and ¢ = —1 on Py, this implies that
under the assumption ¢ = 1 the correspondence D;| il e induces the operator A, on the sub-
space A, and, similarly, under the assumption ¢ = —1 the correspondence D;| il pe induces
the operator A,—> on the subspace ., ©.

Suppose first that n = 4k > 4. According to Theorems 3.6 and 3.7, D] il o> respectively
D;| ilpes satisfies an equation of degree k + 1, respectlvely k. Hence it suffices to show that
A,_> admits the k 4 1 distinct eigenvalues 8(k /) — 2k, 0 </ =< k on the vector space
A€ and the k distinct eigenvalues —8(k — /) +10k —8/—2,0 </ <k —1 on the vec-
tor space 7, ©.

According to the table at the end of Section 4, the eigenvalues of A,_» are 4, ,-2 2/,
0</=<k,on and Ay y-22/11,0 =/ <k —1,0on #,°.

n 2

In the formula

o ()0

only the three terms for j =/ — 2,/ — 1,/ are nonzero. So, for 0 </ < n, we obtain

s 0 (03 - (7 ()(3)
_(—1>K<(n_22/>—/>'
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Hence
4k — 4/
/1n,n—2,2/ - < b > -2/ = 8(k _ /)2 N Zk,
dk — 4/ -2
Ann2,2041 = —(( 5 >—21— 1> = 8(k—¢)*+10k —8/ -2

which completes the proof for n = 4k.

The proof for n = 4k — 2 is essentially the same. We have to compute the eigenvalues
of A,_» on #,7¢ and #, . According to the last table in Section 4 and (5.3) they are

4k — 2 — 4/
Y — ( 5 /> — 21 =8(k — £)* — 10k + 81 + 3,

4k — 4/ — 4
Inn-2,2/+1 = —(( k 2/ )—21— 1) = —8(k—/)2+ 18k — 16/ — 9.

This completes the proof of Theorem 2. []

5.3. The correspondences associated to the distance—k transform for k < n — 3. For
k < n — 3 the associated correspondences are:

® When 7 is odd,
Dij={(x1+ 4+ xp,x{ + X+ X+ +x)} = C x C
with image D; in C x C. Then the equations in Proposition 2.1 show that the eigenvalues
of the associated endomorphism of JC can be computed from those of D and the eigen-
abelian varieties are the same as those of D.
e When k and n are even,
Dije={(x1+ +xp, X+ +x+ X1+ +X)} = Ci x Ci
with reduced image D; in C; x C;. Then the equations in Proposition 3.2 show that the ei-
genvalues of the associated endomorphisms of JC; can be computed from those of D; and
the eigen-abelian varieties are the same as those of D;.
Note that odd values of k will give us correspondences between C; and Cs_;.
So, using Propositions 2.1 and 3.2 and the calculations following them, we obtain yet
more combinatorial identities.

6. The dimensions of the eigen-abelian varieties

Let n = 3 be an integer. In order to have a unified statement, we consider, for odd n,
the curve C as C; and the correspondence D as D; (see diagram (1.3)). We will write sys-
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tems of linear equations whose solutions are the dimensions of the eigen-abelian varieties of
D;. These equations will be obtained by computing the analytic traces of the powers of D;
in two different ways. Finally, we use these equations to compute the dimensions for n < 10.
First we see that the eigen-abelian varieties can be parametrized explicitly.

6.1. Geometric description of eigen-abelian varieties. Choose a point y of Y where
p, is not branched and, let ¥y, ..., %, be the points of p,!(y) and X1, X[, -, Xn, X, their in-
verse images in X. Fix i = 1 or 2 and assume that x; 4 - - - 4 x,, € C;. As in (5.1) we identify
the fiber 4~ '(y) when n is odd, resp. (z;7;)"'(¥) when n is even, with the set B"¢ of bit-
vectors of length n with an even number of components different from 0. Conversely, let
Her,ney) = X' + -+ + x2 denote the point of C corresponding to (ey,...,e,) € B"® where
X =x;ife; =0and x{" = x if ¢; = 1.

As in Section 5, the correspondence D, on the curve C; induces the distance—k trans-
form I', x on the vector space R, where k =n— 1 if nis odd and k =n — 2 if n is even.

According to Proposition 4.1, for each /€ {0,...,n} and xe B/ the Hadamard
transform

—x= > (=1)"y,
yeB”

is an eigenvector for I', ;. with eigenvalue

I = 1c(BJ) = ;(_1)"(9 <Ilqc_—f>

Under the identification of B™¢ with (), resp. (7)) (), the Hadamard trans-
form x corresponds to the divisor

> (=D™,

yeB”
on C;. Recall that k = n — 1 if n is odd and k = n — 2 if n is even. We have proved

Proposition 6.1.  The eigen-abelian subvariety of IC; for the eigenvalue Jn,k,¢ 1S gener-
ated by divisors of the form Y (—1)""t, where x € B} is fixed, after substracting a fixed
divisor of the correct degree. Y<B"

The map
X < Div’ G,
p—=(p+ X" NAC - (ap+X"V)n

induces a map from the Prym variety P(X — X) of X — X toJ C which is easily seen to be
an isogeny to its image. For n odd, let d, be the dimension of the eigen-abelian variety of
the eigenvalue 4 of D;. For n even, let d;, resp. ¢;, be the dimension of the eigen-abelian
variety of the eigenvalue A of D; in P?, resp. BY. For the special values / =0 and / =1
we obtain
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Corollary 6.2. (1) For n odd the eigen-abelian subvariety of J C; for the eigenvalue
nis wJY. The eigen-abelian subvariety of JC; for the eigenvalue —n + 2 is the image of
P(X — X). In particular, d, = gy and d_,.» = gx — 1.

(2) Ifn is even the eigen-abelian subvariety of JC; for the eigenvalue <’21> is ()" JY.

(n—-1n-4)

The eigen-abelian subvariety of JC; for the eigenvalue 5

P()? — X). In particular, e(;) =gy and df(,,q);H) =gy — L.

is the image of

6.2. The case n =2k + 1 odd. Recall that d; is the dimension of the eigen-abelian
variety of the eigenvalue A of D;. Our first equation is

Zd j+/( 2+1 gél

Since we already know d,, and d_,,, from Corollary 6.2, we now need k — 2 independent
linear equations.

An endomorphism D of an abelian variety A4 naturally acts on the tangent space 7,4
of 4 at the origin as well as on H'!(4, Q). We denote by tr,(D) the analytic trace of D,
i.e., the trace of D as an endomorphism of 7yA4, and by tr,(D) the rational trace of D,
i.e., the trace of D as an endomorphism of H'(4,Q). Then, for every 7 (£ k —2), we
have

- k
tI’a(D{) = 2%)(( )j+k(2] + )) d(—l)’i+k(2j+l)'
]:

Now
=/ 1 N7 -~ 1 N,
try(Df) = 5 tr(D]) = deg(D]) — 5A¢, - D]

by [BL], p. 334, Proposition 11.5.2. Since deg(D{) = (deg(Dl)) = n’, it remains to com-
pute the intersection number A D in order to obtain a complete system of equations.
For this we use induction on / and the equations of Proposition 2.1, namely

(6.1) ¢ even Di(z)=ajz+a,D}(z)+ - +a, ,D{2(2) + L+ (n—0)](2),
(6.2) ¢ odd D{(z) =a{D(z) +aiDi(z) + -
+ag_, D2 (2) + A+ (n—10))(2),
where the coefficients a/_,, are as in Proposition 2.3.

To compute the trace of [/’ + (n — /)], we need to count the points z = xj + - - - + X,
such that, after possibly renumbering the x;, we have

Z:x{+..._~_x;+x/+l_|_...+xn'
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This happens only when / = 2 and x, = x{, so that x(x) is a ramification point of p,. Each
such ramification point gives 2”3 points of [2/ + (n — 2)] - A¢, - So we obtain

[+ (n—1)) “Ag =0
for / + 2 and
2"+ (n—=2)]-Ag, =2"7 - deg(Ry,y) = 2" (29x —2 —4(29y — 2)).
6.3. The case n even. We will treat the case n = 4k, the case n = 4k — 2 is similar.

Recall that d;, resp. e;, is the dimension of the eigen-abelian variety of the eigenvalue 4 of
D; in Py, resp. BY. Here we first have the two equations

Z: 2 10k—8j—2 — 9Ci — 1,

k
Z —] _2k:gci‘

Since we already know d -« and e from Corollary 6.2, we now need 2k — 1 indepen-
dent linear equations. =T ’

Here we compute the analytic traces of D; and D; in two different ways. For every
¢ < k —1 we have

K
. l
tr(Df) = 3 (8(k — j)* = 2k) "egy_jy2 o

j=0
and
I
try(D;) = Z%)(—S(k ) + 10k — &/ — 2) d 8(k—1)>+10k—8j—2
iz
k .
—i—Z%(S(k—]) 2k) €8 (k)2 2k
=

On the other hand
1
tr,(D{) = tr, (D) = deg(D]) = Ac, - D]
and
A/ 1 A A 1 N/
tr,(D;) = 3 tr,(D;) = deg(D; ) — EAéf - D;

y [BL], p- 334, Proposition 11.5.2. Since

/

/ o
deg(D}) = (deg(Dy))’ = <Z) and deg(D!) = (deg(D;))" = <2> :
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it remains to compute the intersection numbers Ac;, - D and As D’ in order to obtain a
complete system of equations. For this we use 1nduct10n on/ and the equations of Propo-
sition 3.2 which are in this situation

(6.3) D! (z) = 2%) b/ o’ DI (2) + {t}a'[20" + (n — 20)](2).

On JC; they become
(6.4) D!(z) = ff b/ D] (z) +{¢}2¢" + (n—20)](2).
Jj=0 -

Here the coefficients bj/ are given by Corollary 3.3. The trace of [2/' + (n — 2/)] is the same
as in the case n odd.

6.4. The case n = 3. For n = 3 the correspondence D; has two eigenvalues: —l and
3. By Corollary 6.2 the eigen-abelian varieties are the images of the Prym variety of X — X
and of JY respectively.

6.5. The case n = 4. For n = 4 the correspondence D; has three eigenvalues: 0 on
P?, —2 and 6 on BY. By Corollary 6.2, the eigen-abelian variety for 0 is the image of the
Prym P(X — X) and the eigen-abelian variety for 6 is the image of J¥. To compute e_, we
use the equation

e_r+e=dgc =9gx
from which it follows that e_, = gy — gy.

In particular, in this case the three Prym varieties P{, P§ and P(X — X) are iso-
geneous.

6.6. The case n =5. When n =5 the correspondence D, has the three eigenvalues
-3, 1, 5. From Corollary 6.2 we deduce that d_3 = gy — 1 and d5s = gy. Now we have the
equation

di+d +ds=ge =4(gx —gy) +1

which gives dy = 3(gx — 1) — 5(gy — 1).

6.7. The case n = 6. For n = 6 the correspondence D; has the eigenvalues —5, 3 on
P? and the eigenvalues —1, 15 on Bf. We already know that d_s = gy — 1 and ej5 = gy. In
addition we have the two equations

ds+ds=gc—1=4(gx — 1 —2(gy — 1)),
e_i+eis=gc=4(gx—1-2(gy - 1)) +1
which give

dy=3(gy —1)—8(gy —1), e.1=4(gx—1)—9(gy —1).
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6.8. The case n =7. For n =7 the eigenvalues of D; are —5, —1, 3, 7. We know
d_ s =gy —1and d; = gy. To compute d_; and d_3 we use the equations

ds+d.+ds+di=gs = 16(gx —1=3(gy — 1)) + 1,
—5d_s—d_1+3ds+7d, =7
to obtain
d1=10(gx —1) =35(gy — 1), d3s=5(gx —1) — l4(gy — 1).

6.9. The case n = 8. For n = 8 the endomorphism D; has the eigenvalues —14, 2 on
P? and —4, 4, 28 on BY. We know d_14 = gx — 1 and e»; = gy. Here the additional equa-
tions are

doig+dag+dr+eqg+es+exn=ge=2"(gxr —1—4(gy — 1)) + 1,
estestey=gc=2"(gx —1-4(gy — 1)) + 1,
—16d_16 — 14d_14 + 2d>, — de_4 + dey + 28ey3 = 28,
and we obtain
d=15(gx — 1) —64(gy — 1), e-a=10(g9x — 1) —45(gy — 1),
es =6(gx — 1) —20(gy — 1).

6.10. The case n =9. For n =9 the eigenvalues of D; are —7, —3, 1, 5, 9. We have
d_7 =gy —1and dy = gy. We have the equations

dg+ds+d +ds+dy=2%(g9x — 1) = 5(gy — 1)) + 1,
—7d_7 —3d_3+ dy + 5ds + 9dy = 9,
49d_7 +9d_3 + dy + 25ds + 81dy = 7-2%(gy — 1) = 3-9-2%(gy — 1) + 81
which give
d_3=21(gx — 1) —105(gy — 1), di =35(g9x — 1) = 189(gy — 1),
ds =T(gx —1) = 27(gy — 1).

6.11. The case n = 10. Here the eigenvalues of D; are —27, —3, 5 on P, —3,13,45
on BY and d_»; = gx — 1, e4s = gy. The equations are

do+ds+ds+e_3+e3+e45 = 27((gX — 1) — 6(gy — 1)) +1,

e_y+ens+ess =2%((gx — 1) — 6(gy — 1) +1,
—27d_27 — 3d_35 + 5d5 — 3e_3 + 13¢5 + 45¢e45 = 45,

—3e_3 + 13¢5 + 45ess = 45 — 2°((gx — 1) — 10(gy — 1))
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and we have

d_3=28(gxy —1)—160(gy — 1), ds=35(gx — 1) —224(gy — 1),
e 3=>56(gxy —1)—=350(gy — 1), e3=8(gx —1)—35(gy — 1).

7. A remark for the distance—(n — 1) transform for » odd

In this particular case the action of ', ,_; on #," (or on any of #, or A, or A?)
has the characteristic polynomial

m

CHX) = fgl(x —(=1)2s - 1)),

where m = (n+ 1)/2. In terms of this action this means that,

X -1 0 0 - 0 0 0
- X =2 0 - 0 0 0
0 —n+l X =3 - 0 0 0
G,y (X) =det| : : S : : :
0 0 0 0 -+ X —m+2 0
0 0 0 0 - -m—2 X —m+1
L0 0 0O 0 - 0 -m-1 X-—m|

Note that the eigenvectors {4, 1,2/ |0 < ¢/ < m} span the space under consideration. The
fact that this determinant factors as mentioned before can be proved directly using elemen-
tary row and column operations with induction. On the other hand, there is a standard eval-
uation of the determinant of a tridiagonal matrix: let a, as, ... and by, b,, ... be variables
and define, for m = 0, the (m + 1) x (m + 1) matrix M) = M) (ay,ay,...;by,by,...) by

(X ¢ 0 0 -~ 0 0 0]
b] X ar 0 te 0 0 0
0 bz X ay - 0 0 0
M(m) . . . . :
0 0 0 O X auy O
0 0 0 O b1 X am
(0 0 0 0 0 by X|

Then
det M(m+1) = X -det ]‘4(”,1> - ambm det M(n771)7

which by induction gives
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where

(m) _
C: = Z ailbil a,-zb,»z e Cli/.b,'/.,

J . .
IS << <ijEm

the notation x « y meaning that x + 1 < y. We note in passing that this sum has a combi-
natorial interpretation in terms of “matchings”, and the determinant evaluation as a sec-
ond order recurrence points to a relation to orthogonal polynomials (see e.g. [G]).

Now

C+(X) = (X - l’lfl) -detM(”’_l) — (mz — 1) . dCtM(m_2)7

where (Cll,ag,ag,, . ) = (—1,—2,—3,.. ) and (bl,bz,b3,. . ) = (—I’l, —n+1,—-n+2,. )

The fact that C;(X) factors into very simple linear factors leads to a surprisingly sim-
ple recurrence for the coefficients c].m in this particular situation, which is not at all obvious
from its definition, nor from its combinatorial interpretation.
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