UNIVERSITY OF CALIFORNIA, SAN DIEGO The Hecke algebra of type B at roots of unity, Markov traces and subfactors A dissertation submitted in partial satisfaction of the requirements for the degree Doctor of Philosophy in Mathematics by Rosa C. Orellana

Committee in charge:

Professor Hans Wenzl, Chair Professor Donald W. Anderson Professor Adriano Garsia Professor Nolan Wallach Professor Gill Williamson 1999

Copyright Rosa C. Orellana, 1999 All rights reserved.

The dissertation of Rosa C. Orellana is approved, and it is acceptable in quality and form for publication on microfilm:

Chair

University of California, San Diego

1999

To Pedri

Que Dios lo bendiga hoy y siempre.

TABLE OF CONTENTS

Signature Page . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii

Dedication . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iv

Table of Contents . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . v

List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vii

Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . viii

Vita and Publications . . . . . . . . . . . . . . . . . . . . . . . . . . . . x

Abstract of the Dissertation . . . . . . . . . . . . . . . . . . . . . . . . . xi

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

2 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 2.1 Partitions and Tableaux . . . . . . . . . . . . . . . . . . . . . . . . 4 2.2 Generalities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 2.3 The Braid Groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 2.4 Schur functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11 2.5 Traces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 2.6 Subfactors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14 2.7 Quantum groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

3 Hecke Algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 3.1 Hecke algebras of type A . . . . . . . . . . . . . . . . . . . . . . . . 19 3.2 Hecke algebra of type B . . . . . . . . . . . . . . . . . . . . . . . . 22 3.3 Representations of the Hecke algebra

of type B . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 3.4 Representations of the Hecke algebra of type B onto a reduced Hecke algebra of type A . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27 3.4.1 Homomorphism of H_n(q, −q^{r1+m}) onto a reduced

algebra of H_{n+f} (q) . . . . . . . . . . . . . . . . . . . . . . . 27 3.5 The Hecke algebra of type B at roots of unity . . . . . . . . . . . . 33

4 Markov traces and the weight formula . . . . . . . . . . . . . . . . . . . 39 4.1 Markov traces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39 4.2 The weight formula . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

5 Subfactors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49 5.1 C^∗-representations of H_n(q, Q) . . . . . . . . . . . . . . . . . . . . . 49 5.2 Subfactors, Index and Commutants . . . . . . . . . . . . . . . . . . 50

6 The Hecke algebra of type D . . . . . . . . . . . . . . . . . . . . . . . . . 56 6.1 Weights of the Markov trace . . . . . . . . . . . . . . . . . . . . . . 56 6.2 Subfactors via Hecke algebra of type D . . . . . . . . . . . . . . . . 58

Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

LIST OF FIGURES

2.1 Example of a Young diagram. . . . . . . . . . . . . . . . . . . . . . 4 2.2 Example of a skew diagram. . . . . . . . . . . . . . . . . . . . . . . 5 2.3 Example of a pair of tableaux . . . . . . . . . . . . . . . . . . . . . 6 2.4 A correspondence between pairs of diagrams and one diagram . . . 7 2.5 Bratteli diagram for C S_3 ⊂ C S_4 . . . . . . . . . . . . . . . . . . . . 8 2.6 Examples of braids . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 2.7 Pictorial definition of homomorphism, ρ̃_{f,n} . . . . . . . . . . . . . . 10 2.8 the fourth relation . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

3.1 homomorphism for Hecke algebras . . . . . . . . . . . . . . . . . . . 29 3.2 Correspondence between pairs of Young diagrams and a Young diagram . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35 3.3 Bratteli Diagrams for p^{(5)}_{t[2]} H^{(3,5)}n (q)p^{(5)}_{t[2]} and H^{(5)}n (q, −q^3) . . . . . . . 37

4.1 Lemma 4.5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

6.1 Inclusion of H^D_n into H^B_n . . . . . . . . . . . . . . . . . . . . . . . . 57

ACKNOWLEDGEMENTS

First of all, I want to thank my advisor, Hans Wenzl. I feel very lucky to have him as my advisor. His support these 3 almost 4 years has been unwavering to say the least. He has been to me, the perfect advisor. I also want to thank Jeffrey Remmel for introducing me to the wonderful world of algebraic combinatorics and representation theory. The winter quarter of my first year still remains one of the happiest time in my life. Also I am very grateful to Adriano Garsia, his enthusiasm towards his work is contagious and inspiring. I came to San Diego decided to become a topologist and I am very proud to say that I am leaving as an algebraic combinatorist.

I want to thank Lois Stewart for being more than the graduate coordinator. Thanks for all the support while I was working on this thesis. Many thanks to Zelinda Collins for mailing all the letters on time and for always having encouraging words. I would like to thank all the math department staff, in particular Lee Montano, for their support. Thanks to Joe Keefe, Wilson Cheung and the computing support staff for all their help.

I wouldn’t have been able to write this thesis without the support of my friends: Mike Zabrocki, Kathleen Doody, May de las Alas, Carol Chang, Jeb Willenbring and Imre Tuba. I want to thank Sara Billey for telling me to ask Hans Wenzl to be my advisor. Thanks to Will Brockman for letting all math graduate students use his thesis as a mold. Thanks to Glenn Tesler for proofreading my first paper. Special thanks to my best friend Rosa Tapia for all her love and support.

I want to thank Paul Chabot, Kenneth Millett and Rodolfo Tamez for being great teachers and for believing in me.

I am very grateful for the financial support of the San Diego Fellowship, the President’s Dissertation Fellowship and NSF grant DMS 9400987.

The text of Chapter 3 and Chapter 4 is adapted from Weights of Markov traces on Hecke algebras, Rosa Orellana, J. Reine Angew. Math., 1999. And the text of Chapter 5 and 6 is adapted from Hecke algebras of type B and D and subfactors, submitted for publication, 1999.

VITA 1994 B. A., California State University, Los Angeles 1994–1999 Teaching assistant, Department of Mathematics, University of California San Diego 1996 M. A., University of California San Diego 1999 Ph. D., University of California San Diego

PUBLICATIONS Weights of Markov trace on Hecke algebras. J. Reine Angew. Math., March 1999. Hecke algebras of type B and D at roots of unity and subfactors, submitted to Pacif. J. of Math, 1999.

ABSTRACT OF THE DISSERTATION

The Hecke algebra of type B at roots of unity, Markov traces and subfactors by Rosa C. Orellana Doctor of Philosophy in Mathematics University of California San Diego, 1999

Professor Hans Wenzl, Chair

The Hecke algebra of type B_n, H_n(q, Q), is semisimple for generic values of q and Q. Its simple components are indexed by double partitions (λ, μ) of n.

We have constructed a nontrivial homomorphism from the specialized Hecke algebra of type B, H_n(q, −q^k) onto a reduced Hecke algebra of type A for q not equal to 1. This homomorphism has proven to be a useful tool to reduce questions about the Hecke algebra of type B to the Hecke algebra of type A.

An immediate consequence of the existence of this homomorphism is that the Hecke algebra of type B appears as a commutant of the quantum group U_q(sl(r)). Using this homomorphism and the results from Wenzl [W1] on the Hecke algebra of type A, we have solved the following three problems:

A family of traces, depending on two parameters, has been defined by Geck and Lambropoulou [GL] motivated by their study of knots in a solid torus. We have computed the weights, i.e. values at minimal idempotents, of these traces. Wenzl [W1] obtained that the weights for the Hecke algebra of type A were specializations of Schur functions. Here we obtain a new class of functions labeled by pairs of Young diagrams. We give an expression of this function as products of Schur functions and a simple factor.

All simple modules of the Hecke algebra of type B at roots of unity have been constructed [DGM], however the dimensions are not known in general. Using this homomorphism we can explicitly describe many nontrivial simple modules. The dimensions of these modules can be computed using a generalization of the Littlewood-Richardson rule.

We have also been able to construct examples of subfactors from the inclusion of the Hecke algebra of type A into the Hecke algebra of type B.

Finally, using the results from the Hecke algebra of type B, we have been able to derive results for the Hecke algebra of type D.

Chapter 1

Introduction

Hecke algebras are of interest to a wide audience, since they arise naturally in the study of knots and links, quantum groups, and von Neumann algebras.

The Hecke algebra of type B is a two parameter deformation of the group algebra of the Weyl group of type B (also known as the hyperoctahedral group). We can think of the parameters as complex numbers. The representations of the Hecke algebra depend on rational functions in two parameters.

The Hecke algebra of type B_n, denoted by H_n(q, Q), is semisimple whenever Q ≠ −q^k, k ∈ {0, ±1, . . . , ±(n − 1)}, and q is not a root of unity, see [DJ]. The simple components are indexed by ordered pairs of Young diagrams. These Hecke algebras can be defined as a finite dimensional quotient of the group algebra of the braid group of type B.

Motivated by their study of link invariants related to the braid group of type B, Geck and Lambropoulou [GL] have defined certain linear traces on the Hecke algebra of type B called Markov traces. Their definition is given inductively.

In this thesis we give an alternative way of computing this trace. Since the Hecke algebra of type B is semisimple, any linear trace can be written as a weighted linear combination of the irreducible characters (the usual trace). The coefficients in this linear expression are called weights. The weights are equal to the values of the trace at the minimal idempotents. Since the characters are known, it follows that the weights completely determine the trace. The weights are also indexed by ordered pairs of Young diagrams.

We have found the weight formula for the Markov trace defined by Geck and Lambropoulou [GL] for the Hecke algebra of type B. The weight formula can be written as a product of Schur functions and a simple factor. To prove this formula we construct a homomorphism from the specialization of the Hecke algebra of type B, H_n(q, −q^{r1+m}), onto a reduced Hecke algebra of type A. Using this homomorphism we obtain that the Markov trace of the Hecke algebra of type B appears as a pullback of the Markov trace of the reduced Hecke algebra of type A.

A consequence of the above mentioned homomorphism is the existence of a duality between the quantum group U_q(sl(r)) and the specialized Hecke algebra H_n(q, −q^{r1+m}). In this thesis we also compute the weights for the Markov trace on the Hecke algebra of type D. We use the results of Hoefsmit [H] on the inclusion of the Hecke algebra of type D into the Hecke algebra of type B. We also use the results of Geck [G] on obtaining Markov traces of the Hecke algebra of type D from those of type B.

In [W1] Wenzl found examples of subfactors of the hyperfinite II_1 factor by studying the complex Hecke algebras of type A, denoted by H_n(q). In this thesis we construct examples of subfactors obtained from the inclusion of the Hecke algebra of type A into the Hecke algebra of type B, H_n(q, Q). To do this we must find the values of the parameters of the Hecke algebra of type B for which the inductive limit, i.e. H_∞(q, Q) = ⋃ n≥0 H_n(q, Q), has C^∗ representations. We show that there are C^∗ representations when q = e^{2πi/l} and Q = −q^k for some positive integers l and k.

We show that the surjective homomorphism described above is well-defined and onto when q is a root of unity. This implies that there exist quotients of the reduced Hecke algebra of type A which are isomorphic to quotients of H_n(q, −q^{r1+m}) at roots of unity. These quotients are C^∗ algebras and we use them to construct the II_1 hyperfinite factor.

The Markov traces defined by Geck and Lambropoulou [GL] make the C^∗ algebras obtained from sequences of Hecke algebras of type B into a II_1 factor. Moreover, they also satisfy the commuting square property needed for the construction of subfactors which involves the conditional expectations of various subalgebras.

The subfactors obtained from the inclusion of the Hecke algebra of type A into the Hecke algebra of type B are equivalent to special cases of subfactors already obtained in [W1] for the Hecke algebras of type A. We compute the index and higher relative commutants for these subfactors. We found that the index is related to the Schur function of a rectangular diagram.

We also obtain intermediate subfactors of index two by studying the inclusion of the Hecke algebra of type D into the Hecke algebra of type B. We also study the inclusion of the Hecke algebra of type A into the Hecke algebra of type D. We compute the index for these subfactors.

This thesis is organized as follows. In Chapter 2 we give notation and general ideas used throughout the thesis. In Chapter 3, we give general information for the Hecke algebras and give the surjective homomorphism, we show that it is well-defined at roots of unity.

In Chapter 4, we give the weight function of the Markov trace defined by Geck and Lambropoulou [GL]. In Chapter 5, we show how to construct examples of subfactors and give the index and higher relative commutants. Finally, in Chapter 6, we show how the results obtained for the Hecke algebra of type B can be used to find similar results for the Hecke algebra of type D.

Chapter 2

Preliminaries

2.1 Partitions and Tableaux

A partition of n is a sequence of positive numbers α = [α_1, . . . , α_k] such that

α_1 ≥ α_2 ≥ . . . ≥ α_k ≥ 0 and n = |α| = α_1 + α_2 + . . . + α_k.

here 1 ≤ k ≤ n. |α| is called the weight of α. The α_i’s are called the parts of α, and the number of nonzero parts of α is called the length of α, denoted by l(α). If we say l(α) ≤ r_1, then we we will mean that there are s ≤ r_1 nonzero parts and the remaining r_1 − s are equal to zero. We use the notation α ⊢ n to mean α is a partition of n.

A Young diagram is a pictorial representation of a partition α as an array of n boxes with α_1 boxes in the first row, α_2 boxes in the second row, and so on. We count the rows from top to bottom. We shall denote the Young diagram and the partitions by the same symbol α.

α = [3, 2, 1] ←→

Figure 2.1: Example of a Young diagram.

We use the word shape interchangeably with the word partition. The set of all partitions of n is denoted by Λ_n. The square in the i-th row and j-th column of α is said to have coordinates (i, j).

If α and β are two partitions with |α| ≤ |β|, then we write α ⊂ β if α_i ≤ β_i for all i. In this case we say that α is contained in β. If α ⊂ β then the set-theoretic difference β − α is called a skew diagram, β/α. α = , β = β/α =

Figure 2.2: Example of a skew diagram.

Notice that in Figure 2.2, β/α can be interpreted as pair, ([2], [1]). A standard tableau of shape α is a filling of the boxes with numbers 1, 2, . . . , n such that the numbers in each row increase from left to right and in every column from top to bottom. The notation t^α will be used to denote a standard tableaux of shape α. We say t^α is contained in t^β, denoted t^α ⊂ t^β, if t^α is obtained by removing appropriate boxes from t^β, i.e. the numbers 1, 2, . . . , |α| are in the same boxes in t^α and in t^β .

A double partition of size n, denoted by (α, β), is an ordered pair of partitions α and β such that |α| + |β| = n. The length of a double partition is l(α, β) = l(α) + l(β). A double partition can be associated with a pair of Young diagrams. The set of all pairs of Young diagrams with n boxes is denoted by Λ^D_n . We define as for single partitions (α, β) ⊂ (δ, γ) if α_i ≤ δ_i and β_j ≤ γ_j for all i and j. That is, (α, β) is obtained from (δ, γ) by removing appropriate boxes of (δ, γ), and we say (α, β) is contained in (δ, γ).

t^{(α,β)} = (t^α, t^β) is a pair of standard tableaux if the arrangement of the numbers 1, 2, · · · , n is in increasing order in the rows and columns of both t^α and t^β . For any double partition (α, β), let T_{(α,β)} denote the set of standard tableaux of shape (α, β) and T_n denote the set of all pairs of tableaux with n boxes. For example, the diagram in Figure 2.3 is a pair of standard tableaux of shape ([2, 1, 1], [3, 2])

1 2 4 6 3 5 7 8 9 ( , )

Figure 2.3: Example of a pair of tableaux

We say that a box in (α, β) has coordinates (i, j) if the box is in the i-th row and j-th column of either α or β. Two boxes in (α, β) can have the same coordinates if they occur in the same box in α as in β; for instance, the left-top-most box in α and the left-top-most box in β both have coordinates (1, 1).

Definition 2.1.1. For any two boxes in a Young diagram or pair of Young diagrams with coordinates (i, j) and (s, t) respectively, define the axial distance, d from the box (i, j) to the box (s, t) as follows

d = (t − s) − (j − i). (2.1)

The axial distance can be interpreted graphically as follows. If both boxes are in the same diagram. Start at the box (i, j) and proceed in a rectangular manner to the box (s, t), count +1 for each step to the right or up and -1 for every step to the left or down. The sum of these +1 and -1 give the axial distance. If the boxes are in different Young diagrams we superimpose the diagram β upon α and proceed as before.

Definition 2.1.2. The axial distance from the number m to the number l in the tableau τ^{(α,β)} is the axial distance from the box containing m to the box containing l in (α, β). The following observation will be used throughout the sequel. For m, r_1, n ∈ N, let m > n and r_1 > n. Consider a pair of Young diagrams (α, β) with n boxes. We construct from the pair (α, β) a Young diagram μ with mr_1 + n boxes by adjoining a rectangular box with r_1 rows and m columns, as in Figure 2.4. The diagram described corresponds to the following partition:

μ = [m + α_1, m + α_2, . . . , m + α_{r1} , β_1, β_2, . . . , β_{r2}]

œ - m 6

? r_1 α

β

μ = (α, β) ←→

Figure 2.4: A correspondence between pairs of diagrams and one diagram

Observation: Let n, m, and r_1 be as above. Let [m^{r1}] ⊢ f. Then there is a 1-1 correspondence between pairs of Young diagrams with n boxes and Young diagrams containing [m^{r1} ] with n + f boxes.

2.2 Generalities

For convenience, by a semisimple algebra we mean a finite direct sum of full matrix rings. Let k be a field of characteristic 0 and let k(x) denote the field of rational functions over k. The algebra of n × n matrices is denoted by M_n(k) or just M_n. So if A and B are semisimple algebras, then we can write them as A = ⨁ A_i and B = ⨁ B_j with A_i ∼= M_{ai} (k) and B_j ∼= M_{bj} (k) for appropriate natural numbers a_i and b_j .

Let A be a subalgebra of B. Any simple B_j module is also an A module. Let g_{ij} be the number of simple A_i modules in its decomposition into simple A modules. The matrix G = (g_{ij} ) is called the inclusion matrix for A ⊂ B.

The inclusion of A in B is conveniently described by a so-called Bratteli diagram. This is a graph with vertices arranged in 2 lines. In one line, the vertices are in 1-1 correspondence with the minimal direct summands A_i of A, in the other one with the summands B_j of B. Then a vertex corresponding to A_i is joined with a vertex corresponding to B_j by g_{ij} edges.

If A and B have the same identity, then the dimension b_j of the module B_j equals the sum of the dimensions of simple A_i-modules which are joined to B_j by edges (with multiplicities). In matrix notation if ⃗b = (b_j) and ⃗a = (a_i) ⃗b = G⃗a We can also interpret the numbers g_{ij} in the following way: let p_i be a minimal idempotent of A_i and let p_i = ∑ q_m, where q_m’s are mutually orthogonal minimal idempotents of B. This decomposition is not unique in general. But for any such decomposition there will be exactly g_{ij} idempotents in B_j . We obtain that p_iBp_i ∼= ⨁ j M_{gij} . To illustrate the definitions above we consider the group algebras kS_{f −1} and kS_f of the symmetric group. It is well-known that the simple modules of kS_f are labeled by Young diagrams λ with f boxes. The Young lattice is the infinite graph whose vertices are labeled by all Young diagrams such that two vertices are connected by an edge if and only if the corresponding diagrams differ by exactly one box.

So the Bratteli diagram for kS_{f −1} ⊂ kS_f is the subgraph of the Young lattice with the vertices labeled by Young diagrams with f − 1 and f boxes. In Figure 2.5 we give an example of a Bratteli diagram for the inclusion of the complex group algebra of the symmetric group in three letters into the complex group algebra of the symmetric group in four letters, i.e., C S_3 ⊂ C S_4 .

� � � ## ## # AA AA A cc cc c � � JJ JJ

Figure 2.5: Bratteli diagram for C S_3 ⊂ C S_4

2.3 The Braid Groups

The braid group of type A, B_n(A), can be defined algebraically by generators σ̃_1, σ̃_2, . . . , σ̃_{n−1} and relations

σ̃_iσ̃_j = σ̃_jσ̃_i if |i − j| > 1, (2.2)

σ̃_iσ̃_{i+1}σ̃_i = σ̃_{i+1}σ̃_iσ̃_{i+1} if 1 ≤ i ≤ n − 2. (2.3)

Similarly, we can define the braid group of type B, B_n(B), by generators t, σ_1, σ_2, . . . , σ_{n−1} and defining relations given by equations (2.2), (2.3),

σ_1tσ_1t = tσ_1tσ_1, (2.4) and tσ_i = σ_it if i > 1. (2.5)

The elements in B_n(A) can be interpreted geometrically as braids in S^3. And elements in B_n(B) can be interpreted as braids in B_{n+1}(A) such that the first strand is fixed. We will usually boldface the fixed strand. Below we illustrate the generator σ̃_i ∈ B_n(A), the full-twist Δ^2_3 ∈ B_3(A), and the generators t, σ_i ∈ B_n(B). 1

q q q EE EE E

EE E

i

� � � � �^{i+1}

q q q

n

σ̃_i

D^1 D^2 D^3((( DD DDDD((( DDDD((( DD D DD DD_{Δ23}

1 ¸¸Ḩ H 2

q q q

n

t

1

q q q EE EE E^i

� � � � �^{i+1}

EE E q q q

n

σ_i Figure 2.6: Examples of braids

In general, the full-twist Δ^2_f in f strings, is a central element in B_f (A). Algebraically, Δ^2_f = (σ̃_{f −1} . . . σ̃_1)^f . We now define a map from the generators of B_n(B) into B_{f +n}(A). We call the map ρ̃_{f,n}, and we define the image of the generators of B_n(B) as follows:

ρ̃_{f,n}(t) = Δ^{−2}_f Δ^2_{f +1} and ρ̃_{f,n}(σ_i) = σ̃_{f +i} for i = 1, . . . , n. (2.6) Pictorially, we have the following:

q q q H q q q H

Δ−2f Δ2f+1

1 2 f f+1

q q q q q q

f+2 f+n

�H H

q q q q q q

1 2 n -^{ρ̃f,n} t

q q q EE E � � � � � EE EE q q q -ρ̃f,n

1 i i+1 n

œ_i

q q q EE E � � � � � EE EE q q q

f+n 1 f+i+1 f+i

œ̃_{f +i} Figure 2.7: Pictorial definition of homomorphism, ρ̃_{f,n}

Proposition 2.3.1. Let n, f ∈ N and ρ̃_{f,n} be as defined in equation (2.6) for the generators of B_n(B). Then ρ̃_{f,n} : B_n(B) → B_{f +n}(A) extends to a well-defined group homomorphism.

Proof. It suffices to prove that ρ̃_{f,n} preserves the relations of B_n(B). Notice that ρ̃_{f,n}(t) = σ̃_f . . . σ̃_2σ̃^2_1σ̃_2 . . . σ̃_f . Relations (2.2), (2.3) and (2.5) follow immediately from the definition of ρ̃_{f,n} and the definition of B_n(A). To show that (2.4) holds we will use the commuting property of the full-twist.

σ_{f +1}(Δ^2_{f +1}Δ^{−2}_f )σ_{f +1}(Δ^2_{f +1}Δ^{−2}_f ) = Δ^2_{f +2}Δ^{−2}_{f +1}Δ^2_{f +1}Δ^{−2}_f = Δ^2_{f +1}Δ^{−2}_f σ_{f +1}Δ^2_{f +1}Δ^{−2}_f σ_{f +1}.

It might be easier to see that this relation holds from the picture, see Figure 2.8. This completes the proof. �

q q q

_{q q q}H H _{q q q}H H q q q

1 f f+1 f+2 f+3 f+n

σ̃f+1(Δ−2f Δ2f+1)σ̃f+1(Δ−2f Δ2f+1) = q q q

_{q q q}H H _{q q q}H H q q q

1 f f+1 f+2 f+3 f+n

(Δ−2f Δ2f+1)σ̃f+1(Δ−2f Δ2f+1)σ̃f+1

Figure 2.8: the fourth relation

Corollary 2.3.2. The representations ρ_{f,n} can be extended in a natural way to representations of the corresponding braid group algebras.

Since the relations hold, one just extends by linearity.

2.4 Schur functions

For details and proofs on the results mentioned in this subsection we refer the reader to [M] Ch.I, sec. 3. Suppose x_1, x_2, . . . x_r is a finite set of variables. For some partition α we set x^α = x^{α1}_1 . . . x^{αr}_r . Let δ = [r − 1, r − 2, . . . , 1, 0]. We define the following determinant.

a_{α+δ} = det(x^{αj+r−j}_i )

This determinant is divisible in Z[x_1, . . . , x_r] by the Vandermonde determinant which is given by a_δ = det(x^{r−j}_i ).

Then the symmetric Schur function is defined as follows:

s_α(x_1, . . . , x_r) = a_{α+δ} a_δ . Take x_i = q^{i−1} (1 ≤ i ≤ r). If λ is a partition of length ≤ r, we have s_α(1, q, . . . , q^{r−1}) = q^{n(α)} ∏ 1≤i<j≤r 1 − q^{αi−αj+j−i} 1 − q^{j−i} (2.7)

where n(α) = l(α)∑ i=1 (i − 1)α_i. We define the following Schur function as a normalization of equation (2.7): s_{α,r}(q) = s_α(1, q, . . . , q^{r−1}) s_{[1]}(1, q, . . . , q^{r−1})^{|α|} Notice that s_{α,r}(q) = 0 whenever l(α) > r. Also if χ^α(q) denotes the character of a matrix in GL(r) with eigenvalues q^{(−r+1)/2}, q^{(−r+3)/2}, . . . , q^{(r−1)/2} and if the number of boxes in α is n, s_{α,r}(q) = χ^α(q)/(χ^{[1]}(q))^n.

Let r = r_1+r_2; then the Schur function for μ = [m+α_1, . . . , m+α_{r1} , β_1, . . . , β_{r2}] is given by s_{μ,r}(q) = q^{n(μ)} ( 1 − q 1 − q^r )_{|μ|} ∏ 1≤i<j≤r (1 − q^{μi−μj +j−i}) (1 − q^{j−i}) . (2.8)

After some substitution and rearrangement of equation (2.8) we get the following equation for the Schur function of μ: s_{μ,r}(q) = q^{mr1(r1−1)/2+r1|β|} ( 1 − q 1 − q^r )_{|μ|} s_α(1, q, . . . , q^{r1−1})s_β(1, q, . . . , q^{r2−1}) r1∏ i=1 r2∏ j=1 1 − q^{m+r1+αi−βj +j−i} 1 − q^{r1+j−i} . (2.9)

The expression of the Schur function in (2.9) will be useful in the proof of the weight formula!

2.5 Traces

A trace is a functional tr : B → k such that tr(ab) = tr(ba) for all a, b ∈ B. As there is up to scalar multiples only one trace on M_n(k), any trace tr on B = ⨁ B_j is completely determined by a vector (t_j ), where t_j = tr(p_j ) and p_j is a minimal idempotent of B_j .

The annihilator ideal J of tr is defined to be J = (b ∈ B | tr(ab) = 0 for all a ∈ B). A trace tr in B is called nondegenerate if J = 0, or equivalently, if for any b ∈ B there is a b^′ ∈ B such that tr(bb^′) ≠ 0. It can be shown that tr is nondegenerate if and only if t_j ≠ 0 for each j.

The representation π_{tr} of B is defined on B/J by left multiplication. By the trace property it follows that π_{tr}(B) ∼= B/J. Recall that if tr is a nondegenerate trace on B, the map b ∈ B → tr(b·) ∈ B^∗ is an isomorphism between B and its dual B^∗, where tr(b·) denotes the map x → tr(bx).

Let A ⊂ B and tr be nondegenerate on both A and B. Using the isomorphism above for A and A^∗, we obtain for every b ∈ B a necessarily unique ε_A(b) ∈ A such that tr(b·)|_A = tr(ε(b)·)|_A. The map ε_A : B → A, b ∈ B is called the trace preserving conditional expectation from B onto A, where the element ε_A(b) ∈ A is uniquely determined by the equation tr(ε_A(b)a) = tr(ba), for all a ∈ A. It follows from this equation and the faithfulness of tr that:

(1) ε_A(a_1ba_2) = a_1ε_A(b)a_2 for all a_1, a_2 ∈ A and b ∈ B and in particular ε_A(a) = a for all a ∈ A.

(2) ε_A is nondegenerate, i.e. for all 0 ≠ b ∈ B there is b_1, b_2 ∈ B such that ε_A(b_1b) ≠ 0 and ε_A(bb_2) ≠ 0.

Assume both A and B are C^∗ algebras, i.e. there exists a faithful representation of B on a Hilbert space such that both B and A are closed under the ∗ operation which assigns to a linear operator its adjoint.

A trace tr is positive if tr(b^∗b) ≥ 0 for all b ∈ B, in the finite dimensional case, tr is positive if an only if all components of the weight vector are nonnegative. If all components of the weight vector of the trace are positive, one has an inner product on B defined by ⟨a, b⟩ := tr(b^∗a). In this case, the conditional expectation ε_A can be interpreted as the orthogonal projection onto the subspace A ⊂ B. And it has the following additional properties:

ε_A(b^∗) = ε_A(b)^∗ ε_A(b^∗b) ≥ 0, for all b ∈ B.

2.6 Subfactors

In this section we recall some definitions and basic results for constructing subfactors and for computing their invariants. For details and proofs of the following statements see [J2]. A von Neumann algebra A is a ∗-subalgebra of B(H), bounded operators on the Hilbert space H, which contains 1 and is closed in the weak operator topology. A von Neumann algebra A whose center is trivial, i.e. Z(A) = C · 1 is called a factor. A II_1 factor is an infinite dimensional factor A which admits a normalized finite trace tr : A → F such that (i) tr(1) = 1; (ii) tr(xy) = tr(yx), x, y ∈ A; and (iii) tr(x^∗x) ≥ 0, x ∈ A. This trace is unique. The hyperfinite II_1 factor is a separable II_1 factor which is approximately finite dimensional.

The trace induces a Hilbert norm on A, which is defined by ‖x‖ = tr(x^∗x)^{1/2}, for all x ∈ A. Moreover, we can perform the GNS construction with respect to the trace and obtain a faithful representation of A on L^2(A, tr), this Hilbert space is obtained as the closure of A in the norm induced by the trace. A acts by left multiplication operators on itself and the GNS representation is precisely this representation extended to L^2(A, tr). Observe that the identity is the cyclic and separating vector. The representation of the II_1 factor A on L^2(A, tr) is called the standard form of A.

From now on all factors and subfactors discussed will be II_1 factors. If A and B are a pair of factors, then A is a subfactor of B if A is a sub-von Neumann algebra of B, which is itself a factor and has the same identity as B, i.e. 1_A = 1_B. The von Neumann algebra A^′ ∩ B is called the relative commutant of A in B.

If A ⊂ B denotes the inclusion of II_1 factors with 1_A = 1_B, we let tr be the unique normalized trace on B and observe that tr|_A is the unique normalized trace on A by uniqueness of the trace. We define the orthogonal projection e_A : L^2(B, tr) → L^2(A, tr|_A) by e_A(xv) = ε_A(x)v, v ∈ L^2(B, tr) and x ∈ B where ε_A is the trace preserving conditional expectation. We denote by ⟨B, e_A⟩ the von Neumann algebra generated by B and e_A on L^2(B, tr). This is called the basic construction. In particular, if A is a factor, then so is ⟨B, e_A⟩. If it is a finite factor, we define the index [B : A] of A in B to be the number 1/tr(e_A), where tr denotes the unique normalized trace on ⟨B, e_A⟩. If ⟨B, e_A⟩ is not finite, the index is defined to be infinite.

In this thesis we will study examples of subfactors constructed using the following set-up.

(i) Let (B_n) be an ascending sequence of C^∗ algebras with B_n a proper subalgebra of B_{n+1} for all n ∈ N. Let furthermore tr be a positive finite extremal trace on its inductive limit B_∞ and let π_{tr} be the GNS construction with respect to tr. Then it is well-known that the weak closure B of π_{tr}(B_∞) is isomorphic to R, the hyperfinite II_1 factor.

(ii) Let (A_n) be an ascending sequence of C^∗-subalgebras such that A_n ⊂ B_n and the weak closure A of π_{tr}(A_∞) is a subfactor.

(iii) Consider the following square:

B_n ⊂ B_{n+1} œ^{εB}n ?^{εAn}_{An ⊂ An+1}?^{εAn+1} where ε_{An+1} , ε_{An} and ε_{Bn} are the trace preserving conditional expectations onto A_{n+1}, A_n and B_n respectively. We require that this diagram commutes, i.e., ε_{An+1} ε_{Bn} = ε_{An} for all n ∈ N This condition is called the commuting square property.

The interesting case for us is when the sequences (A_n) ⊂ (B_n) have periodic Bratteli diagrams. The sequence (A_n) is periodic with period k if there is an n_0 ∈ N such that for all n > n_0 the inclusion matrix for A_{n+k} ⊂ A_{n+k+1} is the same (after relabeling of the central projections) as the one for A_n ⊂ A_{n+1}.

We say that (A_n) ⊂ (B_n) is periodic if both (A_n) and (B_n) are periodic with same period k and if also the inclusion matrices for A_{n+k} ⊂ B_{n+k} and A_n ⊂ B_n are the same. If the inclusion matrices for A_n ⊂ B_n, A_n ⊂ A_{n+1} and B_n ⊂ B_{n+1} become periodic for all n ≥ n_0 for some n_0, then the index [B : A] of the subfactor A is the square of the norm of the inclusion matrix for A_n ⊂ B_n for all n ≥ n_0.

There are finer invariants for the subfactor A ⊂ B than the index. Let B^{(1)} = ⟨B, e_A⟩ be obtained by the basic construction, then it is known by [J2] that

[B : A] = [B^{(1)} : B].

We also have that the inclusion matrix for B ⊂ B^{(1)} is given by the transpose of the inclusion matrix, G, of A ⊂ B. Now iterate the basic construction to obtain a tower A ⊂ B ⊂ B^{(1)} ⊂ B^{(2)} ⊂ · · · of II_1 factors. Let

C_i = A^′ ∩ B^{(i)}

be the relative commutant of A in B^{(i)}. Then the structure of the algebras C_1, C_2, · · · is an invariant of subfactors of B. The C_i’s are called higher relative commutants of A ⊂ B.

2.7 Quantum groups

We now give some definitions about quantum groups, see [Ji1, Ji2, D]. A quantum group is a q deformation of the universal enveloping algebra of a finite or affine Lie algebra.

Let Φ be the root system corresponding to a semisimple Lie algebra g, with Cartan matrix A = (a_{ij} )_{1≤i,j≤m}. Let · be the invariant form on the root lattice and normalize so that α_i · α_i = 2 for all short roots α_i. Let X be the weight lattice of g which we assume to be embedded in the Q-span of the root lattice, and extend the dot product to X by linearity. Let α_i, i = 1, · · · , m be the simple roots of Φ. Then, for q ∈ C , one defines the quantum group U_q(g) by generators X^+_i , X^−_i , k_i and k^{−1}_i , 1 ≤ i ≤ m and relations

k_ik_j = k_j k_i, k_ik^{−1}_i = k^{−1}_i k_i = 1, k_iX^±_j k^{−1}_i = q^{±diaij/2}X^±_j , [X^+_i , X^−_j ] = δ_{ij} k^2_i − k^{−2}_i q^{di} − q^{−di} , 1−aij∑

ν=0 (−1)^ν

[1 − a_{ij} ]_qd_i !

[ν]_qd_i ![1 − a_{ij} − ν]_qd_i !

(X^±_i )^{1−aij −ν} (X^±_j )(X^±_i )^ν = 0 i ≠ j,

where [m]_t! = m∏ j=1 t^j − t^{−j} t − t^{−1} for any t ∈ C

U_q(g) also has a comultiplication Δ defined by

Δ(X^±_i ) = k_i ⊗ X^±_i + X^±_i ⊗ k^{−1}_i , and Δ(k_i) = k_i ⊗ k_i

The general representation theory of a quantum group is similar to the one of the corresponding classical algebra if q is not a root of unity.

For each finite dimensional vector space V one obtains a solution R(x) ∈ End(V ⊗ V ) of the quantum Yang-Baxter equation (QYBE) depending on a parameter x, see [D]. This R-matrix can be understood to be a deformation of the flip P , i.e. P (v ⊗ w) = w ⊗ v, which lies in the commutant of the second tensor power of the given representation of the quantum group.

Chapter 3

Hecke Algebras

3.1 Hecke algebras of type A

In this section we summarize results by Wenzl [W1] about the representation theory of the Hecke algebra of type A.

The Hecke algebra of type A_{n−1}, denoted by H_n(q), is the free complex algebra with 1 and generators g_1, g_2, . . . , g_{n−1} and parameter q ∈ C with defining relations

(H1) g_ig_{i+1}g_i = g_{i+1}g_ig_{i+1} for i = 1, 2, . . . , n − 2;

(H2) g_ig_j = g_j g_i, whenever | i − j |≥ 2;

(H3) g^2_i = (q − 1)g_i + q for i = 1, 2, . . . , n − 1.

It is well-known that H_n(q) ∼= C S_n if q is not a root of unity, where C S_n is the group algebra of the symmetric group, S_n, (see [Bou], p. 54-56). It follows from this that H_n(q) has dimension n!. Similarly as for the symmetric group, we can label the irreducible representations of H_n(q) by Young diagrams. If μ ⊢ n, then (π_μ, V_μ) denotes the irreducible representation of H_n(q) indexed by μ. Here V_μ is the vector space with orthonormal basis given by {v_tμ } where t^μ is a standard tableau of shape μ. These representations can be considered as q-analogs of Young’s orthogonal representations of the Symmetric group, [H, W1]. We give a brief description of these representations.

Let d(t^μ, i) = c(i+1)−c(i)−r(i+1)+r(i) where c(i) and r(i) denote respectively, the column and row of the box containing the number i, we will refer to d(t^μ, i) as the axial distance from i to i + 1. For d ∈ Z\ {0}, let

a_d(q) = q^d(1 − q) 1 − q^d and c_d(q) = √ (1 − q^{d+1})(1 − q^{d−1}) 1 − q^d . (3.1)

Then one defines π_μ on the vector space V_μ by

π_μ(g_i)v_tμ = a_d(q)v_tμ + c_d(q)v_{gi(t}μ_) (3.2)

where d = d(t^μ, i) and g_i(t^μ) is the tableau obtained by interchanging i and i + 1 in t^μ. This representation follows from the ones defined in [W1] by setting π_μ(g_i) = (q + 1)π_μ(e_i) − Id_{Vμ}, where e_i is the eigenprojection corresponding to the characteristic value q of g_i. Moreover π_n = ⨁ μ⊢n π_μ is a faithful representation of H_n(q). Thus we have that H_n(q) ∼= ⨁ μ⊢n π_μ(H_n(q)),

where π_μ(H_n(q)) ∼= M_f μ and M_f μ is the ring of complex f^μ × f^μ matrices, and f^μ is the number of standard tableaux of shape μ.

The Hecke algebras of type A satisfy the following embedding of algebras H_1(q) ⊂ · · · ⊂ H_n(q) ⊂ H_{n+1}(q) ⊂ · · · . Thus, we define the inductive limit of the Hecke algebra, H_n(q), by

H_∞(q) = ⋃ n≥0 H_n(q).

The full-twist, Δ^2_f , is a central element in H_n(q) and it is defined algebraically by Δ^2_f := (g_{f −1} · · · g_1)^f . The following lemma describes the action of the full-twist on the Hecke algebra of type A_{n−1}.

Lemma 3.1.1. Let α_λ be the scalar by which the full-twist acts in the irreducible Hecke algebra representation labeled by λ. Then α_λ = q^{n(n−1)−} P_{i<j (λi+1)λj (3.3)} For the proof of this lemma see [W2] pg.261.

Let t^μ be a Young tableau with n boxes and (t^μ)^′ be the Young tableau obtained from t^μ by removing the box containing n. The map t^μ → (t^μ)^′ defines a bijection between T_μ and ⋃ μ′⊂μ Tμ′ , where Tμ denotes the set of all standard tableaux of

shape μ. Therefore, we have the following decomposition of modules V_μ | | |_{Hn−1(q)} = ⨁ μ′⊂μ V_μ′ (3.4)

The interesting case for defining subfactors is when the parameter q is a root of unity, q ≠ 1. In what follows we will describe the semisimple quotients of H_n(q) which are associated with sl(r) for 1 < r < l.

Let r, l ∈ N and l > r, then an (r, l)-diagram is a Young diagram μ with r rows such that μ_1 − μ_r ≤ l − r, we denote the set of all (r, l) diagrams of size n by Λ^{(r,l)}n . An (r, l) tableau of shape μ ∈ Λ^{(r,l)}n , t^μ, is a standard tableau such that if we remove the box containing n the Young subdiagram, μ^′ with n − 1 boxes is in Λ^{(r,l)}_{n−1} and t^{μ′} is an (r, l) tableau. The set of (r, l) tableaux of shape μ is denoted by T^{(r,l)}μ .

For each μ ∈ Λ^{(r,l)}n let V^{(r,l)}μ be the vector space with basis {v_τ } indexed by elements of T^{(r,l)}μ . If q is a primitive l-th root of unity, Wenzl [W1] defined the linear map π_μ(g_i) as in equation (3.2) for all vectors v_τ for which d is not divisible by l. The restriction of this map to V^{(r,l)}μ will be denoted by π^{(r,l)}μ , i.e., for τ ∈ T^{(r,l)}μ

π^{(r,l)}_μ (g_i)v_τ = b_d(q)v_τ + c_dv_{siτ} .

Theorem 3.1.2 (Wenzl [W1], Corollary 2.5). Let q be a primitive l-th root of unity with l ≥ 4. Then there exists for every μ ∈ Λ^{(r,l)}n a semisimple irreducible representation π^{(r,l)}μ of H_n(q). Then π^{(r,l)}_n : x ∈ H_n(q) → ⨁ μ∈Λ(r,l)n π^{(r,l)}_μ (x)

is semisimple but generally not a faithful representation. Also representations corresponding to different (r, l) diagrams are nonequivalent.

We have well-defined representations π^{(r,l)} of H_∞(q) given by π^{(r,l)}(x) = π^{(r,l)}_n (x), if x ∈ H_n(q). The representation π^{(r,l)} is an approximately finite representation, i.e., A_n := π^{(r,l)}(H_n(q)) are finite dimensional C^∗-algebras. Furthermore, the representation π^{(r,l)} is a unitary representation.

Wenzl showed that the ascending sequence of finite dimensional C^∗-algebras (A_n) is periodic with period r.

When q = e^{2πi/l}, Wenzl obtains from the Hecke algebras, H_n(q), an AF algebra with periodic Bratteli diagram for the sequence π^{(r,l)}(H_1(q)) ⊂ · · · ⊂ π^{(r,l)}(H_n(q)) ⊂ π^{(r,l)}(H_{n+1}(q)) ⊂ · · · . 3.2 Hecke algebra of type B

The Hecke algebra H_n(q, Q) of type B_n is the free complex algebra with generators t, g̃_1, . . . , g̃_{n−1} and parameters q, Q ∈ C the generators g̃_i’s satisfy (H1)-(H3) as in the definition of the Hecke algebra of type A and the following relations: (B1) t^2 = (Q − 1)t + Q; (B2) tg̃_1tg̃_1 = g̃_1tg̃_1t; (B3) tg̃_i = g̃_it, for i ≥ 2.

Clearly, the Hecke algebra of type A is a subalgebra of H_n(q, Q). It is known that H_n(q, Q) ∼= C H_n (the complex group algebra of the hyperoctahedral group). Hoefsmit [H] has written down explicit irreducible representations of H_n(q, Q) indexed by ordered pairs of Young diagrams.

The Hecke algebras of type B satisfy the following embedding of algebras H_0(q, Q) ⊂ H_1(q, Q) ⊂ · · · ⊂ H_n(q, Q) ⊂ · · · . The inductive limit of the Hecke algebra of type B is defined by H_∞(q, Q) := ⋃ n≥0 H_n(q, Q).

Right and Double Coset Representatives

The fact that q is invertible in C (q, Q) implies that the generators g̃_i are also invertible in H_n(q, Q). In fact, the inverse of the generators is given by g̃^{−1}_i = q^{−1}g̃_i + (q^{−1} − 1)1 ∈ H_n(q, Q) This implies that the following element is well-defined in H_n(q, Q): t^′_i = g̃_i · · · g̃_1tg̃^{−1}_1 · · · g̃^{−1}_i .

We use these elements to define the set D_n as a subset of H_n(q, Q). If n = 1, we let D_1 := {1, t}. For n ≥ 2 we have D_n := {1, g̃_{n−1}, t^′_{n−1}}. These are known as the distinguished double coset representatives of H_{n−1}(q, Q) in H_n(q, Q). Also the set of right coset representatives of H_{n−1}(q, Q) in H_n(q, Q) is defined as follows: R_n := {1, t^′_{n−1}, g̃_{n−1}g̃_{n−2} . . . g̃_{n−k} , g̃_{n−1}g̃_{n−2} . . . g̃_{n−k} t^′_{n−k−1} (1 ≤ k ≤ n − 1)}. Note that R_1 = {1, t}. The elements {r_1r_2 . . . r_n|r_i ∈ R_i} form a C (q, Q)-basis of H_n(q, Q), see [GL].

Observe that (H3) and (B1) imply that t and g̃_i have at most 2 eigenvalues each, hence also at most 2 projections corresponding to these eigenvalues. The presentation of H_n(q, Q) with these projections as generators is given below.

So let for q ≠ −1 and Q ≠ −1

e_t = (Q − t) (Q + 1) and e_i = (q − g_i) (q + 1) for i = 1, · · · , n − 1 be the projections corresponding to the eigenvalue -1. Then g_i = q(1 − e_i) − e_i = q − (q + 1)e_i. So ⟨1, t, g_1, g_2, . . . , g_{n−1}⟩ = ⟨1, e_t, e_1, e_2, . . . , e_{n−1}⟩ and the defining relations (H1)-(H3)and (B1)-(B3) of H_n(q, Q) translate to

(PH1) e_ie_{i+1}e_i − q/(q + 1)^2e_i = e_{i+1}e_ie_{i+1} − q/(q + 1)^2e_{i+1} for i = 1, 2, . . . , n − 2;

(PH2) e_ie_j = e_j e_i, whenever | i − j |≥ 2;

(PH3) e^2_i = e_i for i = 1, 2, . . . , n − 1;

(PH4) e^2_t = e_t;

(PH5) e_te_1e_te_1−(Q + q)/(q + 1)(Q + 1)e_te_1 = e_1e_te_1e_t−(Q + q)/(q + 1)(Q + 1)e_1e_t;

(PH6) e_te_i = e_ie_t for i ≥ 2.

3.3 Representations of the Hecke algebra of type B

In this section we give a short summary of the representation theory of H_n(q, Q). We briefly describe the semi-orthogonal representations of H_n(q, Q) defined by Hoefsmit [H]. Hoefsmit constructed for each double partition (α, β) of n an irreducible representation (π_{(α,β)}, V_{(α,β)}) of H_n(q, Q) of degree (_n |α| ) f^αf^β where f^α is the number of standard tableaux of shape α.

Let T_{(α,β)} denote the set of pairs of standard tableaux of shape (α, β). We define the complex vector space V_{(α,β)} with orthonormal basis given by {v_τ | τ ∈

T_{(α,β)}}. The following notation and definitions are needed to define the action of the generators of H_n(q, Q) on V_{(α,β)}.

Let (α, β) be a pair of Young diagrams and τ = (t^α, t^β ) be a pair of standard tableaux of shape (α, β). Define the content of a box b as follows:

ct(b) = { Qq^{j−i} if b is in position (i, j) in t^α −q^{j−i} if b is in position (i, j) in t^β .

Now define for each 1 ≤ i ≤ n − 1

(g_i)_τ = q − 1 1 −^{ct(τ (i))} ct(τ (i+1)) where τ (i) denotes the coordinates of the box containing the number i. Notice that (g_i)_τ depends only on the position of i and i + 1. We are now ready to define the action of the generators on V_{(α,β)}. tv_τ = ct(τ (1))v_τ g_iv_τ = (g_i)_τ v_τ + (q − (g_i)_τ )v_{si(τ )} for i = 1, · · · , n − 1 (3.5)

where s_i(τ ) is the standard tableau obtained from τ by switching i and i + 1 in τ . If i and i + 1 do not occur in the same row or column of t^α or t^β, then s_i(t^α, t^β ) is again a pair of standard tableaux. Let V be the span of {v_τ , v_{si(τ )}}. Obviously, V is g_i-invariant. The action of g_i | |_V is given by the following 2 × 2 matrix ( (g_i)_τ (q − (g_i)_τ ) (q − (g_i)_{si(τ )}) (g_i)_{si(τ )} ) . (3.6)

Finally, we have that if i and i + 1 occur in the same row then g_iv_τ = qv_τ ; and if i and i + 1 occur in the same column then g_iv_τ = −v_τ .

Theorem 3.3.1 (Hoefsmit [H], Thm.2.2.7). The modules V_{(α,β)}, where (α, β) runs over all double partitions of n, form a complete set of nonisomorphic irreducible modules for H_n(q, Q).

Remark: Let q ≠ −1 and Q ≠ −1. One can easily obtain the representations for the spectral projections defined in Section 3.2. Recall the equations e_t =^{Q−t}_{Q+1} and e_i =^{q−gi}_{q+1} for i = 1, · · · n − 1. The matrix representations of these projections are obtained by via the substititution (g_i)_τ = q − (q + 1)(e_i)_τ .

Recall that we have the same definition of axial distance for pairs of partitions.

d = d(τ^{(α,β)}, i) = c(i + 1) − c(i) + r(i) − r(i + 1).

We have two possibilities for the denominators of (e_i)_τ .

(e_i)_τ = { (1 + q)(1 − q^d) if i and i + 1 are both in t^α or t^β (1 + q)(1 + Qq^d) otherwise.

(3.7)

Thus, the representations are undefined if and only if (e_i)_τ is undefined. This implies that if Q ≠ −q^k for k ∈ Z and if q is not an l-th root of unity for 1 ≤ l ≤ n − 1 then the representations are well-defined in V_{(α,β)} for all pairs (α, β) and i = 1, 2, . . . , n − 1. Notice that (e_i)_τ is also undefined when d = 0 and both i and i + 1 are in t^α or t^β , but this never happens if τ is a pair of standard tableaux, see [W1] Lemma 2.11.

Observe that the map τ → τ^′ (where τ^′ is obtained from τ by removing the box containing n) defines a bijection between T_{(α,β)} and ⋃ (α,β)′⊂(α,β) T_{(α,β)}′. So in particular we have V_{(α,β)} | | Hn−1(q,Q) ∼= ⨁ (α,β)′⊂(α,β) V_{(α,β)}′ where (α, β)^′ is a pair of Young tableaux obtained by removing one box from either α or β. From the definition of π_{(α,β)} and π_{(α,β)}′ we see that this equation yields the decomposition of V_{(α,β)} as an H_{n−1}(q, Q)-module π_{(α,β)} | | |_{Hn−1(q,Q)} ∼= ⨁ (α,β)′⊂(α,β) π_{(α,β)}′. (3.8)

3.4 Representations of the Hecke algebra of type B onto a reduced Hecke algebra of type A

In this section we will show that for specializations of the Hecke algebra of type B there is a homomorphism onto a reduced Hecke algebra of type A. Before proving this assertion we introduce some necessary background.

Fix an positive integer n and let m, r_1 ∈ N be such that m > n and r_1 > n. For these integers, set λ = [m^{r1} ]. Then as we observed in Chapter 2, Section 2.1, there is a one-to-one correspondence between double partitions of n and partitions of n + mr_1 containing λ. We fix a standard tableau t^λ. We also assume throughout that q is not a root of unity.

Recall that the representations of H_n(q, Q) depend on rational functions with denominators (Qq^d + 1) where d ∈ {0, ±1, . . . , ±(n − 1)}. If Q = −q^{r1+m} then 1 − q^{r1+m+d} ≠ 0 whenever d ≠ −(r_1 + m). It follows that all representations of H_n(q, −q^{r1+m}) are well-defined whenever r_1 + m > n. Thus the specialized algebra H_n(q, −q^{r1+m}) is well-defined and semisimple.

3.4.1 Homomorphism of H_n(q, −q^{r1}+^m) onto a reduced algebra of H_n+_f (q)

If p ∈ H_f (q) is an idempotent then the reduced algebra of H_f (q) with respect to this idempotent is pH_f (q)p := {pap | a ∈ H_f (q)}. In ([W1], Cor. 2.3) Wenzl defined a special set of minimal idempotents of H_f (q) indexed by the standard tableaux. The sum of these idempotents is 1. These minimal idempotents are well-defined whenever H_f (q) is semisimple.

Let λ ⊢ f and t^λ be a standard tableau of shape λ. Then p_tλ denotes the minimal idempotent indexed by t^λ. Thus, the reduced algebra with respect to p_tλ decomposes as follows: p_tλ H_{n+f} (q)p_tλ ∼= ⨁ λ⊂μ μ⊢n+f π_μ(p_tλ )π_μ(H_{n+f} (q))π_μ(p_tλ ).

Notice that if μ is a partition of n + f and μ does not contain λ then π_μ(p_tλ ) is the zero matrix. In particular, if we choose λ to be rectangular, we have that the reduced algebra p_tλ H_{f +1}(q)p_tλ has only two nonzero irreducible modules indexed by partitions [m + 1, m^{r1−1}] and [m^{r1} , 1], since these are the only partitions of f + 1 which contain λ.

Recall that in Proposition (2.3.1) we showed that there is a homomorphism ρ̃_{f,n} from the braid group B_n(B) into the braid group B_{f +n}(A). In what follows we will show that it is possible to extend ρ̃_{f,n} to a homomorphism of the associated Hecke algebras.

Lemma 3.4.1. Fix a positive integer n and choose m, r_1 ∈ N such that m > n and r_1 > n. Set f = mr_1 and assume λ = [m^{r1} ] and γ = [m^{r1} , 1]. Let α_λ and α_γ be as in Lemma 3.1.1. Choose a minimal idempotent p_tλ in H_f (q). We define a map ρ_{f,n} for the generators of H_n(q, −q^{r1+m}) as follows: ρ_{f,n}(1) = p_tλ , ρ_{f,n}(t) = − α_λ α_γ p_tλ Δ^{−2}_f Δ^2_{f +1} and ρ_{f,n}(g̃_i) = p_tλ g_{i+f}

for i = 1, . . . , n−1, (see Figure 3.1 for a pictorial definition). Then ρ_{f,n} extends to a well-defined homomorphism of algebras, ρ_{f,n} : H_n(q, −q^{r1+m}) → p_tλ H_{n+f} (q)p_tλ .

Proof. It is enough to check that ρ_{f,n} preserves the relations of the Hecke algebra of type B. First notice that since p_tλ ∈ H_f (q), it commutes with g_j for all j > f. From this observation and the defining relations of H_{n+f} (q) it follows that we only need to check the relations involving ρ_{f,n}(t). For relations (B2) and (B3) (see Section 3.2), notice that p_tλ commutes with the full-twist Δ^2_{f +1} and Δ^{−2}_f and with g_{f +1}. Thus these two relations follow from Proposition (2.3.1).

It remains to be shown that ρ_{f,n}(t) has two eigenvalues: −1 and Q = −q^{r1+m}. In particular, we want to show that ρ_{f,n}(t) acts by a scalar on two irreducible modules of H_{f +1}(q) and by 0 on all others. Since λ is rectangular, this means that there are only two partitions of f + 1 containing it.

By Lemma 3.1.1, we have that the full-twist Δ^2_{f +1} acts by the scalar α_β (resp. α_γ ) on the irreducible module indexed by β (resp. γ). Also Δ^{−2}_f acts by α^{−1}_λ on the irreducible modules of H_{f +1}(q) which are indexed by Young diagrams which contain λ. Therefore, we have that Δ^{−2}_f Δ^2_{f +1} acts by α_β α^{−1}_λ on the module V_β and by α_γ α^{−1}_λ on the module V_γ . Therefore, we have that −^{αλ}_{αγ} p_tλ Δ^{−2}_f Δ^2_{f +1} acts by −1 on V_γ and by −^{αβ}_{αγ} on V_β , and by zero on all other modules, since p_tλ kills all modules which do not contain λ.

In order to determine the constant −^{αβ}_{αγ} we only need to substitute the partitions β = [m + 1, m^{r1−1}] and γ = [m^{r1} , 1] in the formula given in Lemma 3.1.1. Thus we obtain − α_β α_γ = −q^− P_{i<j(βi+1)βj+}P_{i<j(γi+1)γj = −qr1+m.} This concludes this proof. �

The following figure gives a pictorial definition of the homomorphism ρ_{f,n}.

�H H_{q q q}

1 2 n -^{ρf,n} p_tλ^1

q q q

f

p_tλ H H f+1 f+2

q q q

f+n

1

q q q EE E EE EE

i

� � � � �^{i+1}

q q q

n -^{ρf,n} p_tλ^1

q q q

f

p_tλ

f+1

q q q EE E E EE

f+i

� � � � �^{f+i+1}

q q q

f+n

Figure 3.1: homomorphism for Hecke algebras

We have shown that ρ_{f,n} is a homomorphism. We will also show that it is onto.

In particular, we will show that the irreducible representations of the reduced algebra are also irreducible representations of H_n(q, −q^{r1+m}).

Notice that for μ ⊢ n + f there is a 1-1 correspondence between standard skew tableaux of shape μ/λ and tableaux t^μ which contain t^λ. For this reason we denote by T_{μ/λ} the set of standard tableaux which contain t^λ. Notice that the order of T_{μ/λ} is equal to the number of standard skew tableaux of shape μ/λ. For our choice of m, i.e. m > n, we have that μ/λ will consist of two parts which can be interpreted as a double partition, say (δ, γ). In this case, the order of T_{μ/λ} is (_n |δ| ) f^δf^γ , where f^γ is the number of standard tableaux of shape γ; this formula is given by Hoefsmit [H].

Define V_{μ/λ} as the complex vector space with orthonormal basis {v_tμ | t^μ ∈ T_{μ/λ}}. Notice that V_{μ/λ} is a subspace of V_μ and p_tλ V_μ = V_{μ/λ}, where V_μ has basis indexed by standard tableaux of shape μ.

Observation: Let μ ⊢ n + f and V_μ be an irreducible H_{n+f} (q) module. Then p_tλ V_μ is an irreducible p_tλ H_{n+f} (q)p_tλ module.

This observation implies that there is a set of irreducible representations of p_tλ H_{n+f} (q)p_tλ indexed by Young diagrams with n + f boxes, which contain λ. It follows from equation (3.4) that p_tλ V_μ | | |_{ptλ Hn+f−1(q)ptλ} ∼= ⨁ λ⊂μ′ μ′⊂μ V_μ′_{/λ} (3.9)

where μ^′ has n + f − 1 boxes and p_tλ V_μ′ = V_μ′_{/λ}.

We let z_μ denote the minimal central idempotents of H_{n+f} (q), and z_{μ/λ} denote the minimal central idempotents of p_tλ H_{n+f} (q)p_tλ . Notice that z_{μ/λ} has rank equal to the number of skew standard tableaux of shape μ/λ.

Theorem 3.4.2. Let f, n be as in Lemma 3.4.1 and assume that q is not a root of unity. Then ρ_{f,n} as defined in Lemma 3.4.1 is an onto homomorphism.

Proof. In Lemma 3.4.1 we showed that ρ_{f,n} is a homomorphism. Thus it only remains to show that it is onto. The proof is by induction on n. For n = 1, we have ρ_{f,1} : H_1(q, −q^{r1+m}) → p_tλ H_{f +1}(q)p_tλ .

Since λ ⊢ f is a rectangular diagram there are only two Young diagrams with f +1 boxes which contain λ, i.e. [m + 1, m^{r1−1}] and [m^{r1} , 1]. As we showed in Lemma 3.4.1 the action of ρ_{f,1}(t) on the representation indexed by [m + 1, m^{r1−1}] (resp. [m^{r1} , 1]) is −q^{r1+m} (resp. −1). And both representations are 1 dimensional.

For n = 1, we have that the algebra H_1(q, −q^{r1+m}) has two irreducible representations indexed by ([1], ∅) and (∅, [1]). Both of these representations are 1 dimensional and t ∈ H_1(q, −q^{r1+m}) acts by a scalar on these representations. The action of t on V_{([1],∅)} (resp. V_{(∅,[1])}) is −q^{r1+m} (resp. −1). Since q is not a root of unity, these representations are irreducible and nonequivalent. This shows that π_{([1],∅)} ∼= π_{[m+1,m}r1−1_] and π_{(∅,[1])} ∼= π_{[m}r1_{,1]}.

Assume that for n > 1 we have ρ_{f,n} is onto. Then for all ν ⊢ n + f containing λ, V_{ν/λ} is an irreducible H_n(q, −q^{r1+m}), and if μ ⊢ n + f + 1 is such that λ ⊂ μ, we have V_{μ/λ} | | |_{Hn(q,−qr1+m)} ∼= ⨁ λ⊂μ′ μ′⊂μ V_μ′_{/λ},

as in equation (3.9). This implies V_{μ/λ} is an H_{n+1}(q, −q^{r1+m})-module.

The remainder of this proof is similar to the proof of irreducibility of modules of the Hecke algebra of type A in [W1], Theorem 2.2.

Let μ ⊢ n + f + 1 be as described above. By the induction assumption, H_n(q, −q^{r1+m}) is a semisimple algebra with minimal central idempotents z_μ′_{/λ}. Let 0 ≠ W ⊂ V_{μ/λ} be an H_{n+1}(q, −q^{r1+m}) module. But V_{μ/λ} decomposes as an H_n(q, −q^{r1+m}) module into the direct sum of irreducible modules V_μ′_{/λ} since ρ_{f,n} is onto p_tλ H_{n+f} (q)p_tλ . Thus, there exists a μ^′ ⊢ n + f such that V_μ′_{/λ} ⊂ W . Let μ̃^′ ≠ μ^′ be another Young diagram with n + f boxes such that λ ⊂ μ̃^′ ⊂ μ. There is exactly one μ^{′′} ⊢ n + f − 1 contained in both μ^′ and μ̃^′ such that μ^{′′} contains λ. Let t^μ ∈ T_{μ/λ} be such that (t^μ)^′ ∈ T_μ′_{/λ} and (t^μ)^{′′} ∈ T_μ′′_{/λ}. Then (g_{n+f} (t^μ))^′ ∈ T_{μ̃}′_{/λ} and therefore π_μ(z_{μ̃}′_{/λ})π_μ(g_{n+f} )v_tμ = c_dv_{gn+f (t}μ_) ∈ V_{μ̃}′_{/λ} where d is the axial distance in t^μ between n+f and n+f +1. Since q is not a root of unity then c_d is well-defined and nonzero, see equation (3.1) for the definition of c_d. Hence the irreducible H_n(q, −q^{r1+m})-module, V_{μ̃}′_{/λ}, is contained in W . But μ̃^′ was arbitrary, therefore W ⊃ ⨁ μ′⊂μ Vμ′ . Next we show that the V_{μ/λ} are mutually nonisomorphic H_{n+1}(q, −q^{r1+m})- modules. As we observed above this is true for n = 1. For n = 2 there are five irreducible modules; 4 are one dimensional and 1 is two dimensional. We must check that the one dimensional modules are nonequivalent. By the definition of the action of t and g_{f +1} we have that t acts by −q^{r1+m} on V_{[m+2,m}r_1−1_] and V_{[m+1,m+1,m}r_1−2_]. But g_{f +1} acts by q on V_{[m+2,m}r_1−1_] and by −1 on V_{[m+1,m+1,m}r_1−2_]. In a similar way we can show that V_{[m}r1_{,2]} and V_{[m}r1_{,1}2_] are nonequivalent. And since t acts by −1 on these last two modules, we have that they are nonequivalent to the former two. If n > 2 and μ and μ̃ are two distinct partitions of n + f + 1 which contain λ, then there exists a μ^′ ⊃ λ such that μ^′ ⊂ μ but μ^′ ⊄ μ̃. The proof of this fact is found in [W1] Lemma 2.11. We would also like to remark that restricting to Young diagrams containing λ does not affect the result. Hence, V_{μ/λ} and V_{μ̃/λ} differ already as H_n(q, −q^{r1+m}) modules. � Remark: Notice that this theorem formalizes the idea we indicated in Section 2.1 about associating pairs of Young diagrams (α, β) with one Young diagram where we adjoin the m × r_1 rectangle, see Figure 2.4.

It is well-known that there exits a duality between the quantum group U_q(sl(r)) and the Hecke algebra of type A. This duality is the quantum analogue of the Schur-Weyl duality between the general linear group, GL(n), and the symmetric group, S_n, (see [D], [Ji1], and [Ji2]).

The following is an easy Corollary of Theorem 3.4.2.

Corollary 3.4.3. The diagonal action of U_q(sl(r)) and the action of the specialized Hecke algebra of type B, H_n(q, −q^{r1+m}) on V_λ ⊗ V^{⊗n} have the double centralizing property in End(V_λ ⊗ V^{⊗n}).

The proof of this corollary follows immediately from the duality between the Hecke algebra of type A and U_q(sl(r)).

Remark: To relate the above to the literature we make the following remark. However, this remark will not be used in the sequel. For definitions we refer the reader to [Ji1].

The results of this section imply that there is an R-matrix representation of H_n(q, −q^{r1+m}) on V_λ ⊗ V^{⊗n}, where V is the fundamental module of U_q(sl(r)) and V_λ is the irreducible module corresponding to λ. In this R-matrix representation t acts on V_λ ⊗ V = V_β ⊕ V_γ (γ and β as defined in the proof of Lemma 3.4.1) as a scalar. And g̃_i → R_i is given by the same R-matrix as for the Hecke algebra of type A where R_i acts on the i-th and (i + 1)-th copies of V .

3.5 The Hecke algebra of type B at roots of unity

In the previous section we observed that the irreducible representations of H_n(q, Q) depend on rational functions with denominator (Qq^d + 1) or (1 − q^d) where d ∈ Z. Thus some of the representations will be undefined when Q = −q^k for some k ∈ Zor when q is a root of unity. It is the objective of this section to describe the simple decomposition of a quotient of the Hecke Algebra of type B when Q = −q^k and q is an l-th root of unity.

In Section 3.4.1 we defined for r_1, m ∈ N such that r_1 > n and m > n an onto homomorphism from the specialized Hecke algebra of type B, H_n(q, −q^{r1+m}), onto a reduced Hecke algebra of type A, p_tλ H_{n+f} (q)p_tλ , where p_tλ is an idempotent indexed by t^λ, a standard tableau corresponding to λ = [m^{r1}], i.e., ρ_{f,n} : H_n(q, −q^{r1+m}) −→ p_tλ H_{n+f} (q)p_tλ . In what follows we will show that there is a well-defined surjective homomorphism when q is a root of unity and Q = −q^{m+r1} if we map into a well-defined quotient of p_tλ H_{n+f} (q)p_tλ .

By Theorem 3.1.2 when q is an l-th root of unity then π^{(r,l)}n (H_n(q)) is a welldefined quotient of the Hecke algebra of type A which is semisimple. The simple components are indexed by (r, l)-diagrams. We will denote this quotient by H^{(r,l)}n (q). Recall that for an (r, l) diagram the set T^{(l)}_λ ⊂ T_λ consists of tableaux t^λ ∈ T_λ such that (t^λ)^′ ∈ T^{(r,l)}_λ′ for an (r, l)-diagram λ^′ ∈ Λ^{(r,l)}_{n−1}. In [W1] Wenzl showed that there exist well-defined minimal idempotents of H^{(r,l)}n (q) for every element in T^{(r,l)}_λ . We denote these idempotents by p^{(r,l)}_{tλ} . In particular, we have the following reduced algebra p^{(r,l)}_{tλ} H^{(r,l)}n (q)p^{(r,l)}_{tλ} . Throughout the sequel we will only be interested in the case when λ = [m^{r1}]. Notice that λ is (r, l)-diagram if m ≤ l − r. Now we choose a Young tableaux t^λ ∈ T^{(r,l)}_λ such that p^{(r,l)}_{tλ} is well-defined. Define a map from the generators of H_n(q, −q^{r1+m}) into the reduced algebra p^{(r,l)}_{tλ} H^{(r,l)}_{n+f} (q)p^{(r,l)}_{tλ} as follows: ρ̂_{f,n}(1) = p^{(r,l)}_{tλ} ρ̂_{f,n}(t) = − α_λ α_γ p^{(r,l)}_{tλ} Δ^{−2}_f Δ^2_{f +1} ρ̂_{f,n}(g_i) = p^{(r,l)}_{tλ} g_{f +i}, for i = 1, . . . n − 1. Theorem 3.5.1. Let m, r_1, r_2, l ∈ N, l ≥ 4 and r = r_1 + r_2 < l. Assume q is a primitive l-th root of unity and Q = −q^{m+r1} with r_1 < m + r_1 ≤ l − r_2. Then ρ̂_{f,n} as defined above is a nontrivial onto homomorphism.

Proof. For the proof that ρ̂_{f,n} is a homomorphism see Lemma (3.4.1). Since ρ̂_{f,n} is well-defined at roots of unity.

We now show that ρ̂_{f,n} is onto. The proof is by induction on n. For n = 1, we have ρ̂_{f,1} : H_1(q, −q^{r1+m}) → p^{(r,l)}_{tλ} H^{(r,l)}_{f +1}(q)p^{(r,l)}_{tλ} . Since λ ⊢ f is a rectangular diagram there are only two Young diagrams with f + 1 boxes which contain λ, i.e., [m + 1, m^{r1−1}] and [m^{r1}, 1]. Note that V^{(r,l)}_{[m+1,mr1−1]} is well-defined as long as m + 1 ≤ l − r and V^{(r,l)}_{[m}r_{1 ,1]} is well-defined as long as r_2 > 0. The action of ρ̂_{f,1}(t) on the representation indexed by [m + 1, m^{r1−1}] (resp. [m^{r1} , 1]) is −q^{r1+m} (resp. −1). And both representations are 1 dimensional.

The algebra H_1(q, −q^{r1+m}) has two irreducible representations indexed by the diagrams ([1], ∅) and (∅, [1]). Both of these representations are 1 dimensional and t ∈ H_1(q, −q^{r1+m}) acts by a scalar on these representations. The action of t on V_{([1],∅)} (resp. V_{(∅,[1])}) is −q^{r1+m} (resp. −1). Since q is not a (r_1 + m)-th root of unity, these representations are irreducible and nonequivalent. This shows that π_{([1],∅)} ∼= π^{(r,l)}_{[m+1,mr1−1]} and π_{(∅,[1])} ∼= π^{(r,l)}_{[m}r_{1 ,1]} whenever the representations are welldefined.

Assume that for n > 1 we have ρ̂_{f,n} is onto. If ν ⊢ n + f is an (r, l)-diagram such that ν contains λ, then V^{(r,l)}_{ν/λ} is an irreducible H_n(q, −q^{r1+m})-module. Now let μ ⊢ n + f + 1 be an (r, l)-diagram which contains λ, then V^{(r,l)}_{μ/λ} | |_{Hn(q,−qr1+m)} ∼= ⨁ λ⊂μ′⊂μ V^{(r,l)}_{μ′/λ} ,

as in equation (3.9). Clearly V^{(r,l)}_{μ/λ} is a representation of H_{n+1}(q, −q^{r1+m}).

The irreducibility can be shown exactly as in [[W1], Theorem 2.2 and Corollary 2.5]. The fact that representations belonging to different Young diagrams are inequivalent is also shown as in [[W1], Theorem 2.2 and Lemma 2.11]. � This theorem constructs a semisimple quotient of H_n(q, −q^{r1+m}) which we denote by H^{(r,l)}n (q, −q^{r1+m}).

Observation: There is a 1-1 correspondence between pairs of Young diagrams (α, β) satisfying the condition α_{r1} − β_1 ≥ −m with l(α) ≤ r_1 and Young diagrams containing a rectangular diagram [m^{r1}], see Figure 3.2

œ m - ?^{r1}

6_α β

Figure 3.2: Correspondence between pairs of Young diagrams and a Young diagram

Now we define a subset Γ_n(l, m, r) of the set of double partitions. We will show that the quotient H^{(r,l)}n (q, −q^{r1+m}) which is isomorphic to the image of ρ̂_{f,n} is indexed by the ordered pairs of Young diagrams which we now define. Definition 3.5.2. Let m, l, r ∈ N with r ≤ l − 1. A pair of Young diagrams (α, β) such that l(α) ≤ r_1 and l(β) ≤ r_2 is called a (m,l,r)-diagram if

(1) α_1 − β_{r2} ≤ l − r − m and (2) α_{r1} − β_1 ≥ −m.

Let Γ_n(l, m, r) denote the set of all (m, l, r)-diagrams with n boxes.

We have the following corollary of Theorem 3.5.1.

Corollary 3.5.3. (i) Let μ = [m + α_1, · · · , m + α_{r1} , β_1, · · · β_{r2} ]. There exists a 1-1 correspondence between μ ∈ Λ^{(r,l)}_{n+f} and (α, β) ∈ Γ(l, m, r).

(ii) If the representation indexed by (a, β) is well-defined, then the bijection in (i) is compatible with the homomorphism of Theorem 3.5.1.

Proof. (i) Recall that μ ∈ Λ^{(r,l)}_{n+f} implies that μ_1 − μ_r ≤ l − r, where l(μ) ≤ r = r_1 +r_2. By substituting μ_1 = α_1 +m and μ_r = β_{r2} one gets α_1 −β_{r2} +r_2 ≤ l−r_1 +m which is condition (1) in the definition of the elements in Γ(l, m, r). The other condition is easily seen by the definition of a Young diagram. μ_{r1} ≤ μ_{r1+1} implies condition (2) α_{r1} − β_1 > −m. Clearly, having (a, β) ∈ Γ(l, m, r) one can construct μ by adjoining the box [m^r_1].

(ii) By (i) we have two indexing sets for the irreducible representations of H^{(r,l)}n (q, −q^{r1+m}). If (π^{(r,l)}μ , V^{(r,l)}μ ) is a well-defined irreducible representation then we can also index it with a pair (α, β) ∈ Γ(l, m, r). Furthermore, if we restric V^{(r,l)}μ to H^{(r,l)}_{n−1}(q, −q^{r1+m}) we obtain the decomposition V^{(r,l)}_μ | |_{H(r,l)n−1 (q,−qr1+m)} = ⨁ μ′↔μ V^{(r,l)}_μ′

where μ^′ ∈ Λ^{(r,l)}_{n−1} and μ^′ ⊃ λ by Theorem 3.5.1. Note that μ^′ can be associated with a pair (a, β)^′ ∈ Γ_{n−1}(l, m, r) and V^{(r,l)}_{(α,β)} can be associated with V^{(r,l)}_{mu}′ whenever the representations are well-defined. Therefore, the bijection in (i) is compatible with the homomorphism ρ̂_{f,n}. �

In Figure 3.3 we illustrate the statements of Corollary 3.5.3 using the Bratteli

diagrams for the example, l = 5, m = 2, r_1 = 1 and r_2 = 2. In this case λ = [2]. � � JJ J � � ıııı ıı æææ SSS ””” ” bbb bb ## ## bbb b ## # !!!! !!! JJ J JJ J JJ J

(∅, ∅)

( , ∅)´

´´ SSS_{(∅, )}

( , )�

�!!!!!!!_{(∅ , )}øøø_{(∅ , )}ZZZ

( , ) ( , ) ””” ”” bbb bb ””” ”” (∅ , )b bbb b

( , )´ ´´ ´ !!!!

!!!! ! ¸¸¸¸¸

¸¸¸¸¸

¸¸¸¸ JJ JJ ( , ) J JJ J ( , ) JJ J (∅ , )

Figure 3.3: Bratteli Diagrams for p^{(5)}_{t[2]} H^{(3,5)}n (q)p^{(5)}_{t[2]} and H^{(5)}n (q, −q^3)

Fix m, l, r ∈ N with l ≥ 4 and let q = e^{2πi/l}. Set

B_n := H^{(r,l)}_n (q, −q^{r1+m}) = ⨁ (α,β)∈Γn(l,m,r) π^{(r,l)}_{(α,β)}(H_n(q, −q^{r1+m})). (3.10)

Here we used the identification in Corollary 3.5.3. With this identifications we can define the representation π^{(r,l)} : H^{(r,l)}_∞ (q, −q^{r1+m}) −→ B_∞ of the corresponding inductive limits by π^{(r,l)}(x) = ⨁ λ∈Γn(m,l,r) π^{(r,l)}_{(α,β)}(x) (3.11)

for all x ∈ H^{r,l}_n (q, −q^{r1+m}).

In [W1] Wenzl showed that if q is an l-th root of unity we have that the inclusion diagrams for the Hecke algebras of type A at roots of unity eventually become periodic with period r (the maximum number of rows allowed). Lemma 3.5.4. If the inclusion diagrams for · · · ⊂ H^{(r,l)}_{n−1}(q) ⊂ H^{(r,l)}n (q) ⊂ · · · has period r, then the inclusion diagram for · · · ⊂ p^{(r,l)}_{tλ} H^{(r,l)}_{n−1} (q)p^{(r,l)}_{tλ} ⊂ p^{(r,l)}_{tλ} H^{(r,l)}_n (q)p^{(r,l)}_{tλ} ⊂ · · · has period r.

The proof of this Lemma follows immediately from the definition of reduced algebra.

Corollary 3.5.5. The inclusion diagram · · · ⊂ H^{(r,l)}_{n−1}(q, −q^{r1+m}) ⊂ H^{(r,l)}_n (q, −q^{r1+m}) ⊂ · · · has period r whenever · · · ⊂ p^{(r,l)}_{tλ} H^{(r,l)}_{n−1} (q)p^{(r,l)}_{tλ} ⊂ p^{(r,l)}_{tλ} H^{(r,l)}n (q)p^{(r,l)}_{tλ} ⊂ · · · has period r. Proof. We have shown above that the quotient H^{(r,l)}n (q, −q^{r1+m}) of the Hecke algebra of type B is isomorphic to the reduced algebra p^{(r,l)}_{tλ} H^{(r,l)}_{n+f} (q)p^{(r,l)}_{tλ} . Thus periodicity follows from this isomorphism.�

Results in this chapter have been adapted from the paper Weights of Markov traces on Hecke algebras R. C. Orellana, 1999. The dissertation author was the primary investigator and single author of these papers.

Chapter 4

Markov traces and the weight formula

4.1 Markov traces

In this section we give the necessary background on Markov traces. We refer the reader to [GL] or [G] for details.

A trace function on H_∞(q, Q) is a C (q, Q)-linear map ϕ : H_∞(q, Q) −→ C (q, Q) such that ϕ(hh^′) = ϕ(h^′h) for all h, h^′ ∈ H_∞(q, Q). This definition is in fact valid for any associative algebra over a commutative ground ring. In the case of the group algebra it is clear that every trace function is constant on the conjugacy classes of the underlying group. Notice that ϕ(hh^′) − ϕ(h^′h) = 0; this means that ϕ(hh^′ − h^′h) = ϕ([h, h^′]) = 0, which implies that the commutators are in the kernel of a trace function in an algebra.

The weights we are going to give in this paper correspond to a trace that satisfies the following definition.

Definition 4.1.1. Let z ∈ C (q, Q) and tr : H_∞(q, Q) −→ C (q, Q) be an C (q, Q)- linear map. Then tr is called a Markov trace (with parameter z) if the following conditions are satisfied:

(1) tr is a trace function on H_∞(q, Q); (2) tr(1) = 1 (normalization);

(3) tr(hg_n) = z tr(h) for all n ≥ 1 and h ∈ H_n(q, Q).

The name of these traces comes from their invariance under the Markov moves for closed braids. Remember that the Hecke algebra is a quotient of the braid group algebra. We note that all generators g_i (for i = 1, 2, · · · ) are conjugate in H_∞(q, Q). In particular, any trace function on H_∞(q, Q) must have the same value on these elements. This explains why the parameter z is independent of n in rule (3) of this definition.

Geck and Pfeiffer [GP] showed that a trace function on the Hecke algebra is uniquely determined by its value on basis elements corresponding to representatives of minimal length in the various conjugacy classes of the underlying Coxeter group. The representatives of minimal length are of the form d_1 · · · d_n, where d_i is a distinguished double coset representative of H_i(q, Q) with respect to H_{i−1}(q, Q).

Let tr be a Markov trace with parameter z, and let d_i ∈ D_i (set of double coset representatives) for i = 1, · · · , n. Then

tr(d_1 · · · d_n) = z^a tr(t^′_0t^′_1 · · · t^′_{b−1})

where a is the number of factors d_i which are equal to g_{i−1} and b is the number of factors which are equal to t^′_{i−1}. Thus, tr is uniquely determined by its parameter z and the values on the elements in the set {t^′_0t^′_1 · · · t^′_{i−1} | i = 1, 2, · · · }.

Conversely, given z, y_1, y_2, · · · ∈ C (q, Q) there exist a unique Markov trace on H_∞(q, Q) such that tr(t^′_0t^′_1 · · · t^′_{k−1}) = y_k for all k ≥ 1. For a proof of these results see [GL], Theorem 4.3.

We are particularly interested in the special case when y_i = y^i for all i ∈ N, in this case there are only two parameters. We have that if d_i is a distinguished double coset representative then tr(d_ix) = ξ tr(x) where ξ = y or z. The proof of the following proposition is found in [GL].

Proposition 4.1.2. Let z, y ∈ C (q, Q) and tr : H_∞(q, Q) −→ C (q, Q) be a Markov trace with parameter z such that tr(t^′_0t^′_1 · · · t^′_{k−1}) = y^k for all k ≥ 1 then tr(ht^′_{n,0}) = y tr(h) for all n ≥ 0 and h ∈ H_n(q, Q) where t^′_{n,0} = g_n · · · g_1tg^{−1}_1 · · · g^{−1}_n or g^{−1}_n · · · g^{−1}_1 tg_1 · · · g_n.

Notice that the converse is trivially true. We will compute the weight vectors for this Markov trace on H_n(q, Q).

4.2 The weight formula

In this section we define for every pair of partitions, (α, β), a rational function in q and Q, W_{(α,β)}(q, Q). We will show that this function gives the weights for the Markov trace defined by Geck and Lambropoulou [GL] for the Hecke algebra of type B. If we denote the weights by ω_{(α,β)} then the Markov trace, tr, can be written as follows:

tr(x) = ∑ (α,β)⊢n ω_{(α,β)}χ^{(α,β)}(x), (4.1)

where x ∈ H_n(q, Q) and χ^{(α,β)} is the character (the usual trace) of the irreducible representation of H_n(q, Q) indexed by (α, β).

Let r_1, r_2 ∈ N. First we define a rational function in q and Q for any arbitrary double partition (α, β) such that l(α) ≤ r_1 and l(β) ≤ r_2. If l(α) = s < r_1 then α_i = 0 for i = s + 1, · · · , r_1, similarly for β. Let r = r_1 + r_2. W_{(α,β)}(q, Q) := q^{n(α)+n(β)} (1 + q + · · · + q^{r−1})^{|α|+|β|} ∏ 1≤i<j≤r1 1 − q^{αi−αj+j−i} 1 − q^{j−i} × ∏ 1≤i<j≤r2 1 − q^{βi−βj +j−i} 1 − q^{j−i} r1∏ i=1 r2∏ j=1 Qq^{αi−i} + q^{βj−j} Qq^{−i} + q^{−j} (4.2)

Notice that this function can be expressed as a product of Schur functions and an additional simple factor W_{(α,β)}(q, Q) = q^{r1|β|} s_α(1, q, · · · , q^{r1−1})s_β(1, q, · · · , q^{r2−1}) s_{[1]}(1, q, · · · , q^{r1+r2−1})^{|α|+|β|} r1∏ i=1 r2∏ j=1 (1 + Qq^{αi−βj +j−i}) (1 + Qq^{j−i}) . (4.3)

Recall that s_α(1, q, · · · , q^{r1−1}) = q^{n(α)} ∏ 1≤i<j≤r1 1−qαi−αj +j−i 1−qj−i is the symmetric Schur

function defined in Section 2.4, equation (2.7). From (4.3) we can see that W_{(α,β)}(q, Q) = 0 if l(α) > r_1 or l(β) > r_2.

Observation: Let 1 − r_1 ≤ s ≤ r_2 − 1. Assume that q is not a root of unity and Q ≠ −q^{−s}. Then W_{(α,β)}(q, Q) is an analytic rational function.

The rectangular Young diagram with r rows which has m boxes in the first r_1 rows and 0 boxes in the remaining rows, i.e. [m^{r1} ], has Schur function given by

s_{[m}r1_{],r}(q) = q^{mr1(r1−1)/2 r1} ∏ i=1 r2∏ j=1 1−qm+r1+j−i 1−qr1+j−i s_{[1]}(1, q, · · · , q^{r−1})^{mr1} .

We are going to assume that for a fixed positive integer n and m, r_1 ∈ N, we have m > n and r_1 > n. Then for any double partition of n, (α, β), we have μ = [m + α_1, · · · , m + α_{r1} , β_1, · · · , β_{r2}] is a partition of n + mr_1. Then by equation (2.9) from Section 2.4 we have the following equation s_{μ,r}(q) s_{[m}r1_{],r}(q) = q^{r1|β|} s_α(1, q, · · · , q^{r1−1})s_β (1, q, · · · , q^{r2−1}) s_{[1]}(1, q, · · · , q^r)^{|α|+|β|} r1∏ i=1 r2∏ j=1 1 − q^{m+r1+αi−βj +j−i} 1 − q^{m+r1+j−i} .

Observe that we have the following equality: s_{μ,r}(q) s_{[m}r1_{],r}(q)

= W_{(α,β)}(q, −q^{r1+m}). (4.4)

Notice that W_{(α,β)}(q, −q^{r1+m}) is well-defined since r_1 + m > r_1 for m ∈ N, and as observed before W_{(α,β)}(q, Q) is undefined for Q = −q^{−s} where 1 − r_1 < s < r_2 − 1. So W_{(α,β)}(q, −q^{r1+m}) is an analytic rational function.

Lemma 4.2.1. W_{(α,β)}(q, Q) = ∑ (α,β)↔(γ,η) W_{(γ,η)}(q, Q) where (α, β) ↔ (γ, η) means that (γ, η) is obtained by adding one box to (α, β).

Proof. Assume μ = [m + α_1, · · · , m + α_{r1} , β_1, · · · , β_{r2} ]. By Littlewood-Richardson rule for Schur functions (see [M]) we have the following: s_{[1],r}s_{μ,r} = ∑ μ⊂ν |ν|=|μ|+1 s_{ν,r}

where s_{[1],r}(q) = 1. Now divide both sides of this equation by s_{[m}r1_{],r}(q) and we get by equation (4.4). W_{(α,β)}(q, −q^{r1+m}) = ∑ (α,β)⊂(γ,η) W_{(γ,η)}(q, −q^{r1+m}). (4.5) Since W_{(α,β)}(q, Q) is an analytic rational function and the above equation holds for all Q = −q^{r1+m}, thus we have that W_{(α,β)}(q, Q) = ∑ (α,β)↔(γ,η) W_{(γ,η)}(q, Q). (4.6) holds for all values of Q. �

In [W1] Wenzl showed that the weights of the Markov trace (with parameter z = q^{r (1−q)}_{(1−qr)} ) on the Hecke algebra of type A are given by the symmetric Schur function s_{μ,r}(q) defined in Section 2.4.

Let λ = [m^{r1}] ⊢ f. Since we assumed that m > n and r_1 > n, then we have that for all μ ⊢ n + f we have that μ/λ can be interpreted as a double partition (α, β) of n. Now we fix t^λ a standard tableau of shape λ. Then the reduced algebra p_tλ H_{n+f} (q)p_tλ has p_tλ as the identity. The Markov trace for the reduced algebra is given by the renormalized Markov trace of H_{n+f} (q). By renormalization we mean that we must divide the trace of H_{n+f} (q) by the trace of the identity, i.e. tr(p_tλ ) = s_{λ,r}(q), of the reduced algebra. Therefore, we have that^{sμ,r(q)}_{sλ,r (q)} are the weights of p_tλ H_{n+f} (q)p_tλ . Notice that this implies that W_{(α,β)}(q, Q) specializes to the weights for the reduced algebra when Q = −q^{r1+m}.

Lemma 4.2.2. Let g_{n−1} ∈ H_n(q, Q), z =^{qr(1−q)}_{(1−qr)} and W_{(α,β)}(q, Q) as defined in equation (4.2). Then for any x ∈ H_n(q, Q)

tr(x) = ∑ (α,β)⊢n W_{(α,β)}(q, Q)χ^{(α,β)}(x) (4.7)

defines a well-defined trace which satisfies the Markov property, i.e. tr(hg_{n−1}) = z tr(h), where h ∈ H_{n−1}(q, Q).

Proof. It is clear that tr is indeed a trace. We must show that it satisfies the Markov property. We have assumed that μ/λ = (α, β), then W_{(α,β)}(q, −q^{r1+m}) =^{sμ,r (q)}_{sλ,r (q)} . We also have that χ^{μ/λ} = χ^{(α,β)} | | |_{Q=−qr1+m} since in the proof of Theorem 3.4.2 we showed that V_{μ/λ} is an irreducible module of H_n(q, −q^{r1+m}). Thus we have that ∑ μ⊢n+f s_{μ,r}(q) s_{λ,r}(q) χ^{μ/λ}(x) = ∑ (α,β)⊢n W_{(α,β)}(q, −q^{r1+m})χ^{(α,β)}(x)

defines a Markov trace for the reduced algebra p_tλ H_{n+f} (q)p_tλ with parameter z =^{qr(1−q)} (1−qr) . By Theorem 3.4.2, ρf,n : Hn(q, −q r1+m) → p tλ H_{n+f} (q)p_tλ is an onto homomorphism. In particular, the irreducible modules of p_tλ H_{n+f} (q)p_tλ are also irreducible modules of H_n(q, −q^{r1+m}). Therefore, we have that the above equation also defines a trace which satisfies the Markov property for H_n(q, −q^{r1+m}). We know that W_{(α,β)}(q, Q) and χ^{(α,β)} are analytic functions; thus by the identity theorem in complex analysis, since the weights work for all Q = −q^{r1+m}, they must work for all Q. �

Lemma 4.2.1 and Lemma 4.2.2 imply that the function W_{(α,β)}(q, Q) defined in equation (4.2) is a weight function for a Markov trace with parameter z = q^r(1 − q)/(1 − q^r). In Section 4.1 we noted that a Markov trace on the Hecke algebra of type B is uniquely determined by a parameter z and by the values on the set {t^′_0t^′_1 · · · , t^′_{k−1} | k ≥ 1}. Therefore, we still need to compute the values of tr on this set in order to completely determine the trace defined by the weights. To compute these values, we need the following definitions. Most of these definitions were given in Sections 2.5 and 2.6, but we repeat some of them for the reader’s convenience.

For any pair A ⊂ B of semisimple finite algebras and a trace, tr, nondegenerate on both A and B, recall that one can define the conditional expectation ε_A : B → A is defined by tr(ε_A(b)a) = tr(ba) for all a ∈ A and b ∈ B. ε_A is well-defined and unique.

Let B be represented via left multiplication on itself, where we write L^2(B, tr) to denote the representation space B to distinguish it from the algebra B. We use b_ξ to denote the elements in L^2(B, tr).

One obtains from ε_A an idempotent e_A : L^2(B, tr) → L^2(B, tr) defined by e_Ab_ξ = ε_A(b)_ξ. The idempotent e_A can be thought of as an orthogonal projection onto A with respect to the bilinear form (b_ξ, c_ξ) → tr(bc). Recall that the algebra ⟨B, e_A⟩ generated by B and e_A is Jones basic construction for A ⊂ B. For the proof of the following theorem see [J1].

Theorem 4.2.3. Let A, B, ε_A, e_A, and tr be as defined above. Then (a) The algebra ⟨B, e_A⟩ is isomorphic to the centralizer End_AB of A acting by left multiplication on B. In particular, it is semisimple.

(b) There is a 1-1 correspondence between the simple components of A and End_AB such that if p ∈ A_i is a minimal idempotent, pe_A is a minimal idempotent of ⟨B, e_A⟩_i. (c) e_Abe_A = ε_A(b)e_A for all b ∈ B.

In our case we have the pair of semisimple algebras H_{n+f −1}(q) ⊂ H_{n+f} (q). The corresponding orthogonal projection is p_{[1}r_], where r is the maximum length of the partitions indexing the irreducible representations. It might also be helpful to keep Figure 4.1 in mind, since it clearly shows the veracity of the next lemma.

Before stating the lemma, we would like to define a tensor product of Hecke algebras given in [GW] by Goodman and Wenzl. We have H_n(q)⊗H_m(q) ⊂ H_{n+m} (q) defined by a ⊗ b = a(shift_n(b)) for a ∈ H_n(q) and b ∈ H_m(q), where shift_n is the p_tλ (((((((( ( H

f

p_tλ

f+1

q q q

f+n-1

XXXXX

q q q

p_{[1}r_] f+n

q q q

f+n+r-1 = p_{[1}r_] h

1 2 p_{[1}r_] 1 2

q q q

r-1 r

p_{[1}r_] p_tλ r+1

q q q

r+f PP H ((((( p_tλ

r+f+1

q q q

h

r+f+n-1

Figure 4.1: Lemma 4.5

operator which sends g_i to g_{i+n} for all i. In particular, this tensor product allows us to multiply minimal idempotents using the generalized Littlewood-Richardson rule in [GW]. Denote by 1_n the identity in H_n(q).

Lemma 4.2.4. A Markov trace on the Hecke Algebra of type A induces a Markov trace on the Hecke algebra of type B, which satisfies the condition that tr(t^′_nx) = y tr(x), where x ∈ H_n(q, Q). In particular, this implies that y_k = y^k for all k ∈ N.

Proof. Let tr be a Markov trace for H_{n+f} (q) and tr_{ptλ} be the Markov trace corresponding to the reduced algebra. We have shown that the weights for the reduced algebra define a Markov trace for H_n(q, −q^{r1+m}).

Assume that ε_{Hn+f−1(q)} : H_{n+f} (q) → H_{n+f −1}(q) is the unique conditional expectation with respect to the Markov trace defined by the weight function. Thus, ε_{Hn+f−1(q)}(g_{n+f} h) = zh for all h ∈ H_{n+f −1}(q) and z = q^{r (1−q)}_{(1−qr)} .

We denote the image of t^′_n under the homomorphism ρ_{n+f} by p_tλ τ_{n+f} . Consider the element p_tλ τ_{n+f} h where h ∈ H_{n+f −1}(q). We would like to compute the conditional expectation of p_tλ τ_{n+f} h. Observe that ε_{Hn+f−1(q)}(p_tλ τ_{n+f} h) = ε_{Hn+f−1(q)}(p_tλ τ_{n+f} )h. Therefore it suffices to compute the conditional expectation for p_tλ τ_{n+f} . Consider the following

(p_tλ ⊗ 1_{n−1} ⊗ p_{[1}r_])(τ_{n+f} ⊗ 1_{r−1})(p_tλ ⊗ 1_{n−1} ⊗ p_{[1}r_])(h ⊗ 1_r )

The above expression is equal to the left hand side of the following equation.

[((p_{[1}r_] ⊗ p_tλ )(1_{r−1} ⊗ τ_{n+f} )(p_{[1}r_] ⊗ p_tλ )) ⊗ 1_{n−1}](1_r ⊗ h) = (const)(p_{[1}r_] ⊗ p_tλ ⊗ 1_{n−1})(1_r ⊗ h)

Since we are restricted to r rows we have by the generalization of the Littlewood- Richardson rule, see [GW], that p_{[1}r_] ⊗ p_tλ is a minimal idempotent. But Theorem 4.2.3 (c) implies that (const)p_tλ = ε_{Hn+f−1} (q)(τ_{n+f} p_tλ ). Thus, tr_{ptλ} (τ_{n+f} h) = (const) tr_{ptλ} (h). This implies that we have a Markov trace with the property tr(t^′_nh) = (const) tr(h) for all h ∈ H_{n+f −1}(q). But this trace is also a trace for H_n(q, −q^{r1+m}). Since the above property holds for all Q = −q^{r1+m}, then it must hold for all Q. Thus our assertion is proved. � Theorem 4.2.5. Let r_1, r_2 ∈ N and set r = r_1 + r_2. If tr is a Markov trace on the Hecke algebra of type B, with parameter z = q^{r (1−q)}_{(1−qr)} , such that tr(t^′_0t^′_1 · · · , t^′_{k−1}) = y^k for k ≥ 1. Then the weights are given by W_{(α,β)}(q, Q) as defined in equation (4.2) with y =^{(qr2 Q+1)(1−qr1 )} (1−qr) − 1. Proof. The fact that the weights define a Markov trace follows from Lemmas 4.2.1, 4.2.2 and 4.2.4. It remains to show that the weight formula is indeed given by this values of y =^{(Qqr2 +1)(1−qr1 )}

(1−qr1+r2 ) − 1. By Lemma 4.2.1 it suffices to compute tr(t) in

H_1(q). This is a straight forward computation, we have

W_{([1],∅)}(q, Q) =

(1 − q^{r1} )(1 + Qq^{r2} ) (1 − q^r)(1 + Q) andW_{(∅,[1])}(q, Q) = q^{r1}(1 − q^{r1} )(1 + Qq^{−r1}) (1 − q^r)(1 + Q) . Also χ^{([1],∅)}(t) = Q and χ^{(∅,[1])}(t) = −1. Using these values we compute

tr(t) = QW_{([1],∅)}(q, Q) − W_{(∅,[1])}(q, Q) =

(Qq^{r2} + 1)(1 − q^{r1} ) (1 − q^r) − 1. �

In [W1] Lemma 3.5 Wenzl showed that if l(μ) > r then s_{μ,r}(q) = 0. Also he showed that s_{μ,r}(q) is well-defined when q is a primitive l-th root of unity with l > 1 if μ_1 −μ_r ≤ l −r +1, and s_{μ,r}(q) = 0 if and only if μ_1 −μ_r = l −k +1. In particular, s_{μ,r}(q) ≠ 0 for all (r, l) diagrams. Furthermore, he shows that the weight vector for the restriction of tr to H^{(r,l)}n (q) is given by the vector (s_{μ,r}(q))_{μ∈Λ}(r,l)_n . Proposition 4.2.6. The Markov trace defined by the weights in equation in equation (4.2) factors over the quotient of the Hecke algebra of type B, H^{(r,l)}n (q, −q^{r1+m}).

Proof. This proposition is a direct consequence of the results cited before the statement of this proposition. We know that the quotient H^{(r,l)}_n (q, −q^{r1+m}) is isomorphic to a quotient of the reduced algebra p^{(r,l)}_{tλ} H^{(r,l)}_{n+f} (q)p^{(r,l)}_{tλ} which has weight vectors given by^{sμ,r (q)}_{s[mr1 ],r (q)} . Since [m^{r1}] is an (r, l) diagram we have that s_{[m}r1_{],r}(q) ≠ 0. So the weights are well-defined. Furthermore, they will be zero exactly when s_{μ,r}(q) = 0. �

The results in this chapter have appeared in the paper Weights of Markov traces on Hecke algebras, R.C. Orellana, 1999. The dissertation author was the primary investigator and single author of this paper.

Chapter 5

Subfactors

5.1 C^∗-representations of H_n(q, Q)

A factor is a C^∗-algebra. Thus, we need to find nontrivial C^∗-representations of H_n(q, Q). That is, we need to find the values of the parameters q and Q which make the generators e_i self-adjoint.

In what follows we show that there are C^∗ representations of H_∞(q, Q) when Q = −q^k and q is an l-th root of unity.

Definition 5.1.1. A representation ρ of H_n(q, Q) or H_∞(q, Q) on a Hilbert space is called a C^∗ representation if ρ(e_t) and ρ(e_i) for i = 1, 2, · · · , n − 1 or for all i ∈ N are self-adjoint projections.

Wenzl in [W1] showed that there are nontrivial C^∗ representations of H_∞(q), if q is real and positive or if q = e^{2πi/l}, where l is a positive integer greater than or equal to 4. Since H_∞(q) ⊂ H_∞(q, Q) it follows that to obtain C^∗ representations of H_∞(q, Q) it is necessary for q to be real and positive or an l-th root of unity, unfortunately, this is not sufficient, we will also need a condition for Q. Proposition 5.1.2. If q and Q are both real and positive there are faithful C^∗ representations of H_n(q, Q) for all n ∈ N. If q = e^{±2πi/l} and Q = −q^{r1+m} for l, m, r_1, r_2 ∈ N with l ≥ 4, and r_1 ≤ m+r_1 ≤ l−r_2 then π^{(r,l)}_{(α,β)} is a C^∗ representation for all (m, l, r) diagrams (α, β).

Proof. By Theorem 3.5.1 there exists a surjective homomorphism from the specialized algebra H^{(r,l)}n (q, −q^{r1+m}) onto p^{(r,l)}_{tλ} H^{(r,l)}_{n+f} (q)p^{(r,l)}_{tλ} . In [W1] Wenzl showed that there exists a quotient of H_{n+f} (q) which is a C^∗ algebra when q is an l-th root of unity. Furthermore, this quotient is semisimple and the irreducible modules are indexed by (r, l)-diagrams.

Since p^{(r,l)}_{tλ} is an idempotent in H^{(r,l)}_{n+f} (q) and it is well-defined when q is a root of unity then p^{(r,l)}_{tλ} H^{(r,l)}_{n+f} (q)p^{(r,l)}_{tλ} has a C^∗ representation and the irreducible modules are indexed by (r, l)-diagrams which contain the diagram λ. �

We have obtained a quotient of H_n(q, −q^{r1+m}) for which there are C^∗ representations.

5.2 Subfactors, Index and Commutants

In the previous section we showed that there are quotients of the specialized Hecke algebra of type B, H_n(q, −q^{r1+m}), which are C^∗ algebras. We have also shown that these quotients are isomorphic to p^{(r,l)}_{tλ} H^{(r,l)}_{n+f} (q)p^{(r,l)}_{tλ} , whenever q is an l-th root of unity. We are now in position to construct the subfactors which arise from the inclusion of the Hecke algebra of type A into the Hecke algebra of type B. We will give the index and relative commutants for these subfactors.

In order to construct the subfactors we will use the following two sequences of algebras. Let l, m, r_1, r_2 ∈ N and set r = r_1 + r_2

(i) Let B_n = p^{(r,l)}_{tλ} H^{(r,l)}_{n+f} (q)p^{(r,l)}_{tλ} be the finite dimensional C^∗ algebras in the previous section. Then we have the sequence given by the proper inclusion of B_n ⊂ B_{n+1} for all N.

(ii) Let A_n = p^{(r,l)}_{tλ} H^{(r,l)}_{f,n+f} (q)p^{(r,l)}_{tλ} , where H^{(r,l)}_{f,n+f} (q) is the finite dimensional C^∗ algebra generated by g_{f +1}, · · · , g_{f +n} in H^{(r,l)}_{n+f} (q). Furthermore, we have that A_n ⊂ B_n.

Thus, we have two sequences (A_n) and (B_n) of C^∗ algebras such that A_n ⊂ B_n. p^{(r,l)}_{tλ} is the identity in A_n and B_n.

From the work of Jimbo [J1] and Drinfel’d [D] we know that the if q is not a root of unity and V is the fundamental module of U_q(sl(r)), quantum group of sl(r). Then there is a representation H_n(q) → End_{Uq(sl(r))}(V^{⊗n}) Moreover, if we restrict this map to the quotient of H_n(q) with simple modules indexed by Young diagrams with r rows, then we get a faithful representation.

By the onto homomorphism ρ_{f,n} : H_n(q, −q^{r1+m}) → p_tλ H_{n+f} (q)p_tλ we have the following representation H_n(q, −q^{r1+m}) → End_{Uq(sl(r))}(V_{[m}r1_] ⊗ V^{⊗n}) where V_{[m}r1_] is the U_q(sl(r))-module of highest weight [m^{r1} ].

Let q be an l-th root of unity. We outline some of the results and definitions about U_q(sl(r)) modules as necessary for our purpose, see [W3, A] for more details. A tilting module of U_q (sl(r)) is a direct summand of a tensor power of the fundamental module V , or it is a direct sum of such modules.

Tilting modules satisfy the following properties:

(1) Tensor products of tilting modules are tilting modules.

(2) Any tilting module is isomorphic to a direct sum of indecomposable tilting modules.

These two properties imply that any tilting module can be written as a direct sum of indecomposable tilting modules. Each indecomposable tilting module has a qdimension. If q is a root of unity, this q-dimension can be zero. An indecomposable tilting module with 0 q-dimension will be called negligible. The indecomposable negligible modules generate a tensor ideal, which we will denote by N eg(T ).

Thus, let W_1 and W_2 be two tilting modules, we now define a tensor product ¯⊗ as follows:

W_1 ¯⊗W_2 = (W_1 ⊗ W_2)/N eg(W_1 ⊗ W_2) Using this tensor product we have the following representation of the Hecke algebras at roots of unity. Let V be the fundamental module of U_q(sl(r)) H^{(r,l)}_n (q) → End_{Uq (sl(r))}(V^{¯⊗n}) and also H^{(r,l)}_n (q, −q^{r1+m}) → End_{Uq (sl(r))}(V_{[m}r1_] ¯⊗V^{¯⊗n}) Thus we have that A_n ∼= End_{Uq (sl(r))}(1 ¯⊗V^{¯⊗n}) and B_n ∼= End_{Uq(sl(r))}(V_{[m}r1_] ¯⊗V^{¯⊗n}).

By Proposition 4.3 in [W3] if we take the above identifications for A_n and B_n then we have that the sequence of algebras (A_n) and (B_n) satisfy the commuting square property. And the sequences (A_n) and (B_n) are periodic.

It is well-known that under the periodicity assumption there exists at most one normalized trace on B_∞ = ⋃ n≥0 B_n, which must be a factor trace, that is, the weak limit of π_{tr}( ⋃ n≥0 B_n) must be a factor. Similarly, for A_∞ = ⋃ n≥0 A_n. Therefore, one obtains a pair of hyperfinite II_1 factors A = π^{(r,l)}(A_∞)^{′′} ⊂ B = π^{(r,l)}(B_∞)^{′′} In [W1] Wenzl showed that if a factor is generated by a ladder of commuting squares and if the Bratteli diagrams are periodic, then the index is given as a quotient of the weight vectors of the unique normalized trace, i.e., if ⃗s_n is the weight vector on A_n and ⃗t_n is the weight vector on B_n then the index is given by the following formula whenever n is big enough:

[B : A] = ||⃗s_n||^2 ||⃗t_n||^2 . (5.1)

Proposition 5.2.1. Let r_1, r_2 ∈ N and set r = r_1 + r_2. For each pair m, l ∈ N such that m ≤ l − r, Q = −q^{r1+m} and q = e^{2πi/l}, there is a subfactor of the hyperfinite II_1 factor obtained from the inclusion A ⊂ B with index given by the following formula:_{r1} ∏ i=1 r2∏ j=1 sin^2 ((r_1 + m + j − i)π/l) sin^2 ((r_1 + j − i)π/l) . Proof. In Theorem 4.2.5 we showed that the weight formula of the Markov trace on H_n(q, −q^{r1+m}) is given by s_{μ,r}(q) s_{[m}r1_{],r}(q) where μ is an (r, l)-diagram with n + f boxes containing [m^{r1} ]. Thus the norm of the weight vectors is ||⃗t_n|| = ∑ [mr1 ]⊂μ⊢n+f (s_{μ,r}(q))^2 (s_{[m}r1_{],r}(q))^2 .

Now, note that H_{f,n+f} (q) commutes with p^{(l)}_{tλ} , thus p^{(l)}_{tλ} H_{f,n+f} (q)p^{(l)}_{tλ} = p^{(l)}_{tλ} H_{f,n+f} (q), thus the weight vector is given by ||⃗s_n|| = ∑ [mr1 ]⊂ν⊢n+f (s_{ν,r}(q))^2

Therefore, we have by Wenzl’s index formula in [W1] that the index for this subfactors is [B : A] = (s_{[m}r1_{],r}(q))^2 = r1∏ i=1 r2∏ j=1 sin^2 ((r_1 + m + j − i)π/l) sin^2 ((r_1 + j − i)π/l) The last equality is obtained by the substitution q = e^{2πi/l} into this Schur function. � Remark: This proposition can also be proved in much more generality using the tensor category machinery introduced before the statement of the proposition, see [W3]. It is well-known that the index is not a complete invariant of II_1 factors. A finer invariant is given by the higher relative commutants. Consider the following tower of II_1 factors associated to A ⊂ B

A ⊂ B ⊂ B^{(1)} = ⟨B, e_1⟩ ⊂ B^{(2)} = ⟨B^{(1)}, e_2⟩ ⊂ B^{(3)} = ⟨B^{(2)}, e_3⟩ · · · where B^{(1)} = ⟨B, e_1⟩ is obtained by the basic construction applied to A ⊂ B and e_1 is the projection onto the trivial representation. Since [B^{(i)} : A] = [B : A]^{i+1} < ∞, [B^{(i)} : B] = [B : A]^i < ∞ the higher relative commutants A^′ ∩ B^{(i)} are all finite dimensional algebras.

Observation: It is clear from the relations of the Hecke algebra of type A that the relative commutant, A^′ ∩ B is

p^{(l)}_{tλ} H_f (q)p^{(l)}_{tλ} ∼= p^{(l)}_{tλ} C .

since λ = [m^{r1}] ⊢ f, where p_tλ is the identity of these factors.

The subfactors we have obtained are special cases of the subfactors obtained by Wenzl [W3]. The higher relative commutants for the subfactors obtained in this paper are given as follows.

Proposition 5.2.2. Let m, r_1, r_2 ∈ N. Let A ⊂ B be the pair of factors constructed above with index as described in the previous proposition, then the higher relative commutants are given by

A^′ ∩ B^{(i)} = End_{Uq(sl(r))}(· · · V_{[m}r1_] ¯⊗V_{[m}r2_] ¯⊗V_{[m}r1_]) (i + 1 factors) (5.2)

where U_q(sl(r)) is the quantum group of sl(r) and V_{[m}r2_] ∼= (V_{[m}r1_])^∗.

Proof. The proof of this proposition follows from the proof of Theorem 4.4 in [W3]. We will outline the proof for the readers convenience. In order to compute the higher relative commutants we first compute the i-th extension B^{(i)} via Jones’ basic construction.

One obtains B^{(1)} by taking the union of End_{Uq (sl(r))}(V_{[m}r2_] ¯⊗V_{[m}r1_] ¯⊗V^{¯⊗n}) since we have the periodicity condition for n sufficiently large. By induction on i one obtains the i-th extension B^{(i)} via Jones’ construction by taking the union of End_{Uq (sl(r))}((· · · V_{[m}r1_] ¯⊗V_{[m}r2_]) ¯⊗V_{[m}r1_] ¯⊗V^{¯⊗n}). From this it is obvious that A^′ ∩ B^{(i)} contains an algebra isomorphic to End_{Uq (sl(r))}(· · · V_{[m}r2_] ¯⊗V_{[m}r1_]) (i + 1 factors).

For sufficiently large n we have that a copy of the trivial representation in V^{⊗n} is in the direct summand of V_{[m}r1_] ¯⊗V^{¯⊗n}. Thus, if p is the minimal projection onto the trivial representation, then we have an isomorphism between A^′ ∩ B^{(i)} and pB^{(i)}_n p; in particular they have the same dimensions by Theorem 1.6 in [W1]. �

Remarks: (1) This proposition can also be shown by computing all the iterations of Jones’ basic construction by adding generators on the “left” and then reducing by the appropriate projection, for details on this construction see [E]. She obtains all the higher relative commutants as a corollary of this construction for some subfactors of the Hecke algebra of type A.

(2) One can use the generalization of the Littlewood-Richardson [GW] rule to obtain a direct sum decomposition of the tensor product of two simple tilting modules with nonzero q-dimension when q is a root of unity.

In most part this chapter is an adaptation of the material as it appears in the preprint The Hecke algebra of type B and D and subfactors, R.C. Orellana,1999. The dissertation author was the primary investigator and single author of this paper.

Chapter 6

The Hecke algebra of type D

6.1 Weights of the Markov trace

The easiest way to study Markov traces on the Hecke algebras of type D is by embedding these algebras into those of type B, and then applying the results obtained for the Hecke algebra of type B. In this section we will denote the Hecke algebra of type B by H^B_n (q, Q).

To obtain an embedding of the Hecke algebra of type D into H^B_n (q, Q) we have to set the parameter Q equal to 1. Notice that in this case we have t^2 = 1. The Hecke algebra of type D, H^D_n is generated by u = tg_1t, g_1, . . . , g_{n−1} satisfying the following relations:

(D1) g_ig_{i+1}g_i = g_{i+1}g_ig_{i+1} for i = 1, . . . n − 2;

(D2) g_ig_j = g_j g_i whenever |i − j| ≥ 2;

(D3) g^2_i = (q − 1)g_i + q for all i;

(D4) g_iu = ug_i for all i;

(D5) u^2 = (q − 1)u + q.

We have H^D_n (q) ⊂ H^B_n (q, 1) for all n; then we have the following inclusion of inductive limits H^D_∞(q) = ⋃ n>1 H^D_n (q) ⊂ H^B_∞(q, 1).

Geck in [G] shows that the restriction of a Markov trace on H^B_∞(q, Q) is a Markov trace on H^D_∞(q) and both have the same parameter. Furthermore, he shows that every Markov trace on H^D_∞(q) can be obtained in this way.

From Hoefsmit [H] we know that the simple components for H^D_n (q) are indexed by double partitions (α, β). If α ≠ β we have that the H^B_n (q, Q)-modules V_{(α,β)} and V_{(β,α)} are simple, equivalent H^D_n (q)-modules. And if α = β we have that the H^B_n (q, Q)-module V_{(α,α)} decomposes into two simple nonequivalent H^D_n (q)-modules, i.e. V_{(α,α)i} with i = 1, 2. Using Bratteli diagrams we have the following relations for simple modules of the H^B_n (q, 1) and H^D_n (q) type B (α, β) (β, α) HHH H� � (α, β) type D (α, α) (α, α)_1�

�HHHH_{(α, α)2}

Figure 6.1: Inclusion of H^D_n into H^B_n

Proposition 6.1.1. Let r_1, r_2 ∈ N and set r = r_1 + r_2. Then the weight formula for the Markov trace on the Hecke algebra of type D with parameters z = q^{r (1−q)}_{(1−qr)} and y =^{(Qqr2 +1)(1−qr1 )}

(1−qr) − 1 is given as follows: W^D_{(α,β)}(q) = W_{(α,β)}(q, 1) + W_{(β,α)}(q, 1), if α ≠ β and W^D_{(α,α)i}(q) = W_{(α,α)}(q, 1), for i = 1, 2 if α = β where W_{(α,β)}(q, 1) denote the weight evaluated at Q = 1 of the Hecke algebra of type B.

Proof. The proof of this proposition follows directly from the inclusion matrix of the Hecke algebra of type D into the Hecke algebra of type B. Recall that in order to obtain the weight vector for the Hecke algebra of type D we multiply the inclusion matrix for H^D_n (q) ⊂ H^B_n (q, Q) with the weight vector for type B. �

6.2 Subfactors via Hecke algebra of type D

Denote the Hecke algebra of type A by H^A_n (q). Now let r_1, m ∈ N and assume that q is a primitive 2(r_1+m)-root of unity. This implies that Q = −q^{r1+m} = 1. Observe that we have the following inclusion of algebras H^A_n ⊂ H^D_n ⊂ H^B_n . In Chapter 4 we described subfactors obtained from the inclusion H^A_n (q) ⊂ H^B_n (q, −q^{r1+m}). In what follows we would like to consider the subfactors obtained from the inclusions H^D_n ⊂ H^B_n and H^A_n ⊂ H^B_n .

We have shown that there exist C^∗-representations of H^B_n (q, −q^{r1+m}) with r_1 + m < l − r_2 which holds true for l = 2(r_1 + m) and r_2 < r_1 + m. Therefore, we have the following inclusion of hyperfinite II_1 factors

D = π^{(l)}(H^{(l)}_∞ )^{′′} ⊂ B = π^{(l)}(H^B_∞)^{′′}.

Proposition 6.2.1. Let r_1, r_2 ∈ N. The index for the inclusion of D ⊂ B is given as follows: [B : D] = { 1 if r_1 ≠ r_2 2 if r_1 = r_2.

Proof. Choose n >> r_1 + r_2 and assume r_1 ≠ r_2. Without loss of generality we may assume r_1 < r_2, then we have for a pair of Young diagrams that l(α) = r_1 and l(β) = r_2. In this case we have that W_{(β,α)}(q, 1) = 0. this implies that the weight vectors for the Hecke algebra of type B and type D are equal. Thus by Wenzl’s index formula that [B : D] = 1.

From equation (4.2) in Chapter 3 we can see that W^B_{(α,β)}(q, 1) = W^B_{(β,α)}(q, 1) for any pair (α, β). Thus by the previous proposition we have that W^D_{(α,β)}(q) =

2W_{(α,β)}(q, 1). Thus we have

[B : D] = ∑ α≠β (2W^B_{(α,β)}(q, 1))^2 + ∑ α=β W^D_{(α,α)1}(q)^2 + W^D_{(α,α)2}(q)^2 ∑ α≠β (W^B_{(α,β)}(q, 1))^2 + ∑ α=β W^B_{(α,α)}(q)^2 = 2

since W^D_{(α,α)i}(q) = W^B_{(α,α)}(q, 1).� Corollary 6.2.2. Let r_1 = r_2 ∈ N. The index for the inclusion of A ⊂ D is given as follows:

[D : A] = [B : A]/2

Proof. By Proposition 2.18 in [J2] we have that if we have an inclusion of three II_1 factors, A ⊂ D ⊂ B then [B : A] = [D : A][B : D]. By the previous proposition we have our result. �

The results in this chapter appear in the preprint The Hecke algebra of type B and D and subfactors, R.C. Orellana, 1999. The dissertation author was the primary investigator and single author of this paper.

Bibliography

[A] Andersen, H.H. Tensor products of quantized tilting modules, Comm. Math.

Phys. 149 (1991), 149-159.

[B] Birman, J, Braids, links and mapping class groups, Ann. Math. Stud. 82 (1974).

[D] Drinfeld, V. Quantum groups, Proceedings ICM Berkeley, 1986, 798-820. [DJ] Dipper, R.; James, G.D, Representations of Hecke algebras of type B_n, J.

Algebra 146 (1992), 454-481.

[DGM] Dipper, Richard; James, Gordon; Murphy, Eugene. Hecke algebras of type B_n at roots of unity Proc. London Math Soc.(3) 70(995) 505-528.

[E] Erlijman, Juliana; Two sided braid groups and asymptotic inclusions, preprint. [G] Geck, Meinolf, Trace functions on Iwahori-Hecke Algebras , Banach Center Publications 42 (1998), 87-109.

[GL] Geck, Meinolf; Lambropoulou, Sofia, Markov traces and Knot invariants related to Iwahori-Hecke algebras of type B, J. Reine Angew. Math 482 1997, 191-213.

[GP] Geck, Meinolf; Pfeiffer, On the irreducible characters of Hecke algebras, advances in Math. 102 (1993), 79-94.

[GW] Goodman, F. M.; Wenzl, H. Littlewood-Richardson Coefficients for Hecke Algebras at Roots of Unity, Advances in Mathematics. 82, No2, August (1990).

[H] Hoefsmit, P.N., Representations of Hecke algebras of finite groups with BNpairs of classical type, thesis, University of British Columbia, 1974.

[Ji1] Jimbo, M., Quantum R-matrices for generalized Toda System, Comm. Math.

Phys., 102, 4(1986), 537-547.

[Ji2] Jimbo, M., A q-analogue of U(gl(N+1)), Hecke Algebras and the Yang-Baxter equation, Lett. Math. Phys., 10 (1985), 63-69.

[J1] Jones, V.F.R., Index for Subfactors, Invent. Math 72 (1983) 1-25. [J2] Jones, V.F.R., Hecke algebra representations of braid groups and link polynomials, Ann of Math, 126 (1987), 335-388.

[K] Kassel, C. Quantum Groups, Springer-Verlag, New York, (1995). [M] Macdonald, I, Symmetric Polynomials and Hall Polynomials, sec. ed., Clarendon Press, Oxford, (1995) [RW] Ram, A.; Wenzl, H., Matrix units for centralizer algebras, Journal of Algebra, 145, No.2 1992), 378-395.

[Wa] Wasserman, A. Operator algebras and conformal field theory, Proc. I.C.M.

Zürich (1994) Birkhäuser.

[W1] Wenzl, H. Hecke algebras of type A_n and subfactors, Invent. math 92, 349-383 (1988).

[W2] Wenzl, H. Braids and Invariants of 3-manifolds, Invent. math. 114, 235-275 (1993).

[W3] Wenzl, H. C^∗ Tensor Categories from Quantum Groups, J. of Am. Math.

Soc. v. 11 No. 2, April 1998, 261-282.

[W4] Wenzl, H.Quantum groups and subfactors of Lie type B, C and D, Comm.

Math. Phys. 133 (1990), 383-433.

[Y] Young, A. On quantitative Substitutional Analysis V. Proceedings of the London Mathematical Society, 31(2) (1930)