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(2.S; 1. State and prove the S\T; Existence Theorem (for realm>: n matrices). 

(20) ') Let A be the rn >Ti. rank(A.) = r. llse the SVD of A. ['I;FT. to shov;: 

( 30) 

( ~3(); 
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(a) NlillS})ace ( .. 4) == spa.n{vr+l· .... ·i:n} 

(b) Range (A) = sµan\ u,_, .... u,. ~ 

(a) Let D be an m A n diagonal mat.ri::~. Prove !iD!\1, =ma .. \: id,;! for 1 :Sp :S x. 

(b) Prove tha.t ii A is rn >'. n. rank! A•, = n and l1El 1Jli!A.-l\n < 1 for some p, 1 Sp :S x. 
then rank( A+ £1=11. 

le) Let "4 be 11 x n. nonsingular_ and .il =QR. v:here q is orthogonal and R is upper 
t.ria.ngular with positive diagonai. Prove that Q and R are unique. 

Suppose the computed a~,1;.' :± (1 for 1 -::._ I: ~ n - 1. where A is n >: n: then the 
computed L and C satisf)" A ..,... E = LT. \\•herE L is unit lower triangular and [' io 
upper t.riangular. Derive the bow1d on E: 

f (3+11)1!-:1.)rrufori::::.1 1 IE I< \ 
· 'J - l[(3,t1)(}-1!+l]gufori>.iJ 

(k 
where g = m_a.x max!aiJ JI 

;.. l::J • 

and u = unit roundoff 

(20) (a) Shov; that if the single shift C} R method converges. then the convergence 
is: (a) quadratic for general matrices. (bi cuoic for symmetric ma.trices. 

(2S) (b) Let A.o =A. where A is symmetric positive definite. 

(10) 

for i: = 1. '.:'. .... 
Ai.-_ 1 = G1.Gf (Cholesky) 
" - QTG' .>-J.1; = '!.- 'i. 

Prove that if A 
i (; l·11 
! 1 I v\rith G >-
I 0 Ci 

.J 

c then A;,. ---" diag( .\1, ..\2), ·where 

),l 2: .\2 > 0 
I c, 

I ( ·,1. L""t c: - · ~-~~-IB v;here B i~ n > n . Relate the eigenvalues and 

· . - -. ·· ·· _ - l "'~ 'D c B ,.-, r r\'1 ·T e1gen>·ector::. 01 :::i t.c.1 t 1e ;::.. \ 01 . D = L· ...., , • 

l_':n/o $1 
(/I ' • 



NA Qua!. Pan C: Apprnxinrntion. Int.erpolation. and NumETical 
Quadrature. 

Question 3.1. :20 points] 

(l! l·et f.:.: C'[-Ll~ bE· a11 !.:'\T:ll flu1ction. Let p, 1 -= Y1, be the best: u11iior1n 
apprmjmnrio11 oi' f in '.}',.,. Prove tlrnx p,, is also 8.11 even function. 

( 2) Let n ?:: l be an 1meger. Le~ / 0 1.r) ..... Z,, ( x ! be tile Lagrange basic in
terpoiation polynomial" a.ssociat.ed with n ~ l distinct points xc ...... :r,,. 
i.e .. 

1,· = 0 ..... n. 

Prove tl.iat 

3.'n' m = l. ... . n. 

Question 3.2. [20 points) 

Let rt > l De an mt.eger and - :x < 11 <. b ..:: '-. Consicier the numerica'. 
q uaclrm.urc 

,..l 1·. 

I f I'.!') d.::·"" )" A.;j(.J.:Jo). 
J ,. l-:'": 

when: :r· 1 .....•• ,, .,:: iu. b] nrr· clistinc' points and .41 ..... An -':JR. Let m denot.e 
ti1e degree of precision of this numericai quadrar.ure. Prove thE· follo>ving: 

• ( i I 'Ii I S 211 - ~: 

, (iij If thi.< i$ rrn imerpola.r.or:: quadrat.me. the11 m?:: n - 1: 

~ (iii) Tlm~ rn = '.'!1, - l if aud on))· if thiO\ is a Gaussian quadrature. 


