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General instructions: 3 h•);1rs. Be ~mt· t1J carefullv motivate all :nontrivial) claims and 

statements. You may nse wit liout pr• >c•f c\ll)' result JXU\·ed in the text i,as well ~ts ones covered 
in the lecture). If you nse :1 tlwur<:m frum the 1ext (Cir lecture). reier rn it either by name (if 
it has one) or expbin '.1'11at ii ,;11s .\bu 1·erii\c .:-xplici1l)· all h)·pm.lie8es in the theorem. You 
need to reprove any result ,;:in·u a.' ,.-,11 exeni~•" I rnilhs it has been singled out and lectured 
upon). If the statement you c\rf.• a~k·,·d 1•> prn1e is t'xactly a result coyered in the class you 

are asked to re-constrnd iJ,,. J>i'(li>f iu:;tc-.Hl 1>l .111ct ci1i11g t.he result as the proof. 

Notations: ni (or du1. 1/1 .. /1/• ,\,•1,"1•·s 1 lll' )., J,,_.,~ue rnea.c;ure uf the Euclidean spaces. 

'D(lR") denotes the ,;rn1><.>tl1f1<1.111•111' 11·i1\i 11•111]>.H'l ."11pp1>rt 011 IR'." 

(1) Determine if 1 he ~1a1111w1t1~ lw\11\1· :m• True "r Fabe. If True. give a brief proof. If 
False. give a cuu111vn:x:111q<l« l"r Jll'•1\<" .\'•-•lll' ;tssertiu11 in another way, if you prefer). 
If )'Otir claim follu\I'" fn.111" tlll'<>n·111 i111lil'1c·xt., name 1he theorem (or de;:;cribe it 

otherwise) and expLrn1 ,·1m·foll1· li"\1· t lw c"mfosion follows. 

a) (7 pts) Let (.\ .. \1,11) Lie <I rnmplete mca.-;ure space. If fn.gn,g.f E L 1
• 

f n ~ f and 9n -- y a e, lf11 I < ·''" 1l1Hi Jg,, d~i = A < •:X:· for some A > 0. theu 

J Jn dµ-> J J d~1. 

b) (7 pts) Tiu" itl'rnt1'd i11t.egrnls 

l1 [}_11 DF~yy2)i<Lr] iiy c.· {1 [;_11 (.r2 :yy2)2dy] d.T. 

Hence by the Fubini-T01wlli tlwure111 
1 
, 2 :~~ 0 J 2 is (Lebesgue) integrable on [-1, l] x 

[-1, l]. 



c) (7 pts) Assume t )i;tl f ic' ,., n1\ muu11' re:d vaiul·d function on JR and g is Lebe8gue 

rneasurai)]e, then f -' 9 i' Le·! "''·"'ll•c' rne;:"urnble. 

d) (7 pts) Lvt XI)(' ;1ll 111li11itv diuwn~irJmd Hanach ~pace. Then every nonempty 
weak*-open set ill.\' i' 11111"11111,J.od 1Yith rt''lwct. to the induced nurm. 
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e) (7 pts) A bc>1J11d<:cd ~eq11t·w·e i11 a Hill.•trt ~pace contE1ins a 11·eakly conYergent 

subsequence. 



(~J l 10 pts) Assu111e tiii1 /,, ;' <1 ''"'i\l<'llll l<l lll<-<{,;1r;iL>le 1\rndiuns ,:;n (,\, .A·1, p). Assurue 

that there exists a i111<"£,r tlik l\111<tic»1 F 'ucil that Ifni SF ~1-ae., and fn ~ f ~1-
a.e .. Show that f,, _,, f i11 1i;,·;1surc. 
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(3) (10 p~.~) Let 11 · :h d!ld '· 112 he \\\U llurm~ on the line'lr wctor fpace X. Assume 
that eyery continuuu~ lillt'dr fu1h·t ic:irial f uf (.\,II · Iii) i" also a continuous linear 
function of(.\,!!· if 2 ! Pruw tlic1l ilwr•· c:xi~ts a> 0 such that !l.ril1 :S o!l:rll2 for all 

rE.\. 



( 4) ( 15 pts) If f E L 111. '. · ,1 I 1 _ _, 1 ,i. >.: 1) for ewn· cl > 0 de11ne its principle ,,alue 

inteyrnl to be 

P1' J<'- J(.1LL1 = 111n (;·· 
1 
~ j'xo) f !.r) d.r, 

- --..:. l) u ->.., 0 

if the limit exi~t~ For <I> .:c- D(IRl. put .\(o) = J~"'rp(x)log!x[llT. Show that 

(a J ( '3pl s: .\' P\ · ;·x -~ d:r. 
' --....... ,l' 

}

"'"' ,,, ·) - r! (0) 
l~\' ~ 1 .L V 1 , 

· ., <1X. 
-- x. ]__ . .::. 
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(5) (l·S pts) The foll011·inQ, i•n•\'id~~ stt-ps to gi\·e c111 ,\]ternate pr•:>of of che Lebesgue

Radon-Nikody111 t he•.>rem. 
Suppose thatµ ,,11d i· art' pu.,itin' fiuite me::t~nres on (_\,}vi) and let..\= ~1 + v. 

(a)(.3pts) The wip f -- J fell/ i.' a bonnc!ecl linear functional on L2
(,\) so there 

exists g EL~(.\) Sll< Ii rliat L>r ,,111 f "':Ci.\), J /(1 - g) du= J fg d~1.; 
(b)(5 pts) ll <.'I> l \-;i , .. "" 11·<0 ',in ,1.~-;nrne that 0 Sy S 1 everywhere: 
i c) ( ..\ pt s) LP! . l c { .1 </ < l } . f3 { .1 y (.I') = 1 } . and ~et v a ( E) = u (A Ii 

E). v,(E) = 1;(J3 :·, f.'1. !'!1<·11 1•. :.11 ci11d 1•,, << 11: 
cl)(3 pts) ~j,_irc"'l':'l' ,/1•,, ... •/(I yi- 1 \ 1<111. 
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(6) (15 pts) Snppo.'>e tl1:11 ur1 il'.''. '·''I 111 <'. Ci 1 + l.i'i)-n-' for some positi1•e C e.nd E > 0. 
Abo assume th,1t o(TI i~ :1W2lci\1J'ahle. If f c U'(lH: 11

) with 1::; p :S; cx:i, define 

-1.J .\fi(xl = :;up:f * 01(.r)I 
l>it 

where f * 01(.r) = J fl.r t.J1•1l,l/1 d9 <>1(9) = f,6(7). Show that there exists C'. 
independent off ,.;u,Ji tlrnt .\r,lfl < C''H(j) where H(f) is the Hardy-Littlewood 
maximum frn1ctiun dPhiwd .1~ 

Hij)(.I) I ;· I' Id Hlp --;-· ,-·-- .f IY)1 y. 
, ·r1 111\h\.1', r)). B\.u) 

END OF EXAM 


