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Instructions

• This is a three-hour, closed-book, closed-note, and no-calculator exam. The test booklet
has 11 pages, including this cover page. There are 10 problems of total 200 points. To
get credit, you must show your work. Partial credit will be given to partial answers.

• You may use without proof any results proved in the textbook or covered in the lecture.
If you use such a result, please cite it by its name (if it has one) or explain what it is
concisely. Please also verify explicitly all the hypotheses in the statement.

• You need to re-prove any result given as a homework problem, unless it is a statement
proved in the text or in the lecture.

• If the statement you are asked to prove is exactly a result in the text or covered in the
class, you still need to re-construct the proof instead of just citing the result.
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Problem 1 (15 points). Let (X,M) be a measurable space. Suppose A1, A2, . . . are a
sequence of members of M such that Ai 6= ∅ for any i, Ai ∩ Aj = ∅ for any i and j with i 6= j,
and X =

⋃∞
j=1Aj. Let A be the smallest σ-algebra of subsets of X that contains all A1, A2, . . .

Prove that A consists exactly of ∅, X, and all finite or countably infinite unions of Aj (j ≥ 1).

2



Problem 2 (30 points).

(1) Let f ∈ C(R) with f(0) = 1. Calculate with justification the limit lim
k→∞

∫ π

0

f
(
sink x

)
dx.

(2) Let (X,M, µ) be a measure space with µ(X) <∞. Assume that f and fk (k = 1, 2, . . . )
are all real-valued, µ-measurable functions on X, and fk → f in measure. Let F ∈ C(R)
be uniformly continuous. Prove that F (fk)→ F (f) in measure.

(3) Let m denotes the Lebesgue measure on Rn. Assume gk → g weakly in L1(m). Prove
that ∂αgk → ∂αg in D′(Rn) for any multi-index α.
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Problem 3 (20 points). Use the fact that

1

x
=

∫ ∞
0

e−xtdt (x > 0)

and the Fubini–Tonelli Theorem to evaluate the integral∫ ∞
0

e−αx
sin(βx)

x
dx,

where α and β are positive numbers. Be sure to verify the assumption in the Fubini–Tonelli
Theorem. You may find the following formula useful:∫

eax sin bx dx =
eax

a2 + b2
(a sin bx− b cos bx) + C.
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Problem 4 (20 points). Let (X,M, µ) be a measure space with µ(X) = 1, M0 a sub-σ-
algebra of M, and ν = µ|M0 (the restriction of µ onto M0). Let f ∈ L1(M, µ) be real-valued.
Use the Radon–Nikodym Theorem to prove that there exists a unique g ∈ L1(M0, ν) such that∫

E

f dµ =

∫
E

g dν ∀E ∈M0.

(Note that g is, but f may not be, measurable with respect to M0.)
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Problem 5 (15 points). Let X be a topological space. Suppose it is a sequentially compact
(i.e., any sequence has a convergent subsequence). Prove that it is countably compact (i.e., any
countable open cover of X has a finite subcover).

6



Problem 6 (20 points). Let f ∈ C1([0, 1]) be such that f(1) = 0. Assume∫ 1

0

xkf ′(x) dx = 0 ∀k = 1, 2, . . .

Prove that f = 0 identically on [0, 1].
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Problem 7 (20 points). Recall that c0 = {(a1, a2, . . . ) : all ak ∈ R and limk→∞ ak = 0} is
a Banach space with respect to the usual component-wise addition and scalar multiplication,
and the norm ‖(a1, a2, . . . )‖ = supk≥1 |ak|. Let ξk ∈ R (k = 1, 2, . . . ). Assume that

∑∞
k=1 akξk

converges for any (a1, a2, . . . ) ∈ c0. Use the Principle of Uniform Boundedness to prove that∑∞
k=1 |ξk| <∞.
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Problem 8 (20 points). Let H be a real Hilbert space and M a nonempty, closed subspace
of H. Suppose x0 ∈ H \M . Prove that

min{‖x− x0‖ : x ∈M} = max{〈x0, y〉 : y ∈M⊥, ‖y‖ = 1}.
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Problem 9 (20 points). Let (X,M, µ) be a measure space with µ(X) <∞. Let f ∈ L∞(µ)
with ‖f‖∞ > 0. Define

αk =

∫
X

|f |k dµ for k = 1, 2, . . .

Prove that
lim
k→∞

αk+1

αk
= ‖f‖∞.
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Problem 10 (20 points). Let µ be a Radon measure on a locally compact Hausdorff space
X.

(1) Let V be the union of all open subsets U ⊆ X such that µ(U) = 0. Prove that V is open
and µ(V ) = 0. The complement of V is called the support of µ and is denoted by supp (µ).

(2) Assume in addition that X is compact and µ(X) = 1. Denote K = supp (µ). Prove that
K is compact, µ(K) = 1, and µ(H) < 1 for every proper compact subset H of K.
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