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GREGORY EDWARDS

ABSTRACT. In this paper we calculate the Euler characteristic of the moduli stack of
genus zero stable maps into the Flag Variety through the use of Biatynicki-Birula local-
ization for flags of length £ without markings in multi-degrees de = (1,0); (1,1); and (1,2)
for £ = 2 and de = (1,1,1) for £ = 3. For de = (1,0); and (1,1) we give a generating
series for when the number of marked points is greater than or equal to three.
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1. Introduction. The moduli space of stable maps, first proposed by Kontsevich and
Manin, has been an increasingly useful tool in solving enumerative calculations in alge-
braic geometry. This space arises as a natural compactification of the space of rational
curves of degree d in a smooth projective variety.

This paper builds off of key results from a previous paper due to Agrawal [A] which
calculated the Euler characteristic of the stack of stable maps to Grassmannians in
degrees 1, 2, and 3. More recently, the full Poincaré polynomial of stable maps to
Grassmannians has been computed in degrees 1, 2, and 3 by Lépez Martin [L]. Both
papers considered curves of genus zero and with zero markings.

In this paper we calculate the Euler characteristic of the moduli stack of stable maps
to a generalization of the Grassmannian, the Flag Variety. We work exclusively over C,
the field of complex numbers. The methods employed are based on those of Oprea who
showed that the Euler characteristic of the stack of stable maps can be determined from
the fixed locus [O].

We first review some basic facts about Grassmannians and Flag Varieties, compute
their Euler characteristics, and give a calculation of their dimension in sections 3 and
4. In section 5, we discuss the Pliicker embedding of the Grassmannian and show that
it can be generalized to the Flag Variety. We then introduce the non-compact space of
morphisms in genus zero to the Flag Variety, calculate its Euler characteristic and finally,
in section 9 and 10, we introduce its compactification by the space of stable maps and
perform calculations of its Euler characteristic for several different curve classes both
with and without markings. As an appendix, we have also included a calculation of the

Poincaré polynomial of the Flag Variety.

2. Localization. Our method for calculating the Euler characteristic stems from Biaty-
nicki-Birula localization. The following theorem can be found in [A] and is a consequence
of [0, lemma 6]

Theorem 1. If X is a smooth Deligne-Mumford stack which admits a torus action of
C* with fized locus X", then x (X) = x (&)

The localization theorem is most useful when the C*-fixed locus of X is a finite col-
lection of discrete points. In these cases the Euler characteristic counts the number of
points in the fixed loci of the torus action. This is because the Euler characteristic is
additive for disjoint sets and equal to one for a single point. In these cases the Euler

characteristic is given by

X () = |
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3. The Flag Variety over C". The Flag Variety parametrizes strictly increasing se-
quences of linear subspaces of C". Given integers 0 = kg < k1 < ... < ky < kgy1 =n, a
point in Fl(ky, ..., ke, C™) is given by a flag,

Ve={ocWVicC..cV,cC" dimV; = k;}.
We can simplify some expressions by defining the remainders at each step,
ri =k —k;_1,for1 <i</l+1

so that for each 17,

ki :ZT‘j

j=1

Example 1. First, we give a calculation of the Euler characteristic of the Flag Variety
via the localization theorem. We fix once and for all a basis ey, ..., e, for C". Define a

torus action, of C* on C" with weights A, ..., A, by
te (21, ey 2n) = (N 21, o M 2y)
This induces a C*-action on F¥(kq, ..., ke, C™) in the following manner,
t-Ve={oct-ViC..Ct-V,CC"}, wheret-V; ={t-v|v; € V;}.
A given subspace V' C C" of dimension k is a fized point of the C* action if
t-V=VVvteC"

This occurs if and only if V' is spanned by precisely k basis elements. Thus we can index

all of the k-dimensional fixed subspaces of C™ by subsets,
I C[n]:={1,2,...,n} such that |I| = k.

Thus the fixed points in F¥(ky, ..., k¢, C") can be indexed by flags of sets,
I,={ochLc..cl,cn]||Ll =k}

where I; corresponds to a flag with subspace V; = Span ({eo.}a6 Ii)‘

Hence,

X (FO(kr, ooy kg, C)) = ‘]—'B(kl, kg, CYE

( , )
7’1, "'7T€7TZ+1

n!

rilorelreq!
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4. The Dimension of the Flag Variety.
Lemma 1. The Grassmannian G(k,n) has (complex) dimension k(n — k)

Proof. The Lie group of n x n unitary matrices, U(n), acts transitively on C" and
induces a transitive action on G(k,n). The Grassmannian is a homogeneous space, since
the stabilizer is the same for any point in the manifold. We can explicitly determine the
stabilizer of G(k,n) by the stabilizer subgroup of A = Span(ey, ..., ex).
We first note that the group of automorphisms,
Aut(A) 2 U (k).
Next, let Uy € U(n), with columns {uy, ..., u, } which must be orthonormal in C™.
If Uy fixes A, then
A =Uy - A =Span(uy, .., ux)
And therefore Uj must also fix the subspace A’ = Span(eg41, ...€n).
Hence the stabilizer subgroup is isomorphic to U(k) x U(n — k). So we conclude
U(n)
Uk)xU(n—k)
The latter having (real) dimension n? — k?* — (n — k)? = 2k(n — k), since U(n) has (real)

dimension n?.

G(k,n) =

Ergo, the Grassmannian G(k,n) has complex dimension k(n — k). O

Corollary 1. The dimension of the Flag Variety, Fl(ki, ..., k¢, C™), is

1 l
ki(kiv1 — ki) = Z kirip1 = Z ity
i=1

1<i<j<t+1

~

i=1
Proof. Proof goes by induction on ¢. In the case ¢ = 1, F¥(k1,C") = G(ki,n) has
dimension kj(n — k).

Now, suppose true for some ¢ so that we may prove it for £+ 1. We have the forgetful
morphism,

TY+1 - .Fg(k'l, veey k@, k’g+1, (Cn) — G(k€+1, TL)

Which only remembers the subspace Vyy1 of the flag V,. The fibre of each point is
isomorphic to F(ky, ..., kg, Cret+1),

[G, cor 4.2.7] then says that given a morphism of algebraic varieties, the dimension of
the domain is equal to the dimension of the codomain plus the dimension of the fibres,

and therefore,

dim Fl(ky, ..., ke, kep1,C") = dim G(kgp1,n) + dim FO(ky, ..., kg, Cre+1)
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L

= ker1(n — ket1) + Z ki(kiv1 — ki).
i=1
Using the convention n = kg9, the proof follows by induction. O

5. The Generalized Pliicker Embedding. The Flag Variety F¢(ky, ..., k¢, C") has a
natural morphisms to the Grassmannian variety G(k;,n), the space of k;-subspaces of
C", by mapping a flag to its i*"* subspace.

T . ./—"E(kil, ceny k‘g, (Cn) — G(kl, n)

Ve — V;

Grassmannians are smooth complex projective varieties and G(k,n) can be embedded,
via the Plicker embedding, into P (/\k (C").

k
Pl:G(k,n)<—>]P</\C”>

k
V = Span({vy, .., v }) — /\ V = Span(v; A ... A vg)

Such a map is well-defined with respect to choice of spanning vectors up to multipli-
cation by a constant in C* and hence well-defined in P ( /\k (C”). This map is equivariant

with respect to the torus action on the Grassmannian, meaning that
t-PlL(V)=PIl(t-V),VV € G(k,n),

giving the commutative diagram,

G(k,n) G(k,n)
Pll Pll
P (/\’“ C”) _t.p (/\’“ C”)
Hence a subset of the Grassmannian is fixed if and only if its image under the Pliicker

embedding is fixed.
We now generalize the Pliicker embedding to the Flag Variety by the map,

k1 k¢
Fl(ki,.... kg, C") < G(k1,n) X ... X G(kg,n) — P (/\cn> X .. xXP (/\ cn>

k1 ke
Ve={@CViC..CV,CC"dimV; = k;} —> (Am/\w)

This embedding inherits equivariance as each of the injections respect the torus action

on the Flag Variety.
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6. Torus Fixed Curves in the Flag Variety. If C is a genus zero non-singular irre-
ducible projective curve isomorphic to P! without marked points, then we can consider

the moduli space of isomorphism classes of maps
f:C— Ft.= Fl(ky,..., ke, C™)

such that f.([C]) = 8 € Ha(F¥) for some curve class 3 in the second homology of F¢. We
call this moduli space Mg o(F¥, 3). Two maps (C; f), (C'; f') are considered equivalent
if there exists

1 € Aut(Ph) = PGLy(C)

such that the following diagram commutes,

ot Fe

|

C/
The torus action on F¢ defined above induces a torus action on Mg o(F¥, 3) by,
(t-flx)=t- f(x),YVx el

Since this space admits a torus action, we can calculate its Euler characteristic by
enumerating the torus fixed curves of homology class .

Now, if f: C' — F{ is a torus fixed curve then its image is a rational curve through
precisely two torus fixed points [A, Prop 6]. This holds because f(C) is isomorphic
to P!, and when we restrict the torus action to f(C) localization implies that, because
x(P!) = 2, there are precisely two fixed points which must correspond to two fixed points
in F¢. The image of f is called a torus fixed line.

We now arrive at an important result about torus fixed lines in the Flag Variety.

Theorem 2. Let A,,Il, € F{ be two distinct fized points in the Flag Variety, with
corresponding flags of sets Io, Jo.
There exists a torus fized curve containing Ao and e if and only if Is and Je are

related by transposing elements I,J
This last statement means that there exists a transposition o € S, such that,
Ij = {i1,...,iy,; } and J; = {o(i1), ..., 0(ig,)}, for each j

Proof. (=)If there exists a line containing A, and II,, then, after composing with the

forgetful morphism,

Fl—"% G(ki,n)
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the image will be a fixed line through A;,1I; € G(k;,n). Therefore, due to the main

result in [A, §4.3], it is necessary that either,
I; = J; or |Ii N J@’ =k;—1,Vi

If A, is a fixed point of the Flag Variety, then its image under the Pliicker embedding
is given by,
Ao — ([811]7 s [EIZ])

where e, = A e, and [e,] represents its equivalence class in P(A" C")
o€l
The torus fixed line containing A,,Il, is then given under the Pliicker embedding by,

ory([z :w)) = ([zdleh + wdlle], s [zd%[e + wdesJe]) .

We want ¢r; to be fixed, up to reparametrization, by the torus action.

If I; = J; for some 4, then ¢, = €,. So,
[2%er, + whes] = [er,]
which is a constant. Hence for the components where I; = J; the composition,

C - Fp T Gk n)

is a constant (degree zero) map to a torus fixed point in G(k;, n).
On the other hand, if |I; N J;| = k; — 1, then we can rewrite,

[zEIi + wEJi] = [EIiOJi A (Zdiefi + wdieji)]

where fi € I, — J; and similarly with jz € J; — I; and we note the two are necessarily
distinct and uniquely defined.

C* acts on this line in the following way,
. . A N
t- [Zd’E[i + wd’sJi] = ler,ng; A (Zd’t Iieji + whit Jieji)]
= lern A (zd_iefi TIPS A e)]

=mio¢ryou(lz:w))
via the Mobius transformation u([z : w]) = [z : t(’\ji_)‘fz‘)/diw].

However, the Mobius transform must be the same for all . Furthermore, this must
hold for a general torus action with arbitrary A;’s. Therefore we conclude that the IZZ-, ji
must be the same for all . In other words I, and J, are related by a transposition, in
the sense described above. Further the above construction implies non-zero degrees d;
must be the same for all <.

(<) The proof above generalizes to a construction of a torus fixed line given any two

flags which are related by a transposition. ([l
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This result uniquely characterizes which pairs of torus fixed points in F¥¢ can be joined
by a torus fixed line; they correspond to fixed points whose flags of sets are related by
transposing the elements I and J. All that remains is to determine the homology class

of the curve given the two fixed points it contains.

7. Degrees and Homology Classes. In general, the Flag Variety has second homology
with rank greater than one, and therefore we define the degree of a curve class 5 € Ha(F¥)

to be the set of integers, which we refer to as a multi-index,
ix(B) = de = (di, ..., dp)

where ¢ is the morphism,

k1 ke
i;ﬁ—%P(ACﬂx“mP<ACﬂ
Given a flag of sets I, corresponding to a torus fixed point of the Flag Variety. Define

i
I{ =1, — I;_1, so that I; = H IJ’-, and ’Iz" =r;, and each I{ is disjoint from all others.
j=1
The purpose of this is to decompose the flag I, into (I7, ..., Iéﬂ), a sequence of disjoint
subsets of {1,...,n}. By this definition, we have for each k such that 1 < k < n, there is
precisely one i, 1 <14 < ¢+ 1, such that k € I/.

Suppose I € IL and J € I!, with I # J. Let J, be the flag of sets which results
from transposing I and J and call each component in the flag J;. Finally, let ¢;; be a
morphism from P! into the fixed curve containing the torus fixed points corresponding
to Ie, Jo.

If IL = I, then I, = J, and ¢y is a constant map and hence, d; = 0 for all i.

However in the case, 1 L # I, we may assume without loss of generality that I, C I,
or equivalently, that ;1 < v. The curve will then have non-vanishing degree in all ¢ such
that

ITelyand J &I
In these cases |I; N J;| = k; — 1, so there is a torus fixed line connecting the two.

As we showed in the proof of the previous theorem, the non-vanishing degrees d must
all be identical, hence the fixed curves containing the torus fixed points corresponding
to Io, Jo can only have multi-degrees d - i,(5,,,) where i,(8,) = (di, ..., d¢—1) where,

4 = { 1, p<j<v
J 0, else
This construction also implies that the number of fixed curves of multi-degree 3,,

containing any torus fixed point in the Flag Variety is precisely 7,7,
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Remark. If we count all the lines containing a given fixed point, (i.e., all the number
of lines of homology class 3, for ;1 < v containing the gien point), we arrive at the sum
Z TuTy-

p<v
Which is equal to the dimension of the Flag Variety. This is no coincidence. Each line
containing the given fixed point defines a dimension of the tangent space at that point;
we can have no more fixed lines containing a particular point than the dimension of the

tangent space which is the same as the dimension of the manifold.

We now have enough enumerative information to compute the Euler characteristic of
Moo (F¥, Bu). For any fixed point in F¢, the lines of homology class /3, are determined
by fixed points which are obtained by transposing elements I € IL and J eI /, for some
1 < p, v </ distinct.

There are then %N r, 1, fixed lines of homology class 3, where

n
T1y.eesTy, Tg+1
We had to divide by two, since we count each fixed line twice — that is, once for each
fixed point it contained.

By applying the localization theorem we can conclude,
1
X(M(]:e, ﬁ;w)) = iNruTV

8. The Moduli Stack of Stable Maps. The moduli space introduced in the previous
section contains very important enumerative information. However there are problems
with working in the space by itself, particularly because it is non-compact. The com-
pactification is achieved through the introduction of stable maps.

For a smooth projective variety X, let Mg (X, 3) be the moduli stack of m-pointed,

genus zero stable maps
f:(C,z1,...,xy) — X, such that

(1) C a reduced connected projective nodal curve of genus zero, with markings
x1,..., Ty and irreducible components C; = P

(2) The markings x; are distinct and contained within the smooth locus of C.

(3) For each irreducible component C;, the restriction f; : C; — X is a mapping of
degree (3; such that Y 3, =f

(4) For each collapsed component, where the restriction f; has degree zero, the num-

ber of nodes plus marked points is at least three.

Two stable maps (C, 21, ..., Tm; f),(C, 21, ..., xm; ') are considered equivalent if they

are the same up to a reparametrization which identifies each of the marked points.
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A nodal curve is composed of curves Ci, ..., C, isomorphic to P! which are identified
at pairs of points {p;, ¢;} such that p; € Cy;), ¢; € Cj(;) for indices k(j) # I(j), the iden-
tification points are referred to as nodes [K]. This definition makes it easy to define the
notion of the dual graph of C' where each component Cj; is represented by a unique ver-
tex and two vertices are connected by an edge if their irreducible components are joined
by an identification. Since C' has genus zero its dual graph must forms a tree without
cycles. A marked points on C' is represented by a leaf on the vertex corresponding to
the marked component.

Lastly, with regards to the third criterion above, we note that with stable maps to the
Flag Variety multi-degrees add component-wise.

Since we are interested in counting torus fixed stable maps, we will adapt the following

result from [A].

Proposition 1. If [C; f] € Mo o(G(k,n),d) is a torus fized stable map and x € C is a
node, then f(z) is a torus fived point of G(k,n)

This easily generalizes to the Flag Variety since, if [C; f] € Mo o(Fl(k1, ..., ke, C), B)
and z € C'is a node, then (70 f)(z) must be a fixed point in G(k;, n), Vi, or equivalently,

(mi o f)(x) = Vi, = Span({es }ser;) for some I; C [n] such that |I;| = k;, Vi

which implies that f(x) is a fixed point in the Flag Variety.

9. Calculations. For our first few calculations we shall consider a Flag Variety with
two partitions of C",
X = Fl(ky, ko, C"),

and calculate the number of torus fixed stable maps with zero markings in genus zero for
degrees [1,2; [2,3; f1,3; and P13 + B2,3. The localization theorem then implies that for
any curve class 8 € Ho(X), the number of fixed maps is equal to the Euler characteristic,
X(Moo(X,B)). For B12; Ba3; and By 3 we also calculate the Euler characteristics in the
case of n marked points for n > 3.

Example 2. For $12 and 823 (ix(812) = (1,0), and i4(B2,3) = (0,1)) the only stable

maps are simply the rational maps themselves. Hence we get,

_ 1 — 1
X(Moo(X, Bi2)) = gNT1r2, and X(Moo(X, B23)) = g NTars
We can also compute the Euler characteristic for stable maps with n > 3 markings.
Define

Ug) =) qux(ﬂo,w)

n= T
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where Mo +1 := Mo yt+1({pt.},0). We will use the convention Q(n + 1) := x(Mo+1).

Manin proved in [M], that this formal sum is the unique solution to the equation,
(14 g+ ¥(q)log(l + ¢+ ¥(q)) =2¥(q) +¢

We can expand this as a power series and, in principle, determine all of the coefficients
of ¥(q).
We now compute the Euler characteristic of HOW(X ,B) for = 12 as a generating

Lemma 2.
(1) o(g) = > L\ (Mo (X, B12))
n=s '
) = NP (2U(g) — ¢ + 20%(q) + ¥ (q))

Proof. We need to count the number of fixed stable maps with 1 markings. Since the
stable maps must be fixed, the map must take the markings to a fixed point of X. So
pick any fixed curve of degree fi2. Such a curve contains precisely two fixed points,
we can therefore attach one tree, T of collapsed components to one of the fixed points,
and another tree, 75 to the other fixed point. We make a simplification by defining the
constant, e = %Nnrg.

Case 1, |T1| = n and |T»| = 0, by symmetry this is the same as the number of cases
where |T3| = n and |T1| = 0. The number of ways to attach a tree with n marked points
to a fixed point on a curve is Q(n + 1) (we add one to count the attaching point which
must be kept track of). Hence there are 2eQ(n + 1) fixed maps of this form, where
e .= %N r1T2.

Case 2, |T1| =n—1 and |T3| = 1. Since we must choose which of the n marked points
gets mapped to T the total contribution is 2en€)(n) where we have counted twice to
account for symmetry.

Case 3, |T1| = m1 and |Ta| = ny where 11 + 12 = 1, and 71,12 > 2 for stability. This
gives a total of eQ(n; + 1)Q2(n2 + 1).

Now we put these into a generating series,

3) Z

) :6(2772_3?7!9(77+1)+2Z?7,779(77)+ >0 o + D + 1)

n=3 " n1,m2>3
(5) = e(2¥(q) — ¢* + 2q¥(q) + ¥(q)?)

n,x (Mo (X, B12))
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Strata Diagrams | Number

o | P T 1Ny

B1,2

B2,3
(ii) Nryrirs
TABLE 1. The two strata for Mg o(X, 31.3)

Note that we had to subtract ¢Q(3) from ¥(q) to get the power series to match the first
sum. We then used ©(3) = 1 since there is only one stable map with three markings in
Mo 3. O

If we wanted to compute the series for ﬂo,n(X , B2,3) all we would need to do is replace

e = X(ﬂo,n(X7 52,3))'

Example 3. Next we shall compute the number of fixed stable maps for the case 313
(i+(B1,3) = (1,1)) at first with no marked points and then with marked points added in.
By the localization theorem this is then equal to

X(Moo(X, B13))-

There are two nodal curves, C, to consider which we include in the Table 1.

In the first case, we can pick any fixed curve with degree 31 3 of which there are

1
-N .
9 rirs

To count the number of such diagrams in the second case, we can pick any fixed point
for the node to coincide with, and then pick one line of degree 31 2 and one line of degree

B2,3 which pass through the fixed point, giving
N (ryra)(rars)
The Euler characteristic is the sum of these two giving,
I 1 9
X(MQQ(X, 5173)) = §N7’17‘3(1 + 27“2).

We can now add n > 3 marked points and compute the Euler characteristics. We

state the result of our calculation as a lemma.
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Lemma 3.

(6) (q) = x(Moy(X,B12))

n=3
(M = Nrrs(14+23) (20 + )W) + ¥(0)? ~ )
(8) + Nryrars (U(q)* ¥ (q) +2(¢ + 1)U () ¥ (q) + ¥'(q) (g + 1)* = 3¢* — q)

Proof. By Lemma 2 above, the contribution of diagrams of type (i) in Table 1 is,
1
S Nra(2%(a) — ¢° + 20%(g) + ¥ (q)?).

What remains is to count the contribution by diagrams of type (ii) after adding n marked
points.

Let Ty be the tree of collapsed components which map to the fixed point in the
intersection of the two curves, this tree has two attaching points: one on the curve of
degree 323 and one of curve of degree (12, hence Tp needs only one marked point for
stability. Let T be the tree of collapsed components which is mapped to the other fixed
point on the curve of degree 2 3 and T be the tree of collapsed components which map
to the remaining fixed point on the curve of degree /3 .

We divide the calculation into three parts. First, those loci which satisfy |1p| = 0.
Next, the remaining loci which satisfy |T7|,|T2| < 1. Finally, those loci which satisfy
at least one of, |[T1| > 2, or |T5| > 2. It can be checked that any torus fixed stable
map with n > 3 markings must fall into one of these categories, and hence this list is
exhaustive. The generating series is then given by the sum of these contributions plus
the contribution from the strata of type (i).

First, if |Ty| = 0, then the combinations are the same as in the previous example. The

contributions due to this condition give
e (2¥(q) — ¢* + 2q¥(q) + U(q)?), where ¢’ = Nririrs.

The variable, €', is just the number of lines of the form (ii) in Table 1.
Next, if both |T1| = |T2| = 0 we have a contribution of €’Q(n + 2). If |T1| = 0, |T3] =
1, we get 2¢/nQ)(n + 1) (also counting fixed points where the conditions on T, T, are
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reversed). If both |T1| = |T»| = 1, we have n(n — 1)e’Q2(n). Together these contribute,

9) 6’(22(1;,7?79(77“) +Zq;:9(n+2 Z*T Q(n))
! = 7! —
(10) Zqu (n+2) + % (n+2)+ qu (n+2))
=3
(11) = ¢'(2¢(¥'(q) — ¢Q2(3)) + (¥'(q) — 59(4) —¢9(3)) + ¢*¥'(q))
(12) =e(¥'(q)(¢+1)> —3¢* —q)

where \II Z

In the last step we used that 2(3) = 1, and, since Mops 2Pl that
Q) = (Vo) = 2

For the remain three cases, first suppose |T1| = 71 > 2, and |T3| = 0, we then have
|To| = no such that ny + n1 = n. We have to pick ng of the markings to be in Ty hence
the contribution from strata of this form is, 2¢/ (%)Q(m + 1)Q(no + 2). Next, suppose
|To| = 1 so that g1 + 19 + 1 = n contributing 2¢’ (Wzl’l)Q(m + 1)Q(no + 2). Finally,
for arbitrary |Ty|, |T4],|T2| > 2 such that ng + m1 + 72 = n we get a contribution of

e (no 7;71 m)Q(m + 1)Q(no + 2)2(n2 + 1). Giving a total contribution of,

0o n 0 Ui
efz< 3 mﬁ(m)ﬁ(m)ﬁ(m)> F230 D g emR0m)

n=2 \ni+n2+no=n n=2 \m-+no+1l=n
(14)
o0
+2¢’ ( > ,Q(m+1)ﬂ(no+2)>
=2 \m o=y 10"
(15

= €'(U(q)*¥'(q) + 29 (q)¥'(q) + 29 (q) ¥'(q))

The sum of all four of these terms gives us our final generating series,

(16)  ®(q) == > x(Mony(X,Br2))

(1) = S Nrrs(1 4 203) (20 + V¥ (g) + ¥(0)* )
(18) + Nrirgrs (9(0)*P'(g) + 2(q + 1) (9) W' (9) + ¥'(g) (g +1)* - 3¢° - q)
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Strata Diagram Number
B1,3
B2,3
(i) N (rir3)(rars)
B2
25,
(i) N (rir2)(rars)
2,3
B2,3 2
(i) (3N7r179)(2r9r3) (rars) = Nririr}
2,3
B2 2
(iv) (N7172)(2r973) (1213) = Nrirar?
P12
B2,3
B2
(v) 0 (Nrirs) 7(T%T§;T2T3)

TABLE 2. The five types of strata for Mg o(X, 81,3 + B2,3)

0

Example 4. Our next calculation is more involved. Consider stable maps of degree
P13 + B2,3 with no markings (i+(513) + ix(fB2,3) = (1,2)). There are five strata to
consider (see Table 2).

Summing up all the contributions enumerated in Table 2, we then have the total as,

. 1
X(Moo(X, B3+ B23)) = §Nr17“2(5r§7"§ + 2rors + 13)

Cases (i) and (ii) are similar to the calculation in the previous example. In case (iii),
pick one line of degree 31 2 (%N r1re ways) and then pick one of the 2rors lines of degree
B2,3 which contain either of the two nodes, and then pick another line which contains
the second node (ror3 possible choices). Case (iv) is only slightly different; pick a line
of degree [31 2 then pick a line of degree /32 3 which contain either of the two nodes, then

pick one of the lines of degree (35 3 which intersects the other node of the second line. For
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case (v), we must first pick one of the N fixed points to map the collapsed component
to, then pick a line of degree f; 2 which contains it, then we must pick two of the lines
of degree 32 3 which contain it. we can either choose two different lines to map them to,
or we can choose to map them to the same line, giving

<7“22r3> N r3r3 —;—7“27"3‘
If we wanted to calculate the Euler characteristic with markings, the methods used

above could in principal be extended to the strata above with little difficulty.
A

Example 5. Now let’s examine a more complicated space. Let X = F¥(ky, ko, k3, kg, C).
We will calculate x(Moo(X, B1,4)) where ix(B1.4) = (1,1,1). We again give a table of
all possible strata (Table 3), the justifications are similar to those given in the previous

example. Counting over all the possible fixed points we arrive at our final answer,

I 1
(19) X(Moo(X, r4)) = 5]\77“17“4(1 + 27“%21"?2) + 47“%7‘?2))

1
(20) = SNrira(1+ 2r3)(1 + 2r3)

Note the similarity of this Euler characteristic to that of Example 3. It is the opinion of
the author that this is not a coincidence, he conjectures that this pattern would continue
for Flag Varieties parametrizing flags of arbitrary length. Although the methods used
above could, in principle, be extended to flags of arbitrary length, the combinatorial
difficulty increases rapidly with the number of flags. Thus a proof of this may be beyond
the methods of this paper.
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Strata Diagram Number
(i) Pra / %Nmm
B1,3
B3,4
(ii) N(rirs)(rary)
B1,2
B2,4
(iii) N (r172)(rars)
3,4
B2,3 L2
(iv) (%NT1T2>(27“27“3)(7’37“4) = N7“1T%T§7“4
2,3
Brs 3,4
(v) (%Nhrg)(%zrg)(rgm) = NT17“%?”§7"4
1,2
83,4 <
(vi) (%N?“lT'Q)(2T27"3)(T’37"4) = err%rgm
B1,2
B2,3
B3.4
(vii) 0 N (r1re)(rars)(r3ra)

TABLE 3. The seven types of strata for Mo o(X, 81.4)

APPENDIX A. THE POINCARE POLYNOMIAL OF THE FLAG VARIETY

The quantum binomial, also called g-binomial coefficient, is an analogue of the bino-

mial coefficient. It is defined as,
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1—q™

1—q?
in the cohomology of the Grassmannian.

where [n], = and [n],! = [1]4[2]4...[n]g. The quantum binomial comes up naturally

Proposition 2. The Poincaré polynomial of G(k,n), Pgin)(q) = mq

We prove this using the Biatynicki-Birula Localization Theorem. There are other
methods of calculating the Poincaré polynomial which can be found in the literature on

the cohomology of the Grassmannian.

Theorem 3. (Bialynicki-Birula Localization Theorem) If a smooth manifold X admits
a C* action with fized points p1, ..., pe, then the Poincaré polynomial of X is given by

e
+
Px(q) =Y ¢*"
i=1
where d;-F is the number of positive weights on the tangent space of X at the point p;
We now prove the proposition.
Proof. Let C* act on C™ with weights \; < ... < A, inducing action on points of G(k,n).
If V. C" is k-dimensional subspace,
t-V=A{t-vveV}
The torus action on G(k,n) has (Z) fixed points,
A; = Span(e;,,...,e;,) forall I = {i; < ...<ix} C[n]:=1,...,n
Given a fixed point A; the tangent space of G(k,n) at A is standardly known to be,
TAIG(IC, n) = HOIH(A[, Cn/A])

Lemma 4. If C* acts on V with weights aq, ..., and C* acts on W with weights
B, .., Be, then C* acts on Hom(V, W) and the weights are B; — o

The proof of the lemma uses that Hom(V, W) = V*® W and hence the weights of the
torus action on the dual V* are negated.

Noting for a fixed point A; € G(k,n), the torus action on C" induces a torus action
on the linear subspace Ay with weights A\;; < ... < \;, and a torus action on C"/A; with
the other n — k weights.

To apply the localization theorem, we need to determine the number of positive weights
using the previous lemma. For each i, € I, there are n — k — i, + p weights on C" /A7
strictly larger than A;,.

Thus the number of positive weights on Hom (A7, C"/Aj) is,

k
df => n—k+j—i
j=1
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k
:k(n—]{?)—Fk(k;_l)—le

=1

The localization theorem then states that,

+
Pogmyl(a)= > ¢4
ICIn] | I|=k

Lemma 5.

-l

IC[n),|I|=k

where dj = k(n — k) + kH) — > i

i;€1
Proof. The proof goes by induction. Start with the case n = 1. If k = 0,1 there is only
a single subset of [n] with cardinality k. A calculation yields d = 0 and

> o[

IC[n],|I|=k

If £ > n then the claim is vacuous as both sides of the equation vanish. Hence, for n =1
the claim holds for all non-negative k. Now, suppose for the pupose of induction that
the lemma holds for some n and all non-negative k. Then for the case n + 1 we can
separate the sum into those terms where (n+ 1) ¢ I C [n + 1] and those terms where
(n+1) € I C[n+1]. In the later case we can define I = I’ U{n+ 1} where I’ C [n] and
|I'l = k — 1. We then have

Z qd;r _ Z qdy + Z qd;

ICn+1],/I|=k IC[n]|I|=k I'Cn),|I'|=k—1

We can reduce the exponent in the second term as follows,

(21) il ey = (k= 1) =k +1) + k(k;l) — ZE; i

(22) :k(n—k)—(n—k)+k—1+k(k+l ZZJ
i;el’

(23) —h(n—k)+ ’”1 — N it ) = (n—k+1)

i;el’
(24) = df [ pipniny — (P —E+1)
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So by the induction hypothesis we arrive at

(25) >ooodt= Y Y

IC[n+1],|I|=k IC[n],|I|=k I'cln),|l'|=k-1
(26) _ Z qd}r + q(n+l—k) Z qd}"/
IC[n],|I|=k I'cin],|l'|=k-1
n n
27 _ (n+1-k)
(27) [Aq+q )

This reduces the proof to the following g-binomial coefficient identity.

Lemma 6. [”Zl]q = [’]ﬂq + q(n+1—k)[ n ]q

k—1
Proof.
n _ n n)q! _ [n]q!
28 (TL-‘rl k) |: :| — [ ]q (’N-'r]. k‘) q
(28) Mq” k1], " Wl —#, [k — 1[n+1— k!
nl,! ]
2 - T 1= H I
[n]q! [n + 1]
(30) [klgln+1 —k]q!([ la) k g
The last line follows from an application of the definitions,
(31)
(n+1—k) _ 1 k_1q (n+1-k) _ 1 n+l _ (n+1—k)
1— (n+1—Fk) _ 4 (n+1-k) 4 _ 4 q q
[+ kg +a [Klq g—1 ta g—1 qg—1 + qg—1
n+1
q —1
(32) S [n+ 1]

which completes the induction argument for Lemma 5 and hence,

> =[],

IC[n],|T|=k

Ergo,
which completes the proof. ]
Corollary 2. The Poincaré polynomial of the Flag Variety Fl(ky, ..., ke, C") is given by,

n
Proky....ko,cm) (@) = [m 7"£+1]
g eeey q
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Proof. The first step is given by the Poincaré polynomial of the Grassmannian,

ko [k2]!y ko
P, = = =
G(k1,k2)(Q) |:k‘1:| . Ufl]'q[k? — kl]!q 1,79 .

The proof then follows inductively from the fibration,

FO(ky, oo ko1, CF) —— Fe(ky, ..., kg, C)

|

G(ke,n)

The Poincaré polynomial is multiplicative with respect to fibrations of smooth varieties

with smooth fibres, and therefore

P]—'ﬁ(kl,...,kg,(ln)(Q) = sz(kl,...,kg_l,cke)(Q)PG(ke,n) (q)

=l
1y Te] g LRe]

Ty -5 70y To41 q
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