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Abstract. In this paper we calculate the Euler characteristic of the moduli stack of
genus zero stable maps into the Flag Variety through the use of Bia lynicki-Birula local-
ization for flags of length ` without markings in multi-degrees d• = (1, 0); (1, 1); and (1, 2)
for ` = 2 and d• = (1, 1, 1) for ` = 3. For d• = (1, 0); and (1, 1) we give a generating
series for when the number of marked points is greater than or equal to three.
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1. Introduction. The moduli space of stable maps, first proposed by Kontsevich and

Manin, has been an increasingly useful tool in solving enumerative calculations in alge-

braic geometry. This space arises as a natural compactification of the space of rational

curves of degree d in a smooth projective variety.

This paper builds off of key results from a previous paper due to Agrawal [A] which

calculated the Euler characteristic of the stack of stable maps to Grassmannians in

degrees 1, 2, and 3. More recently, the full Poincaré polynomial of stable maps to

Grassmannians has been computed in degrees 1, 2, and 3 by López Mart́ın [L]. Both

papers considered curves of genus zero and with zero markings.

In this paper we calculate the Euler characteristic of the moduli stack of stable maps

to a generalization of the Grassmannian, the Flag Variety. We work exclusively over C,

the field of complex numbers. The methods employed are based on those of Oprea who

showed that the Euler characteristic of the stack of stable maps can be determined from

the fixed locus [O].

We first review some basic facts about Grassmannians and Flag Varieties, compute

their Euler characteristics, and give a calculation of their dimension in sections 3 and

4. In section 5, we discuss the Plücker embedding of the Grassmannian and show that

it can be generalized to the Flag Variety. We then introduce the non-compact space of

morphisms in genus zero to the Flag Variety, calculate its Euler characteristic and finally,

in section 9 and 10, we introduce its compactification by the space of stable maps and

perform calculations of its Euler characteristic for several different curve classes both

with and without markings. As an appendix, we have also included a calculation of the

Poincaré polynomial of the Flag Variety.

2. Localization. Our method for calculating the Euler characteristic stems from Bia ly-

nicki-Birula localization. The following theorem can be found in [A] and is a consequence

of [O, lemma 6]

Theorem 1. If X is a smooth Deligne-Mumford stack which admits a torus action of

C∗ with fixed locus XC∗, then χ (X ) = χ
(
XC∗)

The localization theorem is most useful when the C∗-fixed locus of X is a finite col-

lection of discrete points. In these cases the Euler characteristic counts the number of

points in the fixed loci of the torus action. This is because the Euler characteristic is

additive for disjoint sets and equal to one for a single point. In these cases the Euler

characteristic is given by

χ (X ) =
∣∣∣XC∗

∣∣∣
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3. The Flag Variety over Cn. The Flag Variety parametrizes strictly increasing se-

quences of linear subspaces of Cn. Given integers 0 = k0 < k1 < ... < k` < k`+1 = n, a

point in F`(k1, ..., k`,Cn) is given by a flag,

V• = {∅ ⊂ V1 ⊂ ... ⊂ V` ⊂ Cn| dimVi = ki} .

We can simplify some expressions by defining the remainders at each step,

ri = ki − ki−1, for 1 ≤ i ≤ `+ 1

so that for each i,

ki =

i∑
j=1

rj

Example 1. First, we give a calculation of the Euler characteristic of the Flag Variety

via the localization theorem. We fix once and for all a basis e1, ..., en for Cn. Define a

torus action, of C∗ on Cn with weights λ1, ..., λn by

t · (z1, ..., zn) = (tλ1z1, ..., t
λnzn)

This induces a C∗-action on F`(k1, ..., k`,Cn) in the following manner,

t · V• = {∅ ⊂ t · V1 ⊂ ... ⊂ t · V` ⊂ Cn} , where t · Vi = {t · vi|vi ∈ Vi} .

A given subspace V ⊂ Cn of dimension k is a fixed point of the C∗ action if

t · V = V, ∀t ∈ C∗

This occurs if and only if V is spanned by precisely k basis elements. Thus we can index

all of the k-dimensional fixed subspaces of Cn by subsets,

I ⊂ [n] :≡ {1, 2, ..., n} such that |I| = k.

Thus the fixed points in F`(k1, ..., k`,Cn) can be indexed by flags of sets,

I• = {∅ ⊂ I1 ⊂ ... ⊂ I` ⊂ [n]| |Ii| = ki}

where Ii corresponds to a flag with subspace Vi = Span
(
{eσ}σ∈Ii

)
.

Hence,

χ (F`(k1, ..., k`,Cn)) =
∣∣∣F`(k1, ..., k`,Cn)C

∗
∣∣∣

=

(
n

r1, ..., r`, r`+1

)
=

n!

r1!...r`!r`+1!
4
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4. The Dimension of the Flag Variety.

Lemma 1. The Grassmannian G(k, n) has (complex) dimension k(n− k)

Proof. The Lie group of n × n unitary matrices, U(n), acts transitively on Cn and

induces a transitive action on G(k, n). The Grassmannian is a homogeneous space, since

the stabilizer is the same for any point in the manifold. We can explicitly determine the

stabilizer of G(k, n) by the stabilizer subgroup of Λ = Span(e1, ..., ek).

We first note that the group of automorphisms,

Aut(Λ) ∼= U(k).

Next, let UΛ ∈ U(n), with columns {u1, ..., un} which must be orthonormal in Cn.

If UΛ fixes Λ, then

Λ = UΛ · Λ = Span(u1, .., uk)

And therefore UΛ must also fix the subspace Λ′ = Span(ek+1, ...en).

Hence the stabilizer subgroup is isomorphic to U(k)× U(n− k). So we conclude

G(k, n) ∼=
U(n)

U(k)× U(n− k)
.

The latter having (real) dimension n2− k2− (n− k)2 = 2k(n− k), since U(n) has (real)

dimension n2.

Ergo, the Grassmannian G(k, n) has complex dimension k(n− k). �

Corollary 1. The dimension of the Flag Variety, F`(k1, ..., k`,Cn), is

`−1∑
i=1

ki(ki+1 − ki) =
∑̀
i=1

kiri+1 =
∑

1≤i<j≤`+1

rirj

Proof. Proof goes by induction on `. In the case ` = 1, F`(k1,Cn) ∼= G(k1, n) has

dimension k1(n− k1).

Now, suppose true for some ` so that we may prove it for `+ 1. We have the forgetful

morphism,

π`+1 : F`(k1, ..., k`, k`+1,Cn)→ G(k`+1, n)

Which only remembers the subspace V`+1 of the flag V•. The fibre of each point is

isomorphic to F`(k1, ..., k`,Ckell+1).

[G, cor 4.2.7] then says that given a morphism of algebraic varieties, the dimension of

the domain is equal to the dimension of the codomain plus the dimension of the fibres,

and therefore,

dim F`(k1, ..., k`, k`+1,Cn) = dim G(k`+1, n) + dim F`(k1, ..., k`,Ck`+1)
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= k`+1(n− k`+1) +
∑̀
i=1

ki(ki+1 − ki).

Using the convention n = k`+2, the proof follows by induction. �

5. The Generalized Plücker Embedding. The Flag Variety F`(k1, ..., k`,Cn) has a

natural morphisms to the Grassmannian variety G(ki, n), the space of ki-subspaces of

Cn, by mapping a flag to its ith subspace.

πi : F`(k1, ..., k`,Cn)→ G(ki, n)

V• 7−→ Vi

Grassmannians are smooth complex projective varieties and G(k, n) can be embedded,

via the Plücker embedding, into P
(∧k Cn

)
.

Pl : G(k, n) ↪→ P

(
k∧
Cn
)

V = Span({v1, .., vk}) 7−→
k∧
V = Span(v1 ∧ ... ∧ vk)

Such a map is well-defined with respect to choice of spanning vectors up to multipli-

cation by a constant in C∗ and hence well-defined in P
(∧k Cn

)
. This map is equivariant

with respect to the torus action on the Grassmannian, meaning that

t · Pl(V ) = Pl(t · V ), ∀V ∈ G(k, n),

giving the commutative diagram,

G(k, n)
t· //

Pl
��

G(k, n)

Pl
��

P
(∧k Cn

)
t· // P

(∧k Cn
)

Hence a subset of the Grassmannian is fixed if and only if its image under the Plücker

embedding is fixed.

We now generalize the Plücker embedding to the Flag Variety by the map,

F`(k1, ..., k`,Cn) ↪→ G(k1, n)× ...×G(k`, n) ↪→ P

(
k1∧

Cn
)
× ...× P

(
k∧̀

Cn
)

V• = {∅ ⊂ V1 ⊂ ... ⊂ V` ⊂ Cn|dimVi = ki} 7−→

(
k1∧
V1, ...,

k∧̀
V`

)
This embedding inherits equivariance as each of the injections respect the torus action

on the Flag Variety.
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6. Torus Fixed Curves in the Flag Variety. If C is a genus zero non-singular irre-

ducible projective curve isomorphic to P1 without marked points, then we can consider

the moduli space of isomorphism classes of maps

f : C → F` :≡ F`(k1, ..., k`,Cn)

such that f∗([C]) = β ∈ H2(F`) for some curve class β in the second homology of F`. We

call this moduli space M0,0(F`, β). Two maps (C; f), (C ′; f ′) are considered equivalent

if there exists

µ ∈ Aut(P1) ∼= PGL2(C)

such that the following diagram commutes,

C
f //

µ
��

F`

C ′
f ′

==||||||||

The torus action on F` defined above induces a torus action on M0,0(F`, β) by,

(t · f)(x) = t · f(x),∀x ∈ C

Since this space admits a torus action, we can calculate its Euler characteristic by

enumerating the torus fixed curves of homology class β.

Now, if f : C → F` is a torus fixed curve then its image is a rational curve through

precisely two torus fixed points [A, Prop 6]. This holds because f(C) is isomorphic

to P1, and when we restrict the torus action to f(C) localization implies that, because

χ(P1) = 2, there are precisely two fixed points which must correspond to two fixed points

in F`. The image of f is called a torus fixed line.

We now arrive at an important result about torus fixed lines in the Flag Variety.

Theorem 2. Let Λ•,Π• ∈ F` be two distinct fixed points in the Flag Variety, with

corresponding flags of sets I•, J•.

There exists a torus fixed curve containing Λ• and Π• if and only if I• and J• are

related by transposing elements Ĩ , J̃

This last statement means that there exists a transposition σ ∈ Sn such that,

Ij = {i1, ..., ikj} and Jj = {σ(i1), ..., σ(ikj )}, for each j

Proof. (⇒)If there exists a line containing Λ• and Π•, then, after composing with the

forgetful morphism,

F` πi // G(ki, n)
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the image will be a fixed line through Λi,Πi ∈ G(ki, n). Therefore, due to the main

result in [A, §4.3], it is necessary that either,

Ii = Ji or |Ii ∩ Ji| = ki − 1,∀i

If Λ• is a fixed point of the Flag Variety, then its image under the Plücker embedding

is given by,

Λ• 7−→ ([εI1 ], ..., [εI` ])

where εIi =
∧
σ∈Ii

eσ and [εIi ] represents its equivalence class in P(
∧ki Cn)

The torus fixed line containing Λ•,Π• is then given under the Plücker embedding by,

φIJ([z : w]) =
(

[zd1εI1 + wd1εJ1 ], ..., [zd`εI` + wd`εJ` ]
)
.

We want φIJ to be fixed, up to reparametrization, by the torus action.

If Ii = Ji for some i, then εIi = εJi . So,

[zdiεIi + wdiεJi ] = [εIi ]

which is a constant. Hence for the components where Ii = Ji the composition,

C
φIJ // F` πi // G(ki, n)

is a constant (degree zero) map to a torus fixed point in G(ki, n).

On the other hand, if |Ii ∩ Ji| = ki − 1, then we can rewrite,

[zεIi + wεJi ] = [εIi∩Ji ∧ (zdieĨi + wdieJ̃i)]

where Ĩi ∈ Ii − Ji and similarly with J̃i ∈ Ji − Ii and we note the two are necessarily

distinct and uniquely defined.

C∗ acts on this line in the following way,

t · [zdiεIi + wdiεJi ] = [εIi∩Ji ∧ (zdit
λĨieĨi + wdit

λJ̃ieJ̃i)]

≡ [εIi∩Ji ∧ (zd−ieĨi + wd1t
λJ̃i
−λĨieJ̃i)]

= πi ◦ φIJ ◦ µ([z : w])

via the Möbius transformation µ([z : w]) = [z : t
(λJ̃i
−λĨi )/diw].

However, the Möbius transform must be the same for all i. Furthermore, this must

hold for a general torus action with arbitrary λi’s. Therefore we conclude that the Ĩi, J̃i

must be the same for all i. In other words I• and J• are related by a transposition, in

the sense described above. Further the above construction implies non-zero degrees di

must be the same for all i.

(⇐) The proof above generalizes to a construction of a torus fixed line given any two

flags which are related by a transposition. �
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This result uniquely characterizes which pairs of torus fixed points in F` can be joined

by a torus fixed line; they correspond to fixed points whose flags of sets are related by

transposing the elements Ĩ and J̃ . All that remains is to determine the homology class

of the curve given the two fixed points it contains.

7. Degrees and Homology Classes. In general, the Flag Variety has second homology

with rank greater than one, and therefore we define the degree of a curve class β ∈ H2(F`)
to be the set of integers, which we refer to as a multi-index,

i∗(β) = d• = (d1, ..., d`)

where i is the morphism,

i : F` −→ P

(
k1∧

Cn
)
× ...× P

(
k∧̀

Cn
)

Given a flag of sets I• corresponding to a torus fixed point of the Flag Variety. Define

I ′i = Ii − Ii−1, so that Ii =
i∐

j=1

I ′j , and
∣∣I ′i∣∣ = ri, and each I ′i is disjoint from all others.

The purpose of this is to decompose the flag I• into (I ′1, ..., I
′
`+1), a sequence of disjoint

subsets of {1, ..., n}. By this definition, we have for each k such that 1 ≤ k ≤ n, there is

precisely one i, 1 ≤ i ≤ `+ 1, such that k ∈ I ′i.
Suppose Ĩ ∈ I ′µ and J̃ ∈ I ′ν with Ĩ 6= J̃ . Let J• be the flag of sets which results

from transposing Ĩ and J̃ and call each component in the flag Ji. Finally, let φIJ be a

morphism from P1 into the fixed curve containing the torus fixed points corresponding

to I•, J•.

If I ′µ = I ′ν , then I• = J• and φIJ is a constant map and hence, di = 0 for all i.

However in the case, I ′µ 6= I ′ν , we may assume without loss of generality that Iµ ⊂ Iν ,

or equivalently, that µ < ν. The curve will then have non-vanishing degree in all i such

that

Ĩ ∈ Ii and J̃ 6∈ Ii
In these cases |Ii ∩ Ji| = ki − 1, so there is a torus fixed line connecting the two.

As we showed in the proof of the previous theorem, the non-vanishing degrees d must

all be identical, hence the fixed curves containing the torus fixed points corresponding

to I•, J• can only have multi-degrees d · i∗(βµν) where i∗(βµν) :≡ (d1, ..., d`−1) where,

dj =

{
1, µ ≤ j < ν
0, else

This construction also implies that the number of fixed curves of multi-degree βµν

containing any torus fixed point in the Flag Variety is precisely rµrν .
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Remark. If we count all the lines containing a given fixed point, (i.e., all the number

of lines of homology class βµν for µ < ν containing the gien point), we arrive at the sum∑
µ<ν

rµrν .

Which is equal to the dimension of the Flag Variety. This is no coincidence. Each line

containing the given fixed point defines a dimension of the tangent space at that point;

we can have no more fixed lines containing a particular point than the dimension of the

tangent space which is the same as the dimension of the manifold.

We now have enough enumerative information to compute the Euler characteristic of

M0,0(F`, βµν). For any fixed point in F`, the lines of homology class βµν are determined

by fixed points which are obtained by transposing elements Ĩ ∈ I ′µ and J̃ ∈ I ′ν for some

1 ≤ µ, ν ≤ ` distinct.

There are then 1
2Nrµrν fixed lines of homology class βµν where

N =

(
n

r1, ..., r`, r`+1

)
= χ(F`).

We had to divide by two, since we count each fixed line twice – that is, once for each

fixed point it contained.

By applying the localization theorem we can conclude,

χ(M(F`, βµν)) =
1

2
Nrµrν

8. The Moduli Stack of Stable Maps. The moduli space introduced in the previous

section contains very important enumerative information. However there are problems

with working in the space by itself, particularly because it is non-compact. The com-

pactification is achieved through the introduction of stable maps.

For a smooth projective variety X, letM0,m(X,β) be the moduli stack of m-pointed,

genus zero stable maps

f : (C, x1, ..., xm)→ X, such that

(1) C a reduced connected projective nodal curve of genus zero, with markings

x1, ..., xm and irreducible components Ci ∼= P1.

(2) The markings xi are distinct and contained within the smooth locus of C.

(3) For each irreducible component Ci, the restriction fi : Ci → X is a mapping of

degree βi such that
∑
βi = β.

(4) For each collapsed component, where the restriction fi has degree zero, the num-

ber of nodes plus marked points is at least three.

Two stable maps (C, x1, ..., xm; f),(C ′, x1, ..., xm; f ′) are considered equivalent if they

are the same up to a reparametrization which identifies each of the marked points.
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A nodal curve is composed of curves C1, ..., Cr isomorphic to P1 which are identified

at pairs of points {pj , qj} such that pj ∈ Ck(j), qj ∈ Cl(j) for indices k(j) 6= l(j), the iden-

tification points are referred to as nodes [K]. This definition makes it easy to define the

notion of the dual graph of C where each component Ci is represented by a unique ver-

tex and two vertices are connected by an edge if their irreducible components are joined

by an identification. Since C has genus zero its dual graph must forms a tree without

cycles. A marked points on C is represented by a leaf on the vertex corresponding to

the marked component.

Lastly, with regards to the third criterion above, we note that with stable maps to the

Flag Variety multi-degrees add component-wise.

Since we are interested in counting torus fixed stable maps, we will adapt the following

result from [A].

Proposition 1. If [C; f ] ∈ M0,0(G(k, n), d) is a torus fixed stable map and x ∈ C is a

node, then f(x) is a torus fixed point of G(k, n)

This easily generalizes to the Flag Variety since, if [C; f ] ∈M0,0(F`(k1, ..., k`,Cn), β)

and x ∈ C is a node, then (πi◦f)(x) must be a fixed point in G(ki, n), ∀i, or equivalently,

(πi ◦ f)(x) = VIi = Span({eσ}σ∈Ii) for some Ii ⊂ [n] such that |Ii| = ki, ∀i

which implies that f(x) is a fixed point in the Flag Variety.

9. Calculations. For our first few calculations we shall consider a Flag Variety with

two partitions of Cn,

X = F`(k1, k2,Cn),

and calculate the number of torus fixed stable maps with zero markings in genus zero for

degrees β1,2; β2,3; β1,3; and β1,3 + β2,3. The localization theorem then implies that for

any curve class β ∈ H2(X ), the number of fixed maps is equal to the Euler characteristic,

χ(M0,0(X,β)). For β1,2; β2,3; and β1,3 we also calculate the Euler characteristics in the

case of η marked points for η ≥ 3.

Example 2. For β1,2 and β2,3 (i∗(β1,2) = (1, 0), and i∗(β2,3) = (0, 1)) the only stable

maps are simply the rational maps themselves. Hence we get,

χ(M0,0(X,β1,2)) =
1

2
Nr1r2, and χ(M0,0(X,β2,3)) =

1

2
Nr2r3

We can also compute the Euler characteristic for stable maps with η ≥ 3 markings.

Define

Ψ(q) =
∞∑
η=2

qη

η!
χ(M0,η+1)
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where M0,η+1 :≡ M0,η+1({pt.}, 0). We will use the convention Ω(η + 1) :≡ χ(M0,η+1).

Manin proved in [M], that this formal sum is the unique solution to the equation,

(1 + q + Ψ(q))log(1 + q + Ψ(q)) = 2Ψ(q) + q

We can expand this as a power series and, in principle, determine all of the coefficients

of Ψ(q).

We now compute the Euler characteristic of M0,η(X,β) for β = β1,2 as a generating

series.

Lemma 2.

Φ(q) :≡
∞∑
η=3

qη

η!
χ(M0,η(X,β1,2))(1)

=
1

2
Nr1r2(2Ψ(q)− q2 + 2qΨ(q) + Ψ(q)2)(2)

Proof. We need to count the number of fixed stable maps with η markings. Since the

stable maps must be fixed, the map must take the markings to a fixed point of X . So

pick any fixed curve of degree β1,2. Such a curve contains precisely two fixed points,

we can therefore attach one tree, T1 of collapsed components to one of the fixed points,

and another tree, T2 to the other fixed point. We make a simplification by defining the

constant, e = 1
2Nr1r2.

Case 1, |T1| = η and |T2| = 0, by symmetry this is the same as the number of cases

where |T2| = η and |T1| = 0. The number of ways to attach a tree with η marked points

to a fixed point on a curve is Ω(η + 1) (we add one to count the attaching point which

must be kept track of). Hence there are 2eΩ(η + 1) fixed maps of this form, where

e :≡ 1
2Nr1r2.

Case 2, |T1| = η− 1 and |T2| = 1. Since we must choose which of the η marked points

gets mapped to T2 the total contribution is 2eηΩ(η) where we have counted twice to

account for symmetry.

Case 3, |T1| = η1 and |T2| = η2 where η1 + η2 = η, and η1, η2 ≥ 2 for stability. This

gives a total of eΩ(η1 + 1)Ω(η2 + 1).

Now we put these into a generating series,

Φ(q) :≡
∞∑
η=3

qη

η!
χ(M0,η(X,β1,2))(3)

= e(2

∞∑
η=3

qη

η!
Ω(η + 1) + 2

∞∑
η=3

qη

η!
ηΩ(η) +

∑
η1,η2≥3

qη

η1!η2!
Ω(η1 + 1)Ω(η2 + 1))(4)

= e(2Ψ(q)− q2 + 2qΨ(q) + Ψ(q)2)(5)
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Strata Diagrams Number

(i)
β1,3 1

2Nr1r3

(ii)

β1,2

β2,3

Nr1r
2
2r3

Table 1. The two strata for M0,0(X,β1,3)

Note that we had to subtract q2Ω(3) from Ψ(q) to get the power series to match the first

sum. We then used Ω(3) = 1 since there is only one stable map with three markings in

M0,3. �

If we wanted to compute the series forM0,η(X,β2,3) all we would need to do is replace

e = χ(M0,η(X,β2,3)).

Example 3. Next we shall compute the number of fixed stable maps for the case β1,3

(i∗(β1,3) = (1, 1)) at first with no marked points and then with marked points added in.

By the localization theorem this is then equal to

χ(M0,0(X,β1,3)).

There are two nodal curves, C, to consider which we include in the Table 1.

In the first case, we can pick any fixed curve with degree β1,3 of which there are

1

2
Nr1r3.

To count the number of such diagrams in the second case, we can pick any fixed point

for the node to coincide with, and then pick one line of degree β1,2 and one line of degree

β2,3 which pass through the fixed point, giving

N(r1r2)(r2r3)

The Euler characteristic is the sum of these two giving,

χ(M0,0(X,β1,3)) =
1

2
Nr1r3(1 + 2r2

2).

We can now add η ≥ 3 marked points and compute the Euler characteristics. We

state the result of our calculation as a lemma.
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Lemma 3.

Φ(q) :≡
∞∑
η=3

χ(M0,η(X , β1,2))(6)

=
1

2
Nr1r3(1 + 2r2

2)
(
2(q + 1)Ψ(q) + Ψ(q)2 − q2

)
(7)

+Nr1r
2
2r3

(
Ψ(q)2Ψ′(q) + 2(q + 1)Ψ(q)Ψ′(q) + Ψ′(q)(q + 1)2 − 3q2 − q

)
(8)

Proof. By Lemma 2 above, the contribution of diagrams of type (i) in Table 1 is,

1

2
Nr1r3(2Ψ(q)− q2 + 2qΨ(q) + Ψ(q)2).

What remains is to count the contribution by diagrams of type (ii) after adding η marked

points.

Let T0 be the tree of collapsed components which map to the fixed point in the

intersection of the two curves, this tree has two attaching points: one on the curve of

degree β2,3 and one of curve of degree β1,2, hence T0 needs only one marked point for

stability. Let T1 be the tree of collapsed components which is mapped to the other fixed

point on the curve of degree β2,3 and T2 be the tree of collapsed components which map

to the remaining fixed point on the curve of degree β1,2.

We divide the calculation into three parts. First, those loci which satisfy |T0| = 0.

Next, the remaining loci which satisfy |T1| , |T2| ≤ 1. Finally, those loci which satisfy

at least one of, |T1| ≥ 2, or |T2| ≥ 2. It can be checked that any torus fixed stable

map with η ≥ 3 markings must fall into one of these categories, and hence this list is

exhaustive. The generating series is then given by the sum of these contributions plus

the contribution from the strata of type (i).

First, if |T0| = 0, then the combinations are the same as in the previous example. The

contributions due to this condition give

e′(2Ψ(q)− q2 + 2qΨ(q) + Ψ(q)2), where e′ = Nr1r
2
2r3.

The variable, e′, is just the number of lines of the form (ii) in Table 1.

Next, if both |T1| = |T2| = 0 we have a contribution of e′Ω(η + 2). If |T1| = 0, |T2| =
1, we get 2e′ηΩ(η + 1) (also counting fixed points where the conditions on T1, T2 are
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reversed). If both |T1| = |T2| = 1, we have η(η − 1)e′Ω(η). Together these contribute,

e′(2
∞∑
η=3

qη

η!
ηΩ(η + 1) +

∞∑
η=3

qη

η!
Ω(η + 2) +

∞∑
η=3

qη

η!
η(η − 1)Ω(η))(9)

= e′(2q
∞∑
η=2

qη

η!
Ω(η + 2) +

∞∑
η=3

qη

η!
Ω(η + 2) + q2

∞∑
η=1

qη

η!
Ω(η + 2))(10)

= e′(2q(Ψ′(q)− qΩ(3)) + (Ψ′(q)− q2

2
Ω(4)− qΩ(3)) + q2Ψ′(q))(11)

= e′(Ψ′(q)(q + 1)2 − 3q2 − q)(12)

where Ψ′(q) =
∂Ψ

∂q
=
∞∑
η=1

qη

η!
Ω(η + 2)

In the last step we used that Ω(3) = 1, and, since M0,4
∼= P1, that

Ω(4) = χ(M0,4) = 2.

For the remain three cases, first suppose |T1| = η1 ≥ 2, and |T2| = 0, we then have

|T0| = η0 such that η0 + η1 = η. We have to pick η0 of the markings to be in T0 hence

the contribution from strata of this form is, 2e′
(
η
η0

)
Ω(η1 + 1)Ω(η0 + 2). Next, suppose

|T2| = 1 so that η1 + η0 + 1 = η contributing 2e′
(

η
η0,η1,1

)
Ω(η1 + 1)Ω(η0 + 2). Finally,

for arbitrary |T0| , |T1| , |T2| ≥ 2 such that η0 + η1 + η2 = η we get a contribution of

e′
(

η
η0,η1,η2

)
Ω(η1 + 1)Ω(η0 + 2)Ω(η2 + 1). Giving a total contribution of,

e′
∞∑
η=2

( ∑
η1+η2+η0=η

qη

η1!η2!η0!
Ω(η1)Ω(η2)Ω(η0)

)
+2e′

∞∑
η=2

 ∑
η1+η0+1=η

qη

η1!η0!1!
Ω(η1)Ω(η0)


(13)

+2e′
∞∑
η=2

( ∑
η1+η0=η

qη

η1!η0!
Ω(η1 + 1)Ω(η0 + 2)

)(14)

= e′(Ψ(q)2Ψ′(q) + 2qΨ(q)Ψ′(q) + 2Ψ(q)Ψ′(q))

(15)

The sum of all four of these terms gives us our final generating series,

Φ(q) :≡
∞∑
η=3

χ(M0,η(X , β1,2))(16)

=
1

2
Nr1r3(1 + 2r2

2)
(
2(q + 1)Ψ(q) + Ψ(q)2 − q2

)
(17)

+Nr1r
2
2r3

(
Ψ(q)2Ψ′(q) + 2(q + 1)Ψ(q)Ψ′(q) + Ψ′(q)(q + 1)2 − 3q2 − q

)
(18)
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Strata Diagram Number

(i)

β1,3

β2,3

N(r1r3)(r2r3)

(ii)

β1,2

2β2,3

N(r1r2)(r2r3)

(iii)

β1,2β2,3

β2,3

(1
2Nr1r2)(2r2r3)(r2r3) = Nr1r

3
2r

2
3

(iv)

β2,3β1,2

β2,3

(Nr1r2)(2r2r3)(r2r3) = Nr1r
3
2r

2
3

(v)

β1,2

β2,3

β2,3

0 (Nr1r2)
(r22r

2
3+r2r3)

2

Table 2. The five types of strata for M0,0(X,β1,3 + β2,3)

�

Example 4. Our next calculation is more involved. Consider stable maps of degree

β1,3 + β2,3 with no markings (i∗(β1,3) + i∗(β2,3) = (1, 2)). There are five strata to

consider (see Table 2).

Summing up all the contributions enumerated in Table 2, we then have the total as,

χ(M0,0(X,β1,3 + β2,3)) =
1

2
Nr1r2(5r2

2r
2
3 + 2r2r3 + r2

3)

Cases (i) and (ii) are similar to the calculation in the previous example. In case (iii),

pick one line of degree β1,2 (1
2Nr1r2 ways) and then pick one of the 2r2r3 lines of degree

β2,3 which contain either of the two nodes, and then pick another line which contains

the second node (r2r3 possible choices). Case (iv) is only slightly different; pick a line

of degree β1,2 then pick a line of degree β2,3 which contain either of the two nodes, then

pick one of the lines of degree β2,3 which intersects the other node of the second line. For
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case (v), we must first pick one of the N fixed points to map the collapsed component

to, then pick a line of degree β1,2 which contains it, then we must pick two of the lines

of degree β2,3 which contain it. we can either choose two different lines to map them to,

or we can choose to map them to the same line, giving(
r2r3

2

)
+ r2r3 =

r2
2r

2
3 + r2r3

2
.

If we wanted to calculate the Euler characteristic with markings, the methods used

above could in principal be extended to the strata above with little difficulty.

4

Example 5. Now let’s examine a more complicated space. Let X = F`(k1, k2, k3, k4,C).

We will calculate χ(M0,0(X,β1,4)) where i∗(β1,4) = (1, 1, 1). We again give a table of

all possible strata (Table 3), the justifications are similar to those given in the previous

example. Counting over all the possible fixed points we arrive at our final answer,

χ(M0,0(X,β1,4)) =
1

2
Nr1r4(1 + 2r2

22r2
3 + 4r2

2r
2
3)(19)

=
1

2
Nr1r4(1 + 2r2

2)(1 + 2r2
3)(20)

Note the similarity of this Euler characteristic to that of Example 3. It is the opinion of

the author that this is not a coincidence, he conjectures that this pattern would continue

for Flag Varieties parametrizing flags of arbitrary length. Although the methods used

above could, in principle, be extended to flags of arbitrary length, the combinatorial

difficulty increases rapidly with the number of flags. Thus a proof of this may be beyond

the methods of this paper.
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Strata Diagram Number

(i)
β1,4 1

2Nr1r4

(ii)

β1,3

β3,4

N(r1r3)(r3r4)

(iii)

β1,2

β2,4

N(r1r2)(r2r4)

(iv)

β1,2β2,3

β3,4

(1
2Nr1r2)(2r2r3)(r3r4) = Nr1r

2
2r

2
3r4

(v)

β3,4β1,2

β2,3

(1
2Nr1r2)(2r2r3)(r3r4) = Nr1r

2
2r

2
3r4

(vi)

β2,3β3,4

β1,2

(1
2Nr1r2)(2r2r3)(r3r4) = Nr1r

2
2r

2
3r4

(vii)

β1,2

β2,3

β3,4

0 N(r1r2)(r2r3)(r3r4)

Table 3. The seven types of strata for M0,0(X,β1,4)

Appendix A. The Poincaré Polynomial of the Flag Variety

The quantum binomial, also called q-binomial coefficient, is an analogue of the bino-

mial coefficient. It is defined as, [
n

k

]
q

:≡ [n]q!

[k]q![n− k]q!
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where [n]q = 1−qn
1−q , and [n]q! = [1]q[2]q...[n]q. The quantum binomial comes up naturally

in the cohomology of the Grassmannian.

Proposition 2. The Poincaré polynomial of G(k, n), PG(k,n)(q) =
[
n
k

]
q

We prove this using the Bia lynicki-Birula Localization Theorem. There are other

methods of calculating the Poincaré polynomial which can be found in the literature on

the cohomology of the Grassmannian.

Theorem 3. (Bia lynicki-Birula Localization Theorem) If a smooth manifold X admits

a C∗ action with fixed points p1, ..., pe, then the Poincaré polynomial of X is given by

PX(q) =

e∑
i=1

q2d+i

where d+
i is the number of positive weights on the tangent space of X at the point pi

We now prove the proposition.

Proof. Let C∗ act on Cn with weights λ1 < ... < λn, inducing action on points of G(k, n).

If V ⊂ Cn is k-dimensional subspace,

t · V = {t · v|v ∈ V }

The torus action on G(k, n) has
(
n
k

)
fixed points,

ΛI = Span(ei1 , ..., eik) for all I = {i1 < ... < ik} ⊂ [n] :≡ 1, ..., n

Given a fixed point ΛI the tangent space of G(k, n) at ΛI is standardly known to be,

TΛIG(k, n) = Hom(ΛI ,Cn/ΛI)

Lemma 4. If C∗ acts on V with weights α1, ..., αk and C∗ acts on W with weights

β1, ..., β`, then C∗ acts on Hom(V,W ) and the weights are βj − αi

The proof of the lemma uses that Hom(V,W ) = V ∗⊗W and hence the weights of the

torus action on the dual V ∗ are negated.

Noting for a fixed point ΛI ∈ G(k, n), the torus action on Cn induces a torus action

on the linear subspace ΛI with weights λi1 < ... < λik and a torus action on Cn/ΛI with

the other n− k weights.

To apply the localization theorem, we need to determine the number of positive weights

using the previous lemma. For each iµ ∈ I, there are n − k − iµ + µ weights on Cn/ΛI
strictly larger than λiµ .

Thus the number of positive weights on Hom(ΛI ,Cn/ΛI) is,

d+
I =

k∑
j=1

n− k + j − ij
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= k(n− k) +
k(k + 1)

2
−

k∑
j=1

ij

The localization theorem then states that,

PG(k,n)(q) =
∑

I⊂[n],|I|=k

qd
+
I

Lemma 5. ∑
I⊂[n],|I|=k

qd
+
I =

[
n

k

]
q

where d+
I = k(n− k) + k(k+1)

2 −
∑
ij∈I

ij.

Proof. The proof goes by induction. Start with the case n = 1. If k = 0, 1 there is only

a single subset of [n] with cardinality k. A calculation yields d+
I = 0 and

∑
I⊂[n],|I|=k

qd
+
I = 1 =

[
n

k

]
q

If k > n then the claim is vacuous as both sides of the equation vanish. Hence, for n = 1

the claim holds for all non-negative k. Now, suppose for the pupose of induction that

the lemma holds for some n and all non-negative k. Then for the case n + 1 we can

separate the sum into those terms where (n + 1) 6∈ I ⊂ [n + 1] and those terms where

(n+ 1) ∈ I ⊂ [n+ 1]. In the later case we can define I = I ′ ∪ {n+ 1} where I ′ ⊂ [n] and

|I ′| = k − 1. We then have∑
I⊂[n+1],|I|=k

qd
+
I =

∑
I⊂[n],|I|=k

qd
+
I +

∑
I′⊂[n],|I′|=k−1

qd
+
I

We can reduce the exponent in the second term as follows,

d+
I′

∣∣
|I′|=k−1

= (k − 1)(n− k + 1) +
k(k − 1)

2
−
∑
ij∈I′

ij(21)

= k(n− k)− (n− k) + k − 1 +
k(k + 1)

2
− k −

∑
ij∈I′

ij(22)

= k(n− k) +
k(k + 1)

2
−
∑
ij∈I′

ij − (n+ 1)− (n− k + 1)(23)

= d+
I

∣∣
I=I′∪{n+1} − (n− k + 1)(24)
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So by the induction hypothesis we arrive at∑
I⊂[n+1],|I|=k

qd
+
I =

∑
I⊂[n],|I|=k

qd
+
I +

∑
I′⊂[n],|I′|=k−1

qd
+
I(25)

=
∑

I⊂[n],|I|=k

qd
+
I + q(n+1−k)

 ∑
I′⊂[n],|I′|=k−1

qd
+
I′

(26)

=

[
n

k

]
q

+ q(n+1−k)

[
n

k − 1

]
q

(27)

This reduces the proof to the following q-binomial coefficient identity.

Lemma 6.
[
n+1
k

]
q

=
[
n
k

]
q

+ q(n+1−k)
[
n
k−1

]
q

Proof. [
n

k

]
q

+ q(n+1−k)

[
n

k − 1

]
q

=
[n]q!

[k]q![n− k]q
+ q(n+1−k) [n]q!

[k − 1]q![n+ 1− k]q!
(28)

=
[n]q!

[k]q![n+ 1− k]q!
([n+ 1− k]q + q(n+1−k)[k]q)(29)

=
[n]q!

[k]q![n+ 1− k]q!
([n+ 1]q) =

[
n+ 1

k

]
q

(30)

The last line follows from an application of the definitions,

[n+ 1− k]q + q(n+1−k)[k]q =
q(n+1−k) − 1

q − 1
+ q(n+1−k) q

k − 1

q − 1
=
q(n+1−k) − 1

q − 1
+
qn+1 − q(n+1−k)

q − 1

(31)

=
qn+1 − 1

q − 1
= [n+ 1]q(32)

which completes the induction argument for Lemma 5 and hence,∑
I⊂[n],|I|=k

qd
+
I =

[
n

k

]
q

Ergo,

PG(k,n)(q) =

[
n

k

]
q

which completes the proof. �

Corollary 2. The Poincaré polynomial of the Flag Variety F`(k1, ..., k`,Cn) is given by,

PF`(k1,...,k`,Cn)(q) =

[
n

r1, ..., r`+1

]
q
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Proof. The first step is given by the Poincaré polynomial of the Grassmannian,

PG(k1,k2)(q) =

[
k2

k1

]
q

=
[k2]!q

[k1]!q[k2 − k1]!q
=

[
k2

r1, r2

]
q

The proof then follows inductively from the fibration,

F`(k1, ..., k`−1,Ck`) // F`(k1, ..., k`,Cn)

��
G(k`, n)

The Poincaré polynomial is multiplicative with respect to fibrations of smooth varieties

with smooth fibres, and therefore

PF`(k1,...,k`,Cn)(q) = PF`(k1,...,k`−1,Ck` )(q)PG(k`,n)(q)

=

[
k`

r1, ..., r`

]
q

[
n

k`

]
q

=

[
n

r1, ..., r`, r`+1

]
q

�

References

[A] S. Agrawal, The Euler Characteristic of the Moduli Space of Stable Maps in a Grassmannian. June
2011.

[G] A. Gathmann, Algebraic Geometry: Notes for a class taught at the University of Kaiser-
slautern 2002/2003. Available at http://www.mathematik.uni-kl.de/ gathmann/class/alggeom-
2002/main.pdf.
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