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1. Introduction

NOTE: This introduction explains what I would have discussed, if time were unlimited. One
can see from the table of contents what we actually had time to cover.
There are three parts to these notes:

(1) Explicit models of the exceptional Lie algebras and Lie groups, including Fj;

(2) A treatment of some of Bhargava’s “Higher Composition Laws”, from the point of view of
exceptional algebraic structures;

(3) Modular forms on quaternionic exceptional groups.

The expert reader can glance at the table of contents to see what is covered. We now give an
introduction to some of the topics just mentioned.

1.1. The exceptional groups. Classical groups include GL,,, Spy,, = Sp(W; (, )), and O(V, q).
The groups Sp(W) and O(V) are defined as the subgroups of the general linear group of a vector
space that fix a particular bilinear form. If W is a 2n-dimensional vector space with non-degenerate
symplectic form (, ), then

Spa, = Sp(W) = {g € GL(W) : (gw1, gw2) = (w1, w2)Vwy, we € W}.

Similarly, if ¢ is a non-degenerate quadratic form on the vector space V' with associated bilinear
form (z,y) = q(z +y) — q(x) — q(y), then

O(V,q) ={g € GL(V) : (gu1, gvz) = (v1,v2)Vv1,v9 € V'}.
Other familiar facts about the above classical groups are

(1) A concrete description of their Lie algebras. For example, gl(V) = End(V) =V @ VV;
s50(V) =~ A2V, sp(W) ~ Sym?(W).

(2) Explicit description of some nilpotent elements of these Lie algebras

(3) Explicit description of the flag varieties G/P for G a group as above and P a parabolic
subgroup. For example, G is Sp(W) or O(V) and P a parabolic subgroup of G, the
varieties G/P can be identified with flags of isotropic subspaces of W or V.

Our first aim in these notes is to give analogous some of the analogous definitions and construc-
tions for exceptional groups. This means:

(1) A definition of (some form of) each (simply-connected) exceptional group G in terms of
stabilizers of concrete tensors;

(2) An explicit description of the Lie algebra g of G, including some unipotent elements;

(3) Some results on the flag varieties G/P.

Let us now give a taste of some of the above elements. As this is an introductory book, we
always work over ground fields & of characteristic 0.

EXAMPLE 1.1.1 (The group Eg). There is a certain 27-dimensional vector space J, that comes
equipped with a homogenous degree three polynomial “determinant” or “norm” map Ny :J — k.
The (simply-connected) group of type Eg can be defined as

FEg :Eﬁ(J) = {g S GL(J) : NJ(gX) :NJ(X)VX S J}

Moreover, we will write down an explicit Eg-equivariant map ® : J ® JY — ¢g.

Now, there is a quadratic polynomial map # : J — JV. Call an element x € J singular if
xz# = 0. If P is the Dj parabolic in Fg, then the flag variety G/P can be identified with the
singular lines in J. Below, we will make all of this explicit, and more.

Let us also give a quick tour of the group E7.
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EXAMPLE 1.1.2 (The group E;). There is a particular 56-dimensional vector space W; =
ke J® JY @ k. The space W comes equipped with a symplectic form (, ) and a homogeneous
degree four polynimial g : W; — k. The simply-connected group of type Er; can be defined as

B = E7(J) ={9 € Sp(Wy;(,)) : a(gw) = q(w)Vw € W, }.

We’ll define the quartic form ¢ explicitly and do calculations with it.

Another familiar aspect for the classical group SLa(R) is that it acts on the upper half plane
h={z=a+1iy:z,y € R,y >0} by linear fractional transformations: If v = (2 %) € SLy(R) and
z € by, then vz = ZZZJ:S Using this action, one can define holomorphic modular forms for SLs.

There is a parallel story for a group E;(J)(R) for a particular J. Namely, there is an upper
half space hy = {z =z + iy : x,y € J,y > 0} for a notion of positive-definiteness y > 0 in J, and
the group E7(J) acts on by by a sort of exceptional linear fractional transformations. We’ll define
this action and the corresponding notion of holomorphic modular forms for E7(.J).

We’ll also explicitly define Eg, eg, check the Jacobi identity on eg and compute the Killing form.

1.2. Bhargava’s Higher Composition Laws. The second part of these notes concerns some
results of Bhargava [Bha0O4a, Bha04b]. We give now some flavor of what we’ll discuss.

To set the stage, recall Gauss composition, which is a bijection between SLg(Z)-equivalence
classes of integral primitive binary quadratic forms of discriminant D < 0 and the class group

Cl(Rp) where Rp =Z & Z% is the quadratic order of discriminant D:
SLy(Z)\ {az® + bxy + cy® : b* —dac = D < 0, a,b,c € Z and ged(a,b,c) = 1} <+ Cl(Rp).

Bhargava found many generalizations of this classical result of Gauss. The prototypical exam-
ples is essentially a bijection between SLo(Z)? orbits of “cubes” of discriminant D, i.e., elements of
the 8-dimension Z-modular Z? ® Z? ® Z? where a certain degree four “discriminant” polynomial
equals D, and triples of ideal classes in Cl(Rp) whose product is trivial:

SLy(Z)*\(Z*? ® Z* ® Z*)¥=P & (Rp, I, Ir, Iy : 1,13 = (1))

Write Rp = Z @ Z7, and suppose I1 = Zay @ Zow, Is = ZS1 © ZBo, Is = Zy © Zys. Because
the product 11213 = (1), the product
(1) @Bk = Cijk + QT
for certain integers a;j, ciji. Here 4,j,k € {1,2}. Following [BhaO4al, the map from triples of
ideal classes to Z2? ® Z? ® Z? sends (Rp, I, I>, I3) to the 2 x 2 x 2 “box” (@ijk)-

A key step in the proof is that the above map induces the desired bijection is that given a box
(@ij1) with discriminant D, there exists an essentially unique set of integers c;;;, and ideals Iy, I, I3
so that holds.

We’ll explain this proof of this result of Bhargava, with special attention to this key step. And
we’ll do so from the point of view of exceptional algebra. To give just a hint why there might be
some connection, note that the vector space Wy = Q?®Q?®Q? has a SL2(Q)3-invariant symplectic
form, and the invariant quartic form, the discriminant, already mentioned. This is just like the
space W that we mentioned can be used to define E7(.J). Indeed, Wy with its SLo(Q)3-action is
a sort of degenerate analogue of the space W used to define E7(J).

1.3. Modular forms on exceptional groups. The final part of the notes concerns the so-
called modular forms on quaternionic exceptional groups.

Recall that a classical holomorphic level one modular form of weight ¢ for SLs is a holomorphic
function f : h — C satisfying

(1) f(v2) = (cz+d)*f(2) for all vy = (24) € SLy(Z)
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(2) the SLy(Z)-invariant function |y*/2f(z)| has moderate growth.

These modular forms have a classical Fourier expansion

(2) F(z) =) ag(n)e’™

n>0

with the Fourier coefficients ay(n) € C. Sometimes these Fourier coeflicients are even in Z, Q, or
Q.

One might reasonably ask if there is any parallel theory of very special automorphic forms on
an exceptional group, such as (split) Go. It turns out that there is, and this notion was singled out
by Gan-Gross-Savin [GGS02] and Gross-Wallach [GW96].

To say a little bit about the definition, first note that one can replace the modular form f with
the function ¢ : SLy(Z)\ SLo(R) — C defined as ¢5(g) = j(g,4) " f(g - i), where j((24),z2) =
cz +d. The function ¢ satisfies

(1) 65(gka) = e~ ;(g) for all g € SLo(R) and ky = ( %0 ")) € 80(2)
(2) Dcreds =0, for a certain linear differential operator Dcp g, that corresponds to the fact
that f satisfies the Cauchy-Riemann equations.

The definition of modular forms on Gs—or more generally, a “quaternionic” exceptional group—is
similar to the conditions on ¢ just enumerated.
Fix an integer £ > 1. A modular form on G2 of weight ¢ is a function of moderate growth
¢ : G2(Z)\G2(R) — Sym?‘(C?) satisfying
(1) ¢(gk) = k=-¢(g) forall g € Go(R) and k € K = (SU(2) xSU(2))/p2 the maximal compact
subgroup of G3(R). Here, on the right of this equation, K is acting on Sym?‘(C?) by
projection to the first (long-root) factor.
(2) Dy = 0 for a certain first-order linear differential operator Dy.

Unlike the case of SLg, the symmetric space G2(R)/K does not have a complex structure.
So, even though one can make the above definition, there is no a priori reason to believe that
these modular forms might behave analogously to the classical holomorphic modular forms recalled
above. Nevertheless, [GGS02],[GW96| and [Wal03] defined these modular forms and defined a
notion of some Fourier coefficients of them.

One theorem that we’ll discuss [Pol20a] is that these modular forms have a robust, Z-normalized
Fourier expansion similar to the expansion above. We'll also prove that there exist cusp forms
on Gy all of whose Fourier coefficients are in Z or Q [Pol20d]. Moreover, we’ll define modular
forms on general quaternionic exceptional groups-including the real Lie group known as Fjg4—and
explicitly construct some modular forms on this group [Pol20b), [Pol20c].
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The exceptional Lie algebras and Lie groups






CHAPTER 1

The octonions and G5

1. Quaternion algebras

Some references:

(1) [GS17] Chapter 1
(2) [GLO9)

We begin by defining quaternion algebras.
Suppose k is a field.

DEeFINITION 1.0.1. A quaternion algebra of k is rank four associative k-algebra B with unit
that satisfies the following properties: There exists a k-linear order-reversing involution u +— u*

(1) such that v = u* if and only if z € k- 1
(2) tr(u) = v+ v* and n(u) = uu* are in k for all w € B
(3) the quadratic form n : B — k is non-degenerate.

Note that the first condition implies the second.
When working over rings, instead of fields, and when one drops the condition that the quadratic
form n be non-degenerate, then one adds the condition

e left multiplication by u on B has trace 2 tr(u)

ExXAMPLE 1.0.2. The two-by-two matrix algebra Mjy(k) is a quaternion algebra, with x as
(e8)" =(%72)
CrAamm 1.0.3. The norm on a quaternion algebra B is multiplicative, i.e., n(zy) = n(z)n(y).

The proof is immediate.
There is another definition that is more concrete.

DEFINITION 1.0.4. Given a,b € k™, define B, as the four-dimensional associative k-algebra
with basis 1,1, j, k = 4j satisfying i®> = a, j2 = b, ij = —ji. An involution * on B, is defined as
u=w+zi+yj+ zk— v =w—xi —yj — zk, where w,x,y,z € k.

THEOREM 1.0.5. The four-dimensional algebra B,y is a quaternion algebra, and every quater-
nion algebra arises in this way.

Proor. We first explain that B, satisfies the axioms stated above. To do this, we must
compute uu*. One obtains
wu* = (w+zi + yj + zk)(w — xi — yj — zk)
=w® = 2*(i%) — y?(j%) — 22(K°) — 2y(ij + ji) — yz(ik + kj) — 2 (ki + ik)
= w? — az® — by? + abz?.

One must also verify that this map * satisfies (xy)* = y*z*.
For the converse direction, let ( ) be the bilinear form associated to the norm form n. Thus

(u,v) = n(u+v) —n(u) —n(v) = w* + vu™.
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By assumption this is non-degenerate. Let 1,4, 7, k' be an orthogonal basis of B with respect to
this bilinear form, and set k = ij.

We claim ij = —ji, i> = a, j2 = b form some a,b € kX, and that 1,74,k is a basis of
B. For the first part, note that 0 = (1,7) = ¢* 4+ ¢ so that * = —i and similarly for j. Then
i? = —ii* = —n(i) € k* and simiarly for j. Finally, to see that 1,4, j,ij is a basis, we check that
k =17 is orthogonal to 1,7, 5. We leave that as an exercise. O

EXERCISE 1.0.6. Complete the above proof by checking the following:
e The map * on B, satisfies (uv)* = v*u*.
e If 1,4, 7, k' is an orthogonal basis of a quaternion algebra B, then k = 75 is orthogonal to
1,4,7.

Another way of constructing quaternion algebras: This is called the “doubling” or the Cayley-
Dickson construction. Suppose E/k is a quadratic etale algebra with nontrivial involution o. define
Bg., = E & Ej with multiplication induced by jyj~! = o(y) for y € E and j? = v € k*. In other
words, we define a multiplication on E? as

(z1 +y17) (@2 + y25) = (2122 +y0(y2)y1) + (Y221 + Y10 (22))J.
Define an involution on Bg . as (z +yj)* = o(x) — jo(y) = o(x) — yJ.

PROPOSITION 1.0.7. The algebra just constructed is a quaternion algebra, and every quaternion
algebra arises in this way.

Proor. We first verify that Bg, is a quaternion algebra. For this, let 1,7 be an orthogonal
basis of E. Then o(i) = —i and i® = a for some a € k*. We have ji = o(i)j = —ij. Finally,
j2 =~. Thus B En ~ Bas 50 is a quaternion algebra.

For the converse direction, suppose B = B, ;. Set E = k® ki = k[z]/(z> —a). Let v = b. Then

one verifies quickly that B,, = B . ]

2. Octonion algebras

References:
(1) [SV00]

The first exceptional algebraic structure we encounter is the octonions.
We begin with a definition. Suppose k is a field.

DEFINITION 2.0.1. Suppose C' is a not-neccessarily-associative k algebra with unit 1, and that
C comes equipped with non-degenerate quadratic form ng : ¢ — k. Then C is said to be a
composition algebra if ne is multiplicative, i.e., no(zy) = ne(x)ne(y) for all z,y € C.

Composition algebras can be classified, and in fact are always dimension 1,2,4 or 8 over the
ground field. Every dimension four composition algebra is a quaternion algebra.

There is a way of defining an involution x on a composition algebra, as follows. Let (z,y) =
nco(z +y) — ne(x) — ne(y) be the non-degenerate bilinear form associated to nc. Note that 1
satisfies (1,1) = 2 # 0. Let C° be the perpendicular space to 1 under the bilinear form. Define *
on Cas (xl +y)* =z —yif x € k and y € C°. In other words,

¢ =(z,1)1 -z

for z € C.
Note that z + 2* € k-1 for all z € C. Also note that nc(z) = nc(z*) for all z € C.

THEOREM 2.0.2. The map * satisfies
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(1) z*z=nc(z) forall z € C.
(2) Moreover, * is an algebra involution, i.e., (xy)* = y*x* for all x,y € C.

We’ll prove this theorem below.
DEFINITION 2.0.3. An octonion algebra © is an eight-dimensional composition algebra.

Octonion algebras exist. We give two different constructions, called the Zorn model and the
Cayley-Dickson construction.

DEFINITION 2.0.4 (The Zorn model). Denote by V3 the three-dimensional defining representa-
tion of SL3 and by V3" its dual representation. Denote by © the set of two-by-two matrices (¢ 4)
with a,d € k, v € V3 and ¢ € V5" with multiplication

a v a v\ aa' + ¢'(v) av' +dv—o¢ N
¢ d ¢ d ) \do+dd +vAd o(v') + dd '
The involution * is ( ; 2 ) = ( —d¢ —av ) and the norm is n@(< Z Z )) = ad — ¢(v).

The Cayley-Dickson construction starts with a quaternion algebra B and an element v € k*,
and defines © = B @& B with multiplication as follows.

DEFINITION 2.0.5. Let * denote the involution on the quaternion algebra B. Then the multi-
plicaton on © = B & B is

(21, y1)(22, y2) = (T122 + YY2y1, Y221 + Y125).
The involution * on © is (z,y)* = («*, —y) and the norm is ne((x,y)) = np(z) — ynp(y).

We’ll check below that the Cayley-Dickson construction and the Zorn model produces compo-
sition algebras.

PROPOSITION 2.0.6. The Zorn model is a special case of the Cayley-Dickson construction, with
B = Ms(k) and v = 1.

PRrROOF. The following map induces an isomorphism:

ail a2 mip M2 N an aize1 +miiez —maies
az1 az )\ mor Mmoo ag1€] + maoges + mige; a22
‘We have

! / / / ! ! ’ ’
! A all ai2 arp @12 Moy —Mig mi1 mi2 M1 Myo ail @12 (mu mi2 QAo a7
(a,m)(a’,m’) = (( ast ass) aly, ab, + —mh, mh, (a1 m33 ) » mb, mb, (a1 a3 ) + (mat ma3) —dl, al, .

It is a simple but tedious check that the above map induces an isomorphism. ]

2.1. Proof of Theorem We follow Springer-Veldkamp [SV00] to prove this theorem.
We also prove various useful facts and identities along the way.

To prove Theorem [2.0.2) we’ll require several lemmas.

LEMMA 2.1.1. Suppose C is a composition algebra. Then

(1) (z1y,22y) = nc(y)(x1,x2) for all 1,22,y € C
(2) (zy1,2y2) = no(x)(y1,y2) for all x,y2,y2 € C
(3) (w1y1, w2y2) + (w2y1, T1Y2) = (21, 22)(Y1,Y2) for all x1,22,y1,y2 € C.

PRrROOF. Counsider n((x1+x2)y) to prove that (z1y, x2y) = n(y)(x1, x2). Similarly, n(xy;, zy2) =
n(x)(y1,y2). Linearize to obtain (x1y1, x2y2) + (z2y1, z1y2) = (z1,22)(y1, y2)- O

We can now prove part 1 of Theorem [2.0.2

11



PRrROOF OF THEOREM [2.0.2| (1). . To prove that zz* = n(z), compute the inner product of
both sides with an arbitrary y € C. Then

(y,22") =

We therefore have:

LEMMA 2.1.2. For oll z,y, z in a composition algebra C':
(1) The quadratic equation 2> — (z,1)z +nc(z) = 0 holds;
(2) 2y +yx— (z,1)y — (y, Dz + (z,y) = 0.

PRrOOF. The first statement is equivalent to z*z = nc(z) and the second follows from the first

by linearization. O
PROOF OF THEOREM [2.0.2 (2). Let’s now compute y*z*. One has
yrt = ((1,y) —y)((1,2) — )
= (Lzy) + (z,y) — (Ly)r — (L,2)y + yz
= (L,zy) —xy
= (zy)".
O
We also record some identities we’ll need later:
LEMMA 2.1.3 ([SV00] Lemma 1.3.2). One has
(1) (zy,2) = (y,272)
(2) (zy,2) = (z,29")
(3) (wy,2") = (yz,z7).
PRrROOF. One has
(y7 .T*Z) = (ya (:1:7 1)2 - ‘TZ)
= (l’, 1)(y7 Z) - (y7 .CEZ)
= (l’y, Z) + (y,xZ) - (y,xz)
= (zy, 2).
The other identities are left as an exercise. O

COROLLARY 2.1.4. One has z*(zy) = n(z)y.
PRrROOF. Pair the LHS with an arbitrary w € C. Then
(w,2%(2y)) = (2w, 2y) = n(2)(w, y) = (w,n(2)y).

12



2.2. The Cayley-Dickson and Zorn constructions.

PROPOSITION 2.2.1. The Zorn model and the Cayley-Dickson construction define octonion al-
gebras, i.e., the norms are multiplicative.

Proor. It suffices to check that the Cayley-Dickson construction produces a composition al-
gebra; however, we check both the Zorn model and the CD construction anyway. First, consider
the Cayley-Dickson construction. One has

ne((1,y1)(x2,92)) = np(r122 + 7y3y1) — Ynp (Y221 + Y125).
Expanding the RHS gives

np(z172) + v(T122, ¥391) + V1B W1y2) — s (Y1) — Y(y2r1, Y125) — ynp(Y122).

We claim that (z1x2,y3y1) = (yox1, y223). Given this, the multiplicativity follows. For this latter
identity, note that we already know that B is a composition algebra, so we can apply identities
proved for C. We have

(z122, ¥511) = (Y2z122, Y1) = (Y21, Y123)
as desired.

Let’s also check that directly that the Zorn model gives a composition algebra. The norm of
the product of v and v’ is

(ad + ¢'(v))(dd' + ¢(v)) — (d'¢p+ d¢' +v AV, a +dv—pAn).
This is
add'd'+ad’ ¢(v")+dd' ¢’ (v)+¢' (V)P(v")— (ad' (V') + d'd' ¢(v) + adg’ (V') + dd'¢' (v) — (v AV, P N @')).
Cancelling gives
ne(uv') = add'd + ¢'(v)p(v") — d'd p(v) — add’ (V') + (v AV, P A @)
— (ad — o) — FW) + (0 A6 A ) — 6 W) + & )W),

3. The group G,

Suppose © is an octonion algebra. The group G5 is defined as the automorphisms of ®. The
exact linear algebraic group one gets depends upon O.

Octonion algebras posess lots of automorphisms. It is clear that SLs acts on the Zorn model.
One can also define an action of B! x B! on the Cayley-Dickson construction:

Suppose g, h € B'. Define

(g.h) - (x,y) = (gzg~ " hyg™).

CrLAM 3.0.1. This action defines a map B x BY/us — Ga, i.e., the action preserves the
multiplication and the conjugation.

The proof is a simple direct check.

So, we have a definition of G2, and we know the definition of G produces something nontrivial,
as SLs C G and (SLg x SLg)/p2 € Ga, working with the Zorn model.

We will eventually check that G2 has dimension 14 and give very concrete models for its Lie
algebra.

LEMMA 3.0.2. The group Go preserves the quadratic form on ©.

13



3.1. The dimension of G3. The dimension is 14. The idea is that G5 acts transitively on
VIe="1 with stabilizer of ug := (5 %) being SLs.

ProposITION 3.1.1. The group G acts transitively on V7":71.
We first require the following lemma.

LEMMA 3.1.2. SLy acts (by conjugation) transitively on the matrices with trace 0 and determi-
nant —1.

Proor. We know GLs acts transitively. So, given a matrix m as in the statement of the lemma,
there exists g € GLy with gmg~! = diag(1, —1). But now write g = dg’ with d diagonal and ¢’ €
SLy. Then m’ := g'm(g’)~! is diagonal with trace 0 and determinant —1. Thus m’ = diag(1, —1)
or diag(—1,1). Now apply (_01 (1)) to finish the proof. O

PROOF OF PROPOSITION [B.1.9l The idea is to go back and forth between using the SL3 and
SLy x SLg-action. We handle the most difficult case first: u = (g 4) with v,¢ # 0 but ¢(v) = 0.
Use the SL3 action to make v = ey and ¢ = e3. Then, in the CD model, the first component
x = diag(a, d) with tr(z) = 0. Use the SLy action (and the lemma) to make this anti-diagonal, e.g.
(94)- Now we have z with a,d = 0 and ¢(v) # 1 (because the norm is still —1). Thus from the
SL3 action we can assume v = e and ¢ = e}, and we’re done by the lemma.

The other cases are easier, and left to the reader: One first uses the SL3 action to reduce to an
octonion which has the shape (z,0) in the CD model, then one applies the lemma to finish. O

LEMMA 3.1.3. The stabilizer of ug = ((1) _01) € O is SL3.

PROOF. It is clear that SL3 is contained in the stabilizer, so we must check the other direction.
For this, let S be the stabilizer, and suppose g € S. Then g fixes ¢, = ({§) and ez = (3 ) because
g must fix 1.

Let Anng(€;), Annp(e;) be the right and left annihilators of the €;, i = 1,2. Then S must
stabilizer these subspaces of © and their intersection. However, ({§) = Anng(e1) N Anng(ez), and
similarly (99) = Anng(e1) N Anng(e2). This shows that S preserves the components in the Zorn
model, and then S — GLj3 because S must act on the ¢’s as the dual of how it acts on the v’s,
because the quadratic form is preserved.

Finally, to see that S ~ SL3, note that the trilinear form tr(z;(xzex3)) is preserved by Go and
thus by S. However, on the v’s, this trilinear form is the determinant map (v, ve,v3) = v1 Ava Avs.
This completes the proof. ]

COROLLARY 3.1.4. The dimension of Go is 14.
PROPOSITION 3.1.5. The representation Vi of G is irreducible.

PROOF. Suppose V' C V7 is a Go-module. Then it is an SL3 module, so is a direct sum of pieces
in V7 = 1@ V3 ® V5. None of the nonzero subsums are stable under the SLg x SL9 action, however.
So V = V7, as desired. O

LEMMA 3.1.6. The center of Gy consists only of the identity.

PROOF. Inspired by SV Lemma 2.3.2. If you commute with SL3, and preserve the quadratic
Aa  pv
e Al
A=p=p"t =21 =21 But we cannot have —1 because 1 must be fixed. ([l

form, you must be of the form (g q) — ( ) If you also commute with SLs x SLa, we see

One concludes that G is a semisimple group of dimension 14.
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3.2. The orthogonal model of the Lie algebra. The Lie algebra so(V) is A?V. It acts on
V as

(uAv) - w=(v,w)u— (u,w)v.
The Lie bracket is
[ur A vi,ue A ve] = (v1, u2)us A ve — (vi,v2)u; Aug — (ug,ug)vy A vy + (ug, v2)vr A us.
The map V7 ® V7 — V7 given by I'm(vivp) is alternating. It thus induces a map A2Vz — V7.
We denote by g the kernel of this map.
LEMMA 3.2.1. The map N*Vz — Vi is surjective, and thus g has dimension 14.
PROOF. The map is nonzero, and the image is G5 stable. ]

THEOREM 3.2.2. The subspace g of A*V7 is closed under the Lie bracket of A2Vy = so(V7). It
1s the Lie algebra of Gs.

Before proving this theorem, we give an explicit basis for g, and make some special notation
which we will use throughout. First, denote by e1, e2, e3 a fixed basis of V3, and write €], €3, e5 for
the basis of V3v dual to the e;. Set ug = (1 _1) € V7. We will abuse notation and also let e;, e;f
denote elements in V7. Thus (e;, €}) = —d;5, (uo,uo) = —2, and (uo, €;) = (uo, €}) = 0 for all i, j.

We set Ey; = e; Neg, vi=1ug\ej+ e}fH A e;+2, and d; = ug A e;‘f + ejy1 A ejio (indices taken
modulo three). One checks immediately from the definition of multiplication in © that the elements
v; and ¢; are in the kernel of A?Vz — Vi, and thus in g. The same goes for E};j so long as j # k.
A sum a1 E11 + asEy + askss is in g if and only if aq + as + ag = 0.

The above elements span g. We write

h= {Oqul + aoFoo + aglsz : o + a0 + a3 = 0}.

LEMMA 3.2.3. The subspace g is irreducible as a Ga-representation.

PROOF. As an SLg3 representation, g is
NI+ Va+ V) = (1+Va+V3) = (Va@Vs)? + Vs + V3.
As an SLs x SLy-representation,
NS (V2) BT+ Vo B Va) = A2(S%(V2)) BT+ A (V2 R Va) + (S%(V2) @ Vo) L V3
=S?2(Va) R 14 S*(Vo) M1+ 1K S%(Va) + S3(Va) K Vo + Vo X Va.

Consequently,
g=5(Vo) XV, + S?(Vo) K1+ 1K S%(13).
By using the action subspaces written down above, one can verify that none of the SLgy x SLo
subsums is actually SLs-invariant. We omit this, however. O

PROOF OF THEOREM. A%V7 is g @ V5 as a direct sum of irreducible G-representations. How-
ever, it must contain the Ga-stable, 14-dimensional subspace Lie(G2). Thus, Lie(G2) = g and is
irreducible as a Go-representation. Consequently, Go is simple. O

The subalgebra f is a Cartan subalgebra of g. The Cartan subalgebra b acts on Ey; by ay — a;,
ie.,

[Z ;i Bii, Eyj] = (g — o) Eyj.
g

These are the long roots for h. Together with b, the Ej; span the Lie algebra sl3. The Cartan b
acts on v; via a; and 0; via —a;. These are the short roots.
One has the following Lie bracket relations, which can be checked easily.
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Vj— 1,?}]] 2(5j+1

[0, vj] = 3Ej; — (E11 + Ea22 + E33).

All indices here are taken modulo 3. We will choose a positive system on g by letting F12 and vy
be the positive simple roots.

o [6- 17”]]—3E,J 1
o [vj_1,0;] = —3E;_1;
® [0j-1,0;] = 20511
‘|

[

3.3. The Z/3-graded model of the Lie algebra. Abstractly, g = g2 = sls & V3 & V3,
and this is a Z/3-grading. In fact, all the (split) exceptional Lie algebras have Z/3-grading that
generalizes this one. See [Rum97]. In this Z/3-model, the Lie bracket is given as follows:

(1) the commutators [sl3, V3] and [sl3, V'] are given by the action of sl3 on V3 and V3';
(2) the commutators [V3, V3] and [V3', V3] are given byE| [z,y] =2z Ny € V' for z,y € V3 and
[y (5]—2’}//\56‘/3f0r’y,5€V3,
(3) if z € V3 and vy € V3’ therﬂ [v,x] =3z ® v — (z,7)1s, which is in sl3.
The elements E;j;, vj, 05 of g defined above are simply the standard basis vectors for sls, V3 and
V3’ in the decomposition g = sl3 & V5 & V3.

4. Triality and the group Sping
Use the norm form on O to define SO(O).
Define the group Sping. Let (z,y,2) = tr(z(yz)) be the trilinear form on ©.

DEFINITION 4.0.1. The group Sping: The set of triples (g1, g2, g3) € SO(0)3 such that (g121, gax2, g373) =
(Il,xg,ﬁg) for all T € o.

Reference: [KPS94, Proposition 4.8].
We omit a proof that Sping is connected.
A warm up:

LEMMA 4.0.2. The kernel of the map Sping — SO(©) is ua.

PROOF. Say g1 = 1. Then we quickly obtain (g2y)(g32z) = yz for all y,z € ©. Now taking
y=1, z =1, one gets (g21)(g31) = 1. Now (g2y)(g31) = y, from which one obtains goy = y(g21).
Similarly, g3z = (g31)z. Let w = go1, w™! = g31. Then we have (yw)(w™'2) = yz for all y,z € ©.
We want to check that this cannot happen unless w is in the center of @. But replacing z by wz
we obtain (yw)z = y(wz). The lemma now follows from Exercise [4.0.3]

O

EXERCISE 4.0.3. Prove that if w € © satisfies (yw)z = y(wz) for all y,z € ©, then w € k- 1.
For this, suppose z1 = (z1,91), 22 = (22,92), 23 = (x3,y3) in the Cayley-Dickson model. Compute
that {z1, 22, 23} 1= 21(2223) — (2122)23 = (W1, Wa) satisfies

Wi = v(z1, y3y2] + V(@3 y3y1] + V]ws, youi]
and
Wa = ys[we, 21] + yalas, 2] + yilas, 3] + v (y1y2y3 — ysyayr)-
We now prove the “Principle of Local Triality”.
IThe 2 here is 1; x 1; = 21,
2The 3 here is try(1,)
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THEOREM 4.0.4. Given X € A%(O) = 50(0), there exists Y, Z € s0(0) so that
X (ab) = (Ya)b+ a(Zb)
for all a,b € ©.
For the proof, we paraphrase the argument in [Jac71l, pages 8-9].
COROLLARY 4.0.5. The map Sping — SO(O) induces an isomorphism on Lie algebras.

PROOF. The principle of local triality, as stated above, implies the surjectivity: If (X,Y, 7) is
a triple as above, then (xXx,Y,Z) is in the Lie algebra Lie(Sping). This follows from the fact that
the trilinear form (c, a,b) = (c*, ab).

The injectivity follows from the computation of the kernel above. O

LEMMA 4.0.6. The alternative identity holds:

c(ab) + (ab)c = (ca)b + a(be).
Proo¥r. This follows from the first Moufang identity (SV Proposition 1.4.1), which states
(02)(ya) = al(wy)a).

Indeed, one linearizes this with z,1 in place of a,a. To prove this Moufang identity, we follow SV
exactly: We take the inner product of each side with an aribitrary elements z € C', and one obtains

((az)(ya), z) = (ya, (z"a")z)
= (27" (@,2) — (g2, (z°a")a)
= (y,2%a")(a, 2) = N(a)(yz,z7).
Similarly,
(a((zy)a), z) = ((zy)a, a*z)
= (zy,a")(a, 2) — ((zy)z,a"a)
= (zy,a")(a, z) — N(a)(zy, 2").
]
ProOOF OF PLT. Note that we have A?(0©) = A%(1 + V7) = 1 ® V7 + A?V7. The alternative
identity implies the PLT holds for 1 ® V7. Indeed, if ¢ € V7, then
(cA1)(z) =c(l,2) — (c,z)1
=c(z+ %) — (cz” + xc")1
= cx + xc.

(Note that left and right multiplication by an element ¢ € V7 preserves the bilinear form.)

One checks that the subspace of s0(©) for which the PLT holds is closed under the Lie bracket.
But the bracket induces a surjection (1 ® V7) ® (1 ® V7) — A2V, so the PLT holds for all of
A2(O). O

EXERCISE 4.0.7. [SV00, Theorem 3.5.5] Suppose X = a Ab € A%O, so that X(z) = (b,x)a —
(a,z)b. Prove with Y = %(ﬁaﬁb* — Uply+) and Z = %(rarb* — 1prg+) that the triple X, Y, Z satisfies
local triality. Hint: Check that this formula is correct on V7 ® 1 and on A?V% individually. We

essentially checked it on V7 ® 1 in the proof above. To check it on a A b = %[b ® 1,a ® 1], compute
the commutator of the triples (b ® 1,6y, 75) and (a ® 1, £44,74).
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CHAPTER 2

Cubic norm structures, F; and Ej

1. Preamble

Suppose C is a composition algebra. Define

c1 T3 T
J:Hg(C): X = ZL‘;) c2 I icq,c0,03 €k, x1, 9,23 € C

T2 2] 3

We define a cubic norm N on J as

c1 T3 T
(3) N](X) = NJ $§ Coy T — C1C9C3 — clnc(xl) — ano(xg) — anc(l‘g) + tl"c(xl.rgl‘g).
T2 X} c3

Suppose C' = © is the octonions. Then the group Fjg is defined as
Eg = Eg(H3(0©)) = {9 € GL(H3(0)) : Ny(9X) = Nj(X)VX € H3(O)}.

1
The group F} is defined as the subgroup of Eg that fixes 1; = 1 . Note that we have
1
an embedding Sping = Spin(0) — Fy C Ej as follows: If g = (g1, g2, g3) € Spin(O), then define
1 T3 T cl g3r3  (g2x2)”
gX=g| 25 @ =1 | =| (g323)" < 9171
T2 X €3 gz (q171)" 3

It is immediate from that this action of Spin(®) fixes the norm on J = H3(©) and fixes the
element 1.

2. Cubic norm structures

Suppose k is a field of characteristic 0 and .J is a finite dimensional k vector space. That J is
a cubic norm structure means that it comes equipped with a cubic polynomial map N : J — k, a
quadratic polynomial map # : J — J, an element 1; € J, and a non-degenerate symmetric bilinear
pairing (, ) : J®J — k, called the trace pairing, that satisfy the following properties. For z,y € J,
set x x y = (z +y)* — 2% —y* and denote (, , ):J®J®J — k the unique symmetric trilinear
form satisfying (z,z,2) = 6N (x) for all x € J. Then

(1) N(1;)=1,1% =1, and 1; x = (1;,2) — z for all = € J.

(2) (27)# = N(x)x for all z € J.

(3) The pairing (z,y) = (15,15, 2)(1s,17,9) — (1,2,9).

(4) One has N(z +vy) = N(z) + (27, y) + (z,y”) + N(y) for all =,y € J.
One should see [McC04] for a thorough treatment of cubic norm structures.

There is a weaker notion of a cubic norm pair. In this case, the pairing ( , ) is between J and
JV, the linear dual of J, the adjoint map # takes J — JY and JY — J, and each J, JV have a
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norm map Ny :J — F and Nyv : JV — F. The adjoints and norms on J and JV satisfy the same
compatibilities as above in items (2) and (4).
If J is a cubic norm structure, we define the group

Mj;={(\g) € GL; x GL(J) : N(¢gX) = AN(X) for all X € J},

the group of all linear automorphisms of J that preserve the norm N up to scaling. Thus if z € J
with N(z) # 0, the map U, defines an element of M ;. We set M} the subgroup of M consisting of
those g with A\(g) = 1 and we set A; the subgroup of M} that also stabilzes the element 1; € J. It
follows that A preserves the bilinear pairing ( , ): if a € Ay, then (az,ay) = (z,y) for all z,y € J.
The group A is the automorphism group of J. If a € A, then one also has (ax) X (ay) = a(x X y)
for all z,y € J.

2.1. Examples. We make J = H3(C) into a cubic norm structure, with the following choice
of data:

c1 x3 T
(1) Ny(X)=Ny| 25 c2 x1 | =cicacs —cine(z1) — cang(x2) — esne(x3) + tro(zrxaxs).
r9 =] c3

cacs —ne(xry)  xdxl — csws T3T1 — CoTH
(2) X7 = zr1xe — 3wy ciez —ne(re)  xixy —
riTy — coxo xTox3 — 17 cica —no(ws)
(3) The pairing (X, X’), in obvious notation, is

(X, X') = c1c) + eacy + e3cy + (w1, 7)) + (w9, 25) + (w3, 25).
THEOREM 2.1.1. With data described above, J = H3(C) is a cubic norm structure.

PROOF. One immediately check that 1% = 1.
We now check that (X#)# = N(X)X. To see this, we compute the ¢; and x1 coefficient of
(X7#)#, the other coefficients being similar. The ¢; coefficient is

(cscr — n(x2))(crea — n(xs)) — n(xoxs — c127)
which one quickly computes to be ¢; N(z). The x; coefficient gives
(129 — c323) (w321 — Ccoxy) — (cacs — n(x1)) (2325 — c121).
Using the identity (ba)a* = n(a)b this becomes
(c1eac3 — cin(z1) — can(ze) — ean(xs))z1 + (z122)(x321) + nxr)aias.
But now the first Moufang identity gives
(z122)(2371) + n(21) 7325 = 21 ((T213)21) + 21 (77 (2372)) = 21 (tr((w223)71))

yielding the result.
To verify N(z +2') = N(x) + (27, 2) + (z, (2/)#) + N(a'), one reduces quickly to computing
the coefficient of € in N(z + ex’). One obtains

%(m, r,2') = cjcacs + c1ches + crcady — e (w1, 7)) — dn(z1) — ca(we, x5) — dhyn(xa) — c3(xs, x5) — dhyn(xs)
+ (2}, w2, x3) + (71,24, 23) + (1, T2, T5).
On the other hand
(a7, 2") = ¢l (cacs — n(@1)) + ch(czer — n(w2)) + dy(erca — n(x3))
+ (2}, 242d — c1my) + (2, 252f — cowe) + (2%, 52T — czx3).
Comparing quickly gives equality.
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Linearizing the identity just proved gives (x,y,z) = (x X y,z). Using this, to check that
(z,2') = %(1, 1,z)(1,1,2") — (1,2,2'), it is equivalent to check (z,2) = (1,2)(1,2) — (1,2 x /).
Now

cacy + ches — (a1, 2)) * *
rxa = * csch + dher — (wa, h) *
* * c1cy + dhea — (w3, 2h)
The desired equality now follows easily. ([l

ExaMPLE 2.1.2. The basic examples: J =k, J = E an etale cubic algebra, J = k x C' with C
an associative composition algebra.

More generally,

ExAMPLE 2.1.3. J =k x § with S a pointed quadratic space. In more detail, take 1g € S with
q(1s) = 1. Define an involution ¢ on S fixing 15 and acting as minus the identity on (1g)*. The norm
on J is Nj(8,s) = Bqs(s), one has 1; = (1,1g), and the adjoint map is (3,s)* = (gs(s), Be(s)).
Finally, the pairing is ((3,t), (8,t") = 86" + (¢, u(t)).

PROPOSITION 2.1.4. With data as defined above J =k x S is a cubic norm structure.

PROOF. It is clear that Ny(1;) = 1 and 1? = 1. Note that ¢ preserves the quadratic form
gs,i.e., gs(t(s)) = qs(s) for all s € S. One computes

((8,9)) = (as(s), Be(s))*
= (8%as((5)), as(s)Bs)
= Bas(s)(B,s).
We compute
Ny((B1+ €Ba, 51 + €s2) = (b1 + €82)qs(s1 + €s2) = Prgs(s1) + €(B2gs(s1) + Bi(s1, 52)) + O(€?).
On the other hand,
((B1,51)%, (B2, s2)) = ((as(s1), Bie(s1)), (B2, 52))
= Baqs(s1) + Bi(s1, 52).

This proves that Ny(z +y) = Ny(z) + (27, y) + (y7,z) + Ns(y).

Finally, we must verify (z,y) = (17,2)(1,y) — (15,2 X y). So suppose x = (f1,51),y = (P2, s2).
Then (15,2) = 1+ (1g,s1) and (17,y) = B2 + (1g, s2). Moreover,

x xy = ((s1,52), Pre(s2) + Pau(s1))
so that (17,2 X y) = (s1,s2) + P1(1lg, s2) + B2(1ls, s1). Combining gives
(L 2)(1y,y) — (Ly,z x y) = B1B2 + (1s, 51)(Ls, s2) — (51, 52).
On the other hand, one readily verifies that (1g,s1)(1g, s2) — (s1, 52) = (s1,¢(s2)). The proposition
follows. 0

3. The group FEj

The group FEg is defined as M} for J = H3(©). Note that the group Sping = Spin(©) embeds
in M} for this J. In this section, we give some results on the Lie algebra m(J).
We begin by defining an M j-equivariant map J ® JV — m(J). See [Spr62] and [Rum97].
For v € JY and z € J, define the element @, € End(J) as
(I)%I(Z) =—7X (x X Z) + (7? Z).’E + (’Y?qj)z
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PropPOSITION 3.0.1. [Rum97, Equation (9)] One has
(Py,e(21), 22, 23) + (21, By a(22), 23) + (21, 22, Pr,a(23)) = 2(7, %) (21, 22, 23)

for all z1, 29,23 in J. In particular, ®~, € m(J).
LEMMA 3.0.2. In a cubic norm pair, one has 27 x (z x w) = n(z)w + (27, w)z.

PROOF. One starts with the identity (2#)# = N(z)z. Then, replacing z by z + ew and taking
the coefficient of €, one gets the result. O

Note that @, (2) = ®, (). One sets ¢, , =, , — 2(v,z). Then @, em(J)".

PROOF OF PROPOSITION. By linearization, it suffices to evaluate (27, @, .(2)). Applying Lemma
3.0.2| one obtains 2(y, )N (z). The proposition follows. O

Suppose g € M;. Let g denote the action of g € M; on JY. Recall A(g) € GL; so that
Nj(gz) = AMg)Ny(x) for all z € J.
PROPOSITION 3.0.3. For all z,y € J and vy, € JV one has

(1) g(x xy) = \g)~ ( r) X (g9y)
(2) Nyv(g7) = Mg) ' Nyv ()
(3) gly x ) = AMg)g(v) x g(p)-

If J is a cubic norm structure and g(1;) = 15 so that g commutes with the isomorphism J ~ J",
then g(z x y) = (g9z) x (gy) for all z,y € J.

LEMMA 3.0.4. In a cubic norm pair, the set of elements px™, p € k and x € J, are Zariski
dense in JV.

PROOF. Indeed, if v € JY, set = % then 27 = Nyv(y)y. So every element of JV with
nonzero norm is of the form pz#. Because Njv is not zero (because its value on 1;v is 1), the
elements of nonzero norm are Zariski dense. O

PROOF OF PROPOSITION [3.0.3] We prove the statements in turn. For the first statement, pair
with an arbitrary element z € J to obtain
(2,9(x x ) = (97 22 x y) = (97" 2,2,9)5 = Mg) " (2,92, 99)5 = (2, \(9) " (g7) x (gv))-
For the second statement, applying Lemma it suffices to verify it for v = z#. Now
BN (y™) = (v, (v)7) = (v", Ns(y)y) = 3N, (y)°
so Nyv(y?) = Nj(y)? for all y € J. One now has
Ny(ga™) = Ny(Mg) " (92)) = Mg) *N(ga)® = Ag) ' N(z)

proving statement two of the proposition.
Statement three of the proposition now follows as the proof of part one, using part two. The
final statement follows from statement one. O

EXERCISE 3.0.5. Suppose 0 € m(J) and p(0) is the scalar so that
(0(21), 22, 23) + (21,0(22), 23) + (21, 22, 6(23)) = p(9)(21, 22, 23)
for all 21, 29, 23 € J. Prove that 6(z x y) = —u(6)(z x y) + 8(z) x y+ z x 8(y) for all z,y € J.
EXERCISE 3.0.6. Prove that the map ® : J ® JY — m(J) is equivariant, i.e., if g € M, then

Ad(9) e = Pg(y),9(x)-
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PROPOSITION 3.0.7. [Spr62, Lemma 1 and Proposition 5]. If v# = 0 and (y,v) = 0, then
®,, = @, satisfies @3/71)(2) = —2(v,2)y x v¥ and CI>§W = 0. Consequently, ®., is nilpotent.
Similarly, if v# = 0 and (y,v) = 0, then ®,, = @’ , satisfies @371,(,2) = —2(v" x v,2)v and

@?7’70 = 0. Consequently, ., is nilpotent.

When J = H3(C') with C' an associative composition algebra, one has a map GL3(C) — M
given by ¢ acting on X is gX¢*. Here X € H3(C) and g € GL3(C). This gives us a heuristic that
when €' = © is the octonions, we can think of GEs = My, e) as related to “GL3(0)”. We’ll make
this relation precise in the rest of this subsection.

For notation, denote ¢; = diag(1,0,0), e = diag(0,1,0) and e5 = (0,0, 1) as elements of H3(C).

Denote by Spin(©)’ the group

Spin(0) = {(g1. 92, 93) € O(©)* : (g121, g2x2, g373) = (21, T2, T3)VT; € O}.
Note that we only require the g; to be in O(©) as opposed to SO(O). Clearly Spin(©) C Spin(©)’
and the groups have the same Lie algebra. I don’t know if Spin(©) = Spin(0)’.
LEMMA 3.0.8. Suppose J = H3(©). The simultaneous stabilizer of €1, €2, €3 is Spin(O)’.

PROOF. It is clear that Spin(©)’ is contained in this stabilizer. For the converse, suppose g
stabilizes the ¢;. Then g fixes 17 and thus ¢ is an automorphism of J. We must check that g
preserves the spaces z;(0). To see this, note that z1(©)’s can be characterized as the image of the
map €; X z for z € (key + kea + k‘Eg)J‘. The lemma follows. O

We now make some explicit calculations, as given in the following proposition. For z1,z9,x3 €
©, denote by V(x1, zo,x3) the of J as

0 x3 x5
V($1,$2,$3) = 1’; 0 1
x2 27 O

ProprosITION 3.0.9. One has

(1) q)el,\/(xl,xg,zg)(el) = V<07$27$3); (I)el,V(xl,xQ,zg)(GQ) =0 and q)q,V(xl,xg,xg)(EB) =0.
(2) CI)V(:vl,:cg,a::;),q (61) =0, (I)V(xl,xg,xg),el (62) = V(Ov 0, .1‘3) and q)V(azl,xz,x3),61 (63) = V(Oa z2, 0)

PRrROOF. Note the identity €; x V(z1,x9,23) = V(—21,0,0) and similarly for es, e3. Also €; X
€2 = €3 and similarly for other permutations. From these identities the proposition is a simple
calculation. O

Let T be the torus of M that acts as X +— diag(t1, ta, t3) X diag(t1, ta, t3).
We can arrange the maps of Proposition [3.0.9into an A, root system for 71" as follows:

(bV(0,0,xg),elv (I)GQ,V(O,O,xg) (bV(O,zg,O),elv (I)eg,V(O,a:Q,O)
Py (0,0,23),e20 Per,V(0,0,2:3) Py (21,0,0),625 Pes,V(21,0,0)
Py (0,22,0).e30 Py V(0,22.0) | PV(21,0,0),e50 Pea,V(21,0,0)

Note that the elements in the same box are the same map: For example, in the (1,2) box, both
elements send €2 to V(0,0,x3) and annihilate €;, e3. Then, the different annihilates all three €, so
is in spin(©). However, T" acts on it by t1/t2, so the difference must be 0.

Let t be the Lie algebra of T', so that a triple (¢1,ta,t3) € t acts on H3(C) as

c1 I3 ﬂ?; 2t1c1 (tl + t2)l’3 (tg + t1)$§
CE; co I — (tl + t2)fL‘§ 2toco (tQ + t3)£l71
) :ET c3 (tg + tl)ZEQ (tg + tg)xjf 2tscs
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Define n,(©) ~ ©3 as the sum of the maps in the (1,2), (1,3) and (2,3) positions, and define
n_(0) ~ ©3 as the sum of the maps in the (2,1), (3,1) and (3,2) positions.

PROPOSITION 3.0.10. Suppose J = H3(©). The map n_(0) ® t® spin(0O) & ny(©) — m(J) is
a linear isomorphism.

PROOF. For the injectivity, note that T acts by different weights on the n_(©), n4(0), t®
spin(0), and that it acts by 1 on this last piece. So, we just must check that the map t® spin(0) —
m(J) is injective. But for this, one uses the action on the diagonal elements.

For the surjectivity, suppose given ® € m(J). We will find X € ny(0), Y € n_(0) and
t € t so that ® — X — Y — ¢ annihilates €1, €2, €5. Then the proposition follows from Lemma [3.0.8
To find X, Y and ¢, first note that because ef = 0, one has ¢; x ®(¢;) = 0. It follows that
®(e1) = prer + V (0,23, 23) for some py € k and x3, 21 € ©. Similarly for eg, 3. The proposition
now follows easily from Proposition using that (¢1,t2,t3) - €1 = 2t1€;. O

COROLLARY 3.0.11. With J = H3(0), dim;m(J) = T79.
See [PWZ19| section 1.5] for the exponential of the n(©) action.

4. The group F}

Recall that the group Fy is defined as the group A; with J = H3(0). In this section, we give
some results about the Lie algebra a(J) for general CNS’s J and also some results in the special
case J = H3(O).

For a cubic norm structure J, we have an isomorphism J — JY. We let ¢ denote this isomor-
phism.

The Jordan product is defined as X -Y = 3{X, Y} where {X,Y} = ®,4) x (V) = ®,1) v (X). A
derivation of .J is a linear map 0 : J — J satisfying 6(A-B) =0(A)- B+ A-§(B) for all A,B € J.
Note that @) x(Y) = ®,(1),y(X) so that {X,Y} = {Y, X}.

EXERCISE 4.0.1. Verify that {17, X} = 2X for all X € J. Check that
{X,)V}=XxY+(LY)X+(1,X)Y — (1, X, V)L
Use Lemma to do the computation.
LEMMA 4.0.2. For a cubic norm structure J, one has 15 x x = (1;,z)1; —x for all x € J.
PROOF. Pair both sides with an arbitrary y € J. O

For J = H3(C), the Jordan product is expressible in terms of the ordinary matrix multiplication.
Namely, {X,Y} = XY +Y X where the products on the right are taken in terms of ordinary matrix
multiplication.

PROPOSITION 4.0.3. Suppose J = H3(C). Then {X,Y} = XY +YX. In particular, the
element on the RHS is in J.

PROOF. By linearization, it suffices to verify that ${X, X} = X? is in H3(C). One computes
the RHS directly to be

ct +no(xs) + ne(ze) * *
X2 — * * x§x§ + cox1 + Cc3711
* Tox3 + cox] + €3]

where the *’s are determined by cyclically permuting the indices for the written-out quantities. In
particular, X? € H3(C).
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Now, by Lemma HX, XY= -1, x X7+ (1,X)X = —(1,, X*)1, + X7 + (1, X)X.
The LHS is thus
1

1
§{X,X} = (nc(z1) + no(x2) + no(xs) — crea — cacs — c3cq) 1
1
c x3 x5 cacs —ne(xy)  * *
+(aa+ea+es)| 25 2 =1 |+ * *  zirh —cix
ro T] €3 * % %
Comparing with X? gives the result. O

PROPOSITION 4.0.4. Suppose § € m°(J) = Lie(M}). Then the following are equivalent:
(1) 9§ is a derwation of J
(2) 0 annihilates 1;
(3) 9 preserves the pairing (, ).

PROOF. Because 1 -1 = 1, (1) implies (2). To see that (2) implies (3), use that (z,y) =
1L L,2)(1,1,y) - (1,2,y).

We now check that (3) implies (2). Thus suppose § preserves the pairing. Then 6 commutes
with the isomorphism ¢ : J — JY. Now 1; x 15 = 21 ;v = 2:(1;), which is an axiom. Applying §
gives 6(1yv) = 17 x §(1s). Recall the relation 1 x z = (1;v,z)1 v — ¢(x), which can be checked by
pairing both sides with an arbitrary element z € J. Thus

S(Lyv) =15 x8(1y) = (Lyv,8(15))1yv — o(6(15)) = —6(1Y)

because (1,(1)) = 0. Consequently ¢ annihilates 1.
We can now check that (3) implies (1). Indeed, assuming (3), we know that § annihilates 1 and
commutes with ¢. Now use that {A, B} = ®,(;,) 4(B), and it follows that § is a derivation. O
We define an A j-equivariant map A2J — a(J) as @y y = ¢, xy — Pyx.
LEMMA 4.0.5. The element ®xny € m(J) in fact is in a(J).

PrOOF. One calculates that ® x,y annihilates 1;. In more detail
@L(X)’y(].) =-Xx (Y x1)+ (X, )Y +(X, V)1
=X x (LY)1 - Y)+ (X, )Y + (X,Y)1
= (LY)(LX)1 - X)+ X xY +(X,1)Y + (X,Y)1
= (LX), + (L)X + (LX) + (X, V)l + X x Y.
This is symmetric in X,Y so ®x,y annihilates 1. ]
PROPOSITION 4.0.6. With J = H3(©), one has a decomposition a(J) = spin(0©) @ ©3. Here
03 C a(J) is defined as the sum of elements of the form Dy AV (21,0,0)r PesAV (0,2,0)5 Pey AV (0,0,23) -
PRrROOF. Inspired by [Jac71l page 20]. The proof is similar to the proof of Proposition [3.0.10
Let D = (I)eg/\V(:rl,O,O) + ¢63AV(0,332,0) + q)el/\V(0,0,xg)‘ Then
o D) = V(0, w3, 35)
e D(e2) =V (21,0, —x3)
o D(e3) =V (—x1,22,0).
The injectivity of the map spin(©) ® O3 — a(J) follows.
For the surjectivity, suppose 0 € a(J). Then as in the proof of Proposition (3.0.10, d(e1) =

prer + V(0,—xd, 2l) and similarly for 6(e2),d(e3). Because d(e; + €2 + €3) = 0, one concludes
p1 = p2 = p3 = 0 and 23 = x3 ete. The surjectivity follows. (Il
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EXERCISE 4.0.7. This is inspired by [JacT1l page 34, Proposition 11]. The point of this exercise
is to compute the roots of Fj.

(1) Suppose V is an even-dimensional orthogonal space with isotropic basis e1, ..., en, f1,..., fn.
Verify that h = Span{ei Af1,...,enAfn} € A2V = s0(V) is a Cartan subalgebra of so(V').
Hint: Compute the weights of this Cartan subalgebra on V', and deduce its weights on
A2V . Observe that the weight spaces outside of  are one-dimensional and nonzero.

(2) For V = ©, consider hg = Span{ei Aea, —e1 Aej, —ea Aes, —eg Aei}. Using the formulas for
the action of A%0 on its triality representation (i.e., Exercise , compute the weights
of hg on the triality representation. One should get the following answer:

(a) For the “X” representation, the weights

+(1,0,0,0),£(0,1,0,0),£(0,0,1,0), £(0,0,0,1).
(b) For the “Y” representation, the weights

1 1 1 1
+-(1,1,1,1),&=-(1,1,-1,-1), +—-(1,—-1,1 —1),£-(1,-1,—-1,1).
2( Y Y Y )7 2( Y Y 9y )’ 2( Y Y )’ 2( Y Y ? )
(c) For the “Z” representation, the weights
1 1 1 1
o (L L L 1), 5 (L 1, ~1,1), £5(L -1, 1, 1), £5(-1,1, 1, ).

(3) Using the decomposition a(J) = f4 = spin(©) & O3, compute the weights of hg on a(J).
One should obtain that outside of hg, the weights are the 24 elements (+1,+1,0,0)
and permutations, the eight elements (+1,0,0,0) and permutations, and the 16 elements
(:I:%, :I:%, :I:%, :I:%) Because these are nonzero and one-dimensional, deduce that hg is a
Cartan subalgebra of a(J) with roots given as just listed.

Our next task is to give an A j-decomposition of the Lie algebra m(.J). Identity X € J with the
Lie element ®,; x € m(J). We will prove the following theorem.

THEOREM 4.0.8. The map a(J)®J — m(J) is a linear isomorphism. Moreover, [®,1 x, ®,1)y] =
Pyax.

PROOF. Suppose § € m(J) is given. If Z = §(1;), then § — %(I)LZ annihilates 1;. Thus
a(J) + J — m(J) is surjective. The injectivity is just as easy, by evaluating on 1;. For the second
part of the theorem, we first require some other results. O

If vy € JV and = € J, we have defined an element @, € m(J). The action of ®,, on JV is
given by (as one can check)
Dy a(p) =z x (v x p) — (@, 7)p — (2, 1)7.
LEMMA 4.0.9. One has
(1) 10, @y.0] = Po(3),0 + Do 5(a)
(2) ®,1x((2)) =—{X, Z}.

PROOF. The first identity is the Lie-theoretic version of the group-theoretic identity proved
above.
For the second identity,

~ @,y x((2)) = X x (1 x Z) + (X,1)Z + (X, Z2)1
=X xZ—(1L,2)((1,X)1 - X)+ (X, 1)Z+ (X, 2)1
—XxZ+(L,2)X+(1,X)Z+ (X, 2)1 —(1,2)(1,X)1
=X xZ+(1L,2)X+(1,X)Z—(1,X,2)1
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= {X7Z}

THEOREM 4.0.10. One has the identity ®,x)y + ®,v)x = {X, Y}, ¢} = ®,4) (x v}
PRrROOF. The identity is [Jac69l, QJ27 page 25]. O

REMAINDER OF PROOF OF THEOREM [.0.8] We must prove [®,1) x, ®,1)y] = Pyax. From
the previous lemma and theorem we obtain

[Du1), x5 Ru1), ] = Pa, )y (u(1),y T Pu(1),0,0) x (V)
=20, x)y +Puxy

=0,y x — Pux)v-

Note the equality

1 1
D,x)y = §(®LX,Y +dvx) + §(¢LX,Y — Py x)

1 1
= §¢L1,{X,Y} + i(I)X/\Y'
This is how an arbitrary ®,(x)y decomposes in the direct sum m(.J) ~ a(J) ® J of Theorem W
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CHAPTER 3

The Freudenthal construction and FE;

1. The Freudenthal construction

Suppose that J is a cubic norm structure, or that J, JV is a cubic norm pair. Define a vector
space Wy =k ® J @ JY @ k. The space W comes equipped with a symplectic pairing (, ) and a
quartic form ¢, which are defined as follows. We write a typical element in W; as v = (a, b, ¢, d),
so that a,d € k, b€ J and ¢ € JV. Then

<(CL, ba ) d)? (ala b,a 0/7 dl)) = ad/ - (ba cl) + (07 b/) - da,
and
q((a,b,¢,d)) = (ad — (b,c))* +4aN(c) + 4dN (b) — 4(b%, ).
The definition of this algebraic data goes back to Freudenthal.
We now define a group

Hj = {(g9,v) € GL(Wy) x GL1 : (gv, gv') = v{v,v") Vo,v' € W; and ¢(gv) = v%q(v) Vv € W;}.
We set H} = kerv : Hy — GLj. The element v is called the similitude. The group GE7 is defined
as H; with J = H3(0) and E7 is H}.

We now construct explicit elements of H .

First, if A € GLy, then one checks immediately that the map (a, b, c,d) — (A%a, Ab,c, \~1d) is
in H; with similitude equal to A.

Next, if m € My with Nj(mX) = AN;(X) forall X € J, the map (a, b, ¢, d) — (Aa, m(b), m(c), \"1d)
is in H}. Indeed, for this, one uses that N,v(m(c)) = A1 Nyv(c) and

4(m(b)*, m(e)”) = (Am(b x b), \"tm(c x ¢)) = (b x b, ¢ x ¢) = 4(b7, 7).
If J is a cubic norm structure, so that we have an identification ¢ : J <+ JV, we have a map
(aa b7 ¢, d) = (_dv L(C)a _L(b)v CL)

and one checks quickly that this map is in H}
The final elements we write down are more complicated. For x € J define

ny(z)(a,b,c,d) = (a,b+ ax,c+ b x z + ax™, d + (¢, z) + (b, 2™) + aNy(x))
and for v € JV define
nyv(y)(a,b,¢,d) = (a+ (b,7) + (e,7%) + dNyv (), b+ ¢ x v+ dy¥, e+ dvy,d).
We will prove the following theorem.

THEOREM 1.0.1. The linear maps ny(z) and ny(y) are in HY for all x € J and v € JV.
Moreover, ny(z)n;(y) = nj(z +vy) for all xz,y € J and similarly for njv.

To prove the theorem, we compute with the Lie algebra versions of these maps. Namely, define
NLie,g(x) € End(Wy) as
Nrie,s(z)(a,b,c,d) = (0,az,b x z, (¢, x))
and similarly for np;. jv () for v € J¥. One verifies the following lemma.
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LEMMA 1.0.2. One has nre j(z)* =0, so that nr j(x) is nilpotent. Moreover,
1 1
ny(x) = exp(npic,7(x)) = 1 + npie, (z) + §nLie,J(fL‘)2 + éan‘e,J($)3
and similarly nyv(y) = exp(nrie, v (7))-

PrOOF. The computation is straightforward. One has exp(nric,s(z))(a,b, ¢, d)
1 1
= (a,b,c,d) + (0,ax,b x x,(c,x)) + i(0,0,ax x x,(bxx,x))+ E(O,O,O,a(az X x,T))

=ny(x)(a,b,c,d).
O

Denote by (,, , )w, the unique symmetric four-linear form normalized so that (v,v,v,v)w, =
2q(v). Define t : Wy x Wy x Wy — Wy as (w,z,y,2) = (w,t(x,y, z)) and set W = t(v,v,v).
Thus to prove Theorem [T.0.1] it suffices to verify
(1) (vi,nLie,s(z)v2) is symmetric in vy, va;
(2) (npie.s(z)(v),v") = 0 for all v € Wy,

We use the following proposition, which computes ©°

in coordinates.

PROPOSITION 1.0.3. Suppose v = (a,b,c,d). Then v’ = (a*, 0, ", d") with
@’ = —a(ad — (b, ¢)) — 2N (b);

[

o I’ = —2¢ x b# + 2ac* — (ad — (b, c))b;
o & =2bx c# —2db* + (ad — (b,c))c;
e & =d(ad — (b,c)) + 2N(c).

PROOF OF THEOREM [LLO.1l Suppose v = (a,b,c,d) and v* = (a’, 0", ", d’). We have
(nLic,s () (v),0") = ((0,az,b x x, (¢, z)), (""", d"))
= (z,—al +bx ¥’ —d’c).
The quantity paired with z is
—ac® +bx V —a’c=—2ab x ¢ + 2adb” — (ad — (b, ¢))ac
—2b x (b x ¢) + 2ab x ¢ — (ad — (b,¢))b x b
+ a(ad — (b,c))c+ 2N (b)c.
Most terms cancel, and then the proof follows from the identity b x (b% x ¢) = N (b)c+ (b, c)b*. O
It remains to prove Proposition [T.0.3

PROOF OF PROPOSITION [LO3l Set v = (a,b,¢,d), v = (a’,b/,c,d'). Then iq(v+ e') =
2q(v) + €(v/,0°) + O(€?), so it suffices to compute the coefficient of € in 2g(v + ev’). With €2 = 0,
one has

%q(v +e') = %(ad — (b,c) + €e(ad 4+ d'd— (b,d) — (V,¢)))? + 2(a + ea')N(c + )
+2(d + ed)N(b+ eb) — 2((b+ ) ¥, (c 4 ec)T).
The coefficient of € is thus
e coefficient = (ad' + a'd — (b,c') — (V',¢))(ad — (b,c)) + 2a’N(c) + 2d' N (b)
+ 2a(c”, ) +2d(b7,0) = 20, b x ) — 2(b7 x ¢,¢)
= a’((ad — (b,¢))d+2N(c)) + (v, —(ad — (b, ¢))c 4 2db* — 2b x )
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+ (¢, —(ad — (b, ¢))b + 2ac” — 207 x ¢) + d'(a(ad — (b, c)) + 2N (b)).
Comparing with the statement of Proposition [1.0.3] gives the result. g

2. The group and Lie algebra F;

In this section, we describe the Lie algebra []9, of H} We give what is called the Koecher-Tits
construction of the Lie algebra.

We first define b/, = JY@m;®J. We will put a Lie algebra structure on §’;, construct an explicit
map h’; — End(W;) that lands in hY, and prove that this map is a Lie algebra isomorphism.

To begin, define a bracket [, ] on b/} as [y,2] = @4, if v € JY and = € J, together with

[J’ ']] =0, [JV’JV] =0, and [Cﬁ,fﬂ] = ¢($)¢ [Qba')’] = 5’7-

PROPOSITION 2.0.1. This bracket satisfies the Jacobic identity. Consequently, b, is a Lie
algebra.

ProoF. The identity that must be verified is 3. . [X,[Y, Z]] = 0. By linearity, it suffices to
verify the identity for X, Y, Z in the various graded pieces. If all three are in J, each term in the
sum is 0 so that the sum itself is 0. Similarly, if two of X,Y, Z are in J and the third in m;, then
all terms of the sum are 0 so the sum itself is 0.

If two of X,Y,Z are in J and the third is in JV, the Jacobi identity becomes the equality
Py x (V) = v (X).

If one term is in J and two are in my, the Jacobi identity becomes the fact that [¢1, ¢2](z) =
d1(p2(z)) — p2(p1(x)), i.e., that the bracket of m; and J comes from an action of m; on J.

When one element is in J, one in m; and one in JV, the Jacobi identity becomes the relation

[¢7 (b’%l'] = (p(ﬂg('y)’x + ®’Yv¢(x)
The other cases follow just as above with the roles of J and JV interchanged. O

We now define a map ', — End(W;). First suppose ¢ € m; with multiplier ¢(¢), so that

(p(21), 22, 23) + (21, 0(22), 23) + (21, 22, P(23)) = t(P)(21, 22, 23) for all 21, 29, 23 € J. Define M(¢) €
End(Wy) as

) _H¢)

M(®)(a,b,c,d) = <_a, )

=\ t)
5 2b+¢(b),20+¢(0),2d> .

Now, define b/, = End(W;) as
(77 ¢a J}) — NLie,JV (7) + M(¢) + nLie,J(_x)'

To see that the map lands in hoj, we just must check that M(¢) is in h?,. To see that it is, we work
on the group level, and note that (a,b,c,d) — (A"3a, \™1b, Ac, A3d) is in H} so that

(a.b,c.d) > (H6)a,6(b). 3(e). ~4()a) + "2 (~3a,~b,c.30) = M(6)(a.b.c.d)
is in Y.
PROPOSITION 2.0.2. The map b, — hg is a Lie algebra homomorphism.
Proor. We compute
[nLie, v (V) nLie, s (—2)](a, b, ¢, d) = [nLie,s (@), nLie,sv (V)] (a, b, ¢, d)
= nLie,7 () ((0,7), ¢ X 7,d7,0) = npie, v (7)(0, az,b X x, (¢, 7))
= (=a(z,7), =y x (b x ) + (b,7)z,z X (y X ¢) — (¢, z)y,d(y, 7))
= M(®yz)(a,b,c, d)
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because t(®, ) = 2(7, x).
We also compute
[M(9),nrie,s(x)](a,b,c,d) = M(¢)(0,az,b x z,(c,z)) — npieg(x)(—ta/2, —tb/2 + ¢(b), tc/2 + b(c), td/2)
= (0, —taz/2 + ag(x),t/2(b x ) + ¢(b x ), t(c,x)/2)
+ (0, taz/2 + t/2(b x z) — z x ¢(b), —t(c,z)/2 — (z, d(c)))
= (0,a9(x),b x ¢(x), (c, ¢(x)))
= nLic,7 (¢(x))(a, b, ¢, d).

The computation for nr; jv(¢(7)) is similar. O

To prove that the map b, — h?, is an isomorphism, we first take a detour into a special set of
elements of Wy, called rank one elements.

3. Rank one elements
We begin with the notion of rank for elements of J.

DEFINITION 3.0.1. All elements of J are of rank at most 3. If N(z) = 0, then = has rank at
most 2. If z# = 0, then z has rank at most one. If z = 0, then x has rank 0.

Here is the definition of rank for elements of Wj.

DEFINITION 3.0.2. All elements of W are of rank at most 4. If g(v) = 0, then v has rank at
most 3. If v = 0, then v has rank at most two. If (v,v,w',w) = 0 for all w’ € (kv)*, then v has
rank at most one. If v = 0, then v has rank 0.

We will later prove that v has rank at most one if and only if 3t(v,v,x) + (v,z)v = 0 for all
x € Wy. (Note that this condition implies the rank one condition of the definition, but the converse
is not at all obvious.)

We now give the key computation that we will need, and then give the results that follow from
this computation.

PROPOSITION 3.0.3. Suppose v = (a,b,c,d) and x = («, 3,7,0). Then %@v’v(az) = 3t(v,v,z) +
(v,x)v = (a",b", ", d") with

a" = a((b,c) — 3ad) + 2(B, ac — b*¥)

V' = 2a(c? — db) + %((b, ¢) — 3ad)B + 2@, ,(8) + 2(ac — b¥) x v

1
" =2(c* —db) x B+ 5 (3ad — (b, )y + 2@, ,(7) + 20(ac - b7)
d" = 2(c* — db,~) + (3ad — (b, c))d.

Here recall that for v € JY, z,2 € J
1
P 0(z) = =7 x (2% 2) + (1, 2)a + 5 (2,7)z.
PROOF. We begin with formulas for ©* and 3t(v,v,z) for v,z € W;. Then one has 1* =
(a®,¥°, ¢, d) with

e ” = —a*d + a(b,c) — 2n(b);

o b’ = —2¢ x b# + 2ac# — (ad — (b, ¢))b;

o & =2bx c# —2db* + (ad — (b, c))c;
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o & =ad?® —d(b,c) + 2n(c).
Symmetrizing this formula for v°, one finds that 3t(v,v,z) = (/, ¥, ¢, d’), with
d = a((b,c) — 2ad) + (3, ac — 2b7) + (v, ab) — da®
V = a(2¢? — bd) + ((b,c) — ad) — 2¢ x (b x B) + (8, ¢)b+ 2(ac — b*) x ~v + (b, )b — dab
¢ = a(de) + 2(c* — db) x B+ (ad — (b,c))y + 2b x (¢ x 7) — (b,y)c — (B, ¢)c + (ac — 2b7)5
d' = ad?® + (8, —dc) + (2¢* — db,~) + (2ad — (b, c))é.
The element 3t(v,v,x) + (v, x)v is then computed from the above quantity. O

PROPOSITION 3.0.4. The element e = (1,0,0,0) of Wy is rank one. In fact, %Cbe’e(:z:) =0 for
all v € Wjy.

PrROOF. This follows directly from the proposition above. ]
LEMMA 3.0.5. If v = (1,0,c¢,d) is rank one, then ¢ =0 and d = 0.

PROOF. From the fact that v = 0, we obtain d = 0 and ¢# = 0. Now, note that

((1,0,¢,0), (o, B,7,6)) =6 + (B, 0).
However, in the notation of the proposition above, a” = 2(3,¢). By taking /3 arbitrary and ¢ =
—(c, B), we see that x € (kv)* but t(v,v,z) = 0 implies (¢, 3) = 0. Since 3 is arbitrary, we get
c=0. ([l

It is clear that the set of rank one elements is an H j-set. In fact,

PROPOSITION 3.0.6. There is one H}—orbit of rank one lines. In fact, denote by H'; the subgroup
of Hy generated by the explicit elements described above. Then there is one H'; orbit of rank one
lines.

PROOF. We first claim that we can use the elements of H’, to move an arbitrary nonzero
v = (a,b,¢,d) to one of the form (1,¥,¢',d’). To see this, note that nyv(ty)(a,b,c,d) = (a +
t(b, ) + t2(c,y") + t3dN(7), *, %, %). If this first component is 0 for all ¢+ € k then a = (b,7) =
(e,v") =dN(vy) = 0. If (b,y) = 0 for all v € JV, then b = 0. Similarly, if dN(vy) = 0 for all v € JV,
then d = 0. Finally, because the elements ;y# are Zariski dense in J, if (c,7#) = 0 for all v € JV,
then ¢ = 0. This proves that we can make the first term nonzero. Then, by applying the map
(a,b,c,d) = (A "ta, b, Ac, \2d) we see that we can assume a = 1.

Now, we have an element of the form (1,4, ¢, d’). Then apply n;(—b') to obtain an element of
the form (1,0, ¢,d). The proposition thus follows from the lemma. O

THEOREM 3.0.7. If v is rank one, then 3t(v,v,z) = (z,v)v for all xz € W;.

PRrOOF. It is true for e = (1,0,0,0) and thus it is true for every rank one element by H ;-
equivariance. ]

Thus, we could have equivalently defined rank one elements in terms of the equality of this
theorem.

COROLLARY 3.0.8. An element v = (a,b,c,d) € Wy is rank at most one if and only if

(1) b” —ac =0,
(2) ¢ —db=0,
(3) 3ad — (b,c) =0,
()andfbgc—o
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PROOF. We computed above explicitly the value 3t(v,v,x) + (v, z)v for general v and x =
(a, B,7,0). Taking the coefficients of «, 3,7, 0 in this explicit computation gives the corollary. O

For a rank one element e, define X, = {x € Wy : (e, z,v,v') = 0Vv,v' € (ke)*}.
LEMMA 3.0.9. Ife = (1,0,0,0) then X = {(a,b,0,0) € W;}.

PROOF. Set v = (1, ub + A, pc + A\, 0). It suffices to compute the compute the coefficient of
A in v°. This coefficient is immediately computed to be ((b,¢) + (V/,¢), 2¢ x ¢,0,0). The lemma
follows. O

ProPOSITION 3.0.10. Set e = (1,0,0,0) and f = (0,0,0,1). The simultaneous stabilizer of the
lines ke and kf in H} is M.

PROOF. Suppose g stabilizes the lines ke and kf. Then g also stabilizes (ke)*, (kf)*, X.
and X;. Taking intersections, one sees that g stabilizes the spaces (0,*,0,0) and (0,0, *,0). The
proposition now follows without much effort. O

EXERCISE 3.0.11. Finish the proof of the above proposition.

COROLLARY 3.0.12. Suppose & € §Y stabilizes the lines k(1,0,0,0) = ke and k(0,0,0,1) = kf.
Then § = M(¢) for some ¢ € my.

PrOOF. From the previous proposition, we have

5(a, b, e,d) = (t(¢)a, ¢/ (b), &/ (c), ~t(¢/)d)
for some ¢ € my. Now set ¢ = —t(¢')Id+ ¢'. One has ¢ € mj with t(¢) = —2t(¢’). The corollary
follows. O

We can prove that the map b, — bg is an isomorphism.
PROPOSITION 3.0.13. The Lie algebra homomorphism b/, — f)g 18 an isomorphism.

PRrROOF. We first prove injectivity. Thus suppose 6 = np;e v (v) + M (¢) —nrie,s(z) = 0. Then,
evaluating  on e = (1,0,0,0), we find z = 0. Evaluating on f = (0,0,0,1), we find v = 0.
Evaluating M(¢) on (a, b, c,d), we find ¢ = 0. Thus our map is injective.

For the surjectivity, suppose & € Y is given. We claim 6(e) € X.. Indeed, if v,v’ € (ke)*, then
(e,e,v,v") = 0. Applying 0 gives (e,d(e),v,v") = 0, as (e, e, d(v),v') and (e, e,v,d(v')) are each 0,
because e is rank one.

Because d(e) € X, there exists # € J so that § + nre j(x) stabilizes the line ke. Similarly,
there exists v € JY so that 0 + npe j(z) — npie v () stabilizes both the lines ke and kf. The
surjectivity now follows from Corollary O

4. More on rank one elements

In this section, we develop more of the structure theory of the space W; and of the Lie algebra
-

We begin with the following important theorem.

THEOREM 4.0.1. Suppose v € Wy has q(v) # 0, and let w be the image of x in B, := k[z]/(z* —
q(v)). Then wv + v is rank one in Wy @ E,.

PrROOF. By H j-equivariance, extension of scalars, and a Zariski density argument, we are
reduced to considering the case v = (1,0,¢,d) with N(c) # 0 and w € k satisfies w? = q(v) =
d? + 4N(c). Then one computes

wv 40" = (w— d,2¢%, (w+ d)c,wd 4 d? + 2N (c))
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#
—(w-d (1, (wtd)e# wtd (wtdd+2N())
2N(¢) "w—d w—d
But “td = (Z};,r(dg; and (w+dzjd:12 Nie) (g)]j,—(cgg. The theorem follows. 0O

COROLLARY 4.0.2. One has the following identities:
(4) 3t(v°, 0", ) + 3q(v)t(v, v, ) = (x,0°)0" + q(v){z, v)v
(5) 6t(v,v", ) = (z,0)0" + (z,v°)v.
PROOF. One separates the “real” and “imaginary” parts of the identity
(6) 3t(wo + 0", wo +1°, ) = (2, wv + ) (wo + 0°).

See [Pol18, Theorem 5.1.1.] for some context regarding ().
With these normalizations, for w,w’ € W define ®,,,, € End(W}) as follows:
(I)w,w’ (ZE) = Gt(wa wla :E) + <w,a LL‘>’UJ + <’UJ, .’L‘>1U,.
We have the following fact.

PROPOSITION 4.0.3. For w,w’ € Wy, the endomorphism @, is in h(J)Y, i.e., it preserves the
symplectic and quartic form on Wy. Furthermore, if ¢ € h(J)°, then [¢, Popor] = D@ () w0+ P, () -

Proor. The fact that ®,,,, preserves the symplectic form follows immediately from the defi-
nitions. To check that is preserves the quartic form, one must evaluate (¢, . (v), v”). To do this,
one uses , and obtains 0, as desired. The equivariance statement [¢, @, ] = D@y (w),w T Puw,p(w’)
is easily checked. ]

5. The exceptional upper half-space

When the ground field £ = R and the pairing (, ) on J is positive definite, the group H; has
a Hermitian symmetric space. This space is Hy ={Z = X +iY : Y > 0}. Here Y > 0 means that
Y = Uyl for some y € J with N(y) # 0. Here Uyx = —y# x x4+ (y, )y, and Uyly=y? = %{y,y}
We will prove that Y > 0 is equivalent to the conditions tr(Y) > 0,tr(Y#) > 0 and N(Y) > 0.
We will need the following theorem.

THEOREM 5.0.1. One has N(Uyz) = N(y)>N(z). In particular, if N(y) # 0, then U, € M.

PROOF. For a proof of this theorem, see McCrimmon, “A tast of Jordan algebras”, Theorem
C.2.4. d

If m € My with N(mX) = 62N (X) for all X € J, define M (6, m) € H: as M (5, m)(a,b,c,d) =
(67 a, 6 1m(b), dm(c), éd). In particular M (N (y),Uy,) € H} for all y with N(y) # 0.

5.1. The positive definite cone. We first sketch the proof of the key theorem, that every
element of J is diagonalizable by an element of A ;.

THEOREM 5.1.1. Suppose X € J. Then there exists a € Ay with a(X) diagonal.

ProoF. Set J = (R1;)*. By writing X = ul; + Xo, with Xy € J°, it suffices to assume
X € J% Now, one uses that m?] = a; @ JY is the Cartan decomposition of m?,, and the trace 0
diagonal elements make up a maximal abelian subalgebra of J°. The result then follows from the
fact that p = Ukex (Ad(k)a); see Knapp, “Lie groups: Beyond an introduction”, Theorem 6.51. [

COROLLARY 5.1.2. The following statement are equivalent:
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(1) Y € J is positive-definite, i.e., Y = y? for some y € J with N(y) # 0.
(2) There ezists a € Ay with aY diagonal with positive entries
(3) tr(Y),tr(Y#) and N(Y) are all positive.

PROOF. To see that (1) implies (2), apply the theorem to find a € A; with ay = diag(t1, te, t3).
Now Y = y? implies a(Y) = (ay)? = diag(t3,13,t3), as desired. Conversely, it is clear that (2)
implies (1), because if a(Y) = t? with ¢ diagonal, then Y = (a~t).

Because a commutes with #, fixes 1; and preserves the trace pairing, (2) implies (3). Finally,
suppose given (3). By the theorem, we can assume Y = diag(ty, t2,t3) is diagonal. Now, it is easy
to see that the inequalities t1 + t2 4 t3 > 0, t1to + tat3 + t3t1 > 0 and titot3 > 0 force each ¢; > 0.
Thus (3) implies (2), and we are done. O

We require one additional corollary.

COROLLARY 5.1.3. Let D denote the connected component of the set {Y € J : N(Y) > 0}
containing 1y. Then D is contained in the set' Y > 0.

PROOF. Let 7 : [0,1] — D be a path, with v(0) = 1;. Then the polynomial p;(u) = u3 —
tr(y(t))u? + tr(y(t)?)u — N(v(t)) has three real roots, by the Theorem. Moreover, N(v(t)) > 0 for
all ¢. It follows that the three real roots of p;(u) are positive. The corollary follows. O

EXERCISE 5.1.4. Let C denote the set of Y in J with Y > 0. The point of this exercise is to
prove that C' is connected and convex.

(1) Suppose Yy, Y7 are positive definite. Prove that the trace pairing (Yp, Y1) > 0. Hint: First
note that the diagonal entries of a square are positive, from the formula for X2. Now
apply an a € Ay so that a(Yp) is diagonal with positive entries.

(2) Prove that if Y > 0 then Y# > 0. Hint: Reduce to the diagonal case.

(3) Prove that if Yy, Y7 > 0 then N(tYo + (1 —¢)Y1)) > 0 for ¢ € [0, 1].

(4) Argue as in the Corollary above that Y is convex (and in particular, connected.)

EXERCISE 5.1.5. The point of this exercise is to work out the shape of the positive definite cone
in case J = R x S with S a quadratic space of signature (1,x*). Specifically, we have S = R1g@® Sy
where Sy = (R1g)* and ¢ is 1 on 1g and negative definite on Sy. Let C = {y?: y € J, N(y) # 0}.

(1) Recall that if y € J, then y?> = —1 x y” + (y,15)y. Prove that if y = (,s), then
y? = (8% —q(s)ls+ (1s,5)s). If s = plg+ so, then this is y* = (62, (u* —q(s0))1s +2us0).

(2) Deduce that if Y = (8',v) € C, then ' > 0, (15,v) > 0 and ¢(v) > 0.

(3) Prove conversely that if Y = (', v) satisfies 8’ > 0, (1g,v) > 0 and q(v) > 0, then Y = 3?2
for some y € J with N(y) # 0. Hint: Write v = rlg + 79 with » € R~ and ry € Sy.
Define 1 to be the positive square root of (r + q(v)'/?)/2, s = ﬁro and 8 = (B2
Check that y? =Y with y = (8, uls + so).

(4) Prove that if Y € C, then tr(Y) > 0,tr(Y#) > 0 and N(Y) > 0.

(5) Prove conversely that if Y € J satisfies tr(Y) > 0,tr(Y#) > 0 and N(Y) > 0, then Y € C.
Hint: Suppose Y = (3,s). Then tr(Y) = B8 + (1s,s), tr(Y#) = ¢(s) + B(ls, s), and
N(Y) = Bq(s). Now, using that ¢ is negative definite on Sy, prove that there all real
numbers ' and §” with (1g,s) = 8+ 8” and ¢(s) = §/8”. The inequalities are thus
B+B +B8">0, B8 + 58"+ p"3>0and B5'S"” > 0. Conclude that 3,3, 3" > 0 and
thus Y € C.

(6) Prove that C' is convex, and in particular, and connected. Hint: You may find it helpful
to use Cauchy-Schwartz on Sj.
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5.2. The upper half space. We now define how H;(R)? acts on H .
To do this, suppose Z € Jg. Define 70(2) = (1,—Z,Z#,~N(Z)) = n(—Z)(1,0,0,0). Then
one has the following proposition, which must be well-known.

PROPOSITION 5.2.1. Suppose Z € Hy, so that Im(Z) is positive definite. Suppose moreover
that g € Hj(R)?. Then there is j(g,Z) € C* and gZ € H so that gro(Z) = j(g, Z)ro(9Z). This
equality defines the factor of automorphy j(g,Z) and the action of H;(R)° simultaneously.

Both for this proposition, and below, we will need the following lemma.

Suppose J is a cubic norm structure. Let ¢ : J < JY be the identification given by the
symmetric pairing on J. Define Jy : Wy — Wy as Ja(a,b, ¢, d) = (d, —t(c), t(b), —a). One checks
that Jo € HJ}. Define a pairing on W via (v, w) = (Jov, w).

LEMMA 5.2.2. The pairing (v,w) is symmetric, with (v,v) = a® + (b,b) + (c,c) + d? if v =
(a,b,c,d). Thus if the trace pairing on J is positive-definite, the pairing ( , ) on Wy is as well.
Furthermore, one has |{ro(i),v)|? = (v,v) + 2tr(b¥ — ac) + 2tr(c* — db). Thus if v is rank one,
[(ro(i), v)|* = (v,v).

PrROOF. The first part of the lemma is immediate from the definitions. For the second part,
suppose v = (a,b,c,d) and recall r(i) = (1, —i,—1,4). Then (v,r(i)) = (tr(b) — d) + i(a — tr(c)),
and thus

(v, (@) = (tr(b) — d)* + (a — tr(c))?
= d? — 2dtr(b) + tr(b)? + a® — 2atr(c) + tr(c)?
= d? + (b,b) + a® + (¢, ¢) + 2tr(b" — ac) + 2tr(c? — db),

as desired. Here we have used the identity tr(z)? = (z,z) 4+ 2tr(z#) for x € J, which follows
immediately from the definition of the pairing (z,x). If v is rank one, then b* — ac = 0 and
c¢# — db =0, and the lemma follows. O

PROOF OF PROPOSITION [5.2.11 We recall the argument sketched in [Poll7, Section 6.2.1]
and [Pol20al. First, if ¢ € HY(R) one has (gro(i), (0,0,0,1)) # 0, since (gro(i), (0,0,0,1)) =
(ro(4),971(0,0,0,1)) and |(ro(i),g~1(0,0,0,1))|> # 0 by Lemma [5.2.2] since g=(0,0,0,1) is rank
one. Thus, there is j(g,i) € C* and Z € Jg so that gro(i) = j(g,9)ro(Z). We claim that
N(Im(Z)) > 0.

To see this, first note the general identity (ro(Z),ro(W)) = N(Z — W) for Z,W € Jc. Thus

V()N (2i) = v(g)(ro(i), ro(=)) = (gro(d), gro(—i)) = (gro(i), gro(0)) = |i (g, )*N(Z — Z).

Thus if v(g) > 0, then N(Y') > 0.

Now, if g € Hj(R)?, then N(Im(gi)) > 0, and thus by continuity I'm(gi) is positive definite.
Hence the proposition is proved when Z = il;.

The general case follows from the fact that the subgroup generated by the M (N(y),U,) and
n(X) acts transitively on H s, and that these elements can be taken to be in H;(R)?. Indeed, first
note that if Y > 0, there exists y > 0 with 4> = Y. To see this, one can diagonalize Y via the
action of Ay then take a positive square root of a diagonal element. It follows that for such a y,
M(N(y),U,) is in HY(R)?, as desired.

Now, if g € H},R)O and Z € Hj, say Z = g1(ily), then

gro(Z) = gro(gui) = j(g1,1) " ggrro(i) = j(g1,9) " 4(9g1, i)ro(gg1i) = j(g, Z)ro(92)
with gZ = gg1t € Hj, as required. O
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We will now work to understand the stabilizer of i1; inside of H} We prove the following
proposition.

PROPOSITION 5.2.3. Suppose g € H}(R) stabilizers ily € 5. Then g commutes with Js.

To prove this proposition, we introduce the Cayley transform c as follows. Define ¢ € H }(C)
as c=nyv(ily/2)ns(ily). We have the following useful lemma.

Define W+ = {(a,ic,c,ia)} to be the i-eigenspace of Jo on W; ® C and similarly define W~ =
{(a, —ic,c,—ia)} to be the (—i)-eigenspace of Jo on Wy ® C.

LEMMA 5.2.4. One has
(1) CTO(i) = (11 0,0, 0)
(2) CTO(_i) = _81(0701(]’ 1)
(3) W™ = (x,0,%,0)
(4) W™ =(0,%,0,%)

PROOF. These are tedious but straightforward calculations; we omit them. O
Using the lemma, we can now prove the proposition.

PROOF OF PROPOSITION [5.2.3] If g stabilizes i1, then g fixes the lines Cro(i) and Cro(—i).
Consequently cge™! € H}(C) fixes the lines (x,0,0,0) and (0,0,0,*). It follows (we’ve proved this)
that then cge™! also fixes the spaces (0, *,0,0) and (0,0, x,0). Consequently, cge™! stabilizes ¢cW ™+
and ¢, from which we obtain that g stabilizes W+ and W~. As these are the eigenspaces of Ja,
we conclude that g commutes with Js, as desired. ([l

5.3. Modular forms. Let J = H3(0) be as above, where © has positive definite norm form.
Define G = HY(R). It turns out that the group G is connected, so it acts (transitively) on H..

Conjugation by J is a Cartan involution © on G (see [Pol20al section 3.4.5]). Define a norm
on G as ||g||? = tr(Ad(g)Ad(©(g)~")). A function ¢ : G — C is said to be of moderate growth if
llo(g)]] < CJlgl|N for some C, N > 0.

Following Baily, “An exceptional arithmetic group and its Eisenstein series”, a discrete subgroup
I' € G is defined as follows. Let ©9 C © be Coxeter’s ring of integral octonions; see, e.g., loc

c1 x3 w5
cit. Define Jy C J to be the integral lattice consisting of matrices X = x3 C2 T1 with
r2 x] 3

c1,¢,¢3 € Z and 1,29, 23 € ©g. Define Wy, C W to be the lattice Wy, = Z® Jy® Jy ®Z. Then
T is defined to be the subgroup of H}(Q) that preserves Wy,.
A modular form for I' of weight £ > 0 is a holomorphic function f : H; — C satisfying
(1) f(vZ) = j(v,2)'f(Z) for all vy € T and
(2) the function ¢ : I'\G' — C defined by ¢¢(g) = §(g,1)"¢f(g - i) is of moderate growth.
Some results about modular forms on G can be found in:

(1) Baily, “An exceptional arithmetic group and its Eisenstein series”

(2) Kim, “Exceptional modular form of weight 4 on an exceptional domain contained in C2”
(3) Gan and Loke, “Modular forms of level p on the exceptional tube domain”

(4) Kim an Yamauchi, “Cusp forms on the exceptional group of type Er”
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CHAPTER 4

The Lie algebra and group Fjs

Suppose J, JV is a cubic norm pair. Associated to this pair, we define a Lie algebra g(J). When
J = H3(0), g(J) turns out to be the Lie algebra of type Es. One can take this as a definition of
the Lie algebra eg.

1. The Z/2 grading on g(J)

I believe the construction of the Lie algebra g(.J) in this section essentially goes back to Freuden-
thal.

Denote by Va2 the defining two-dimensional representation of sly = sp,. Recall that we have an
identification Sym?(Va) ~ sly as (v-v')(z) = (v, z)v+ (v, z)v’. Here (, ) is the standard symplectic
pairing on Vs:

1 c
<(a¢b)t7(c7d)t>:(a b)<—1 )(d):ad—bc
We define
g(J) = Q(J)o S3] g(J)l = (5[2 ©® f)(J)O) ©® (V2 &® WJ) .

Here g(J)o = slo @ h(J)? is the zeroth graded piece of g(.J), and g(J); = Vo ® W is the first graded
piece of g(J).

1.0.1. The bracket. We define a map [, | : g(J) ® g(J) — g(J) as follows: If ¢,¢" € g(J)g =
sly @ h(J)Y, v,v" € Va, and w,w’ € Wy, then

1 1
[(¢,v @ w), (¢, v @w)] = <[g[>7 &'+ §(w, w')(v-v') + 5(1}, v'><1>w7w/, d(v @w') - (ve w)> .
With this definition, we have the following fact.

PROPOSITION 1.0.1. The bracket |, ,] on g(J) satisfies the Jacobi identity.

ProoF. To check the Jacobi identity > . [X,[Y,Z]] = 0, by linearity it suffices to check it
on the various Z/2-graded pieces. Then there are four types identities that must be checked.
Namely, if 0,1,2 or 3 of the elements X,Y,Z are in g(J); = Vo ® W. If all three of X,Y, Z are
in g(J)o = sla @ h(J)?, then the Jacobi identity is of course satisfied. If two of X,Y,Z are in
9(J)o, then the Jacobi identity is satisfied. This fact is equivalent to the fact that the bracket [, |o
defines a Lie algebra action of g(J)o on g(J)1: [¢, ¢'](x) = ¢(¢/(x)) — ¢'(¢(z)) for x € g(J)1 and
o, ¢ € g(J)o. Ifone of X,Y, Z is in g(J)p, then the Jacobi identity is satisfied by the equivariance of
the map g(J)1®g(J)1 — g(J)o. Finally, when X, Y, Z are all in g(.J)1, a simple direct computation
shows that 3. . [X,[Y, Z]] = 0.

In more detail, suppose X1 = v1 ® wy, Xo = vo ® wo and X3 = v3 ® ws. We must evaluate:

—2) [X1, [ X2, X3]] =2 o2 @ wo, vz ® ws](v1 @ wi)

cyc cyc
= ((v2,03)Pung s + (w2, w3)vs - v3)(v1 @ wr)
cyc
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= Z (v2,v3)v1 @ (6t(w1, w2, ws) + (w3, w1)wa + (w2, wi)ws)

cyc

+ Z (wa, w3) ((vs3, v1)va + (v2,v1)v3) @ wy.

cyc

The term t(w,w’,w”) drops out right away because it is symmetric by applying the identity
chc (vg,v3)v1 = 0 for vy, vy, v3 € Va. The other cyclic sums cancel in pairs. O

2. The Z/3 grading

2.1. The Z/3 grading on g(J). In this subsection we recall elements from the paper [Rum97]
(in different notation). Rumelhart constructed the Lie algebra g(J) through a Z/3-grading, as
opposed to a Z/2-grading as we have described above.

Denote by V3 the defining representation of sl3, and by V,’ the dual representation. In the
Z/3-graded picture, one defines

g(J)=sem() eV JeVy et

We consider V3, V3 as left modules for sl3, and J, JY as left modules for m(.J )0,

2.1.1. The bracket. Following [Rum97], the Lie bracket is given as follows. First, because V3 is
considered as a representation of sls, there is an identification A2Vz ~ V3, and similarly A3 Vy/ =~ V3.
If v1,v2,v3 denotes the standard basis of V3, and 41, d2, 03 the dual basis of V3’, then vy A vy = 4,
01 N 62 = v3, and cyclic permutations of these two identifications.

Take ¢3 € sl3, g5 € m(J)?, v,0' € V5, 6,8 € V3, X, X' € J and v, € JY. Then

[$3,v 0 X +0®@7] = ¢3(v) ® X + ¢3(0) ® 7.
[p),v@ X +0®7]=v® ¢ (X)+I®ds(7)
e XvVeX]=@wAr)e (X x X'
[0®7,0@9T=(0AN)@(yx7)
[6@7,v®X]=(X,7)v®0+6(v)Pyx —(v)(X,7)

— (X,7) (v ©6— ;5(1))) +6(v) (q»mX - g(x, 7)) |

Note that v ® § — £6(v) € sl3 and ® x — 2(X,7) = P € m(J)Y. Also recall that @, x € m(J)
acts on J via

Py x(Z) ==y x (X X Z)+(7,2)X + (7, X)Z.

Furthermore, the action of sl3 and m(J)® on V3’ and JV is determined by the equalities (¢3(v), §) +
(v,¢3(0)) = 0 and (¢5(X),7) + (X, ¢s(7)) = 0.

One can give an explicit identification between the Lie algebra g(J) defined in this section and
the one defined in the previous section, which is why we have given both Lie algebras the same
name. See [Pol20al Proposition 4.2.1].

3. The Killing forms on the Lie algebras

We define symmetric, non-degenerate, invariant bilinear forms on the Lie algebras we’ve dis-
cussed.
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3.1. The form on m(J). Suppose J is a cubic norm structure, or J,JV is a cubic norm
pair. We have defined the Lie algebra m(J). To define a bilinear form on m(.J), we begin as follows.
Suppose ¢, ¢’ € m(J) and ¢ =3, &, ., as we can assume because  : JY®.J — m(J) is surjective.
(We haven’t proved this surjectivity, but it is true.) Then we define Bu(¢',¢) = >_,(¢'(z5), 7))

LEMMA 3.1.1. The bilinear form By, is well-defined and symmetric on m(J).
ProOOF. First one checks easily that

Bu(®y o, ®ry2) = (7, 2) (7, 2) + (7, ) (7, 2") — (z x ',y x ).

It is clear that this is symmetric in the two elements of m(.J), and thus

Bm(q)v’,x’a (I)v,z) = ((I)W’,:c’ (z),7) = ((I)w,m(xl)77l)‘
Because the pairing can be expressed in terms of the action of ®, , on J, it is well-defined. Le., if

¢ = Z] q)’Yj@j =0 S m(J)7 then Bm(¢/7 ¢) = Zj(¢/($9)77]) =0.
This completes the proof.

PROPOSITION 3.1.2. The bilinear form By is invariant, i.e., Bn([¢,¢'],¢") = Bm(o,[¢', ¢"])
for all ¢, ¢, ¢" € m(J).

PROOF. We can assume ¢’ = ®, ;. Then the LHS of our desired equality is ([¢, ¢'](x), )
(¢(¢'(2)), 1)+ ((x),¢'(7)). The RHS is Bun(, Py (1) 0+ P pr(2) = (6(x), &' (7)) +(8(8' (2)), 7).
3.2. The form on h(J)°. Define an invariant pairing By on h(J)? by

Bh((¢’ a, ’Y)a (¢/7 a’/v 7,)) = Bm(¢» ¢/) - (CL, ’Y/) - (a’/7 7)
Here ¢,¢' € m(J), a,a’ € J and v,y € JV.
Thinking of h(J)° as defined via its action on W}, as opposed to its description via the 3-step

Z-grading, it is natural to ask how the pairing By looks like on elements of the form ®,,,,. One
has the following;:

o

Bh(q)wl,w’lv (I)wz,wg) =-2 (<w1>wé><wllvw2> + <w17w2><wllvwé>) + 12(w1’w,17 w27w/2)
for wq, w), we, wy € W;. The pairing By, satisfies
Bh(q)w,w’a ¢> = 2<w7 d)(w/))

That the map ® : Sym?(W;) — b(J)? is surjective follows from the surjectivity of JY @ J —
m(J) and [Pol20al, Proposition 3.4.4].

3.3. The form on g(J). Define a symmetric pairing By : g(J) ® g(J) — k via
By(¢ +v@w,¢ +v' @) = Bo(,¢') — (v,0) {w,w).
Here By is the invariant symmetric pairing on g(.J)o defined by
Bo(¢2 + ¢, 05 + ¢) = Bayvy) (2, 93) + By(1, ¢7)

for ¢o, ¢ € sly and ¢, ¢/, € h(J)°.
The pairing

Bsp(W) (wlw/h w2wé) = _2(<w1a w2><w/1a w/2> + <w/17 w2><w17 wé>)
On sly, this is the same as the trace pairing Bq, (1) (X, X') = tr(X X’).

LEMMA 3.3.1. The pairing By on g(J) is invariant, i.e. By([x1,23],22) = —Bgy([z2,z3],21) for
all z1, 29,23 in g(J).
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ProOOF. Writing out both By([z1, 23], 22) and —Bgy([z2,z3],21), one finds that the form By is
invariant if and only if
2(w, p(w')) = Bo(Pu,ur, #)
and
2(v, ¢(v")) = Bo(v - v', ¢)

for all v,v" € Vo, w,w’ € Wy, and ¢ € g(J)g. These properties of By were discussed above. ]

3.4. The form on g(J) again. One can also express the invariant bilinear form in terms of
the Z/3-grading. If one does this, one gets as follows.

The form By on g(J) restricts to the form on sl3 given by By(m1,ma) = tr(mims) for mi,mo €
End(V3). This form By on g(J) is given as follows:

e On slg: By(v® ¢, v' @ ¢') = ¢(v')¢' (v)
o On m(J)% By(1, ¢2) = Bu(d1, ¢2).
e On V3@ J@dVy' ®@J": By(v® X, 8" ®9') = —d"(v)(X,7).
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Part 2

Arithmetic invariant theory






CHAPTER 5

Bhargava’s Higher Composition Laws I

1. Composition of 2 x 2 x 2 cubes

We make some of the notation and definitions and define the bijection.
Set A =7 xZ xZ. Welet S = Sp be the quadratic ring of discriminant D. Thus Sp =
Z[y]/(y*> — Dy + #). We let 7 denote the image of y in S, so that 72 — D1 + D24_D = 0. Thus

one should think of 7 as %. We set F =S ® Q and w the element v/D in E.

Set Wa = Z%? @ Z*? ® Z? (tensor product of row vectors), so that Wy has a right action of
GLg(A) = GLg(Z)3. One writes an element of W4 as a four tuple (a,b,c,d) where a,d € Z and
b,c € A. We denote by ¢ the quartic form on Wy and note that ¢(v) is a square modulo 4 for all
v € Wiy.

As proved by Bhargava [BhaO4al|, we will relate triples of ideal classes for Sp for D # 0 a
square modulo 4 to elements v € W4 with ¢(v) = D.

We begin with some notation. If r = (ry,72) € A2, so that r1 = (r11,712,713) and 79 =
(T21,T22,T23), we define r' € Wy as

rt = (r11,721) ® (r12,722) ® (713,723)
= (r117r12713, (T21712713, T11722713, T117127°23), (711722723, T21712723, 721722713 ), T21722723)
Note that 7' is rank one.

Suppose I = (I3, I, I3) is a triple of fractional S-ideals, and b = (b1, b2) is a basis for I so that
by = (bll, b12, b13) and by = (bgl, bao, bgg) with bij € FE. That b is a basis for I means Ij = Zblj@Zbgj
for j = 1,2,3. Given a choice of 7 € S, which is called an orientation, one defines the norm
N(I;b,7) as follows. There is a unique g € GL2(A ® Q) = GL2(Q)? so that (by,b2) = (7,1)g, i.e.,
g =(91,92,93) and (b1;,b2;) = (7,1)g;. Now set N(I;b,7) = detg(g) := det(g1) det(g2) det(gs3).

DEFINITION 1.0.1. Suppose I,b, 7 as above, and § € E*. The data (I,b,7, ) is said to be
balanced if

(1) B~ taz12925 € S for all z; € I;. Equivalently, 3710 € W4 ® S.
(2) Ng/q(B) = N(I;b,7).
We now make a definition of equivalence of types of data (I,b,3).

DEFINITION 1.0.2. One says that two triples (I,b, 3) and (I’,V/, 8’) are equivalent if there exists

x = (z1, 12, 23) € EX X E* x E* with
o I' =2l
o b =uab
[ ﬁ/ = xlxga;gﬁ.

Associated to an equivalence class of balanced data [I,b, 5], we define an element v € W4 as
follows. One set X(I,b,8) = B~'' € W4 ® S and one lets v be the coefficient of 7. so that
X(I,b,8) = Tv+ v for unique v,v" € Wa.

The following theorem is essentially one of the results of [Bha0O4a], and is a special case of one
the main results of [Pol18].
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THEOREM 1.0.3. Suppose D # 0 is a square modulo 4 and S is the oriented quadratic ring
of discriminant D. The association (I,b,3) — v defines a bijection between equivalence classes
of triples of balanced data and elements v € W, with q(v) = D. Moreover, this bijection is
equivariant for the action SLa(Z)? on both sides, with SLa(Z)? acting on the data [(I, (b1, b2), B)]
as [(1, (b1, 2), B)] = [(Z, (b1, b2)g, B)]-

We will now describe the inverse map.

To do so, we begin by defining the quadratic covariant S(v) € My(A ® Q) = M2(Q)? for an
element v € Wy. Namely, if v = (a, b, ¢, d), then

b* — ac ad — ¢b — tr(ad — be) /2
S(v) = .
< ad — be — tr(ad — be) /2 e — db >
This is three 2 x 2 symmetric matrices which are half-integral, or in other words, 3 binary quadratic
forms. See [Pol18, Example 4.4.2] for this written out.
Let Jo = (2 §)-

PROPOSITION 1.0.4. One has S(v)J2S(v) = —@Jg. In other words, these three binary qua-
dratic forms have the same discriminant, q(v).

PRrROOF. This is proved in a more general situation in [Pol18|, Proposition 4.4.1]. ]
Now set R, (v) = 2J25(v), so that R, (v)? = q(v).
PROPOSITION 1.0.5. For g € GL2(A ® Q) = GL2(Q)?, one has R.(v - g) = detg(9)g ' R-(v)g.

PROOF. One can check this on generators, as is done in [Pol18§]. O

Now set Q(v) = M, which one can check is in M3(Z). Note that 92 — DQ + D24_D =0.
Thus Q(v) defines an action of Sp on the column vectors A%. This will give the triple of S-modules
associated to the vector v.

To embed this module into A = E x E x E, we proceed as follows. Set € = €(v) = 1+ 5 R, (v).
Moreover, define

e X(v,w)= %ﬂ’b
o X(v,—w) = %Jr”b
Now, if £ = (¢1,02) € A?Q = (Q x Q x Q)? is a row vector, we define
(1) 1(£) = le(v) A?
(2) b(f) = Le(v) = (b1, b2)
(3) B(O) = w (', X (v, —w)).

PROPOSITION 1.0.6. The row wvector ¢ can be chosen so that I(¢) is a fractional ideal and
B(t) € E*. Different choices of such € yield equivalent data. Moreover, for these ¢, the data
I1(0),b(0), 5(¢) is balanced.

ProOF. This is proved in [Pol18]. O

We can now state the inverse bijection to the theorem above.

THEOREM 1.0.7. The maps [({,b,0)] — v and v — [I(£),b(£), ()] define inverse bijections
between the set of balanced data and the v € Wy with q(v) = D. These bijections are equivariant
for the action of SLa(Z)3.

Recall that we already know that the element X (v,w) is rank one. One of the key steps in the
proof of the above theorem is to write this rank one element explicitly in terms of the rank one
elements b' for b € A%, = (E x E x E)%. In fact, one has the following result.
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PROPOSITION 1.0.8. For all ¢ € A%Q row vectors, one has
W (Ce(v))' = (', X (v, —w)) X (v,w).

The proposition implies that the composition Wg:D — balanced data — W, is the identity.
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