THE RANKIN-SELBERG METHOD: A USER’S GUIDE

AARON POLLACK

ABSTRACT. We give an introduction to the Rankin-Selberg method. Instead of surveying the the
landscape of Rankin-Selberg integrals, we focus on how one can compute a few of the simplest
examples. We discuss two integrals for the standard L-function on GLz2, one integral for the Spin
L-function on PGSp,, and one integral for the standard L-function on Sp,. We describe how to
evaluate these integrals in terms of the “New Way” method of Piatetski-Shapiro and Rallis. We
end by discussing heuristics that inform the search and computation of Rankin-Selberg integrals.

1. INTRODUCTION

The goal of this article is to give an introduction to the so-called Rankin-Selberg method.

1.1. The Rankin-Selberg method. The Rankin-Selberg method can loosely be described as
follows: One considers an automorphic cuspidal representation 7 on a group G, say a Q reductive
group. Let V denote the space of 7, as automorphic functions on G(A). Then one considers a
linear algebraic subgroup H of G, possibly equal to G, and an automorphic function E(h,s) on
H that depends on a complex parameter s. The function E(h,s) might be an Eisenstein series
on H; it might be an Eisenstein series on a larger group that contains H; it might be simply an
automorphic character on H. From this data, one can construct the integral

Ip.s) = [ E(h, 5)¢(h) dh.
H(Q)Z'(A)

Here:

(1) ¢ is a cusp form in the space V;
(2) Z' is the intersection of H and the center of G.

It is often relatively easy to prove that the integral I(y, s) has meromorphic continuation in s, and
possibly a functional equation relating s to r—s for some real number r. Suppose one knows a priori
that the integral I(¢p, s) does have these analytic properties. Then in vary narrow circumstances, it
turns out that one can sometimes relate the integral I(¢p, s) with a partial Langlands L-function of 7:
I(p,s) ~ L%(m,r,s). When one can do this, and when one knows that the integral I(e, s) has good
analytic properties in s, one says that the linear functional I(e,s) : V; — C is a Rankin-Selberg
integral.

Key to our chosen definition of Rankin-Selberg integral is the idea that one knows a priori that
the integral I (¢, s) has good analytic properties in s. One can imagine abstract integrals that yield
L-functions L(w,r,s), but for which one does not know the analytic properties of the integral. For
the purpose of this article, we do not consider such integrals to have the Rankin-Selberg property.

Rankin-Selberg integrals are somewhat mysterious mathematical objects. There are numerous
of them (e.g., a few famous ones are |[GPSR87],[CFGK19],|Gar87],[GS15]) but also they are rare
gems. As of this writing, there is no general theory that classifies all the Rankin-Selberg integrals,
or even a classification of which L-functions are attainable via this method.

AP has been supported by the Simons Foundation via Collaboration Grant number 585147 and by the NSF via
grant numbers 2101888 and 2144021.
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1.2. What this article is about. The point of this article is to give an introduction to the
Rankin-Selberg method. We do this by explaining how to compute some of the simplest Rankin-
Selberg integrals “from scratch”. In that sense, our purpose is to give a sort of “user’s guide” to the
Rankin-Selberg method, explaining some techniques in detail so that the reader, if they so choose,
can do their own research on L-functions. In particular, we try to highlight ideas and techniques
that are less accessible in the literature. More specifically, we describe how to evaluate Rankin-
Selberg integrals in terms of the “New Way” method of Piatetski-Shapiro and Rallis [PSR&8], see
also [BFG95].

What this article is not is a survey of the Rankin-Selberg method. For that, we urge the reader to
see the surveys of Bump [Bum05, Bum89|] and Cogdell [Cog0§|. In fact, to get a complete picture,
we recommend reading this article in conjunction with [Bum05, Bumg89|] and [Cog0§].

1.3. Acknowledgements. Parts of this article are to be delivered as lectures at the Graduate
Instructional Workshop at the Research Innovations and Diverse Collaborations conference at the
University of Oregon in Summer 2022. It is a pleasure to thank the organizers of that workshop
for all their hard work.

2. HECKE’S INTEGRAL
In this section we discuss the standard L-function of level one Hecke eigen cusp forms.

2.1. Hecke’s integral classically. Suppose f is a weight £, level one normalized Hecke eigenform.
Then f(z) = Y, ang™ with ¢ = €™ and a; = 1. The classical L-function of f is defined as
Leass(f,8) = Zn;l ann~* and the completed classical L-function as Aggss(f, s) = T'c(s)Letass(f, S)
where D' (s) = 2(27)~°T'(s).
Theorem 2.1.1 (Hecke). The classical completed L-function has an Euler product, analytic con-
tinuation in s, and functional equation:

(1) Euler product: Lejass(fys) =[], (1 —app™ + ptm1im2) 7L

(2) Analytic continuation: Originally defined for Re(s) >> 0, the functions Lgss(f,s) and

Aciass(f, 8) have analytic continuation to the entire complex plane.
(3) Functional equation: The completed classical L-function satisfies the functional equation

Aclass(fa 5) = (_1)€/2Aclass(f7£ - 5)-

Let’s recall the proof of the analytic continuation and functional equation. To do so, consider
the integral

uﬂ@=2émﬂww“§.

This will be our first Rankin-Selberg integral. Then, since f(iy) = 3,51 ane”?™¥, and 2 [~ e~ 2™y* % =
FC(S)nisa one has I(f7 3) = Aclass(fa 5)'

To understand the analytic properties of the integral, first observe that because f is a modular
form, f(—1/z) = 2'f(2), and thus f(iy~') = (—1)%2y' f(iy). Consequently,

! S . dy _ o —S8 . —1 @
Aymmy—ly.my>y
_(_ £/2 o 0—s g/ @
(-1) Ay fli) -

Therefore - J
109 =2 [+ (172 )
1 Yy

has analytic continuation and functional equation.
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What about the Euler product? This comes from the fact that f was assumed to be a Hecke
eigenform. We will prove the Euler product property below in a not-exactly-standard way.

2.2. Transition to automorphic representations. To prove the Euler product property, and
in fact to define what it means for f to be a Hecke eigenform, it is most natural to transition to
adele groups.

Thus suppose f is a weight ¢, level one modular form as above. We will define functions cp’f :
GL2(R)™ — C and then ¢ : GL2(A) — C out of f. To do this, first define j : GLo(R)* xh — C
as j(g,2) = det(g)""?(cz +d) if g = (2%). The factor of automorphy j satisfies j(g1g2,2) =
j(g1,922)j(ge, 2) for all g1, g2 € GLa(R)' and all z € b.

Now, for g € GL2(R)™, set ¢(g) = §(g,9)"“f(g - i). Note that ¢’y is left-invariant under
I' = GLy(Z)*. Indeed, writing z = gi,

O (v9) = j(v9,9) " F(v2) = 3 (7, 2) 5 (9.1) " 5(v, 2) £ (2) = 5 (g).
To define the function ¢ on GL2(A), we will use the following proposition.

~

Proposition 2.2.1. One has GL2(A) = GL2(Q) GL2(R) T GLo(Z). Moreover, the natural map
GLy(Z) T\ GLy(R)* — GL2(Q)\ GLa(A)/ GLy(Z)
s a bijection.

It follows that we may lift ¢, to a function ¢y : GL2(Q)\ GL2(A) — C that is right invariant

under GLy(Z).
Using ¢, we can define what it means for f to be a Hecke eigenform. We first define the local
Hecke algebra. Thus set

Hp = {77 € CSO(GLQ(QP)) : T](klgkg) = n(g)Vkl, ko € GLQ(Zp) and all g € GLQ(QP)}.

Here the condition of being in C2°(GL2(Qp)) means that f is C-valued, locally constant, and of
compact support.
Suppose now 1 € H, and ¢y is as above. Define

n*pr(g) = /GL (Q )T](h)gof(gh) dh.

This is actually a finite sum.

Definition 2.2.2. One says that f is a Hecke eigenform is n * ¢ = A\, for some constant A,
for all n € H,, and for all p.

Let 7 be the GLQ(A)—representationEl generated by ¢y. Then it is a fact that f is a Hecke
eigenform if and only if 7 is irreducible.

2.3. Hecke’s integral adelically I. Suppose f is a level one, weight ¢ Hecke eigenform and m is

the associated automorphic representation. Then L(7, Std, s) = Lejqss(f, s+£771) and A(m, Std, s) =

Actass(f, s+ K_Tl) If the reader is unfamiliar with the definition of automorhpic L-functions, then

they can take these equalities as definitions. The functional equation for A.ss(f, s) becomes
{41 (41

A(m, Std, 1 — s) = Agass(f, — ) = (=1)?Aass(f, £ — (7 —5)) = (=D)2A(x, Std, s).

IWe really mean the GL2(Af) x (gly, O(2))-module generated by ;.
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We can express the classical Hecke integral group theoretically using ¢f. Indeed, consider the
integral

Ipp.9)= | o ((* D) I dt
GL1(Q)\ GL1(A)

Here the absolute value is the adelic one: if ¢ = (t,), then |t| = [], |tv]»; note that if v € GL1(Q)
then |y| = 1 by the product formula.

First, let’s see how this integral reduces to the classical Hecke integral. Indeed, one has that the
natural map RZ, — GL;(Q)\ GL1(A)/GL(Z) is a bijection. So, integrating on the right over

GL1(Z) in I(py, s)-using that ¢y (g) is right invariant under this subgroup-we obtain an integral
over R%,. To understand the resulting integrand, we observe that if ¢ € RZ,, then

>0
pr (1) =4 ((F1),0) " f(ti) = t72f(ti).

Hence

Ipps) = [ Sl e
R’>0

= / T gy Y
0 Y

1
= Aclassical(f; S+ 6/2) = A(f, s+ 5)

Here we have used that the Haar measure dt on GL;(R) is the measure y~! dy, where dy denotes
the usual Lebesgue measure on R.

2.4. Unfolding the integral. Our goal is to prove that the global integral I(¢y¢,s) is an Euler
product, identified with the L-function of 7. In order to do this, we begin by considering the Fourier
expansion of ;. We will rewrite the integral I(¢y, s) in terms of Fourier coefficients of ¢ and an
integral whose domain is GL1(A). This is called “unfolding” the integral.

To get us started, let 1 : Q\A — C* be the standard additive character. Thus ¢ =[], ¢, with
VYoo(7) = ¥ and if x € Q, with = zg + 21, 79 € Zp and 71 = }%, m € Z, then v, (z) = e~ 271,
Recall that the additive characters of Q\A are of the form v, (x) := ¢ (uz) for p € Q.

We will now write the Fourier expansion of ¢ adellically. We have

0(g) = @y, (9)
reQ
where for a character y of Q\A we write ¢, (g) = fQ\A X Hx)pr ((12)g) da.
Define W, (g) = ¢y (g); this is called the Whittaker coefficient of .
Lemma 2.4.1. For p € Q, one has ¢y, (9) = W, ((* 1) 9).

Proof. This follows from changing variable in the integral:

We (("1)9) = Q\Aw_l(fv)so((“f)(“l)g) dx

- Q\Aw_l(x)w <(M71 1) (Mf)(“l)g) da

= O ) (P ) g) da
Q\A

= 0y, (9)



Now, because ¢ is a cusp form, ¢y, (g) = 0. Thus, by the Lemma, we have the Fourier expansion
= Z W ((*
neQx
With this Fourier expansion in hand, we can now unfold the integral I(¢, s). We obtain

o= Y [ W

eQX \GL1

= [ W
GL1(A)

It’s a theorem, which we won’t prove, that the Whittaker function W, is an Euler product. That
is, for every place v, there is a function W, : GL2(Q,) — C with the following properties:
(1) If p is finite, W, (1) =1
(2) One has W,(g) =[], Wu(go) for every g € GL(A), with all but finitely many factors being
equal to 1.

It follows that I (¢, s) is an Euler product: I(p,s) =[], Lu(s) with I,( fGLl E)) [t]E de.

2.5. Hecke’s integral adelically II. If we take for granted the fact that the Whittaker function
W, (g) is an Euler product, then we deduce that I(¢p, s) is an Euler product. We will, in fact, prove
that the global integral I(¢p, s) is an Euler product without using that the Whittaker function has
this property. The method we will use is often referred to as the “New way method” or “Method
of non-unique models”.

Consider the linear functional on 7, Ly : Vz — C as L (p) = pa(1). Then

La(("1)-9) = ((11) - 9), (1)
—soa((l )
Plar)pa(l)
—¢(047")La(80)

Note that W, (g) = ¢1(9) = L1(9 - ¢)-
Thinking about the unfolded global integral I(y, s), we will consider local integrals of the form

I(t,s) = / H36((* ) vo) dt
GLI(Qp)

(1) v is a spherical vector in V,
(2) £:V, — Cis a linear functional satisfying ¢((!7)v) = ¢ (r)¢(v) for all r € Q, and v € V,,.

After we have considered and evaluated such integrals, we will go back and explain the relevance
to proving that I(p, s) is an Euler product.

where

2.6. The definition of the L-function. For g € GL2(Q,), let A,(g9) = char(g € Mz(Zy)),
the characteristic function of My(Zy). Set T,» € H, to be the characteristic function of those
matrices in My(Z,) for which the absolute value of their determinant is equal to [p"|. Then
Ap(9) =To+ T, + Ty +---, and

(1) Ap(g)| det(g)|* = To + Tplpl* + T2 |pl* +

Now, consider the integral fGLQ(QP) | det(h)|*Ap(h)h - vg. Because vg is an eigenvector of the

S

Hecke operators, this integral is a power series in p~* with coefficients that are Hecke eigenvalues
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of m,. For now, we define L(m,, s) via the equality

) / | det(R)* Ay (h)h - vo dh = Ly, s — v
GL2(Qp) 2

We define L(m, s) =[], L(mp, s) and A(m,s) = T'c(s + E_TI)L(W, s). With these definitions, we will
proceed to sketch the proof that I(¢y,s) = A(m, s + %)
2.7. The local integrals. From , we obtain

Q Ly = i) = [ ay(g)|detto)flgro) do

To evaluate this integral, we apply the Iwasawa decomposition. Let N = {(1%)}, T = {(*.,)}
and K, = GL2(Z,). Then the Iwasawa decomposition says that GL2(Q,) = N(Q,)T(Qp)K), and

moreover
/ flg)dg = / / f(ntk)dp(t)~t dk dn dt
GL2(Qp) T(Qp) /N(Qp) /Ky

where if ¢t = diag(t1,t2) then dp(t) = |t1/t2].
We apply this decomposition to the integral . We obtain

// o5t p(nt)| det(t) ST (ntvo) dn dt

—-]/rdeta>w+1égla>euvo>< ¢mwmap<<1%>t>dx> dt.
T Qp

We now evaluate this inner integral.

Proposition 2.7.1. Suppose t = diag(t1,t2). The inner integral above

/ B()A, (15)8) do =0

if [tal #1 and is A ((" ) if [t2] = 1.

Proof. To see this, note that A, ((1%)t) # 0 implies t1,ty € Z, and x € t,'Z,. But if |ta| < 1 the
character v is nontrivial on t5 1Zp. The claim follows. O

Therefore

1
Limpes+ 5)tw) = [ Ay(g)|det(g)l** elguo) dg
GL2(QP)

:/ 0((t ) vo)|t]* char(t € Zp) dt.
GLl(QP)

Now, one has
Lemma 2.7.2. Ift € GL1(Qp) and £((* ) vo) # 0, then t € Z,.
From the lemma we deduce

Proposition 2.7.3. One has
1
[ w)l dt = Ly + )eCon).
GLl(QP)

Proof of Lemma[2.7.2. Because vy is right invariant under GL2(Z,) one has for all x € Z,

(" ) vo) = (1) (M) wo) = P(tx)L((* 1) vo)-
If £((t ) vo) # 0 then ¢(tx) =1 for all x € Z,, from which it follows that ¢ € Z,,. O
6



2.8. Hecke’s integral adelically III. For a finite set €2 of places, define
@ps)= [ L))t
GL1(Agq)

Lemma 2.8.1. One has I({oo},p,s) = 3Tc(s + £/2)as(1)
Proof. If g € GLy(R), we have

9M@=Amwﬂ@MOﬁmmzémfmw«ﬁwww

Now if g = () with ¢ > 0 then

(1)) =7 (("%),0) " fla+ti) = tY2 f(z + ti).

Thus ¢1(9) = a f(l)té/ 2727t from the usual Fourier expansion of f. If t < 0 one can prove that
Ws ((t1)) = 0. Consequently,

I({oo}, ¢, 8) = af(1)/ 5272 gt = ap (1) (2m) STV (s 4 £/2) = CLfQ(UFC(s +1/2).

R%,
([l
Proposition 2.8.2. One has I(QU {p}, p,s) = L(mp, s + %)I(Q, ©,8).
Proof. Set Here ¢;,(v) = Ly(diag(tq, 1)v). Then
IQQU{p},p,s) = / ltal® / |tp|° L1 (diag(tq, 1) diag(t,, 1)¢) dt, dtg
GL1(Agq) L1(Qp)
— [l [l (ding(t, D) diyde
GL1(Agq) GL1(Qp)
1
= L(Tl'p, S+ 2)/ |tQ’S€tQ(U0) dtQ
GL1(Agq)
1
= L(Wpa s+ 5)1(97 12 8)'
g

Combining the previous results with the fact that, by definition, I(p,s) = limg I(£, ¢, s) we
obtain I(p,s) = as(1 )A(ﬂ' s+3).

2.9. Summary of automorphic L-functions. We now go back and summarize the definition of
Langlands L-functions. Thus suppose G is a reductive algebraic Q-group, that we assume is split for
simplicity. Let 7 C A(G) be a cuspidal automorphic representation. Then 7 = ®'m, is a restricted
tensor product of representations m, of G(Q,). The first fact to know is that m, is unramified
for almost every p. Here unramified means that VpK” # 0 for K, a hyperspecial maximal compact
subgroup of G(Q,). It is another fact that, in this case, Vpr is necessarily one-dimensional.
Associated to m, there is a conjugacy class ¢, in G (C), the complex dual group of G. Automorphic

L-functions are associated to finite dimensional algebraic representations r : G(C) — GLx(C).
Namely, for such an r, one defines

LS(m,r, s) HL Tp, T S) Hdet In —r(cp)p )"

p¢S p¢S
7



where S is a finite set of places outside of which 7, is unramified. The Euler product defining
L3(m,r, s) is known to converge for Re(s) >> 0. It is expected to have meromorphic continuation
in s.

Suppose 7, is unramified and vy a spherical vector for m,. It is a fact, following from the Satake
isomorphism, that there exists a unique function A%(g) € C*°(K,\G(Qp)/K,) such that

L(Wpa Ty S)UO = / Ag(g)g - vg dg.
G(Qp)

Above, we used an explicit A} for G = GLy and r = Std to help us evaluate Hecke’s integral.

3. THE STANDARD L-FUNCTION OF MODULAR FORMS

In this section, we present another integral that realizes the standard L-function of modular forms
on GLy. The earliest reference I am aware of for this integral is [GKZ87, Chapter II1.3]. One
can think of PGLy as SO(3), and then the standard L-function for cusp forms on PGLy becomes
the standard L-function on SO(3). From this point of view, the integral we discuss in this section
generalizes from SO(3) to SO(n), n > 3 [MS94]. See also [Pol1§] for some context.

3.1. The global integral. We begin by defining the global integral that will represent the standard
L-function. Let K be a quadratic field extension of Q, and H the algebraic Q-group for which
H(Q) is the subgroup of GLg(K) for which the determinant is in Q*. We will define an Eisenstein
series E(h,®,s) on H(A) and consider the global integral

I(p.,5) = / E(g,, s)e(g) dg
GL2(Q)Z(A)\ GL2(A)

where 7 is a cuspidal automorphic representation of GL2(A) and ¢ a cusp form in the space of .
To define the Eisenstein series, let ® be a Schwartz-Bruhat function on K? ®qQ A = A%(. Set

F(h, ®,s) = |det(h)]sQ/ It]5 D (t(0, 1)R) dt.

Li(Ak)

Then f((¢%)h, ®,s) = ]a/d|%2f(h, ®, s). Letting By be the upper-triangular Borel of H, we set

E(h,®,s) = > f(yh, @, s).
Y€Br(Q\H(Q)
This Eisenstein series has meromorphic continuation in s and satisfies a functional equation relating
sto2—s.
We can now unfold the global integral. We begin with the following lemma.

Lemma 3.1.1. Suppose K = Q(v/D). The double coset Bg(Q)\H(Q)/ GL2(Q) has two elements
{1,70}. The element vy can be chosen so that (0,1)y = (V/D, 1).

Proof. One can identify By (Q)\H(Q) with the K-lines in K? via v+ (0,1)y. Writing a nonzero
vector v € K2 as v; + v/ Dvy with vy, v9 € Q2, we see that there are two possibilities: either vy, vs
are linearly dependent, or vy, vy are a basis of Q2. In the first case, one can use the action of
GL2(Q) to move the line Kv to K(0,1). In the second case, one can use the action of GLy(Q) to
move the line Kv to K((0,1) ++v/D(1,0)). The lemma follows. O

Let Rk ~ Resg;q(GL1) be the subgroup of GLg satisfying (v'D,1)r € K*(v/D,1). In matrices,
Ry consists of the (Ddb g).
Using the lemma, one obtains

(o, ®,5) = / F(9.®, 5)0(g) dg + / (09, ®, )0 () dg.
B(Q)Z(A)\GL2(A) Ri(Q)Z(A)\ GL2(A)
8



The first integral vanishes by the cuspidality of .

Set
eK(9) = / p(rg)dr.
Rx(Q)Z(A)\Rk(A)
The second integral is equal to
/ f(0g, @, s)¢e(g) dg =/ f(0g,®, s)er(g) dg
Rk (Q)Z(A)\ GL2(A) Ry (A)\GL2(A)

- / |det(g)|* (VD 1)g)px (g) dg.
GLa(A)

Thus we have proved

Proposition 3.1.2. The integral I(p, ®,s) is equal to fGLQ(A) |det(g)|*®((v/D, 1)g)pr(g) dg.

3.2. Local calculation. By the method of non-unique models, to evaluate the integral I(p, @, s),
it suffices to consider integrals of the form

I(t, Dy, 5) = / |det(g)[*®, (VD 1)g)(guo) dg
GL?(QP)

where £ is a linear functional on V,. We will do this when p is finite and ®, is the character-
istic function Z,[v/D]2. Under these assumptions, ®,((v/D,1)g) = char(g € Mz(Z,)) = Apy(g).
Consequently,

1
I(¢,®,,s) = / | det(9)|°Ap(9)¢(gvo) dg = L(mp, Std, s — 5)6(1)0).
GL2(QP)

Therefore, as in the previous section, we obtain the following theorem.

Theorem 3.2.1. Suppose S is a finite set of places of Q containing oo and such that if p ¢ S then
mp 18 unramified, ¢ is spherical at p, and ®, is the characteristic function of Zp[\/E]Q. Then

1
Ip.@5) = (. Std,s = 3) [ |det(g)*@s((VD. Dg)éu(9) do.
GL2(Ag)

We leave the analysis of the integral fGLQ(As) | det(g)|*®s((vV'D, 1)g)éx (g) dg to the energetic
reader.

4. ANDRIANOV’S INTEGRAL

In this section, we sketch an evaluation of Andrianov’s integral [And74] for the Spin L-function
of cusp forms on PGSp,. One can think of PGSp, as SO(5), and the Spin L-function on PGSp, as
the standard L-function on SO(5). From this point of view, the integral we discuss in this section
generalizes to produce the standard L-function on SO(n) for n > 4 [Sug85]. Again, one can see
[Pol1§] for some context.

4.1. Siegel modular forms. Siegel modular forms are one of the generalizations of classical mod-
ular forms. To define them, we first recall the symplectic similitude group. It is defined as

0p, 1, 0, 1,
GSps, = {(g,y(g)) € GL2, xGLy : g < 1, 0, )gt =v(g) ( ~1, 0, )}

Note that GSpy = GL2 because if g € GLy then g (% §) g* = det(g) ( % §)-

Another way of thinking of the group GSp,,, is as the group preserving a symplectic form on vector
space, up to scaling. In more detail, if R is a ring, set Wo,,(R) = R?" with basis e1,...,en, fi,-- -, fa-
Define a bilinear form (, ) : Wa,(R) — R via

9



) :_<f

(1) <’LU,’U> = <’U,U)>
(2) (eire i fi) =0
(3) (e, fj) = dij-

Then

GSpan(R) = {(9,v(9)) € GLa2n(R) x GL1(R) : {gv, gw) = v(g)(v, w)Vv,w € Wan(R)} .
Define b,, = {Z € M, (C) : Z! = Z and Im(Z) > 0} where the second condition means that the
imaginary part of Z is positive-definite. Thus Z = X + ¢Y with X,Y symmetric and Y positive
definite.
Define GSp,,,(R)™ to the subgroup of GSp,,,(R) consisting of matrices with v(g) > 0. Suppose
that g = (¢ %) € GSpy,(R) in n x n block form. It turns out that if Z € by, then
(1) n x n matrix ¢Z + d is invertible
(2) the n x n matrix (aZ +b)(cZ +d)~! is in b,
(3) The map GSpsy,(R)T x b, — b, given by (g, Z) — (aZ +b)(cZ + d)~! defines a transitive
action.
Set I' = GSpy,,(Z)* = Spy,(Z), and £ > 0 is an integer. A Siegel modular form for I' of
weight ¢ is a holomorphic function f : b, — C satisfying
(1) f(vZ) =det(cZ+d)* f(Z) for all vy = (24) €T
(2) the I-invariant function |det(Y)*/2f(Z)| is of moderate growth, in a suitable sense.
The Siegel modular forms have a Fourier expansion. Note that

1 X 1 1 (X -X 1
1 -1 Xt 1) 1 0
so (1 X) € GSpy, if and only if X = X*. Thus if X € M,(Z) and is symmetric, and if f is a Siegel

modular form, then f(Z + X) = f(Z).
Denote by S, the n x n symmetric matrices. It follows that

f(Z) — Z af (T)e27ri tr(TZ)

TESn(Z)
where the Fourier coefficients a;(7T') € C and
Sn(Z)Y ={T € S,(Q) : tr(TX) € ZVX € S,(Z)}

1
={Te€S,(Q):T; € Zand T;; € §Z}

Just like in the case of classical holomorphic modular forms, the moderate growth condition
implies that the Fourier expansion has a restricted form. It turns out that the sum is only over the
positive semi-definite matrices T', i.e., af(T) # 0 implies T' > 0. The Siegel modular form f is said
to be a cusp form if it satisfies the condition af(T") # 0 implies T' > 0 (positive definite), i.e., the
only nonzero Fourier coefficients correspond to positive definite 7.

4.2. Definition of eigenforms. Thus suppose f is a Siegel modular form of level I' = Sp,,,(Z)
and weight £. We can associate to f a function ¢ on GSpy,(Q)\ GSp,,(A) as follows.

First, for ¢ € GSp,,(R)" (the subgroup where the similitude is positive) and Z € H,, set
j(9, 2) = v(g) /2 det(cZ+d), if g = (2}). Define ¢ : GSpj,(R) = C as ¢(g) = j(g,7) " f(g-9).
Then because j is a factor of automorphy, gp} is left-invariant under I'.

As we did for GLo, we have the following proposition.

Proposition 4.2.1. One has GSp,,(A) = GSp,,(Q) GSp;,,(R) GSpy,(Z). Moreover, the natural
map

I'\ GSp3, (R) — GSpy,(Q)\ GSpy, (A)/ GSpy, (Z)
10



s a bijection.

We denote by ¢f the function on GSp,,(A) associated to cp} via this proposition. By its
definition, ¢ is right invariant under GSp,, (Z,) for every prime p. We can now define Hecke
eigenforms.

Let

/Hp = {n € CSO(GSPQH(QP)) : ﬁ(k19k2) = n(g)Vkl’ ko € GSan(ZP) and all g € GSan(QP)}'
We define 1 * ¢(g) = fGSp%(Qp) n(h)e(gh) dh.

Definition 4.2.2. The Siegel modular form f is said to be a Hecke eigneform if n * o5 = A\ for
some A, € C for all n € H,, and all p.

4.3. The definition of the L-function. Recall that the dual group of PGSp,,, is Sping, 1(C),
which has a 2™-dimensional Spin L-function. Thus one can consider the Langlands L-functions
L(m, Spin, s) of Siegel modular eigenforms.

The following is a very special case of the conjectural Langlands program.

Conjecture 4.3.1. Suppose f is a level one cuspidal Siegel modular Hecke eigenform for Sp,,(Z),
and 7 is it associated cuspidal automorphic representation. Then the L-function L(w,Spin,s) can
be completed to A(m,Spin,s) which has meromorphic continuation with finitely many poles and
satisfies a functional equation A(w, Spin,s) = £A(mw, Spin,1 — s).

The case n = 2 of this conjecture is due to Andrianov, and we will sketch a proof of this case:
Define the completed L-function of f is A(m, Spin,s) = T'c(s + $)T'c(s + £ — 2)L(, Spin, s).

Theorem 4.3.2 (Andrianov). Suppose f is a cuspidal Siegel eigenform. Then the completed L-
function satisfies the functional equation A(m, Spin, s) = A(m, Spin, 1—s), has analytic continuation
and finitely many poles.

The case n = 3 of Conjecture was proved in [Poll7]. The cases n > 3 are open.

We will now state a result concerning ASP™ on GSp,(Qp), which we will need in our proof of
Theorem [4.3.2] So, for g € GSp,(Qp), define Agpinp(g) = char(g € My(Zy)). Note that Agpinp(g)
is bi-invariant under GSp4(Z,).

One has

Proposition 4.3.3. Suppose 7y, is an unramified irreducible admissible representation of PGSp4(Qp),
and vy 1s a spherical vector for m,. Then

L (va s = §)
Aspinp(9)|v(g Sg-vpdg = — 2T 2y,
/GSp4<Qp> rinp(9)(9) (p(25 — 2)

Here (,(s) = (1 —p~*)~!. Also, we are using that 7, has trivial central character. For a general
central character wy, the denominator in this formula should be L(w,, 25 —2) = (1—w,(p)|p|**~2)~L.

4.4. A subgroup of GSp,. Before sketching the proof of the theorem, we need a certain subgroup
H of GSp,. In fact, our group H will be the same group that appeared in the previous section, but
we review some aspects of this group and prove that it can be embedded in GSp,.

Fix a quadratic imaginary field K. Let (, )k be the usual K-valued symplectic form on K?, i.e.,

{(a,b), (¢c,d))x = ad — be. Now, supposing that K = Q(v/D) define (, ) = trx/q O\/ﬁil(, )k on
K? =W so that {(a,b), (c,d)) = trK/Q(%(ad —bc)).

We define an algebraic group H over Q as follows: For a Q-algebra R, one has H(R) = {(g,A) €
GL2(K ® R) x GLi(R) : det(g) = A}. In other words, H(Q) is the subgroup of GLg(K) with
determinant in Q* C K*.

11



Note that H C GSp(W, (, )) = GSp, through its action on K? = W. Indeed, say at the level of
Q-points, if h € H(Q) and v, w € K2, then

(hv, hw) = <hv hw) i )—trK/Q((2\/>) det(h)(v,w)g) = XN v, w)

1

because det(h) = A passes through the trace because it is in the ground field.

4.5. The global integral. Suppose 7 is a cuspidal automorphic representation of PGSp, and ¢
is a cusp form in the space of w. The integral we will consider is

I(p,®,s) = E(h,®,s)p(h) dh.

/H(Q)Z(A)\H(A)

We will sketch a proof that this integral represents the completed L-function A(w,Spin,s — %)
Then, from the fact that F(h,®,s) has finitely many poles and satisfies a functional equation
relating s to 2 — s, we obtain that A(m, Spin, s) has finitely many poles and satisfies a functional
equation relating s to 1 — s.

First, we unfold this integral. We have

I((p,(I),S) = f(haq)as)@(h) dh

/BH (Q)Z(A)\H(A)

/ f(h, @, 8)po,x(h)dh
T (Q)N(A)Z(A)\H(A)

where

vo,k(9) = p(ng) dn.

/NH(Q)\NH (A)
To further unfold, we will now produce a Fourier expansion of ¢g x. For simplicity, assume Og =
Z[\/D]. Then e; = (1,0), e = (v'D,0), fi = (0,V/D), fo = (0,1) is a symplectic basis of W, and
we obtain an embedding of H into GSp, in terms of matrices. Specifically, if ngy(z) = ({%) € H

with x € K, then the image of ng(x) in GSp, is ng(S(x)) = ((1] S(lx)) where if z = u + vv/D then

S(@) = (4 pv)-
For T € S = S?(Q?), define

or(g) = / B(ex(TX) ) p(ng(X)g) dX.
S(Q\S(A)

Set Tx = (_OD (1)) Then one obtains easily that

Po,k (g Z Puric (9 Z o1y (diag(p, p1,1,1)g).
neQx neQx

We now unfold further. Set T}, = {diag(z,z) : z € K*}. Then

I(SO?CI)VS) = f(h,‘P,S)SOO,K(h) dh

/ 1 (Q)Nu(A)Z(A)\H(A)

/ F(h, ®, ) (1) dh
Q)N (A)Z(A)\H(A)

/T;-I(A)NH (ANH(A)
where

vr(9) = / o1y (1) dr.
1 (Q)Z(A\TY (A)
12



Plugging in the definition of f(h, ®,s), we arrive at the following proposition.

Proposition 4.5.1. One has
Ip.05) = [ [det(h) &ye () B((0, 1)) dh.
Npu(A))\H(A)

Like with the Whittaker function on GLg, the function ¢x(g) on GSp, is an Euler product,
and thus the global integral I(p, ®,s) is an Euler product. We will evaluate I(¢, @, s) in terms of
L-functions without using the result that ¢ is an Euler product, similar to what was done in the
prior two sections.

4.6. The local integral. Suppose 7, is unramified, and ¢ : V}, — C is a linear functional satisfying
Ung(X)v) = (tr(Tk X))L(v) for all X € S(Qp) and all v € V,,. Consider the integral

.85 = [ [det (1) *®,((0, 1)R)E(h - vo) dh
Nu (QP)\H(QP)

where vg is a spherical vector in V,,. The goal of this section is to evaluate this integral. More
precisely, our goal is to prove the following theorem.

Theorem 4.6.1. Suppose ®,, is the characteristic function of Ok ,. Then I(¢,®,s) = L(np, Spin, s—
3)4(vo).
We begin by applying the Iwasawa decomposition to obtain

1(6,3,,5) = / 521(1)| det(t)]° char(ts € O p)A(t - vo) dt
TH( p)

where t = diag(t1, t2).
On the other hand,

L(my,, Spin, s — %)

(p(2s)

((vo) = / Ap(@)(9)]*+ E(gu) dg
GSP4(QP>

= [ vl A () dim
M(Qp)

where
e M = (3Y9) C GSp, is the Siegel Levi, so that M ~ GL; x GLo
o Az (1) = [y Alng(e)m)(ir(Tra) de.

The function Az, (m) is evaluated in the following proposition.

Proposition 4.6.2. Suppose m = diag(a,d). Then Ar, (m) = |det(d)|~! char(a,d,pt d) char(Tk -
d = det(d)d Tk 'd~' € S(Z,). Moreover, d satisfies this latter condition if and only if diag(a,d) €
T (Qp)M(Zyp).

Proof. We indicate some aspects of the proof. First, the conditions char(a, d) are clear. Moreover,
it is easy to see that the integral defining A7, (m) vanishes if p|d, so the condition p { d is also clear.
To see that Tk - d € S(Z,), we make a change of variables in the integral: z — det(d)‘d~1zd™! so
that

Ay, (m) = / char(a,d, xd)y(tr(Tkxx)) de = C’(d)/ char(a, d, det(d) td " x)y(Tk - dx) da.
S(Qp) 5(Qp)

For this integral to be nonvanishing, we thus must have T - d € S(Z,).
13



Now suppose Tk - d is integral and p { d. We claim that xd integral implies tr(Txz) € Zp, so
that the integral defining A, (m) is nonzero. Set J = ( % §). Then

tr(Tgz)d = (Txx + JaTxJ )d
= Tk (2d) + JzdTk - ddet(d)~1d' Jd!
= Tk (zd) + JodTx - dJ !

is integral. Because p 1 d, tr(Tkx) is integral.
We leave the rest of the proof to the energetic reader. See also [PS17, Lemma 4.3]. O

From the proposition, and using the fact that 6p(diag(ty,t2)) = |t1/t2]*/2, we have

1 S - S
L(my,, Spin, s — 5)6(1)0) = @(23)/ |t1 Igz 1\t2|K/2+1 char(tq,ta,p 1 t2)l(tvg) dt.

T (Qp)

Theorem [4.6.1] follows without much more work.
Applying Theorem [4.6.1] and the method of non-unique models, we obtain

Corollary 4.6.3. For the global integral I(p, ®,s) one has the identity

1
I(p,®,5) = L%(m, Spin, s — =) / | det(h)|°®s((0,1)h)px (h) dh.
2" INu(As)\H(As)

Remark 4.6.4. The reader who is paying close attention will observe that we have now indicated
twcﬂ different integrals that represent the standard L-function of cusp forms on SO(n). One integral
involves an Eisenstein series on SO(n — 1) and the other involves an Eisenstein series on SO(n + 1).
Thus one may ask: Why bother producing both integrals, if they represent the same L-function?
The short answer is that different integral representations can have different applications and tell
you different facts about L-functions. For example, the integral involving SO(n) C SO(n+1) works
even when the SO(n) is anisotropic, while the integral involving SO(n — 1) C SO(n) requires the
SO(n) to have Witt rank at least 1. On the other hand, this latter integral can be used to produce
a Dirichlet series for the standard L-function of holomorphic cusp forms on orthogonal groups in
terms of their Fourier coefficients, and when n = 5 can be used to relate poles of the Standard
L-function to periods of the cusp form.

5. THE STANDARD L-FUNCTION ON Spy

In this section, we present a further integral that represents L-functions of Siegel modular forms
on Spy. It is an integral due to Andrianov [And76l [And78] and Andrianov-Kalinin [AK7§| for the
Standard L-function on Sp,,,, specialized to n = 2. It was reinterpreted by Piatetski-Shapiro and
Rallis [PSR88]. For this integral, we do not show in detail how to evaluate it in terms of L-functions.
Instead, we present it for two reasons:

(1) So that the reader may see a different sort of constructions that can be made to produce
L-functions: The integral of Andrianov involves an integrand with three functions, instead
of two: An Eisenstein series, a cusp form, and a theta function.

(2) So that the reader can see how to use a Rankin-Selberg integral to produce a Dirichlet series
for an L-function, in terms of classical Fourier coefficients.

2In fact, there are even more.
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5.1. Andrianov’s integral. The dual group of Sp,,, is SO2,+1(C), which has a standard represen-
tation into GLa,+1(C). If 7 is a cuspidal automorphic representation on Sps,,, we let L(m, Std, s)
denote its associated standard L-function. The integral of Andrianov for Siegel modular forms on
Spsy,, which was generalized by Piatetski-Shapiro and Rallis to an integral for all cusp forms on
Spa,,, produces this standard L-function. We will explain the integral in the case of Siegel modular
forms.

To explain the integral, let T' be a two-by-two half-integral symmetric matrix, and let V7 be the
associated two-dimensional positive-definite quadratic space. That is, Vi has a basis v1,v2 and a
positive-definite quadratic form on it (, ) so that

r_1 ( (v1,v1)  (v1,v2) ) .

2\ (v2,v1) (v2,v2)

Out of T, we can create a Siegel modular theta-function ©7 on Sp,. Let W = X & Y be the
standard Lagrangian decomposition of W, and let ® be a Schwartz-Bruhat function on (X®Vr)(A).
In group-theoretic terms, for g € Sp,(A),

Or(9) =0%(9) = . wu(9)b(©)

£e(Xavr)(Q)

where wy, denotes the Weil representation of Sp,(A) on S(X ® Vr(A)). In classical terms, ® can
be chosen so that O7 corresponds to a Siegel modular form ©/. of weight 1 with Fourier expansion

op(Z) = Y emiulluiu)2)

u1,u2 €A

— E 627ri tr(tmTmZ2)
meMs(Z)

where A7 = Zvi © Zvur.

We now define an Eisenstein series on Sp,. Let P be the Siegel parabolic of Sp,. Let u de-
note the character of P(A) given by u((™ :,-1)) = det(m), and let xr denote the character of
GL1(Q)\ GLi(A) given by xr(r) = (r,disc(Vr))2 = (r, —det(T))2 where ()2 denotes the Hilbert
symbol. We associate an Eisenstein series to the induced representation Indp(a)Sps(A)((xr ©
p)|p]*). That is, we define E(g, f,s) = >_ e p(q)\ sp, (@) /(79 5) where f(g,s) € Indp(a)Sps(A)((xro
w)|pl®) so that it satisfies f((™ ¢,.-1)g,s) = xr(det(m))|det(m)|*f(g, s).

A normalized Eisenstein series can be defined as E*(g,s) = ((2s — 2)L(xr,s)E(g,s). This
normalized Eisenstein series satisfies a functional equation relating s to 3 — s.

Suppose now ¢ is a Siegel modular cusp form on Sp,. A Rankin-Selberg integral can now be
defined as

I(p,s) = ©(9)E"(g,5)O1(9) dg.

/Sp4(Q)\ Spa(A)

To make this integral be nonvanishing for Siegel modular forms of some fixed weight, one must
choose the archimedean part of f(g,s) in a special way, depending upon the weight. The integral
will represent the partial L-function L°(w, Std, s — 1).
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The integral unfolds as

I(p,s)
((2s —2)L(xT,s)

©(9)E(g,5)01(g) dg
P4(Q)\ SP4(A)

©(9)f(g,5)O1(g)dg

—

P(Q)\Sp4(Q)

©(9)f(g,s)w(g)P(e1 ® v1 + €2 ® va) dg
£(Q)\ Sp,4(A)

1
>

/ ©1(9)f(g: s)w(g) (61 ® v1 + €2 ® v2) dg.
Np(A)\Spy(A)

One can analyze this integral using the “new way method”. In fact, the method of Piatetski-
Shapiro and Rallis was first used to analyze the generalization of this integral to Spy,,.

5.2. Andrianov’s Dirichlet series. We now explain the relation between the above integrals and
Dirichlet series for the standard L-function of ¢.

Suppose S is a set of bad places for the above integral, and A denotes the adeles away from
S. Let V° be the space underlying the Sp,(A®)-representation 7 = ®;¢S7TP and let L : V° — C

be a linear functional satisfying L((! ¥ )v) = ¢((tr(TX)))L(v) for all v € V¥ and X € S*(A5).
Then in the course of analyzing the integral I(¢p, s) one proves

L3(n, Std,s — 1)
L(UO) S _ LS =
(3(2s =2)L>(xT:8)  JNp(AS)\ Sp,(A5)

Applying the Iwasawa decomposition, this latter integral is equal to

L(gvo) f(g,s)w(g)®%(e1 @ v1 + €2 ® v9) dg.

| Llmlg))|detlg)l* 2 chas(y € Ma(2%)) dg.
GL2(AS)

Here, for g € GLa, m(g) € Sp, is m(g) = (g tg—1>. Moreover, we have used that dp(m(g)) =

| det(g)[?, f(m(g), s) = xr(det(g))| det(g)|*, and w(m(g)) P(e1@v1+ea@v2) = x7(det(g))| det(g)| char(g €
My (Z9)).
To see the relation between these integrals and Dirichlet series, suppose that L is the functional
L(v) = a(v®vg)r(1), where:
(1) vg € s = Ryuesmy is a fixed vector
(2) a:m=7°®71s — Ao(Spy) is the automorphic embedding
(3) a(v ®vg)r(1) is the value at 1 of the T Fourier coefficient of a(v ® vg).
Let’s assume furthermore that ¢ = a(vy @ vg) is the automorphic form corresponding to a level one
Siegel modular form f(Z) =" 5. a(R)g™ of weight ¢. So, we're assuming that 7 is unramified at
every finite prime, so that we only have to throw out bad primes coming from where the character
X7 is ramified.
Now, the integral above is equal to

> pr(m(g))| det(g)|*~2 char(g € M>(Z)).
g€GL2(AS)/ GLo(Z5)

This sum can be rewritten in terms of the usual Fourier coefficients of . To do this, observe
that GLa(A%) C GL2(Af) = GL2(Q)GL2(Z), so that every gs € GLa(Ag) can be written as

gs = gqQkgr with gq € GL2(Q), k € GL3(Z) and gr € GLao(R). Set Mz(Z)S to be subset of
16



M>5(Z) consisting of elements whose determinant is nonzero and only divisible by primes away from
S. Then the sum above becomes

> pr(m(gqkgr))| det(gq)[*~*.
9QEM2(Z)% / GL2(Z)

Now ¢r(m(gr)) = det(gr)‘are 27 *(BIR9R) 5o that

er(m(gqkgr)) = er(m(gqyr))
= PT.gq(m(gr))
= a(T - gq)| det(gq)| ‘e 2" ™)

Putting everything together, we obtain:

o(T) L3(m, Std, s) Z a(tgTg)

S S - s+6—1"
SO +1) o [det(g)

This is a Dirichlet series for the partial standard L-function of a level one Siegel modular form on
Sp, in terms of its Fourier coefficients.

6. HEURISTICS

Coming up with Rankin-Selberg method integrals is as much of an art as it is a science. There
is not, at present, any explanation for

(1) which L-functions can be represented by Rankin-Selberg integrals or
(2) whether or nor a given integral represents an L-function.

That being said, there are still some heuristics employed by practitioners that make it easier to
come up with Rankin-Selberg integrals. In this final section, we explain a few of these heuristics.

6.1. Normalizing the Eisenstein series. Let’s say you have some hypothetical Rankin-Selberg
integral I(p,s) = fH(Q)Z'(A)\H(A) E(h, s)p(h)dh. And let’s say you're reasonable sure it represents

the L-function L(m,r, As+ B), divided by some Dirichlet L-functions, for certain unknown constants
A, B. How can you determine A, B and these Dirichlet L-functions?

Here is the trick. Suppose the Eisenstein series that appears in your integral is a degenerate
Eisenstein for a parabolic P C G. Assume for simplicity that G is semisimple; for example, it
might be an adjoint group. Then the character group of P is one dimensional, say X*(P) = Zv.
There are two choices for the generator v. Pin down v so that the modulus character 0p(p) =

|v(p)|™ for a positive (as opposed to negative) integer ng. Now let’s say your Eisenstein series
. G(A
E(g,5) = > ep@)\c(@) [ (19, s) for a flat section f(g,s) € IndPEA§(|V|S).

The sum will converge absolutely for Re(s) > ng (this is theorem, not just a heuristic). By doing
interwining operator calculations (I will omit explaining this aspect), one can find a product £(s)
of zeta functions so that E*(g,s) = £{(s)E(g, s) satisfies a functional equation relating s to ng — s.
In other words, if G is split and f(g, s) is the flat spherical section, then E*(g,s) = E*(g,no — s).

Now, with this normalization, here is the heuristic: The Rankin integral I(p,s) will represent
L(Tr,r,s—i-l_%)

0] . So, by defining the Eisenstein series from a section in Ind$(|v|*), the constant A = 1.
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Also note that this expression is consistent with the expected functional equation of the L-function:

L(Wv TS+ (1 - TL())/Q) - 5(3)1(907 3)

o(h)E*(h,s)dh

/H(Q)Z’(A)\H(A)

o(h)E*(h,ng — s) dh

/H(Q)Z’(A)\H(A)
= L(m,r,no— s+ (1 —np)/2)
= L(m,r,1 —(s+ (1 —nop)/2)).

6.2. Counting the unfolding. A powerful heuristic for helping to understand if a global integral
unfolds is the following. One can assign a non-negative integer to each term in a Rankin-Selberg
integral fH(Q)Z,(A)\H(A) o(h)E(h, s)0(h) dh, as follows:

(1)

(2)

3)

(4)

If the Eisenstein series F(g,s) = Z,YGP(Q)\G(Q) f(vg,s), then one assigns to this term the
integer dim Np, the dimension of the unipotent radical of P. Because the variety P\G has
dimension dim Np, one can think of this integer as counting “how big” the sum defining
the Eisenstein series is. Call this integer dim(Eis).

If (g) = ZweX(Q) &(g) for some variety X and some function &, then one assigns to € the
integer dim X, again thinking of this integer as how big the sum defining 6 is. Call this
integer dim(#).

Suppose ¢ is a cusp form on a group G’, R C G’ is an algebraic subgroup, and x :
R'(Q)\R'(A) — C* is a unitary character. The x Fourier coefficient of ¢ is defined
as ¢y (g) = fR’(Q)\R’(A) X 1(r)p(rg) dr. Rankin-Selberg integrals frequently unfold to x-
Fourier coefficients. Let dim(x), the dimension of the Fourier coefficient, denote the dimen-
sion of the algebraic groups R'.

Finally, set dim(H/Z’) to be the dimension of the algebraic group Z'\ H'.

With the above definitions, here is the Heuristic: If the global integral I(¢p,s) unfolds to the x
Fourier coefficient of ¢, then

dim(H/Z") = dim(x) + dim(Fis) + dim(6).

A write-up of this heuristic appears in work of Friedberg-Ginzburg [FG21].
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