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Part 1

Background






1

Vector Valued Integration Theory

[The reader interested in integrals of Hilbert valued functions, may go di-
rectly to Section below and bypass the Bochner integral altogether.]

Let X be a Banach space and ({2, F, u) be a measure space. Given a “nice
enough” function, f : 2 — X, we would like to define |, o Jdu as an element in
X. Whatever integration theory we develop we minimally want to require that

@(Afd,u):/ggpofduforallcpe)(. (1.1)

Basically, the Pettis Integral developed below makes definitions so that there is
an element | o fdp € X such that Eq. lb holds. There are some subtleties to
this theory in its full generality which we will avoid for the most part. For many
more details see [3H6] and especially [11]. Other references are Pettis Integral
(See Craig Evans PDE book?) also see

http : / /en.wikipedia.org/wiki/ Pettis_integral
and

http = / Jwww.math.umn.edu/” garrett/m/ fun/Notes/07_vv_integrals.pdf

1.1 Pettis Integral

Remark 1.1 (Wikipedia quote). In mathematics, the Pettis integral or Gelfand—
Pettis integral, named after I. M. Gelfand and B.J. Pettis, extends the definition
of the Lebesgue integral to functions on a measure space which take values in
a Banach space, by the use of duality. The integral was introduced by Gelfand
for the case when the measure space is an interval with Lebesgue measure. The
integral is also called the weak integral in contrast to the Bochner integral,
which is the strong integral.

We start by describing a weak form of measurability and integrability

Definition 1.2. Let X be a Banach space and (2, F, ) be a measure space.
We say a function u : 2 — X is weakly measurable if fou : 2 — C is
measurable for all f € X*.

Definition 1.3. A weakly measurable function u : 2 — X s said to be weakly
L' if there exists U € L' (£2, F, 1) such that |u (w)| < U (w) for u-a.e. w € 0.
We denote the weakly L' functions by L' (u: X) and for u € L' (u: X) we
define,

fully=int { [ U@ du):0 3 Ol U0 ac.}.

Remark 1.4. 1t is easy to check that L' (2, F, ) is a vector space and that ||-||;
satisfies

lzully = |z[ |Jull, and

[u+lly < lully + [lvll,

for all z € F and u,v € L' (u: X). As usual ||ul|; = 0 iff u (w) = 0 except for
w in a p-null set. Indeed, if ||u||, = 0, there exists U,, such that |lu ()| < U, (-)
a.e. and [, Undp | 0 as n — co. Let E be the null set, £ = U,E,, where
E, is a null set such that ||u(w)| < U, (w) for w ¢ E. Now by replacing U,
by ming<, U, if necessary we may assume that U, is a decreasing sequence
such that |lu| < U := limy_0 Uy, off of E and by DCT [, Udyu = 0. This
shows {U # 0} is a null set and therefore ||u (w)|| = 0 if w is not in the null set,
EU{U #0}.

To each u € L (1 : X) let

() ::/ngoudu (1.2)

which is well defined since ¢ o u is measurable and | o u| < [|¢| - [Ju ()] <
lloll ¢« U () a.e. Moreover it follows that

()] < llollx- /Q Udp = |i ()] < llglx- llul,

which shows @ € X** and
]| e < el - (1.3)
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Definition 1.5. We say u € L' (u: X) is Pettis integrable (and write u €
L., (X)) if there exists (a mecessarily unique) x,, € X such that (o) =
o (xy) for all p € X*. We say that x,, is the Pettis integral of u and denote
T, by fn udp. Thus the Pettis integral of u, if it exists, is the unique element

Joudp € X such that
® </ ud,u> :/ (pou)dpu. (1.4)
7 17

Let us summarize the easily proved properties of the Pettis integral in the
next theorem.

Theorem 1.6 (Pettis Integral Properties). The space, L: , (n: X), is a
vector space, the map,

L};et(u:X)Su%/nfduGX

is linear, and

H/ uduH < |lull, for allu € Lpy, (p: X). (1.5)
2 X

Moreover, if X is reflexive then L' (n: X) = L%, (u: X).

Proof. These assertions are straight forward and will be left to the reader
with the exception of Eq. (1.5). To verify Eq. we recall that the map
X 52— &€ X* (where Z (¢) := ¢ (x)) is an isometry and the Pettis integral,
T, is defined so that %, = 4. Therefore,

H / uduH — zuly = leullger = [llxer < Jlul, - (1.6)
(] X

wherein we have used Eq. (1.3) for the last inequality.
|

Exercise 1.1. Suppose ({2, F, ) is a measure space, X and Y are Banach
spaces, and T € B(X,Y). Ifu e Lh,, (u;X) then Tou € L}, (1;Y) and

/Toudu:T/ udjs. (1.7)
2 7

When X is a separable metric space (or more generally when u takes values
in a separable subspace of X), the Pettis integral (now called the Bochner
integral) is a fair bit better behaved, see Theorem below. As a warm up
let us consider Riemann integrals of continuous integrands which is typically all
we will need in these notes.
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1.2 Riemann Integrals of Continuous Integrands

In this section, suppose that —oco < a < b < oo and f € C([a,b],X) and for
6 >0 let

oscs (f) := max {||f (c) — f ()] : ¢, € [a,b] with |c— (| < §}.

By uniform continuity, we know that oscs (f) — 0 as ¢ J 0. It is easy to check
that f € L' (m: X) where m is Lebesgue measure on [a,b] and moreover in
this case t — || f (t)|| x is continuous and hence measurable.

Theorem 1.7. If f € C ([a,b], X), then f € LL_, (m; X). Moreover if
IIT'={a=ty <ty <--- <ty =0} Clab],

{e;}i_, are arbitrarily chosen so that t;—1 < ¢; < t; for all i, and |II| :=
max; [t; — t;—1| denotes the mesh size of let I, then

Proof. Using the notation in the statement of the theorem, let

< (b—a)oscig (f)- (1.8)
X

b n
JRECLED S OICET Y
a =1

n

S (f):=>_ fei) (ti —tin).
i=1
Ifti1=s0<s1 <---<sp=t; and ;1 Sc; <sj for 1 < j <k, then
k

Fle)(ti—tis) = > f(c)) (sj—sj-1)

j=1

= Zf(ci) — [ (<)) (sj —55-1)

k
< oscip) (f) Z (s —sj-1) = osci (f) (ti —ti—1).

So if IT’ refines II, then by the above argument applied to each pair, t;_1,t;, it
follows that
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1S (f) = Si (Il < oseyr () (i — tima) = oseig (f) - (b—a).  (1.9)
i=1

Now suppose that {II,} - ; is a sequence of increasing partitions (i.e. IT,, C
II,+1 ¥ n € N) with |II,,| — 0 as n — oo. Then by the previously displayed
equation it follows that

1S, (f) = Sm,. (DIl < 0s¢jm,, ., (f) - (b= a).

As the latter expression goes to zero as m,n — oo, it follows that
lim,, 00 Sp7,, (f) exists and in particular,

b
o (1m S, () = lim S, (sDOf)=/ o (f(B)dtY o€ X*.

n—oo a

Since the right member of the previous equation is the standard real variable
Riemann or Lebesgue integral, it is independent of the choice of partitions,
{II,,} , and of the corresponding ¢’s and we may conclude lim,,_,o, Sz, (f) is also
independent of any choices we made. We have now shown that f € L}get (m; X)
and that

b
[ r@de=tim Su, ().

To prove the estimate in Eq. (1.8)), simply choose {Hn}ff:l as above so that
IT C II; and then from Eq. (1.9) it follows that

1S (f) = S, (f)I < oscjm (f) - (b—a) VneN.
Letting n — oo in this inequality gives the estimate in Eq. (|L.8]). ]

Remark 1.8. Let f € C (R, X). We leave the proof of the following properties
to the reader with the caveat that many of the properties follow directly from
their real variable cousins after testing the identities against a p € X*.

/:f(t)dt/abf(t)dtjt/bcf(t)dt

and moreover this result holds independent of the ordering of a,b,c € R
provided we define,

1. Fora<b<e,

/Cf(t)dt:—/af(t)dtwhenc<a.

2. For all a € R,
d t
%/ f(s)ds= f(t) for all t € R.
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3.1f f € C* (R, X), then

f(t)—f(s)=/ fr)drvsteR

vhere Ft+h) 1)
4. Again the triangle inequality holds,
b b
|/ f@d < / IIf )|l xdt| Va,beR.
a X a

Exercise 1.2. Suppose that (X, ||-||) is a Banach space, J = (a,b) with —oco <
a <b<ooand f,:J— X are continuously differentiable functions such that
there exists a summable sequence {an}flo=1 satisfying

FAGIEY

fn (t)H <a, forallt € Jand n € N. (1.10)

Show:

1.Sup{’MH:(t,h)€JxR > t+h€Jandh7é0}§an.
2. The function F': R — X defined by

F(t):=>Y fa(t) forallte.J
n=1
is differentiable and for ¢t € J,

F)=> fu(t).

n=1

Note: if X is a complex Banach space, J is an open subset of C, and
fo: J — X are analytic functions (see Definition below) such that Eq.
holds, then the results of the exercise continue to hold provided f, (t) is
interpreted as the complex derivative of f,.

Definition 1.9. A function f from an open set 2 C C to a complex Banach
space X is analytic on {2 if

) et LN )

exists ¥V z € {2
h—0 h

and is weakly analyticon 2 if L o f is analytic on §2 for every ¢ € X*.
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6 1 Vector Valued Integration Theory

Analytic functions are trivially weakly analytic and next theorem shows the
converse is true as well. In what follows let D (zq, p) be the open disk in C
centered at zg of radius p > 0.

Theorem 1.10. If f: 2 — X is a weakly analytic function then f is analytic.
Moreover if zg € 2 and p > 0 is such that D (zg,p) C 2, then for all w €
D (207 p) )

_ f(2)
S ) = 27 Jop (s, 7 “’dZ7 (L1
n!
F (w) = 9 fw(zo B} (Z_f(;))nﬂdz, and (1.12)
> f(n)
f(w) = ZfoZO)(w—ZO)". (1.13)
n=0 .

Proof. Let K C {2 be a compact set and € > 0 such that z + h € {2 for all
|h| < e. Since £ o f is analytic we know that

V(f@+2—f@»‘V0f@+m—€mﬂd

h < My < oo

for all z € K and 0 < |h| < & where

M, = sup ‘(EOf)/(z—i—h)‘.
z€K and |h|<e

Therefore by the uniform boundedness principle,

flz+h) = f(2)
h

< 0
X**

sup
z€K,0<|h|<e

‘ = sup
X z€K,0<|h|<e

[fu+2—quA

from which it follows that f is necessarily continuous.

If D(z0,p) C £2 and ¢ € X*, then for all w € D (zp,p) we have by the
standard theory of analytic functions that

gof(w)zi AP LGP L% F &) 4,
270 Jop(ze,p) 2 — W 270 Jop(zg,p) 2 — W '

As this identity holds for all £ € X* it follows that Eq. is valid. Equation
now follows by repeated differentiation past the integral and in particular
it now follows that f is analytic. The power series expansion for f in Eq.
now follows exactly as in the standard analytic function setting. Namely we
write
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1 1 1 1

z—w  z—20— (w—z) z—2z1— Y2

Z—Z0
oo
1 Z w — 2o "
zZ— 20 zZ— 20
n=

0

and plug this identity into Eq. (1.11)) to discover,

flw) =Y an(w—z)"
n=0

where

1 f(2) _ ()
" ng(ZO,m( e = I o).

o 271 z — ZO)
u

Corollary 1.11 (Liouville’s Theorem). Suppose that f : C — X is a
bounded analytic function, then f(z) =z for some xy € X.

Proof. Let M := sup,cc ||f (2)| which is finite by assumption. From Eq.
(1.12) with zy = 0 and simple estimates it follows that

1 f(2)
— I AC
2mi 7€)D<o,p) c—w)

i/ﬂ Mlpewd@

21t ) (pet? —w)’
M

< —max ———5 B 5-
2m |0]<7 | peif — w|

1F" (w)ll =

Letting p 1 oo in this inequality shows ||f’ (w)|| = 0 for all w € C and hence
f is constant by FTC or by noting the that power series expansion is f (w) =

Alternatively: one can simply apply the standard Liouville’s theorem to
Eo f for £ € X* in order to show o f (z) = &o f(0) for each z € C. As £ € X*
was arbitrary it follows that f (z) = f(0) =z for all z € C. |

Exercise 1.3 (Conway, Exr. 4, p. 198 cont.). Let H be a separable Hilbert
space. Give an example of a discontinuous function, f : [0,00) — H, such that
t — (f (t),h) is continuous for all ¢ > 0.
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1.3 Bochner Integral (integrands with separable range)

The main results of this section are summarized in the following theorem.
Theorem 1.12. If we suppose that X is a separable Banach space, then;

1. The Borel o — algebra (Bx) on X is the same as o (X*) — the o — algebra
generated X *.

2. The ||-|| ¢ is then of course Bx = o (X*) measurable.

3. A function, u : (2, F) — X, is weakly measurable iff if is F /Bx measurable
and in which case ||u(-)| y is measurable.

4. The Pettis integrable functions are now easily describe as

Lpe (1;X) = L' (115 X)

:{u:Q—>X| u is F/Bx - meas. & / u(~)||du<oo}.
7}

D

. LY (u; X) is complete, i.e. L' (u; X) is a Banach space.

6. The dominated convergence theorem holds, i.e. if {u,} C L'(w;X) is
such that u(w) = lmy,_eouy (W) exists for p-a.e. x and there exists
g € L' (n) such that ||uy|lx < g a.e. for all n, then u € L' (u; X) and
limy, o0 |u — uyn|l; =0 and in particular,

For the rest of this section, X will always be a separable Banach space.

/ud,u/unduH <|lu—upll; = 0 as n — oo.
i) ) X

Exercise 1.4 (Differentiate past the integral). Suppose that J = (a,b) C
R is a non-empty open interval, f : J x {2 — X is a function such that;

1. foreach t € J, f (t,-) € L' (u; X),
2. for each w, J >t — f (t,w) is a C'-function.

3. There exists g € L' (u) such that Hf(t,w)HX < g(w) for all w where
fltw)=24f(tw).
Then F : J — X defined by

F(t):= Qf(tM) dpt (w)

is a Cl-function with

Py = [ Ftw)du).

The rest of this section is now essentially devoted to the proof of Theorem

L 12
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1.3 Bochner Integral (integrands with separable range) 7
1.3.1 Proof of Theorem [L.12]

Proposition 1.13. If X is a separable Banach space, there exists {¢n},; C
X* such that
lz|| = sup |@n (z)| for allz € X. (1.14)

Proof. If ¢ € X*, then ¢ : X — R is continuous and hence Borel mea-
surable. Therefore o(X*) C B. For the converse. Choose z, € X such that
||zn]| =1 for all n and

@l =S={reXx:|x] =1}

By the Hahn Banach Theorem ?? (or Corollary ?? with z = z,, and M = {0}),
there exists p,, € X* such that i) ¢, (x,) =1 and ii) ||¢n|x+ = 1 for all n.

As |on (2)| < ||z|| for all n we certainly have sup, ¢, (z)| < ||z||. For
the converse inequality, let z € X \ {0} and choose {n;};—,; C N such that
x/ ||z|| = limg—y00 Tn, . It then follows that

X X
Pre \ 777 | — 1] = Pre \ 77— Tne <
k4l ]

ie. limg o0 [, ()| = ||z|| which shows sup,, |¢n ()| > ||z . |

— 0 as k — oo,

— =T
™

Corollary 1.14. If X is a separable Banach space, then Borel o — algebra of
X and the o — algebra generated by ¢ € X* are the same, i.e. 0(X*) = Bx —
the Borel o-algebra on X.

Proof. Since every ¢ € X* is continuous it Bx — measurable and hence
o (X*) C Bx. For the converse inclusion, let {¢,},-; C X* be as in Proposition
?7?. We then have for any zo € X that

| - —zoll = sup |pn(- — z0)| = sup [pn(-) — ¢n (z0)|-
n n

This shows || - —x¢]| is o(X*)—measurable for each o € X and hence
{z: ||z — ol <6} € o(X™).

Hence o(X™*) contains all open balls in X. As X is separable, every open set may
be written as a countable union of open balls and therefore we may conclude
o (X*) contains all open sets and hence Bx C o(X™*). |

Corollary 1.15. If X is a separable Banach space, then a function u: 2 — X
is F/Bx — measurable iff Aow : 2 = T is measurable for all A € X*.

Proof. This follows directly from Corollary of the appendix which
asserts that o(X*) = Bx when X is separable. ]
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8 1 Vector Valued Integration Theory

Corollary 1.16. If X is separable and u, : {2 — X are measurable functions
such that u (w) 1= limy, 00 uy, (w) exists in X for allw € 2, thenu: 2 — X is
measurable as well.

Proof. We need only observe that for any A € X*, Aou = limy,, 00 A 0 Uy,
is measurable and hence the result follows from Corollary [T.15] |

Corollary 1.17. If (2, F, ) is a measure space and X is a separable Banach
space, a function u : 2 — X is weakly integrable iff u : 2 — X is F/Bx -

measurable and
Il due) < o

Corollary 1.18. Suppose that (2, F, ) is a measure space and F,G : 2 — X
are F/Bx — measurable functions. Then F (w) = G (w) for p — a.e. w € 2 iff
poF(w)=9oG(w) for u — a.e. w € 2 and every p € X*.

Proof. The direction, “ =", is clear. For the converse direction let {¢,} C
X* be as in Proposition [I.13] and for n € N, let

E,={weR:p,0F (w)# ppoGW)}.

By assumption u (F,,) = 0 and therefore F := U2 1 F, is a p — null set as well.
This completes the proof since ¢, (F — G) = O on E° and therefore, by Eq.
(T.14)

|F' — G|| =sup |, (F—G)| =0 on E°.

L]

Recall that we have already seen in this case that the Borel o — field B on X

is the same as the o — field (o(X*)) which is generated by X* — the continuous

linear functionals on X. As a consequence F : 2 — X is F/B measurable iff

poF: 2 — Ris F/B(R) — measurable for all ¢ € X*. In particular it follows

that if F,G : 2 — X are measurable functions then so is F' 4+ G and AF for

all A € F and it follows that {F # G} = {F — G # 0} is measurable as well.

Also note that [|-|| : X — [0, 00) is continuous and hence measurable and hence

w — ||F (w) ||x is the composition of two measurable functions and therefore
measurable.

Definition 1.19. For 1 < p < oo let LP(u; X) denote the space of measurable
functions F : 2 — X such that [ |F||Pdu < oo. For F € LP(u; X), define
o)

1

1Pl = / VP dp

As usual in LP — spaces we will identify two measurable functions, F,G : 2 —
X, if F=G a.e.
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oo
Lemma 1.20. Suppose a, € X and ||apt1 — an| < en and Y €, < co. Then
n=1

[e.e]
lim a, =a € X exists and ||a — ay|| < 6, 1= Y, €.
k=

n—00

Proof. Let m > n then

< E laks1 — ax| < Z e =0,. (1.15)

||am—an|—H S (arss - an)
=n k=n

S0 [|aym — an|| < Omin(m,n) — 0 as ,m,n — oo, i.e. {a,} is Cauchy. Let m — oo
in (1.15)) to find [ja — an|| < 0. |

Lemma 1.21. Suppose  that {F,} is Cauchy in  measure, i.e.
limy, psoo b (| Fn — Fi|l =€) = 0 for all € > 0. Then there exists a sub-
sequence G = F,, such that F := lim;_, G; exists [t — a.e. and moreover

Fo B F asn — oo, i.e. limy, o0 it (| Fyy — F|| > €) = 0 for all € > 0.

(&)
Proof. Let ¢, > 0 such that > &, < 0o (g, = 27" would do) and set

n=1
dn = Y €k Choose Gj = F,,; where {n;} is a subsequence of N such that
k=n

p({l|Gip1 — Gyl > e5}) < e
Let
An = Uj>n {[|Gj1 — Gyl > &5} and
E .= ﬁjovozlAN = {||Gj+1 — GJ” > €5 10}
Since p(An) < dn < oo and Ay | E it followd]| that 0 = pu(E) =

limy oot (An). For w ¢ E, ||Gj11 (w) — G (w)|| < ¢; for a.a. j and hence
by Lemma [1.20) F' (w) := lim G;(w) exists for w ¢ E. Let us define F'(w) =0
J—0o0

forallwe F.
Next we will show Gy & F as N — oo where F and Gy are as above. If

we ANy =Ni>n {IIGj+1 — G| < g5},
then
[Gj1 (w) — Gj (w)[| < g forall j > N.

Another application of Lemma shows ||F(w) — G;(w)|| < 6; for all j > N,

ie.

! Alternatively, u(F) = 0 by the first Borel Cantelli lemma and the fact that
e bQlG i = Gill > 65}) <3272, &5 < oo

macro: svmonob.cls date/time: 6-Jan-2020/14:33



AN C NN {IIF = Gyl < 6;} CH{IF - Gn| <N}

Therefore, by taking complements of this equation, {||F  — Gn| > dn} C An
and hence

/.L(HF — GN” > 6N) < /.L(AN) <déy -0as N — ¢

and in particular, G A Fas N — .
With this in hand, it is straightforward to show F, 5 F. Indeed, by the
usual trick, for all j € N,

p({l[Fn = Fl > e}) < p({lIF = Gjll > €/2}) + p(l|G5 = Full > €/2).
Therefore, letting j — oo in this inequality gives,

p{l[Fn = F| > e}) <limsup u([|Gj — Ful| > €/2) — 0 as n — oo,

J]—00

wherein we have used {F,} - is Cauchy in measure and G; 5 F ]

Theorem 1.22. For each p € [0,00), the space (LP(p; X), || - ||ze) is a Banach
space.

Proof. It is straightforward to check that [|-||,, is a norm. For example,

P

£+ Gllr = | 17+ Gl | < | [l + 167
0 (0}

IN

1l ze + |Gl -

So the main point is to prove completeness of the norm.

Let {F,} —, C LP(u) be a Cauchy sequence. By Chebyshev’s inequality
{F,} is Cauchy in measure and by Lemma there exists a subsequence
{G;} of {F,} such that G; — F a.e. By Fatou’s Lemma,

16~ Flp = [t inf G, ~ Gull i < lim it [ G, — Gl d

= lim inf[|G; — Gi|[) — 0 as j — oo.
k—o00

In particular, |F||, < [|G; — F|l, + [|G,llp < oo so the F' € L? and Gj R
The proof is finished because,

HFn_FHPS||Fn_Gij"'||Gj_F||p_>035jan_>oo-
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Definition 1.23 (Simple functions). We say a function F : 2 — X is a
simple function if F is measurable and has finite range. If F also satisfies,
w(F #£0) < oo we say that F is a p — simple function and let S (u; X) denote
the vector space of u — simple functions.

Proposition 1.24. For each 1 < p < oo the p — simple functions, S (u; X),
are dense inside of LP (p; X) .

Proof. Let D := {z,,} -, be a countable dense subset of X \ {0}. For each
€ >0and n €N let

1
B o= {o e X sllo —aall < min (=5 )}

and then define A% := B¢ \ (Up_, B;). Thus {A%} 7, is a partition of X \ {0}
with the added property that ||y — x| < & and § [|z,[ < ||yl < 3 [lz,[|for all
y € A;.

Given F € LP (1; X) let

o0 oo
FE = E xn'lFeAi: E ‘"En'lp—l(A%).
n=1 n=1

Forw € F71(AY), i.e. F (w) € A5, we have
[Fe (@)l = llanl| < 2||F (w)]| and
[Fe (w) = F (w)]| = [lzn — F (W) <&
Putting these two estimates together shows,
[Fe = F|| <€ and |[Fe — F|| < |[Fe[| + [|[F|| < 3[F] .
Hence we may now apply the dominated convergence theorem in order to show

i |5 = Fell 1o i) = 0-

As the F. — have countable range we have not yet completed the proof. To
remedy this defect, to each N € N let

N
FEN = Zl‘n . 1F*1(A$L)-
n=1

Then it is clear that limy_,o FY = F. and that |[FN|| < ||F.|| < 2| F]| for
all N. Therefore another application of the dominated convergence theorem
implies, limpy 00 ||FEN — FEHLP(/L;X) = 0. Thus any F' € LP (u; X) may be arbi-
trarily well approximated by one of the FN € & (u; X) with ¢ sufficiently small
and N sufficiently large. ]

For later purposes it will be useful to record a result based on the partitions
{45} of X\ {0} introduced in the above proof.
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10 1 Vector Valued Integration Theory

Lemma 1.25. Suppose that F : 2 — X is a measurable function such that
w(F #0) > 0. Then there exists B € F and ¢ € X* such that u(B) > 0 and
inf,egpoF(w) > 0.

Proof. Let € > 0 be chosen arbitrarily, for example you might take ¢ = 1
and let {A,, := A%} | be the partition of X \ {0} introduced in the proof of
Propositionabove. Since {F #0} =02 | {F € A,} and p(F #0) > 0, it
follows that that u (F € A,,) > 0 for some n € N. We now let B := {F € A,,} =
F~1(A,) and choose ¢ € X* such that ¢ (z,) = |z,| and ||¢|/yx. = 1. For
w € B we have F (w) € A, and therefore || F (w) — 2, | < 3 ||@,|| and hence,

o (F (@) = llznlll = ¢ (F (W) = ¢ (@n)] < llellx-

1
F(w) = znll < 5 llzall-

From this inequality we see that ¢ (F (w)) > 3 [|@,]| > 0 for all w € B. |

Definition 1.26. To each F' € S (11; X) , let

[(F) = Y ap(F ' ({z})) = 3 ap({F = «})

reX reX
= Z zu(F=x) e X.
TEF(Q)

The following proposition is straightforward to prove.

Proposition 1.27. The map I : S (u; X) — X is linear and satisfies for all
Feds(pmX),

1) < [ 1F)du and (1.16)
(9]

@(I(F)):/gpoquVgoeX*. (1.17)

Q

More generally, if T € B (X,Y) where Y is another Banach space then
TI(F)=1(TF).

Proof. If 0 #c€ R and F € S (1; X), then

I(cF) =) au(cF=2)=") ap (F - %)

zeX xeX
=Y ey w(F =y) = cI(F)
yeX

and if c =0, I(0F) =0 = 0I(F). If F,G € S (1; X)

Page: 10 job: 241Functional_2020s

I(F+G)=> au(F +G =x)
:ix ; wF =y,G=z)
= Z(yy+ ;)u(F= y,G =2)
=yz:yu(F=y)+Zw(G=Z)=I(F)+I(G)-

Equation (|1.16]) is a consequence of the following computation:

reX zeX

HF)x =Y zu(F =2)| < Y llaf p(F = 2) = / 1| dp
2

and Eq. follows from:
P(I(F)) = (D zp({F = z}))

;w(fv)u({Fx})/Qsooqu-

]

The next elementary theorem (referred to as the bounded linear transfor-

mation theorem, or B.L.T. theorem for short) is often useful when constructing
bounded linear transformations.

Theorem 1.28 (B. L. T. Theorem). Suppose that Z is a normed space, X
is a Banach space, and S C Z is a dense linear subspace of Z. If T : S — X is a
bounded linear transformation (i.e. there exists C < oo such that ||Tz| < C ||z]]
for all z € S), then T has a unique extension to an element T € L(Z, X) and
this extension still satisfies

HTZH <C|z|| forallz € S.
Proof. The proof is left to the reader. ]

Theorem 1.29 (Bochner Integr_al). There is a unique continuous linear map
I: LY, F, 15 X) = X such that I|s(,x) = I where I is defined in Definition
. Moreover, for all F € L*(£2, F,u; X),

1) < [ Il (1.18)
o
and I(F) is the unique element in X such that
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o(I(F)) = /Q poF duVpe X*. (1.19)

The map I(F) will be denoted suggestively by [, Fdu or ji (F) so that Eq.

may be written as
go(/ qu)—/gpoquchGX* or
Q Q

p(u(F)=p(poF) Voe X~

It is also true that if T € B(X,Y) where Y is another Banach space, then

/Tqu:T/ Fdu
(9] 2

where one should interpret TF : 2 — TX which is a separable subspace of Y
even is Y 1is not separable.

Proof. The existence of a continuous linear map I : L'(2,F, u; X) — X

such that I|s(;x) = I and Eq. (1.18) holds follows from Propositions

and and the bounded linear transformation Theorem If p € X* and
F e LY(02, F,u; X), choose F,, € S (; X) such that F,, = F in L'(2, F, ji; X)
as n — 0o. Then I(F) = lim, . I(F,) and hence by Eq. (1.17),

P(I(F)) = ¢(lim I(F,)) = lim o(I(F,)) = lim | woFudp.

n—oo n—oo n— oo

This proves Eq. (1.19)) since

/((poF—gpan)du §/|<poF—goan|d,u
(0]

0
< / lellx-
(93

= |lellx*|F = FnllLr — 0 as n — oo.

poF —poF,|xdu

The fact that I(F) is determined by Eq. (1.19)) is a consequence of the Hahn —
Banach theorem. n

Ezample 1.30. Suppose that x € X and f € L' (u;R), then F (w) = f (w)x
defines an element of L' (4; X) and

/Qqu = (/Q fdu) x. (1.20)
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1.4 Strong Bochner Integrals 11
To prove this just observe that ||[F|| = |f| ||z|| € L* (1) and for ¢ € X* we have

()~
~ ([ re@an) = [ poran

Since ¢ ([, Fdu) = [, oo F d for all ¢ € X* it follows that Eq. is
correct.

Remark 1.31. The separability assumption on X may be relaxed by assuming
that ' : 2 — X has separable essential range. In this case we may still define
f 0 Fdyu by applying the above formalism with X replaced by the separable Ba-
nach space, Xy := span(essran, (F')). For example if {2 is a compact topological
space and F' : {2 — X is a continuous map, then fQ Fdyp is always defined.

Theorem 1.32 (DCT). If {u,} < L'(u;X) is such that u(w) =
lim,, so0 Un (w) emists for p-a.e. x and there exists g € L'(u) such that
llunlly < g a.e. for all n, then u € L* (u; X) and limy, 00 ||u — up ||, = 0 and
in particular,

/udu/unduH < |lu—unl|l; = 0 as n — oo.
0 n X

Proof. Since ||u ()| y = limy o0 ||t (w)|| < g (w) for a.e. w, it follows that
u € L' (1, X) . Moreover, ||u — uy|| y < 2g a.e. and lim,_,o0 [|u — up ||y = 0 a.e.
and therefore by the real variable dominated convergence theorem it follows
that

lu — unlly :/ lu — wn ||y du — 0 as n — oo.
7]

1.4 Strong Bochner Integrals

Let us again assume that X is a separable Banach space but now suppose that
C : 2 = B(X) is the type of function we wish to integrate. As B (X) is
typically not separable, we can not directly apply the theory of the last section.
However, there is an easy solution which will briefly describe here.

Definition 1.33. We say C : 2 — B (X) is strongly measurable if 2 5 w —
C (w) z is measurable for all x € X.

Lemma 1.34. If C : 2 — B (X) is strongly measurable, then 2 > w —

[C (W)l is measurable.
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12 1 Vector Valued Integration Theory

Proof. Let D be a dense subset of the unit vectors in X. Then Proof. Let 71 : 2 x 2 — 2 and 7 : 2 x 2 — 2 be the natural projection
maps. Since C @ D = [C' om][D oms], we conclude from Corollary that
C (w)Hop = ilelg 1C (w) xHX C ® D is measurable on the product space. We further have
is measurable. [ / ) ||C’®D(w,o?)||op dp (w) dv (@)
Lemma 1.35. Suppose that v : 2 — X is measurable and C : 2 — B (X) is ox 0
strongly measurable, then 25 w — C (w)u(w) € X is measurable. = / |C (w) D ()], dp (w) dv (@)
2x0

Proof. Using the ideas in Proposition [1.24] we may find simple functions ~
Up ¢ 2 = X so that v = lim, o u,. It is easy to verify that C () uy, (+) is < /Q 1C (w )|| 1D (@ )||0pdﬂ( w)dv (@)
measurable for all n and that C () u (-) = limy— 00 C (+) up, (+) . The result now X0

follows Corollary [T.16] [ / 1C (@), de (w / |D @), dv (&) < oo

Corollary 1.36. Suppose C,D : 2 — B(X) are strongly measurable, then .
235w — C(w)D(w) € X is strongly measurable. and therefore 1 ® v (C'® D) is well defined.

Now suppose that € X and let u, be simple function in L' (07 u) such
Proof. For z € X, let u (w) := D (w) x which is measurable by assumption. pp P

Therefore, C (1) D (-)x = C (-) u(-) is measurable by Lemma [ that lim, o0 [[up — D () @[ 11(,) = 0. If up = E,]cvilo axly4, with {Iﬁlk}kM:’“”1 being
disjoint subsets of {2 and a; € X, then

M,
W):ZlAk (@) C (w) ag
k=0

After another approximation argument for w — C (w) ag, we find,

Definition 1.37. We say C : 2 — B(X) is integrable and write C €
L' (p: B(X)) if C is strongly measurable and

Icl, = /Q 1C (@) dpt () < oo

In, this case we further define 1 (C) = [, C(w)dpu (w) to be the unique element

B (X) such that M,
/ C (W) un (@) dp@v] (w,@) = v(Ax) /c ) ardp (w)
u(C)x:/ C (w) zdp (w) for all z € X. (2x8 k=0
0 M,
It is easy to verify that this integral again has all of the usual properties of = v (Ag) 1 (C) ay
integral. In particular, k=0
M,
In(@)all < [ 1€ @alau@) < [ 1@ lalldu @) = IOl o] = (O v () aw = (C)v ().

from which it follows that |[x (C)][,, < [|C]]; -

Since,

Theorem 1.38. Suppose that (.Q,V) is another measure space and D €
LY (ji: B(X)). Then / € @) un (@) = C (@) D @) 2] 1 ® 1] (w,)
2x802

Clv (D) = v(C® D
H(Ew D) =periCeD) < [ 1@yl @) - D @) ol ) (@

=Clly - llun — D (-) x|l f1(,y) = 0 as n — o0,

where u @ v is product measure and

C®D(w,w):=Cw)D ).
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we may pass to the limit in Eq. (1.21]) in order to find

porv(CeDjz= [ Cw)D@azdpev(vo)
2x82
=n(€) [ D(@)wiv (@) = 1 (C)v (D).
As x € X was arbitrary the proof is complete. [

Exercise 1.5. Suppose that U is an open subset of Ror Cand F': U x 2 —» X
is a measurable function such that;

1.U 3 z — F (z,w) is (complex) differentiable for all w € 2.
2. F(z,-) € L' (p: X) for all z € U.
3. There exists G € L' (i : R) such that

HMH < G (w) forall (z,w) €U x £2.

0z

Show

Usz— | F(z,w)dpu(w)e X
fo)

is differentiable and

4
dz 0

F (s du (@) = |

0 82

1.5 Weak integrals for Hilbert Spaces

This section may be read independently of the previous material of this chapter.
Although you should still learn about the fundamental theorem of calculus in
Section 77 above at least for Hilbert space valued functions.

In this section, let F be either R or C, H be a separable Hilbert space over
F, and (X, M, ) and (Y, N,v) be two o — finite measures spaces.

Definition 1.39. A function v : X — H is said to be weakly measurable if
X sz — (h,¢(z)) € F is M — measurable for all h € H.

Notice that if ¢ is weakly measurable, then ||¢ (-)|| is measurable as well.
Indeed, if D is a countable dense subset of H \ {0}, then

% (@)

Y ()| = sup
4 ()|l b AT
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1.5 Weak integrals for Hilbert Spaces 13

Definition 1.40. A function ¢ : X — H is weakly-integrable if i is weakly
measurable and

11, ::/X 14 (2)]| dp (z) < oo

We let L' (X, : H) denote the space of weakly integrable functions.

For v € L' (X,pu: H), let

and notice that fy, € H* with
[fy (R)] < /X [(hy @ ()| dpa () < [l /X 19 (@)l dpe () = |91l - [[ll 7 -
Thus by the Riesz theorem, there exists a unique element 1) € H such that
<h,1/_1> = fy (h) = /X (h,¢ (z)) du (x) for all h € H.
We will denote this element, 1, as
0= [ v@du).
Theorem 1.41. There is a unique linear map,
LK )36~ [ b (@)dute) e B
such that
<h,/X1/1 (x)du (x)> = /X (h, (x))du (x) for all h € H.

Moreover this map satisfies;

S ||wHL1(/A2H) .

[ v@au
X H
2.If Be L(H,K) is a bounded linear operator from H to K, then

B[ v@dut) = [ Bo@)dn).
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14 1 Vector Valued Integration Theory

3. If {en}o, is any orthonormal basis for H, then

/Xzﬂ(x)dﬂ(fr)ZgUXW(HU%%MM(Q?)]@

Proof. We take each item in turn.

1. We have
|[v@auw)| = sw
X H |h]=1

<h, [ v@an <w)>]
-

IRf=1 /x (h, ¢ (2)) dp(z)| < |[Wl, -

{ocormns)-{ [ T s
y A "

and this suffices to verify item 2.
</ 0 (@) dia) en ) e

3. Lastly,
/ Y (v) dp (v
[ /. <¢<m>7en>du<x>]
| |

Definition 1.42. A function C : (X, M, u) — B (H) is said to be a weakly
measurable operator if v — (C (x) v,w) € C is measurable for all v,w € H.

M8 [ M8

Il
-

n

Again if C' is weakly measurable, then

(C (2) B )
X = N\ v/
M A e, R T T

is measurable as well.

Definition 1.43. A function C : X — B(H) is weakly-integrable if C is
weakly measurable and

T :=/X IC (@) dis () < o0

We let L' (X,u: B(H)) denote the space of weakly integrable B (H )-valued
functions.
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Theorem 1.44. If C € L' (u: B(H)), then there exists a unique C € B (H)
such that

Cv = / [C (z)v]du(x) for allve H (1.22)
b'e
and ||C|| < [C]|; -

Proof. By very definition, X > z — C (z)v € H is weakly measurable for
each v € H and moreover

Jie@oldn@ < [ je @l = 1Cl, ol <oe. (123

Therefore the integral in Eq. (1.22)) is well defined. By the linearity of the weak
integral on H — valued functions one easily checks that C : H — H defined by

Eq. (1.22)) is linear and moreover by Eq. (1.23)) we have
Coll < [ 10 @vlaut) <l o]

which implies HC_’H < 1C|; - ]
Notation 1.45 (Weak Integrals) We denote the C in Theorem by ei-
ther 1 (C) or [ C(x)dp(x).

Theorem 1.46. Let C € L' (u: B(H)). The weak integral, u(C), has the
following properties;

L Alp (O)l,p = M€l -
2. For all v,w € H,

v [fense]

4. If {e;};2, is an orthonormal basis for H, then

w(C)v = Z (/X (C(x)v,e;)du (x)) e;VveH. (1.24)
5.If De L' (v: B(H)), then
pw(Cyv(D)=pov(C®D) (1.25)

where p®@v is the product measure on X xY and C®D € L' (u@ v : B (H))
is the operator defined by

C®D(z,y)=C(x)Dy) VeeX andy €Y.
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6. Forv,w € H,
(n(C)v,v (D)w) = /X Ydu () dv (y) (C (z) v, D (y) w) .

Proof. We leave the verifications of items 1., 2., and 4. to the reader.
Item 3. For v,w € H we have,

(1(©)" vy0) =@V w:0) = [ (C(@)w,0)du o)

X

_ / @ o ydu (z) = / (v, C () w) dp (x)
X

b'e
= [ (€ @vwduta) = (€ o).
Item 5. First observe that for v,w € H,

(C®D(a,y)v,w) = (C () D(y)v,w) =Y (D (y)v,e:) {C (z) e, w) (1.26)

0
=1

where {e;};-, is an orthonormal basis for H. From this relation it follows that
C ® D is still weakly measurable. Since

[ IceD @, dn @ )
XxY
- / 1C () D (), dps () dv (3)
X XY
< /X 1€ @l 10 0y i @) () = 1C 51 1D < .

wesee C®D € L' (u®v: B(H)) and hence u® v (C ® D) is well defined. So
it only remains to verify the identity in Eq. (1.25]). However, making use of Eq.
(1.26) and the estimates,

(oo}

g9(z,y) ¢=Z (D (y) v, eq)| (T (x) ei, w)]

<J DD @ v,e* Y (O () es w)l
i=1 i=1

(
<D @W)llop 1C7 (@)l 0] 0]
= 1D ®)llop 1€ @)l 0] Il
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it follows that g € L' (1 ® v) . Using this observations we may easily justify the
following computation,

<u®v<0®D>v,w>=/ dpe () dv () (C () D (y) v, w)

XXY

- /Xxy dp (z) dv (y) Z (D (y) v, ) (C () e;, w)

Item 6. By the definition of x (C) and v (D),
(1 (C)v,v(D)w) = / dp () (C (x) v, v (D) w)
p's
— [ dn@) [ dvi) € @) oD w).
p's Y

Exercise 1.6. Let us continue to use the notation in Theorem If B e
B(H) is a linear operator such that [C (z),B] = 0 for u — a.e. x, show
1(C), B =0,
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Part 11

Banach Algebra Spectral Theory






In this part, we will only begin to scratch the surface on the topic of Banach
algebras. For an encyclopedic view of the subject, the reader is referred to
Palmer [8}9].For general Banach and C*-algebra stuff have a look at [7}[13].
Also see the lecture notes in . Putnam’s file looked quite good. For a
very detailed statements see |2, See bottom of p. 45]






2

Banach Algebras and Linear ODE

2.1 Basic Definitions, Examples, and Properties

Definition 2.1. An associative algebra over a field is a vector space over with
a bilinear, associative multiplication: i.e.,

(ab)c = a(be)
a(b+c¢) =ab+ ac
(a+b)c=ac+ bc

a(Ac) = (Aa)c = Aac).

As usual, from now on we assume that F is either R or C. Later in this
chapter we will restrict to the complex case.

Definition 2.2. A Banach Algebra, A, is an F — Banach space which is an
associative algebra over F satisfying,

labll < lal[ [[o]l ¥ a,b € A.

[Tt is typically the case that if A has a unit element, 1, then ||1|] = 1. I will bake
this into the definition!]

Examples 2.3 1. Let X be a topological space, BC (X,F) be the bounded F-
valued, continuous functions on X, with || f|| = sup,ecx |f (x)|. BC (X,F) is
a commutative Banach algebra under pointwise multiplication. The constant
function 1 is an identity element.

2. If we assume that X is a locally compact Hausdorff space, then Cy (X,F) -
the space of continuous F — valued functions on X wvanishing at infinity is
a Banach sub-algebra of BC (X,F). If X is non-compact, then BC (X,F)
is a Banach algebra without unit.

3. If (£2,B, ) is a measure space then L™ (p) := L (£2, B, : C) is a commu-
tative complex Banach algebra with identity. In this case || fI| = [[f|l 1
is the essential supremum of | f| defined by

||fHLoc(,4) =inf{M >0:|f| <M p-a.e.}.

4. Suppose that X is a Banach space, B(X) denote the collection of bounded
operators on X. Then B(X) is a Banach algebra in operator norm with
identity. B(X) is not commutative if dim X > 1.

5. A= LY(RY) with multiplication being convolution is a commutative Banach
algebra without identity.

6. If A = (X(Z) with multiplication given by convolution is a commutative
Banach algebra with identity which is this case is the function

_J1lifn=0
%0 (n) '{an;é()'

Proposition 2.4 (Group Algebra). Let G be a discrete group (i.e. finite or
countable), A := (' (G), and for g € G let §, € A be defined by

_Jlifz=yg
dg () '{Oifx;«ég'

Then there exists a unique multiplication () on A which makes A into a Banach
algebra with unit such that d4 ® 0, = gk for all g,k € G which is given by

(u®v)(z) = Zu(g)v(gilx) = Zu(xkil)v(k). (2.1)
geaG ked
[The unit in A is §. where e is the identity element of G.]

Proof. If u,v € ¢! (G) then

u:Zu(g)ég andU:Zv(k:)(Sk

geG keG

where the above sums are convergent in A. As we are requiring (®) to be
continuous we must have

uov=3" ul@)v(k) 56 = Y. ulg)v k)i
g,keG g,keG

Making the change of variables x = gk, i.e. g=xk ' or k =g~ *

UV = Z u(g)v (97 'z) 6, = Z u (zk™") v (k) b,

g,2€G k,xeG

x then shows,

This leads us to define u ® v as in Eq. (2.1]). Notice that
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STST u (@R o (8)] = [lull, 1]l

z€G keG

which shows that v ® v is well defined and satisfies, ||u ® v||; < [Jul|, [|v||; . The
reader may now verify that (A, ®) is a Banach algebra. ]

Remark 2.5. By construction, we have d; ® 0, = dgr and so (A, ®) is commu-
tative iff G is commutative. Moreover for k € G and u € ¢! (G) we have,

S ®u = Zu(g) Okg = Zu(k—lg) 0g =u (k—l ())
geG geG

and

u® 0 = Zu(g)59k = Zu(gkil)ég :u((~)k*1).

geG geG

In particular it follows that . ® u = u = u ® d. where e € G is the identity
element.

Proposition 2.6. Let A be a (complex) Banach algebra without identity. Let
B={(a,a):ac A aeC}=AaC.

Define
(a,a)(b,B) = (ab+ ab + Ba, af)

and
(@, )| = llal| + |a]. (22)

Then B is a Banach algebra with identity e = (0,1), and the map a — (a,0) is
an isometric isomorphism onto a closed two sided ideal in B.

Proof. Straightforward. [

Remark 2.7.If A is a C*-algebra as in Definition below it is better to
defined the norm on B by

(a, @)|| = sup {|lab+ ab|| : b € A with [[b]| < 1} (2.3)

rather than Eq. (2.2]). The above definition is motivated by the fact that a €
A — L, € B(A) is an isometry, where L,b = ab for all a,b € A. Indeed,
[Labl| = [ladl| < [[a]| [[b] with equality when b = a* so that ||La|l g4y = [lall-
The definition in Eq. has been crafted so that

(@, )|l = [[1La + || g4

which shows ||(a, )] is a norm and a € A < (a,0) € B — B(A) are all
isometric embeddings.
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The advantage of this choice of norm is that B is still a C*-algebra. Indeed

lab+ ab][* = || (ab+ ab)” (ab+ ab) || = || (b"a* + ab) (ab + ab) |
= ||b*a*ab + ab*ab + ab*a*b + |o|* b*b)|
< (6] || (a*a + Ga + aa*) b+ |a|*b]

and so taking the sup of this expression over ||b|| < 1 implies

I, o)l* < |[(a*a + aa + aa,Jaf) | = lit@,0)* (@, @)l| < (@, @) | 1@, )]
(2.4)

Bq. (&) implies ||(a, )] < [|(a,a)*| and by symmetry |[(a,0)°| < ||(a )]
Thus the inequalities in Eq. (2.4) are equalities and this shows ||(a,a)|* =
(@, @)*(a, )| . Moreover A is still embedded in B isometrically. because for

a € A,

lall =

a ﬁ ‘ < sup {[lab] : b € A with [[b]| <1} < ||a

which combined with Eq. (2.3)) implies ||(a,0)|| = ||a]| -

Definition 2.8. Let A be a Banach algebra with identity, 1. If a € A, then a is
right (left) invertible if there exists b € A such that ab =1 (ba = 1) in which
case we call b a right (left) inverse of a. The element a is called invertible
if it has both a left and a right inverse.

Note if ab = 1 and ca = 1, then ¢ = cab = b. Therefore if a has left and right
inverses then they are equal and such inverses are unique. When a is invertible,
we will write a=! for the unique left and right inverse of a. The next lemma
shows that notion of inverse given here is consistent with the notion of algebraic
inverses when A = B (X) for some Banach space X.

Lemma 2.9 (Inverse Mapping Theorem). If X, Y are Banach spaces and
T € L(X,Y) is invertible (i.e. a bijective linear transformation) then the in-
verse map, T~*, is bounded, i.e. T~' € B(Y,X). (Note that T~ is automati-
cally linear.) In other words algebraic invertibility implies topological invertibil-
ity.

Proof. If T is surjective, we know by the open mapping theorem that T'
is an open mapping and form this it follows that the algebraic inverse of T is
continuous. ]

Corollary 2.10 (Closed ranges). Let X and Y be Banach spaces and T €
L(X,Y). Then Nul(T') = {0} and Ran (T') is closed in'Y iff

¢:= inf ) [Tzl > 0. (2.5)

llll x =
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Proof. If Nul (T') = {0} and Ran (T) is closed then T thought of an operator
in B(X,Ran (7)) is an invertible map with inverse denoted by S : Ran (T') —
X. Since Ran (T) is a closed subspace of a Banach space it is itself a Banach
space and so by Corollary 2.9 we know that S is a bounded operator, i.e.

ISyl x <1ISllop - lylly ¥y € Ran(T).
Taking y = T« in the above inequality shows,

[zl x < [ISllop - ITzlly V2 eX

from which we learn € = ||S\|;p1 > 0.
Conversely if € > 0 (¢ as in Eq. (2.5)), then by scaling, it follows that

[Tally Zellzlly V zeX.

This last inequality clearly implies Nul (T') = {0} . Moreover if {z,} C X is a
sequence such that y :=lim,,_, ., Tz, exists in Y, then

1 1
[0 — zm| < - 1T (zn — zm)lly = - T2y — Tamlly
1
= —|ly—ylly =0as m,n— .
€

Therefore = := lim,,_,~ , exists in X and y = lim,_,, T, = Tz which shows
Ran (7)) is closed. |

Ezample 2.11. Let X = (1 (Ng) and T : X — C([0,1]) be defined by
Ta = > apz™. Now let Y := Ran(T) so that T : X — Y is bi-
jective. The inverse map is again not bounded. For example consider a =
(1,-1,1,-1,...,41,0,0,0,...) so that

n n+1 n _ n+l
- -1 14+ (=1)"a"*
“ kZ:O( z) —r—1 1+

We then have ||Ta||, < 2 while ||la|| y =n+1. Thus HT‘lHop = 00. This shows
that range space in the open mapping theorem must be complete as well.

The next elementary proposition shows how to use geometric series in order
to construct inverses.

Proposition 2.12. Let A be a Banach algebra with identity and a € A. If
S0 o lla™|| < oo then 1 — a is invertible and

[A=a) <D fla™[l-
n=0
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2.1 Basic Definitions, Examples, and Properties 23
In particular, if |ja|| < 1, then 1 — a is invertible and

1
1—lall’

1= a7} <

Proof. Let b = "7, a™ which, by assumption, is absolutely convergent
and so satisfies, ||b]| < 07 [la™|| . It is easy to verify that (1—a)b = b(1—a) =
1 which implies (1 —a)”" = b which proves the first assertion. Then second
assertion now follows from the first and the simple estimates, ||a"|| < ||a|", and
geometric series identity, > - [la||" =1/ (1 — [|a]|). [

Notation 2.13 Let A;,, denote the invertible elements for A and by con-
vention we write X instead of A1.

Remark 2.14. The invertible elements, A;,,, form a multiplicative system, i.e.
if a,b € Ay, then ab € A;p,. As usual we have (ab)f1 =b"la7! as is easily
verified.

Corollary 2.15. If x € A;n, and h € A satisfy |’x*1hH <1, showz+h € Ajny

and
1

L—Jlz=th]

In particular this shows A;n., of invertible is an open subset of A.

H(m + h)*IH < |- (2.6)

Proof. By the assumptions and Proposition both  and 1+ 2~ 'h are
invertible with
I+ o] <
S Tt

As (z+h) =z (142 'h), it follows that « + h is invertible and
(x+h)"" = (1+ fzflh)_1 zh

Taking norms of this equation then gives the estimate in Eq. (2.6). ]
In the sequel the following simple identity is often useful; if b, ¢ € A;,,,, then

bl —ct=b"t(c—b)c " (2.7)

This identity is the non-commutative form of adding fractions by using a com-
mon denominator. Here is a simple application.

Corollary 2.16. The map,Ainy > * — 71 € Ay is continuous. [This map
is in fact C™, see Ezercise[2.1] below.]
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24 2 Banach Algebras and Linear ODE

Proof. Suppose that x € A;,, and h € A is sufficiently small so that
|z=*h|| < ||z=!| IA]l < 1. Then & + h is invertible by Corollary and we
find the identity,

(z+h) 'zl =(@+h) - (+h)z =—(z+h) Thal. (2.8)
From Eq. (2.8) and Corollary it follows that

R B N e [ e e

2.2 Calculus in Banach Algebras

Exercise 2.1. Show that the inversion map f : Ainy — Aine C A defined by
f (z) = 7! is differentiable with

f (2)h = (0nf) (x) = —x tha™!
for all x € A;p, and h € A. Hint: rewrite Eq. as

(z+h) =2 —(z+h)" " ha! (2.9)
and then iterate the identity once.

Exercise 2.2. Suppose that a € A and t € R (or C if A is a complex Banach
algebra). Show directly that:

1. eta:= 3" Lra™ is an absolutely convergent series and [[efe| < el*lllell.
2. €' is differentiable in ¢ and that 4 e'® = ae'® = e'“a. [Suggestion; you could

prove this by scratch or make use of Exercise [L.2]]

Corollary 2.17. For a,b € A commute, i.e. ab = ba, then e®e® = e*t0 = ebe.

Proof. In the proof to follows we will use e'®b = be'® for all ¢ € R. [Proof is
left to the reader.] Let f (t) := e~ **e!(@*?) then by the product rule,

f(t) _ _eftaaet(aer)_,r_efta (a + b) et(aer) _ eftabet(cH»b) _ beftaet(aer) _ bf (t) )

Therefore, & [e=®f (¢)] = 0 and hence e~ f (t) = e~ f (0) = 1. Altogether

we have shown,

e—tbe—taet(a+b) _ e—tbf (t) -1
Taking ¢ = £1 and b = 0 in this identity shows e %® = 1 = e% ™%, i.e.
(ea)_1 = e~ . Knowing this fact it then follows from the previously displayed
equation that ef(¢+?) = et@et® which at t = 1 gives, e%e® = e**?. Interchanging
the roles of a and b then completes the proof. [
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— 0as h— 0.

Corollary 2.18. Suppose that A € A, then the solution to

y(t) = Ay (t) withy(0) =1
is given by y (t) = 4 where

o0

tn
tA __ n
et =" A (2.10)
n=0
Moreover,
(A — et 4654 for all s,t € R. (2.11)

We also have the following converse to this corollary whose proof is outlined
in Exercise 2.14] below.

Theorem 2.19. Suppose that Ty € A for t > 0 satisfies

1. (Semi-group property.) To =1 € A and TyTs = Ty4s for all s,t > 0.
2. (Norm Continuity) t — Ty is continuous at 0, i.e. | Ty, —I|| , = 0 ast ] 0.

Then there exists A € A such that T, = et* where et is defined in Eq.
12.10)).

Exercise 2.3. Let a,b € A and f () := et — ¢te¢t® and then show
f(0) = ab — ba.
[Therefore if e!(¢+0) = et®etfor ¢ near 0, then ab = ba.]

Exercise 2.4. If t — ¢ (t) € A is a C'-function such that [c(s),c(t)] = 0 for

all s,t € R, then show

d
%ec(t) = ¢(t) e,

Notation 2.20 Fora € A, let ad, € B (A) be defined by ad, b = ab — ba.

Notice that
lad bll < 2{lall [|b]] ¥V b€ A

and hence Hada||op < 2|a.
Proposition 2.21. If a,b € A, then
(oo} 1
ay_—a __ ,adg _ n
e*be™® = e (b) = 5_0 . ady, b.

d

where €*%a is computed by working in the Banach algebra, B (A) .
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Proof. Let f (t) := e'®be~ %, then
f(t) = aet®be ™ — et%be 1% = ad, f (t) with f(0) = b.

Thus it follows that

% [e*tad“f t)] =0 = e~tdaf (1) = ¢702da £ (0) = b.
From this we conclude,
etbe™t = f(t) = et?de (b).
]

Corollary 2.22. Let a,b € A and suppose that [a,b] :== ab — ba commutes with
both a and b. Then

1
6aeb _ 6a+b+ 5 la,b] )

Proof. Let u (t) := e*®e®® and then compute,

) (t) _ aetaetb + etabetb _ aetaetb + etabeftaetaetb
=la+¢€ ada (0] ut)=c(t)u(t) withu(0) =1, (2.12)
where
cty=a+e?a(b)=a+0b+t[a,b]
because

ad? b = [a, [a,b]] = 0 by assumption.

Furthermore, our assumptions imply for all s,¢ € R that

c(t),c(s)]=la+b+t[a,b],a+ b+ s[a,b]]
= [t]a,b] ,a+ b+ s|a,b]] = st[[a,b],]a,b]] = 0.

Therefore the solution to Eq. is given by
ult) = efot e(r)dr _ t(a+b)+5t%[ab]
Taking ¢t = 1 complete the proof.
a+b _
]
Exercise 2.5. Suppose that a(s,t) € A is a C2-function (s,t) near (sg,tg) €

R?, show (s,t) — e*(>) € A is still C2. Hints:
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1. Let f,, (s,t) := a(snif)n and then verify
; ]- n—1 .
7)) < Gy ™"
1 n—1
152l € oy el ™ el
; 1 n—2 .2 1 n—1 .
] < gy el =2 Ul + =5 el
¢! < 1 n—2 - / 1 n—1 .7
fo| € =y lall™ “llall fla"l + ——; lall™ " [[a]]
(n—2)! (n—1)!
1 n—2 2 1 n—1
Il < o2 llall™ " fla"I” + =) llall"™ [la”|

where f:=8f/0t and f = %.
2. Use the above estimates along with repeated applications of Exercise[I.2]in
order to conclude that f (s,t) = e is C? near (s, o).

Theorem 2.23 (Differential of e%). For any a,b € A,

d 1
Ope® = d—|06a+5b = e“/ e peledt.
S 0

Proof. The function, u (s, t) := e!(*+5%) is C? by Exercise [2.5/and therefore
we find,

Gors(0,0) = i (s,0) = o l(a -+ sb)u (s, 1)

d
= bu (s,t) + aus (0,t) with us(0,0) =0.
To solve this equation we consider,

d

o [e7"us (0,8)] = e "bu (0,t) = e~ "be’™®

which upon integration,
1
e~ [0pe?] = e %uy (0,1) = / e tbetdt
0

and hence .
Ope® = e“/ e ety
0
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26 2 Banach Algebras and Linear ODE
Corollary 2.24. The map a — e® is differentiable. More precisely,
et — e = ayet| = 0 ()
Proof. From Theorem [2.23

1
ieaJrsb _ i|oea+sb+eb _ ea+sb/ eft(aJrsb)bet(ajst)dt

ds de 0

and therefore,

1 1 1
eaer — €% — Ppe = / dseaJrsb/ dteft(aJrsb)bet(ajst) . ea/ e~ tepete dt
0 0 0

1 1
— / dS/ dt |:€(1_t)(a+5b)b€t(a+5b) _ 6(1_t)ab6ta:|
0 0

and so

1 1
Hea—o—b —e® — abeaH < / dS/ dt "6(1_t)(a+5b)b€t(a+5b) _ e(l—t)abeta
0 0

To estimate right side, let

g (S,t) — 6(lft)(a+sb)bet(aJer) - 6(17t)ab6ta.

Then by Theorem

d — a-T+s a-—r+s
I 5.0l = | g5 [e=0teseessn] | < o

and since ¢ (0,t) = 0, we conclude that ||g (s, )| < C||b]|*. Hence it follows
that
e — e — aye| = 0 (1))

2.3 General Linear ODE in A

There is a bit of change of notation in this section as we use both capital
and lower case letters for possible elements of A. Let us now work with more
general linear differential equations on 4 where again A is a Banach algebra
with identity. Further let J = (a,b) C R be an open interval. Further suppose
that h,A € C(J,A), s € J, and z € A are give then we wish to solve the
ordinary differential equation,
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J(t) = Aty (t)+h(t) with y(s) =z € A, (2.13)

for a function, y € C* (J, A) . This equation may be written in its equivalent (as
the reader should verify) integral form, namely we are looking for y € C (J,.A)
such that

y(t):/ A(T)y(T)dT+l‘+/ h(7)dr. (2.14)

Notation 2.25 For ¢ € C(J,A), let |||, := maxes|l¢ ()] € [0,00]. We
further let
BC(J,A):=={p € C(J,A): [lgll < oo}

denote the bounded functions in C (J, A) .

The reader should verify that BC (J, A) with ||-||  is again a Banach algebra.
If we let

(4) () = (429) ()= [ A7)y () dr and 215

t
o (t) ::er/ h(7)dr
S
then these equations may be written as
y=Ay+y = T-A)y=¢.

Thus we see these equations will have a unique solution provided (Z — /18)_1
is invertible. To simplify the exposition without real loss of generality we are
going to now assume

lAll, == /J |A (7)] dr < 0. (2.16)

The point of this assumption if A is defined as in Eq. (2.15), then for y €
BC (J,A) and t € J,

[(Ay) @) < ‘/Ot [A(7)y (r)lldr| < ‘/Ot |A (7)[l dr

vl < [ 14 drlyl...

(2.17)
This inequality then immediately implies A; : BC (J,,A) — BC(J, A) is a
bounded operator with || 4|, < [|4]|, . In fact we will see below in Corollary
that more generally we have

n 1 n
145 1lop < — (lA4ll;)

op —

which is the key to showing (Z — A,)~" is invertible.
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Lemma 2.26. For alln € N,

i Tn T2
:/ dTn/ dTn,1~~/ drA(m) ... A(m) e (m1).

Proof. The proof is by induction with the induction step being,
(AFhe) (1) = (A7 Asp) (1)

_ /d / " e / Y dnA(m) . A(n) (Ae) (1)

t Tn T2 T1

= / dTn/ drp_1--- drA(r,)... A (7'1)/ A (10) ¢ (10) d7o
St ST,L T °

= / d’l‘n/ dTn_1~~~/ droA (1) ... A(11) A (70) ¢ (10) -

Lemma 2.27. Suppose that ¥ € C (J,R), then

/:dTn/ST”dTn_lu./STszﬂ/’(Tn)~-~1/’(71)_2!(/StTﬁ(T)dT)n- (2.18)

Proof. The proof Wlll go by induction on n with n = 1 assertion obviously
being true. Now let ¥ (¢ f ¥ (1) dr so that the right side of Eq. 1} is

@ (t)" /n! and ¥ (1) = 1/)( ) . We now complete the induction step;

/:dTn/Tn dT,H.../n drots (1) - .1 (70)
- /dw“n[% n./df v (7)
1

Corollary 2.28. For alln € N,

n n_ 1 "
1421 < 27141 = 2 | [ 14l

and therefore (Z — Ay) is invertible with
a7 <ewtian) =ew ([ 14@ar).
o J
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Proof. This follows by the simple estimate along with Lemma that for
any t € J,

e @ < | [ am [ dne [T anla).ame ]
ara [ arer [T an Al A el
_ 1 d ' < L A d '
- Aldr| el < 7 ([ 1A@Nar) el

Taking the supremum over ¢t € J then shows

4360 < & ([ 1a@lar) ol

which completes the proof. [

Theorem 2.29. For all ¢ € BC (J, A), there erists a unique solution, y €
BC (J,A), toy = Ay + ¢ which is given by

y(t) = (T-2)7"¢) )
t)—l-nz:l/s dTn/S dTn,1-~-/S dm A () ... A(m) @ (7).

Notation 2.30 For s,t € J, let u (t,s) =1 and for n € N let

t Tn T2
ul (t,s) == / d’Tn/ dTn,y--/ drnA(ry) ... A(m). (2.19)
Definition 2.31 (Fundamental Solutions). For s,t € J, let
Ats)i= (@ 4971) () = Y uit (t9) (2.20)
n=0

e t Tn T2

= 1+Z/ AT dTn,1-~/ drA(ty) ... A(my). (2.21)
n=1 s S S

Equivalently u® (t,s) is the unique solution to the ODE,

d

i ul (t,s) = A(t)u? (t,s) with u? (s,s) = 1.
Proposition 2.32 (Group Property). For all s,0,t € J we have

A(t,s)u? (s,0) = u? (t,0). (2.22)
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28 2 Banach Algebras and Linear ODE
Proof. Both sides of Eq. ([2.22)) satisfy the same ODE, namely the ODE

§(t) = A(t)y(t) withy(s) =u” (s,0).
The uniqueness of such solutions completes the proof. [ |

Lemma 2.33 (A Fubini Result). Let s,t € J,n € N and f (7,...,71,70) be
a continuous function with values in A, then

t Tn To T1
/ dTn/ dTn,1~-~/ dTl/ drof (Tny- oy T1,70)
S S S S
t t Tn T2
:/ dTQ/ dTn/ dTn_l"'/ drif (T, .-, 711, 70) -
S T0 T0 T0

Proof. We simply use Fubini’s theorem to change the order of integration
while referring to Figure (2.1)) in order to work out the correct limits of inte-
gration. ]

Fig. 2.1. This figures shows how to find the new limits of integration when ¢ > s and
t < s respectively.

Lemma 2.34. If n € Ny and s,t € J, then in general,
t
(AZHQO) (t) = / uﬁ (t,o) A(o) ¢ (o) do. (2.23)
and if H (t) := [ h(7)dr, then
t
(A"H) (t) = / u? (t,0) h (o) do. (2.24)
Proof. Using Lemma [2.33] shows,
t T2 T1
(A;”rlga) (t) = / Aty - / dr / droA (1) ... A(11) A (70) ¢ (70)
o : rns T
= / dry [/ dTn/ drp_1- / drA(tn) ... A(m)| A(70) ¢ (10)
t

- / u (t,0) [A(0) ()] do.
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Similarly,

(A" H) (t):/tdrn--./TQ i / dToA(Tn)...A(Tl)/Sﬁh(To)dTo

t ts T,LS To
= / dTo [/ d’rn/ dTp_1- / dri A (). ..A('rl)} h (10)
t

_ / w2 (t,0) h (o) do.

S

Proposition 2.35 (Dual Equation). The fundamental solution, u? also sat-
isfies

t
u? (t,s) = 1—|—/ u? (t,0) A (o) do (2.25)
which is equivalent to solving the ODE,
d
d—uA (t,s) = —u” (t,5) A(s) with u” (t,t) = 1. (2.26)
s

Proof. Summing Eq. (2.23)) on n shows,

S ) =3 [ ut o) Ao (o) do

= / Zuf (t,0) A(o) ¢ (0)do
S n=0
= / u (t,0) A(0) ¢ (0)do
and hence
(=207 0) O =0+ (Ar9) (1)
n=0

=p(t)+ / u? (t,0) A(0) (o) do (2.27)

which specializes to Eq. when ¢ () = 1.Differentiating Eq. on s
then gives Eq. . Another proof of Eq. may be given using Propo-
sition to conclude that w(t,s) = u(s,t)” " and then differentiating this
equation shows
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Theorem 2.36 (Du hamell’s principle). The unique solution to Eq.
18

y(t)=u? (t,s)x+ /t u (t,0) h (o) do. (2.28)
Proof. First Proof. Let S
w(t)=x+ H (t) with H (t) _/th(T)d’T‘

Then we know that the unique solution to Eq. is given by
y=T-4) o=(T~A) e+ (T-A)H

=ul (-, 8)z+ iA?H,

n=0
where by summing Eq. ,

(@-ay" m)w=> wme =3 [ tonei

n=0
_ / Sl (t,0) h (o) do = / WA (o) h (o) do (2.29)
ER—" s

and the proof is complete.

Second Proof. We need only verify that y defined by Eq. satisfies
Eq. . The main point is that the chain rule, FTC, and differentiation past
the integral implies

%/S u? (t,0) h(0)do

t+e t
:%b/s uA(t7c7)h(0)dJ—&—dig\o/S u (t+¢,0)h(0)do
=yt (t,t)h(t)+/ %UA (t,o)h(o)do
:h(t)-i—/tA(t)uA(t,J)h(o)do

:h(t)—I—A(t)/tuA(t,o)h(a)da.
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Thus it follows that

y(t):A(t)uA(t,s)x+A(t)/ u? (t,0) h (o) do + h(t)
=A@)y(t)+h(t) with y(s) ==z.
u

The last main result of this section is to show that u* (¢, s) is a differentiable
function of A.

Theorem 2.37. The map, A — u? (t,s) is differentiable and moreover,
t
dpu’t (t,s) = / u? (t,0) B (o) u” (0, s) do. (2.30)
Proof. Since 9pA2 = AZ and
u? (s) = (T - Af)_l 1

we conclude form Exercise 2] that

Opu? (5) = (T— A2) " AB (T - A7 1.
Equation (2.30) now follows from Eq. (2.29) with h (¢) = B (¢) u” (0, s) so that

and
H(t)= /slB(U)uA (0,8)do = (ASB (- /1;4)71 1) (t).

Remark 2.38 (Constant coefficient case). When A (t) = A is constant, then

uf (t,s) = /75 dry, /Tu dTp_1--- /T2 dr A" = (75;7!3)711471
and hence u” (t,s) = e=*)4. In this case Egs. reduce to
y(t) = et / t e~ 4n (o) do,
and for B € A,
Oget=9)4 — /t elt=o)Ap (o) P
Taking s = 0 in this last equation gives the familiar formula,

¢
opett = / =4 B () e"do.
0
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30 2 Banach Algebras and Linear ODE
2.4 Logarithms

Our goal in this section is to find an explicit local inverse to the exponential
function, A — e for A near zero. The existence of such an inverse can be

deduced from the inverse function theorem although we will not need this fact
here. We begin with the real variable fact that

1 1
ln(l—i-x):/ iln(l—i—sav)dSZ/ z(1+sz)" " ds.
o ds 0

Definition 2.39. When A € A satisfies 1 4+ sA is invertible for 0 < s < 1 we
define

In(L+ A) = /1A(1 +sA4) L ds. (2.31)
0

The invertibility of 1 + sA for 0 < s <1 is satisfied if;

1. A is nilpotent, i.e. AN =0 for some N € N or more generally if
2. > o IIA™] < oo (for example assume that ||A[| < 1), of
3. if X is a Hilbert space and A* = A with A > 0.

In the first two cases
(1+54)7 =) (—s)" A"
Proposition 2.40. If 1 + sA is invertible for 0 < s <1, then
1
dpln(1+ A) :/ (1+5A)""B(1+sA)" " ds. (2.32)
0

If0=[A,B] := AB — BA, Eq. reduces to
Osln(1+A)=B(1+A)"" . (2.33)

Proof. Differentiating Eq. (2.31)) shows
1
Opln (14 A) :/ [B(1+SA)—1 —A(l+sA) ' sB(1+sA) " ds
0
1
= / {B — sA(1+sA)7! B} (14 sA)"" ds.
0

Combining this last equality with

sSA(14sA) " =(1+sA—1)(1+s4) " =1—(1+sA)""
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gives Eq. (2.32). In case [4, B] =0,
(14 sA) 'B(1+sA) ' =B(14s4)7?

— B% [—A7 (14 s4)

and so by the fundamental theorem of calculus
s=1

1
951n (1 + A) :B/ (1+sA) %ds=B [—A—1(1+3A)*1} i
0 5=

- B [A—l AT+ A)ﬂ = BA™! [1 —(1+ A)ﬂ
=B[AT'Q+A)-Aa+A) T =BA+A)".
]

Corollary 2.41. Suppose that t — A(t) € A is a C' — function 1 + sA(t) is
invertible for 0 < s <1 forallt € J = (a,b) CR. Ifg(t):=1+A(t) and t € J,
then

d ! —1. -1
o In(g(t)) = /0 (I1—s4+s9(®)  gt)(1—s+sg(t))  ds. (2.34)

Moreover if [A(t), A ()] =0 for all t,7 € J then,

D) =A@ (1+ A1) (2.35)

dt
Proof. Differentiating past the integral and then using Eq. (2.32)) gives
d ! 1 -
pr In(g(t)) = / (14 sA@t) " A@) (1 +sA@)  ds
0
1
= / (I+s(g)=1))"" g (1L+s(g(t)—1) " ds
0

:/0 (1= s+s59(1) " g()(1— s+ sg () ds.

For the second assertion we may use Eq. (2.33]) instead Eq. (2.32) in order
to immediately arrive at Eq. (2.35). ]

Theorem 2.42. If A € A satisfies, 1 + sA is invertible for 0 < s <1, then

eI+ — 14 A (2.36)
If C € A satisfies > oo | L|C™||" < 1 (for ezample assume ||C|| < In2, i.e.
ell€ll < 2), then
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Ine® = C. (2.37)
This equation also holds of C' is nilpotent or if X is a Hilbert space and C = C*-
with C' > 0.

Proof. For 0 <t <1 let
1
C(t):ln([+tA):t/ AL+ stA) ™ ds.
0

Since [C (t),C (1)] = 0 for all 7, € [0,1], if we let g () := e“(®), then

d . _

g(t) = WC(” =C(t)e’® = A1 +tA)" g (t) with g(0) = 1.
Noting that ¢ (t) = 1 + tA solves this ordinary differential equation, it follows
by uniqueness of solutions to ODE’s that e“®) = g () = 1 + tA. Evaluating
this equation at ¢ = 1 implies Eq. (2.36)).

Now let C' € A as in the statement of the theorem and for ¢ € R set

(oo}

. tC _ " n
n=1
Therefore,
o0 tn .
14+ sA(t) = 1+52_:1EC
with

ootn im
gszanc " <1for0<s,t<1.

n=1

oo tn .
n=1
Because of this observation, In (') :=1In (1 + A (t)) is well defined and because
[A(t),A(7)] =0 for all 7 and t we may use Eq. (2.35] to learn,
d

S (') = A() 1+ A1) = Ce!%e'C = C with In (") =0

The unique solution to this simple ODE is In (etc) = tC' and evaluating this at

t =1 gives Eq. (2.37). ]

2.5 C*-Banach algebras

We now are going to introduce the notion of “star” structure on a complex
Banach algebra. We will be primarily motivated by the example of closed *-
sub-algebras of the bounded linear operators on a Hilbert space. For the rest
of this section and essentially the rest of these notes we will assume that B is a
complex Banach algebra.
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Definition 2.43. An involution on a compler Banach algebra, B, is a map
a € B— a* € B satisfying:

. involutory  a™ =a

. additive (a4 b)* = a* +b* B
. conjugate homogeneous  (Aa)* = \a*
. anti-automorphic  (ab)* = b*a*.

Bl WO~

If % is an involution on B and 1 € B, then automatically we have 1* = 1.
Indeed, applying the involution to the identity, 1* =1 - 1* gives

1=1"=1-1")"=1"1"=1-1" =1%.
For the rest of this section we let B be a Banach algebra with involution, *.

Definition 2.44. If a € B we say;

1. a is hermitian if a = a*.
2. a is normal if a*a = aa*, i.e. [a,a*] = 0 where [a,b] := ab — ba.

3. a is unitary if a* = a1
Y

Example 2.45. Let G be a discrete group and B = ¢! (G, C) as in Proposition
We define * on B so that 6; = 6,-1. In more detail if f = deGf(g) dg,
then

Fr=Y"F)o=> F@)b = f(9):=Ff(g ).

geG geG
Notice that

(8461)" = 8l = Sgny-1 = On-1g-1 = 851841 = 5305

Using this or by direct verification one shows (f-h)" = h* - f*. The other
properties of * — are now easily verified.

Definition 2.46 (C* - algebras). A Banach * algebra B is

1. % multiplicative if ||a*a|| = ||a*|| ||l
2. x isometric if ||a*|| = ||al|
3. % quadratic if ||a*a|| = ||a|®.
We refer to item 3. as the C*-condition.

Remark 2.47. Conditions 1) and 2) in Deﬁnitionare equivalent to condition
3), i.e. x is multiplicative & isometric iff * is quadratic.

Proof. Clearly x is multiplicative & isometric implies that x is quadratic.
For the reverse implication; if ||a*a|| = |||’ for all a € B, then

2
lall™ < lla*[[llall = lall < fla™]-
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32 2 Banach Algebras and Linear ODE

Replacing a by a* in this inequality shows ||a|| = ||a*|| and hence Thus ||a*a| =
2 *
llall” = llall lla*] -
It is fact the case that seemingly weaker condition 1. by itself implies con-
dition 3., see Theorem 16.1 on page 45 of [2]E|

Definition 2.48. A C*-algebra is a * quadratic algebra, i.e. B is a C*-algebra
if B is a Banach algebra with involution * such that ||a*al| = ||a||* for all a € B.

Ezample 2.49. If X is a compact Hausdorff space then B := C(X,C) with

[fIl = sup | f (x)| and f* (2) := f (z)
reX

is a C*-algebra with identity. If X is only locally compact, then B := Cy(X,C)
is a C*-algebra without identity.

Ezample 2.50. If (£2, B, 11) is a measure space then L™ (u) := L (£2, B, : C) is
a commutative complex C*-algebra with identity. Again we let f* (w) = f (w).
The C*-condition is

[Kaxdl :sup{M>o; IfI2 < M ae. }
=sup {M?>0:|f| <M ae. } =|f]*.
Ezxample 2.51. Let H be a Hilbert space and B be a x — closed and operator
norm-closed sub-algebra of B (H). Then (B, ) is a C*—algebra. The key point
is to show ||A*Al| = |A||? for all A € B which we now prove in case you have

forgotten this fact.
Proof. If k € H, then

Ak = sup [(A"k,h)[ = sup [(k, Ah)]

1Al =1 Inll =1
< sup Kl ARl g = [[Allop 1F]l 4 -
Il =1

From this inequality it follows that [[A*|,, < [|A[,, . Applying this inequality
with A replaced by A* shows [|A]|,, < [[A*[|,, and hence [|A*|| = ||A| which
prove the isometry condition. Similarly,

1A = sup  ||AR|* = sup  [(Ah|Ah)|

heH:|[h||=1 hEH:||h|=1
= sup [(h|A"AR)| < sup  [[ATAR[ = [[A"A] (2.38)
heH:|[h|=1 heH:|[h|=1

! See https://en.wikipedia.org/wiki/C*-algebra for information about B* algebras
being the same as a C* algebra.
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and therefore, , ,
A" < [JA™A]| < [JA™]| | All = lA[I” .

Alternate proof. Using the Rayleigh quotient in Theorem 7?7 below, we
have for any A € B(H),

|AI2, = sup |[Af|* = sup (Af,Af) = sup (A*Af, ) =[|A"Al,, -
17l1=1 17l=1 17l=1

Remark 2.52. Irvine Segal’s original definition of C*-algebra was in fact a *-
closed sub-algebra of B (H) for some Hilbert space H. The letter “C 7 used
here indicated that the sub-algebra was closed under the operator norm topol-
ogy. Later, the definition was abstracted to the C*-algebra definition we have
given above. It is however a (standard) fact that every abstract C*-algebra may
be “represented” by a “concrete” (i.e. sub-algebra of B (H)) C*-algebra — see
Conway for details of how to do this by looking up the GNS construction.

Example 2.53. If A € Bis a C*-algebra, then using the fact that * is an isometry,
it follows that

Thus if A* = A, we find (ei?)" = e7'4" = ¢74 = (em)_1 , which shows e is
unitary. This result is generalized in the following proposition.

Proposition 2.54. Suppose that B is a C*-algebra with identity and t —
A(t) € B is continuous and A (t)" = —A(t) for allt € R. If u (t) is the unique
solution to

w(t)=A@)u(t) withu(0)=1 (2.39)

then u (t) is unitary.
Proof. Let u (¢, s) denote the solution to
w(t,s) =A)u(t,s) withu(s,s)=1

so that u (¢t) = w (¢,0) . From Proposition it follows that u (¢)~' = u (0,1
and from Proposition we conclude that

d 1 d _ _ .
() 1:au(&t):—u(O,t)A(t):—u(t) YA =u () TA®R).

On the other hand taking the adjoint of Eq. (2.39]) shows
w* (t) =u(t)" A(t)" with u* (0) = 1.

So by uniqueness of solutions we conclude that u* (t) = u (£) . |
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Lemma 2.55. If B is a C*-algebra and u € B is unitary, then ||ul| = 1. More-

over, if u,v € B are unitary, then ||uav|| = ||a|| for all a € B.
Proof. Since 1 = w*u, it follows by the C*-condition that 1 = ||1]| =
[u*u| = |jul|® from which it follows that |lul| = 1. If @ € B, then
[uav]| < [ull llal o]l = o] -

By replacing a by w*av* in the above inequality we also find that [ja| <
|lu*av*||. We may replace u by u* and v by v* in the last inequality in or-
der to show ||a|| < |luav| which along with the previously displayed equation
completes the proof. [

Definition 2.56. An involution * in a Banach algebra B with unit is symmet-
ric if 1 + a*a is invertible for all a € B.

Lemma 2.57. If H is a complex Hilbert space and B is a C*-sub-algebra of
B (H), then B is symmetric.

Proof. It clearly suffices to show B (H) is symmetric, i.e. that I + A*A is
invertible for any A € B (H). The key point is that for any h € H,

IRN* < [1P)* + |AR|* = (I + A" A) by h) < ||(1 + A A) B]| Al

and hence
(1 +A"A) R =[]

This inequality clearly shows Nul (I + A*A) = {0} and that I + A* A has closed
range, see Corollary Therefore we conclude that

Ran (I + A*A) =Ran (I + A*A) = Nul ([ + A*A)* = H

and so I + A*A is invertible and moreover, ||(I + A*A)™" H <L |

Ezample 2.58. Referring to Example with G = Z, we claim that ¢! (Z)
with convolution for multiplication is an abelian *-Banach algebra which is not
a C*-algebra. For example, let f := dy — d1 — d2, then
[7f=(60—6-1—0-2) (6 — 61 — d2)

=00 — 01 — 02+ (=01 + 00 +01) + (=02 + -1+ o)

=360 —d2 —6_2
and hence

I fll=3+1+1=5<9=3=|/f|".

See Exercise 7?7 for more on this example.
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Remark 2.59. According to Wikipediaﬂ condition 1. and condition 3 of Defi-
nition ?? are equivalent but the implication 1. = 3. is quite non-trivial.
Historically condition 1. is called the C*-condition on a norm and condition 3.
is called the B* — condition on a norm. Moreover, Wikipedia claims the term
C*-algebra was coined by I. Segal by which he mean a Closed * — subalgebra
of B(H) where H is a Hilbert space as in Lemma The “GNS construc-
tion” along with appropriate choices of states shows that in fact every abstract
C*-algebra has a faithful representation as a C*-subalgebra in the sense of Se-
gal, see Conway |1, Theorem 5.17, p. 253]. The B*-terminology has fallen out
of favour. [Incidentally, a von Neumann algebra is a w.o.t. (or s.o.t.) closed
x-subalgebra of B (H) and is often called a W* — algebra.]

As a consequence of Lemma and assuming Remark [2.59] every C*-
algebra is symmetric. We will explicitly prove this fact for commutative C*-
algebras below in Lemma 7?7 and in general later without reference to Remark

2.09)

Definition 2.60. If B is a C*-algebra and S C B is a non-empty set, we define
C* (8S) to be the smallest C*-subalgebra of B. [Please note that we require C* (S)
to be closed under A — A*.]

Ezxample 2.61. If T € B, then C* ({T}) = C* ({T,T*}) is the norm closure of
non-commutative polynomials in T, and T* without constant term. If 1 € B,
then C* ({T,1}) is the norm closure of non-commutative polynomials in T and
T with constant terms.

Before ending this section let us describe the C'*-subalgebras which are gen-
erated by commuting normal elements of B. First we will need the following
result.

Theorem 2.62 (Fuglede-Putnam Theorem, see Conway, p. 278). Let B
be a C*-algebra with identity and M and N be normal elements in B and B € B
satisfy NB = BM, then N*B = BM*. In particular, taking M = N implies
[N, B] = 0 implies [N*, B] = 0.

Proof. Given w € C let
u (t) := !N Be WM,
Then « (0) = B and
i (t) = we™N [NB — BM]e ™M =0

% See https://en.wikipedia.org/wiki/C*-algebra for information about B* algebras
being the same as a C* algebra.
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34 2 Banach Algebras and Linear ODE

and hence u (t) = B for all ¢, i.e. e*NBe™"M = B for all w € C.
Now for z € C let f : C —B be the analytic function,

f(Z) _ eizN*Be—izM*.

Using what we have just proved and the normality assumptionsﬂ on N and M
we have for any w € C that

F(2) = €N N gomwM o=izM" _ [izN"+wN] go—[wM+izM"]
We now take w = iZ to find,
f (z) _ ei[zN*JrEN]Befi[Z]\/IJrzM*]
and hence by Example and Lemma
1 )l = e
wherein we have used both, zN* + ZN and ZM + zM™* are Hermitian ele-

ments. By an application of Liouville’s Theorem (see Corollary we con-
clude f(z) = f(0) = B for all z € C, i.e.

i[zN*+2N]Be—i[2M+z]\/I*} _ ||B||

622N BefzzM — B.

Differentiating this identity at z = 0 then shows N*B = BM*. ]

Corollary 2.63. Suppose that B be a C*-algebra with identity and T =
{Tj};l:l C B are commuting normal operators, then T UT* := {Tj, T*}

is a list of pairwise commuting operators and C* (T, 1) is the norm closure of
all elements of B of the form p (T, T") where p (z1,..., zn, W1, ..., Wy,) s a poly-
nomial in 2n-variables. Moreover, C* (T, 1) is a commutative C*-subalgebra of

B.

Remark 2.64. For the fun of it, here are two elementary proofs of Theorem [2.62
for B = B (H) when dim H < oco.

First proof. The key point here is that H = @i‘eCEi‘/f where Eﬁ\w =
Nul (M — XI) and for u € EYf we have for v € EX that

(M*u,v) = {(u, Mv) = & {u,v)

from which it follows that (M*u,v) = 0if a # X or if @ = A and u L v.
Thus we may conclude that M*u = Au for all u € Ef/f . With this preparation,
NBu = BMu = B\u = ABu and therefore Bu € EY . Therefore it follows that
izN*+wN] _ izN* jwN

3 The normality assumptions allows us to conclude e[ e
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N*Bu = ABu = BA\u = BM*u.

Asu € EM was arbitrary and A € C was arbitrary it follows that N*B = BM*.
Second proof. A key point of M being normal is that for all A € C and
u € H,

(M = N ull® = (M = X)u, (M = N)u) = (u, (M = X)* (M = \)u)
— (u, (M = \) (M = A\ u) = (M = \)*u, (M = \)"u)
— (M =N

Thus if {u, }ng is an orthonormal basis of eigenvectors of M with Mu; = Aju;
then M*u; = \ju;. Thus if we apply NB = BM to u; we find,

NBuj = BMu; = \;Bu,;
and therefore as IV is normal, N*Bu; = XjBuj. Since M is normal we also have
N*Bu; = BA\ju; = BM*u,.
As this holds for all j, we conclude that N*B = BM*.

2.6 Exercises

Exercise 2.6. To each A € A, we may define L4, Rs : A — A by
LsB=AB and RyB = BA for all B € A.
Show L4, R4 € L(A) and that

ILallLcay = AL = 1Ralla)

Exercise 2.7. Suppose that A : R — A is a continuous function and U,V :
R — A are the unique solution to the linear differential equations

V(t)=A@)V (t) with V (0)=1T (2.40)

and

U(t)=-U(t)A(t) with U (0) =1. (2.41)

Prove that V () is invertible and that V! (¢) = U (t), where by abuse of no-
tation I am writing V=1 (¢) for [V (t)]”". Hints: 1) show LBV E)] =0
(which is sufficient if dim(X) < oo) and 2) show y (t) := V (¢) U (t) solves a
linear differential ordinary differential equation that has y = I as an obvious
solution. (The results of Exercise may be useful here.) Then use the unique-

ness of solutions to linear O.D.E.s
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Exercise 2.8. Suppose that A € A and v € X is an eigenvector of A with
eigenvalue ), i.e. that Av = A\v. Show e!4v = e**v. Also show that if X = R”
and A is a diagonalizable n x n matrix with

A= 8DS™! with D = diag(\1,...,\,)

then e/4 = Se!P?S~1 where e'P = diag(e*, ..., et*). Here diag(Ai, ..., \,)
denotes the diagonal matrix A such that A; = \; fori =1,2,... n.

Exercise 2.9. Suppose that A, B € A let adsB = [A, B] := AB — BA. Show
etABe t4 = etada (B) . In particular, if [A, B] = 0 then e*4Be™*4 = B for all
teR.

Exercise 2.10. Suppose that A,B € A and [A,B] := AB — BA = 0. Show
that e(AtB) = e4eB,

Exercise 2.11. Suppose A € C(R, A) satisfies [A (t), A (s)] = 0 for all s,¢ € R.
Show ,
y(t) = e(fo A(T)dT)x

is the unique solution to ¢ (t) = A (t) y (¢) with y (0) = .

Exercise 2.12. Compute €4 when

01
4= (50)
and use the result to prove the formula

cos(s +t) = cosscost — sin ssint.

Hint: Sum the series and use e'4e’4 = e(t+9)4  Alternatively, compute

d> tA _

Z=e —et and then solve this equation.

Exercise 2.13. Compute e!4 when

Oab
A=|00c
000

with a,b, ¢ € R. Use your result to compute e!*+4) where A € R and I is the
3 x 3 identity matrix. Hint: Sum the series.

Exercise 2.14 (L. Garding’s trick I.). Prove Theorem i.e. suppose
that T; € A for t > 0 satisfies;

1. (Semi-group property.) Tp = Idx and T;Ts = Tyt for all s, ¢ > 0.
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2. (Norm Continuity at 0+) ¢ — T} is continuous at 0, i.e. | Ty — I|| 4, — 0 as
t10.

Then show there exists A € A such that T} = et where e!4 is defined in
Eq. (2.10]). Here is an outline of a possible proof based on L. Garding’s “trick.”

1. Using the right continuity at 0 and the semi-group property for 73, show
there are constants M and C such that ||T3|| , < MC* for all t > 0.
2. Show t € [0,00) — T} € A is continuous.
3. For € > 0, let
1 €
S, = f/ T.dr € A.
€Jo
Show S. — I as ¢ | 0 and conclude from this that S is invertible when
e > 0 is sufficiently small. For the remainder of the proof fix such a small
e > 0.
4. Show

1 t+e
TtSE = g/ T-,—dT = SETt
t

and conclude using the fundamental theorem of calculus that

d 1

aTtSE = g [Tt+€ - Tt] for t > 0 and
d . T, -1 1
%|0+Tt55 = ltlj](?( tt )Ss=€[TE—I].

5. Using the fact that S. is invertible, conclude A = limy ot~ (T, — I) exists

in A and that 1
A= g(TE—I)SE—l

and moreover,

d
%Tt :An for t > 0.

6. Using step 5., show %e*mTt = 0 for all t > 0 and therefore e *AT, =
eioATO =1

Exercise 2.15 (Duhamel’ s Principle). Suppose that A : R — A is a con-
tinuous function and V' : R — A is the unique solution to the linear differential
equation (2.40)) which we repeat here;

V(t)=A@)V (t) with V (0) = I.

Let Wy € A and H € C(R,.A) be given. Show that the unique solution to the
differential equation:
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W (t)=A(t)W (t) + H (t) with W (0) = W, (2.42)
is given by

W) =V () Wo+V (1) /0 VO H () dr (2.43)

Hint: compute %[V =1 (t) W (¢)].
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