Math 270B: Numerical Analysis (Part B)
Winter quarter 2023

Homework Assignment 5
Due: 10:00 am, Wednesday, February 15, 2023.

. Given q1, ..., ¢, € P. Prove that they are linearly independent in P if and only if the Gram
matrix G(qi, - .., qm) = [Gij]]=; is symmetric positive definite, where

b
Gij :/ pi(w)p; () dz, ij=1,...,m.

. Use the Gram—Schmidt orthogonalization to construct the orthogonal polynomials @)y, Q1,

and Q, on [0,1] from go(x) = 1, ¢1(z) = x, and () = 2°.

. Let {Q,}22, be orthonormal polynomials on [a,b]. Define K, (z,t) = Y ,_, Qu(z)Qx(t) for
all n > 0 and all x,t € R. Show that

b
pn(T) = / pn(t)Kp(x,t) dt Vp, € P, and x € R.

. Let u,v € C%([0,1]) be such that u(0) = u(1) = v(0) = v(1) = 0. Let \,u € R be such
that A # p. Assume that —u” +u = Au and —v” + v = pv on [0, 1]. Prove that u and v are
orthogonal in L?(0,1).

. Let Py(z) = (2"n!)~ [(2? — 1)"] e (n =0,1,...) be the Legendre polynomials. Let r > 1
be an integer. Show that

1
/ pr) (x)P(T) (x)(1— x2)rdm =0 if m,n > r and m # n.



