Math 270B: Numerical Analysis (Part B)
Winter quarter 2023

Homework Assignment 7
Due: 10:00 am, Friday, March 3, 2023.

. Let xg,...,z, € [a,b] be distinct, L, : C([a,b]) — P, the corresponding Lagrange interpola-
tion operator, and [y, ..., [, the associated Lagrange basis polynomials. Prove the following:

(1) NLnfllcqasy < Mnllfllcae) for any f € C([a,b]), where A, = maxa<o<p D7 1 (2)];
(2) There exists a fy € C([a, b]) such that || follc(as) = 1 and || Ly follc () = Anll follc(am)-

. Let n > 0 be an integer and X, the set of (zg,...,x,) € R™*! such that xy, . .., z,, are distinct
points in [—1, 1]. Prove that the function N(xo,...,x,) = max_j1<,<1 [(x — o) ... (x — x,)|
has a unique minimizer in X,,. Find this minimizer and the minimum value.

. Letn > 1and Qo, . . ., @, be orthogonal polynomials on [a, b]. Let x1, ..., x, be the n distinct
zeros of @), in [a,b]. Prove for any distinct points v, ..., y, € |a,b] that
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. Let Qo,Q1, ... be orthogonal polynomials on [0, 1]. For each n > 1, let xi”), ..,z denote
the n distinct zeros of @, in [0,1] and L,y : C([0,1]) — P,_; the associated Lagrange
interpolation operator. Let f € C([0,1]). Prove that || f — Ln_1f|[;2¢ 1) — 0

. Let N > 1 be an integer, h = (b — a)/N, and z; = a + jh, j = 0,...,N. For any
f e C(la,b]), let I, f € C(la,b]) be such that I, f € P on each [z, 1,z;] (j=1,...,N) and
Inf(xz;) = f(z;) (7 =0,...,N). Prove the following:

(1) If f € C*([a,b]) and My = max,<,<p | f”()|, then

mas |f(x) — (/) (&) < “2h

a<z<b
(2) If f e C*(a,b]), M3 = maxa<p<p |f"(x)|, and m; = (1 +x;)/2 (j = 1,...,N), then

max |f(my) — (Inf) ()] < 312,

1<j<N - 24

6. Let n =1 and a = xy < 1 = b. Show that the Peano kernel K;(z,t) is given by

(t—a)(x—b)/(b—a) ifa<t<z<b,

Ki(z,t) = {(x—a)(t—b)/(b—a) ifa<zxz<t<hb.

Let h € C([a,b]) and define
u(z) = /b Ki(z,t)h(t)dt  Vzx € |a,b].

Show that uv”(x) = h(x) if a < x < b and u(a) = u(b) = 0.



