Math 270B: Numerical Analysis (Part B)
Winter quarter 2024

Homework Assignment 4
Due: 10:00 pm, Thursday 8, 2024.

1. Let f € C([a,b]) and define

b
un(f):/x"f(x)dx, n=0,1,....
Show that f(x) =0 for all x € [a,b] if and only if w,(f) =0 for alln =0,1,....
2. Let n > 0 be an integer and T,, the n-th Chebyshev polynomial. Show that

1 , 1
/_I[Tn(:v)] —1-

3. Let n > 0 be an integer and T,, the nth Chebyshev polynomial of first kind. Let P € P,
satisfy that |P(z)| <1 for all x € [—1,1]. Show that

Py)| < |Tu(y)l  Vy & [-1,1].
4. Let f € (5 and n > 0 be an integer. Prove that there exists T,, € T,, such that
Hf - TnHCzw < Hf - Sn”Czw \V/Sn € Tn.

5. Given any function g on [a, b], define

. (b —a)cosh + (a+ b)
g (9)=g< 5

Let f € C([a,b]) and n > 0 be an integer. Let p € P, and T' € T,, satisfy
1f = plleqen = En(f) = min || f = qllcgem),
q€Pn
I = Tlles, = Ex(F) i= min £ = Slca.
€T

Show that E,(f) = E(f*) and that T' = p*.

) vl € (—o0,00).

6. Define x(z) = —-1if -1 <z <0and x(z)=1if0 <z <1

1. Show that inf fec (1,1 SUP_1<,< | f(2) —x(x)| = 1, and that there exist infinitely many
[ € C([-1,1]) such that sup_,,<; [ f(z) — x(z)| = 1.

2. Show that
mf / | f( z)[2dz = 0,
fec(-1,1)

and that there exists no f € C([—1,1]) such that

/|f o)z = 0.

7. Let a,b € R with a < b, f € C([a,b]), and € > 0. Show that there exists a polynomial p such
that || — pllzen < =

8. Find the least-squares approximation of f(z) = z* in P; over [0, 1].



