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Why is Htt 'll used in Thin 98 ?

HAH only bounds how much A can lengthen vectors.
Fill bounds how much A shrinks vectors (and the concern
for invertibility is that a nonzero vector gets shrunk to the O vector)

Suppose A ELURU is invertible

for all
ye Rn IA' '

y I ⇐ HA
' 'll ly. I

setting x = A-
'

y we obtain

txt ⇐ HA- 'HI Axl

meaning IAxl ± 1¥11 IN
This holds for all x ER"

In general, (still assuming A invertible)

⑦ the Rn htt ' txt ± IAH E HAH . lxl

and HAH and HA' 'll are the smallest real
④

numbers for which the above statement is true

In Thin 9.8 require HB-Alk HATH



Why are the two formulas for HAH equal ?

By definition HAH = 4¥19 IAH

clearly HAH ± xeskfixt.itAxl since Exeat : 1×1=13 Efx een : IxKB
.

On the other hand
,
consider any xER

" with lxkl .

Cased :
x - O

.

Then Ax=O so tax 1=0 Eyesight Htyl .

Casely: x to. Set t = HT . Then I txt =/ and since til

we have

IAxk-thtxl-IAtxltyskn.PH#lAyl
So yesihfytt htyl is an upper bound to { Axl :

x HR
"

,
IxKB.

Therefore HAH Ey fifty# Kyl . We conclude
HAH -- yes"Hyt⇒ htyl



Why is GLLRD open ?

Recall if CX, d) metric space and UEX , then
U is opere

if VXEU Ir >O Br Lx) EU .

GURU is open by Theorem 9.8④ since

for every AEGLLRD 13¥, (A)
E GLURD
in
-
Ft BE LURV

BE 13¥,
④⇒ HB-All entity ,

④

Be GURU



Ch
. 9
#
8

f : E -7112
,
EE IRN

f differentiable
,
local max at x

.
Show ftw =o.

Write flxthd -fad = fExoht rCN where 44¥→O as heo
Towards a contradiction

, suppose ftw .

Then there is he Rn with ftxh to
.

By replacing h with - h if necessary, can
assume flash > O .

+
Then for all

Set E = an f
'Koh

.
t.IO close enough

to 0 so that
'r¥t E we have

f- txtth) - fad = tf 'Wh t r Ith)
± tf

'

Koh - lrlthdl
± tfWh- et tht
= t (Huh - elhld
I tztfkxh >0 .

Thus x is not a local max
,

contradiction
.



If giveAfew why is g
'

GO -- Aflw ?

Claim : If AE LURM, RK) , f : IRN -7km

and glad =A fad then glad =A FEW
(assuming f 1×0 exists

Pf : we have

thingt.gl#hO-glx0-Aftwhllhl=hmgolAlfLxth0-fcxo-ftwhI
1h I

⇐ Limo HAH . Lftxthnhftxhl = 0 a



Why do Lebesgue-measurable non - Borel measurable sets exist ?

Fact : let m be Lebesgue measure on IR? If A c-Mcm)
and m (A) =0 then BeMcm) for all B c- A -

PI: Since 0 = m (A) = m*(A) and m* is monotone
,
so

b- BE A m
* (B) =0 . This means Be Mr. Cmd e- Mlm)

because Bn → B where Bn = 0 EE
(Bn→B since ¥1b mx-CBAB.fm#lBJ--O)

Fact : If C is the Cantor set then m (c) -0
.

PI: Given in class
.

So C is an uncountable compact set and every subset
of C is Lebesgue measurable .

However
,
the collection of Borel sets contained in C

coincides with the Borel o-algebra of C
( for

any metric space ↳d) the Bonet G-algebra is
by definition the smallest o-algebra containing all opa sets)

(has a cntbl dense subset]
Fact : If LX,d) is an uncountable separable complete

metric space , then there exist subsets of ✗ that
are not Borel



Continued from previous page
Fact: CX,d) uncntbl, separable, complete.

Then 13101=11121
.

PI : Claim : / { UEX : U open31=11121

PI : Let ✗
•
EX be cntbl dense .

Set + = { Bqlx) : q±QqeQ ,
✗ c-Xo}

Sfor
any open UEX and any ✗EU

(¥11merisafe.BE#aITyYjYh...xc-Bek0c-U . clearly true for
Cantor set by

↳ This shows V-
open UEX 1-I c- IN a = ¥= Vi considering the

open sets
Therefore /{UEX : Uopen} / ⇐ FEI :-ÉB= too

,
xdnc

Reverse inequality ± -
.
. . ? I for ✗ c-C

Claim implies 131601 ± 11121
.

let N= Baire space = { × : IN→ IN}

Fact : Every Borel set AEX is the projection
of a closed set BE ✗ ✗N

(A = { ✗ c- ✗ : 1- yet GayJEB} )

By first claim , Xxtr has at most 11121 -manyclosed sets
.
So by above fact 1311×01<-11121 .

☐



Continued from previous page
Fadi /{ Y : ✗ c-✗31 > 1×1=11121

PI " t > " by Math 109

N is a metric space : if ×
, y

: IN→ IN

dlx
, y
) = inf- { 2" : ne IN H Ktn ✗ (Katy403

⇐ 1

Fact : Every Borel set AEX is the projection
of a closed set BE ✗ ✗N

(A = { ✗ c- ✗ : 1- yet GayJEB} )

PfSketch : Set A = { A EX : I closed BEXXN with ⇒(B) =A}
.

Check that A is a a-algebra and contains everyclosed subset do ✗ . Since BAD is the smallest
o- algebra containing all closed sets, BKO c-A



Measurable Functions

Fact : f :X→ too
,
+it is measurable iff

b- A c- BURJ f- '

(A) em

In general , if LX
,
M
,
m) and LY

,
N
,
r) are

measure spaces then a function f : ✗ →y is

measurably if
AER f- '

(A) c- Nh

So for the definition of measurable we use in class
,

we take the codomain IR to be equipped with
BURJ by default.

✗ c-✗ I→ few c- R l→g(fw) c- IR



Chapter 11 Problem 12

The answer is yes .

To see this
,

it suffices to
show that whenever a sequence lxn) in [0, it

converges to ×
, glxn) →glib as n→os .

Consider such a seq . (xn) .
Define f. 4) = fkn, y) .

By (b) V-yfr.ly) → flx, y) . Also U-nV-ylfr.ly) 1<-1
and 5 ! I dy

' •
,
so by Lebesgue Dominated Convergence Theorem

gtx-fiflx.yddy-fiti-F.f.ly) dy
= II. Jifnlydy =L:b glad . ☐



Fatou's Theorem - Different Perspective

Fix E>0 .

Define En = { ✗ c- E
'.im#-nfncx > G-e)fad }

Then E
,

c- Ez E - - - and since f-④ =
"THE fncx) (t)

we have ltx c- F- In ✗ c- En
,
or equivalently¥9 En = E.

Since the fis are non- negative , we have
b-m±n ¥11-e) f- du ← ¥.fm du = JE.fm dont {⇒Enfmdon

= Efm Im
Taking liminf as m→ as we obtain

¥11-Edf due ± link;¥ Sefm du
Next by Theorem 11.24 and Theorem 11.3 we can take
limit as n

→ as to obtain
4-e)Sef du = Sell-e) f-du = ¥1 Send-e)fdu ⇐ 1mn11! ¥ fmdm

Now take limit as E →0
.

④ few = III! fmkj-hiI.im#nfmlxj

Summary : If n is large enough,
for "most " points ✗ EE we have G-e)fcxjsfnlx)
and thus

-e)film # JE fndil



Chapter 11 Problem 7

M-di.IT#.33 :

let a ⇐ to be real numbers
,
let d : R→ 112 be

monotone increasing . Define

salad if ✗sad
,
G) = idk if as ✗ Eb
↳(b) if × > b.

let µ be the measure obtained from using
a

,
in

Ex
.
6. (b) .
④ If ftp.ablad then f-Elka,5bar) and

Sab f- d.µ = piabf do
⑨ Suppose f- is bounded

. Then f- c- Rab (a)
iff f- is left -cont . at every point q is not left

- cont
,

f is right -cont . at every point o, is not right -cont,
and the set of points where o,

is continuous

and f- is discontinuous has µ -measure 0 .


