
(Proper) coloring of a graph = a way of coloring the vertices so
that no two adjacent vertices have the same color.

k-coloring = a coloring that uses exactly k colors.
(If a k-coloring of G exists, say that G is k-colorable.)

Chromatic number �(G) = smallest k so that G is k-colorable.

warm-up.ro↑
find

*



Special case with an easy/niceorderfor

greedy digi

·let G is dodegenerate ifeverysubgraph
of G has a rty of degrees d.

I
8 =d

=
1

Idea:order utes so few edges "looking back

stregy putlow-deg tys a end of

ordering.



Drop 16.4.1 If G is dudegenerate,Ad
-I

i.e., G is rdt-colorable

↑I define ordering vi,Va, ..., un ofrtys

of G recursively:

Letus be a uty of degrees d
rexists bic G is d- degenerate).

Id edges
-
-I
-Un

G - Vn

subgraph of 6

-
Delete Un G- Vn also has ->I rtx

of degree id. Cheese one, call itun-r

ed(d,d
Recurse,

till no tes .
remaining.

Now, greedily
G -Vn-Vn. Un- Un

color G in the order

vi, V2, ..., ve. By construction, each vi has

& wbrs among viction, vie. So if we have

&+1 colors, when it's time to cover vi, there's

↳ I color available.I del colors used total



3The LetGo be a connected graph with

max degree 1. If G is nota complete graph
or an odd cycle, then,

X(G) =1.

RoksThe Today Inext time.

sye?2. Then,

Check:the only connected graphs
with 12 are paths, cycles, or isolated rtys.

& &

-it & R -e
& e & 00 0 &

X =2,1 =2
even odd X=2,1 =1X

=1,
1:0X =2,1 =2 X =3,1 =2

I & x =st
x =1

⑯we see
In all cases XG)=1, unless G is a

complete graph or an odd cycle. I



dercase 13.

LetG be a connected graph with max degree
13 thatis nota complete graph (i.e.,
a G +(1 +1)
Todd cycle has 1 =2,

so not an option

want to show:XG=1.

Idea do greedy coloring, try to save
jae: remember, greedy

coloring always uses 1+1 colors,

so we only need to reduce by one!



pick est
available

i.e.,
ateach stepI color

Strategy Do gedy-ring on some vey order

V., V2, ...,w "Dream orderingwould be:
/ -nee

ruror) -n 41 -1

⑧ ⑧ .......
~ Ve vi Un

so thateach vi has A neighbors
am on g V., V...., Viet backward abus

Then atstep i, there is available color

from among A colors thatcan be used for vi.

surprisingly, this dream order is

a

most possible!



Lemma for any connected graph G

R rtys, and any reVG), there is

a toordering v, V2, ..., vn=v so thatvi

has devil-trbus among v.,..., Viet

for alli exception.

A

dea Do BIS for DFS) order, with

V as the root, then reverse the ordering,
to get wire, ..., G

rat vty
added to

added to tree

tree

has brancestor"in the tree. axmaEvery uty v,other than the root

=>vihas 3/aby layer in the

ordering, i.e. in vie..., Vn

=>vihas sdatvil-abus in vicka, ..., Vier



Butwhat to do about rootvty?

#there is a to revel with

degree-1, apply remma, then do

greedy coloring =>uses? A colors.

·
V Vz - Un- W

But if every
tohas degree 1, we're out

of luck In Need to "save a color some

other way
for lastto v

still haven'tused the assumption thatof get



Take any
ty v, has degree 1. Since

6 FKsx, I must have a missing
edge"n,w in its nbhd.

if every two ubrs of a were ·adjacent, getKs+if

Trick apply Lemma to G now

using as
the root.

2)
BFS orderr

⑱... with

⑧--- 8 -

U W

6 - u - w

Then put n,w at the beginning, and

greadily color.



· Since , w notadjacent, both colored with 1st

color.

· For each subsequent tobefore v, s A-

ubus earlier in ordering,3 color

ana:lable.

· And for v, Aubrs, but 1-

colors used on bus of since n,w

have same color) 3 color available.

=>colored G with II colors! I

*Notquite done though! There was a

subtle flaw in this argument. Can you spot it?



To apply Lemma to G now rice.

to build BAS tree), need G - now connected!

What if G-now is disconnected?

Then G is made ofnearly disconnected

"chunks". Maybe we can color the

chunks separately, then fuse the colorings
9 u and wi

0feels like a 1
⑧

divide & conquer
-

algorithm! Iuse induction ⑰
This is what we'll do next time!




