Math 154 Homework #3

Spring 2023
Due date: 11:59pm Pacific Time on Wed, Apr 26 (via Gradescope)

On the first page of your work, please write a list of everyone with whom you collaborated on this
assignment, as well as any outside sources you consulted, apart from the textbook, your notes, and
the course staff. If you did not collaborate with anyone, please explicitly write, “No collaborators.”

Problem 1. In a tree, a leaf is a vertex of degree 1. Prove that any tree on n > 2 vertices has at
least two leaves.

Problem 2. Show that if GG is a graph in which there is a unique path between each pair of vertices,
then G is a tree.

In fact, the converse is also true: in any tree, there is a unique path between each pair of distinct
vertices. This means that we can give another characterization of trees: G is a tree if and only if
there is a unique path between each pair of distinct vertices. If you are interested, I encourage you
to try proving this as well!

Problem 3.
(a) Prove that any forest with n vertices and k components has exactly n — k edges.
(b) Prove that any n-vertex graph with at least n edges contains a cycle.
Problem 4. Answer Question 3.3 at the end of chapter 3 of the textbook.
For part (a), you can interpret “show all your work” as “clearly list the order in which the vertices

are added to the tree.” For parts (b)—(d) [bonus — see below/, you do not need to show any work or
justify your answers. And this is the graph you should reference for this problem:


https://www.gradescope.com/
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Parts (b)—(d) are bonus, since we didn’t define height of a rooted tree, radius, or
diameter in lecture on Friday! (If you don’t do them, you can still get full credit for HW3, but
if you do them all correctly, you’ll get 2 bonus points). I do recommend doing these, since we will
use these definitions again, including on quizzes/exams. We'll define all these terms in Monday’s
lecture, or you can also read the definitions from the book.



