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ABSTRACT

Let X be an elliptic curve or a ramifying hyperelliptic curve over IF,. We will discuss how to
factorize the coefficients of exponential and logarithm series for a Hayes module over such a
curve. This allows us to obtain v-adic convergence results for such exponential and logarithm
series, for v a “finite” prime. As an application, we can show that the v-adic Goss L-value

L,(1,¥) is log-algebraic for suitable characters W.
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CHAPTER I

Introduction

In the number field case, it is known that the exponential series

=2
n=0
converges for all z € C, with |z|, < pfp%l, and the logarithm series
o0 Zn
log(1 =y (-1
oul1+2) = 317
converges for all z € C, with |z|, < 1. See | , §IV.2] for example.

In the function field case, characteristic p exponential and logarithm functions arising
from Drinfeld modules were first studied by Carlitz [ ] and Drinfeld | ]. Let X be a
smooth, projective, geometrically connected curve over F,. We pick a closed point oo on X,
and let A :=I'(X — 00, Ox), K = Frac(A). The idea of a Drinfeld module is to define another
A-action (other than scalar multiplication) on the function fields and their field extensions.
To distinguish the action and the space being act on, we set A, K to be an isomorphic copy
of A, K respectively, and use non-bold characters to represent spaces being act on.

We are particularly interested in a special class of Drinfeld modules, called sgn-normalized
Drinfeld modules, or Hayes modules. They were first investigated by Hayes | 11 ],
who utilized them to work out the class field theory of function fields. The simplest case of
a Hayes module is when X = P!, A = F[t], A = F,[6]. What we get is the usual Carlitz

module | |. In this case,

- 1 .
=2 (07 — 0)( T
) (TR ()

n

1 2"
o8, (# ; 9 01).--(0—07)
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Similar to the number field case, there is a v-adic convergence result for these series, where
v is a place of K = F () corresponding to a prime ideal p in A. This can be found, for

instance, in | | (where we take the special case of dimension 1 from the paper).

1

® ¢,(z) converges in C, for all z € C, with v(2) > 5=

e log,(z) converges in C, for all z € C, with v(z) > 0.

We call the functions on C, defined by these series e, ,(2) and log, ,(2) respectively.
Anderson | | gave an application for the v-adic convergence, showing that the value

of v-adic L-function L, (1, x) for a character x : A — A/p — C, is “log-algebraic”. Namely,

i a;log, , S
i=1

for o;, S; € K. A similar application is given by Anderson and Thakur | |, which uses a

it is of the form

higher-dimensional version of the v-adic convergence to compute certain v-adic zeta values.

1.1: Main results

In this thesis, we will generalize the v-adic convergence result to more general Hayes modules.
Specifically, we study the case of an elliptic curve or a ramifying hyperelliptic curve, i.e. a

curve with an affine model
['(X — o0, 0x) = F[t,y]/(y° + Fa(t)y — Fi(t))

for some rational point co on X, see Chapter III. Fix a Hayes module p for the pair (X, o)
and a place v other than oo on such a curve. The exponential and logarithm series e,(z) and
log,(2) for p have coefficients in a finite Galois extension of K, see §11.3.4. Fix an embedding
K — C,. Our main result is that:

Theorem V.3. The power series e,(z) converges in C, for z € C, with

1
>Cy + Cy————
'U(Z) 1+ 2(]03—17

where C1, Cy, C3 are explicit constants, to be given in V.3. In particular, C; is related to the
Drinfeld divisor V' (to be defined in Chapter 1), Cy to some ramification indices, and Cs to

the degree of v and some inertial degrees.

Moreover,



Theorem V.2. The power series log,(z) converges in C, for z € C, with v(z) > 0.

Similar to the Carlitz case, we call the functions on C, defined by these series e, ,(2) and
log, ,(2) respectively.
As an application, we will prove a similar log-algebraicity theorem for v-adic L-values

over these curves.

Theorem VI.10. Let VU be a multiplicative character of conductor v on the group of A-

fractional ideals prime to v. Then L,(1,x) is log-algebraic, i.e. there exists
Qp, - 7a87517"' 7Ss €F7

with v(S;) > 0, such that

= Z a;log, ,S

To prove Theorems V.3 and V.2, we recall an expression of e,(z) and log,(z) given by
Thakur, Anderson | , 0.3.6, 0.3.8], Green and Papanikolas | , Corollary 3.5]. These
expressions are given in terms of a special function f, called the shtuka function, which was
first studied by Thakur | | and realizes the correspondence that Drinfeld showed in

[ |. The expressions are:

n+1

logp Z 5 f (n) -

where = is the point corresponding to A — A — C, 0 is a function derived from the shtuka
function f, and (n) is the Frobenius twist. See Chapter II.

We then proceed to study the coefficients by a factorization. The factorization will be

(n)

done via Proposition IV.1. Essentially, it tells us that the ideal generated by a sufficiently
integral function can be factorized into a product of ideals given by the zeros of the function.
Applying this to our coefficients, we will be able to obtain the factorization of the exp and log
coefficients from the divisors of the shtuka function and its twists. We then use some basic
theory of extension of valuations to study the valuations of each of the factors in Chapter
V, thus proving Theorems V.3 and V.2.



1.2: Outline of Thesis

We will first recall some theory on Drinfeld modules, Hayes modules, and shtuka functions in
Chapter II. In Chapter I1I, we will derive a simplified expression for the logarithm series for
our curves, following Green and Papanikolas | , Corollary 3.5]. Chapter IV is where we
prove the proposition IV.1 mentioned above that allows us to factorize functions according to
its divisors. We will then prove Theorems V.3 and V.2 in Chapter V. In Chapter VI, we will
discuss the background of Goss L-functions on function fields, and show the log-algebraicity
theorem VI.10 for v-adic Goss L-value L,(1, V) as an application of our results. Then we

will give some examples as well as discussing possibilities of generalizations in Chapter VII.



CHAPTER 11
Drinfeld Modules

I1.1: Notation and Definition

For expository purpose, we will give the basics of Drinfeld modules in a more general setting,
rather than just restricting to elliptic curves and ramifying hyperelliptic curves.

Let IF, be a finite field of ¢ elements, X be a smooth projective geometrically connected
curve of genus g over I, and K the function field of X. Let co € X(F,) be a closed point
of degree do, with residue field Fo, := Ok__/(o0), and A := I'(X — 00, Ox) be the ring of
functions regular away from oo. Since X is finite over P!, A is a finite module over F,[t] of
positive rank. We suppose F,[t] is the affine coordinate ring of P! —co (the image of oo in the
cover X — P'). Thus oo € X(F,) lies above the valuation v (f) := —deg, f for f € F,[t].

Let K’ be a field extension of K. Then A acts on K’ via the usual scalar multiplication.
The idea of a Drinfeld module is to have another F,-linear action of A on K’. To distinguish
these two actions, we set A to be a ring isomorphic to A with an F, -algebra isomorphism
t: A — A, and that F,[t] is mapped to F,[f] via ¢. An easy way to think about A is that
it has different names for the variables than A. For instance, we have F[0] instead of F,[t].
We define K := Frac(A) to be the counterpart of K, K., to be the completion of K at the
place corresponding to oo in K, and C,, := (K,)" to be the field by taking an algebraic
closure of K, and then completing it. From now on, the field K’ is a field extension of K,
not K. For us, K’ is usually C.

A table for comparison with number fields is given below.

- F,[0]
Q F,(0)
K/Q finite K/F,(0) finite
R Koo =F,((3))
C Coo i= (Koo)"
C, C, (where v is some finite place of K)



For any field extension K’ of K, we denote the integral closure of A in K’ to be Ok. We
use the same notation to denote the ring of integers if K’ is any local field.

As we mentioned, a Drinfeld module is a second A-action (non-scalar multiplication) on
K’ that are Fg-linear endomorphisms, i.e. elements of Endg, (K’). Let 7 be the Frobenius
map on K', 7(f) = f?% Then the set of polynomials K’[7] is a subset of Endg, (K’). In fact,
it is a non-commutative subring, where the multiplication is composition of endomorphisms
rather than the usual multiplication of polynomials. To emphasize the distinction, we set
K'{1} to be the ring of twisted polynomials, i.e. the non-commutative subring of Endp, (K”)

where the underlying set is K’'[7]. Explicitly, the multiplication is defined by
Ta = alt for a € K'.

We are ready to define Drinfeld modules.

Definition IL.1. A Drinfeld module over K’ is an I -algebra homomorphism
p:A— K'{r}
a— pa
such that
1. the “constant term” of p,, i.e. coefficient of 70 of p,, is t(a);

2. (non-triviality) there exists a € A such that p, # ¢(a)7°.

Example II.2. The most basic example of a Drinfeld module is the Carlitz module. Let
A =F,t], and K' = K =F,(0) with ¢ : A — K given by t — 6.

Definition I1.3. The Carlitz module is the F, -algebra map ¢¢ : A — K{7} defined by
¢C,t =40 + 7.

For instance, for z € K,
bor(z) =0z + 2%

Example II.4. Our second example is over A = Fi[t,y]/(y*> — (1> —t — 1)). Let A =
Fs3[0,1]/(n* — (6> — 6 — 1)), and fix the isomorphism A — A with ¢ — 6§ and y — 1. Let
K' = K = Frac(A). We define p: A — K{7} by

pr=0+n0"—0)r+72 p,=n+nn®—n)7r+ 0" +n*+n)r° +7°

6



One can check that this is well-defined, i.e. pip, = pry = pypr.

In general, a Drinfeld module does not need to be defined over a field extension of K.
However, we will not go into this more general definition. Interested readers can check the

standard references | : ]

I1.2: Properties of Drinfeld modules

In this section, we will outline some basic properties of Drinfeld modules.

I1.2.1: Rank

The closed point co € X (F,) defines a valuation vy, on K or K, via the order of vanishing
at oo. Since K/F,(6) is finite, the value group v (K*) is discrete. Upon normalization,
we set Uy such that the value group v, (K*) is Z. For a € A, we define the degree of a to
be dega := —dyvs(a). By abuse of notation, we sometimes talk about the degree of an
element in A, via the isomorphism A — A.

From the examples of Drinfeld modules given, one can observe that the degree of p,, as

a polynomial in 7, is related to the degree of a, equivalently v (a).

Proposition II.1. (/ ] 4.5.1, 4.5.3) Let p : A — K'{r} be a Drinfeld module. There

s a positive integer d, which we will call the rank of p, such that
deg, p, = ddega.

Example I1.2. One can check from the definition that Carlitz module I1.3 is of rank 1. As
for example 11.4, we have deg(t) = 2 and deg(y) = 3, so the example is also of rank 1.

Example I1.3. Let 2t ¢, A = F [t], L = F,(v/8). Define p: A — L{r} by p, = 6 + (V0 +
\/éq)T + 72, Then p is a rank 2 Drinfeld module.

11.2.2: Over C,: Exponential Function and Uniformization

Historically, Drinfeld modules over C., were constructed as a characteristic p analogue of
elliptic curves over C, possessing a uniformization property and reduction theory. The usual
uniformization theory of elliptic curves states that all elliptic curves over C are isomorphic to
C/A for some lattice A C C, i.e. a discrete finitely-generated Z-module. Due to the topology
of C, a lattice has to be of rank 1 or 2. However this is not the case in function field. We

define an A-lattice in C,, to be a discrete and finitely-generated A-module in C,,. A lattice



in C., can be of arbitrary rank, since [Co, : K] is infinite, in contrast to [C : R] = 2. Notice
that we do not require that a lattice to be cocompact in C,, and in fact it is never going to
be the case.

We call the rank of a lattice to be its A-rank. Two lattices A, A’ C C, are homothetic
or isomorphic if there is ¢ € CX such that A = cA’. Given a non-zero lattice A C C, its

corresponding exponential function is defined as

expp(z) =2 [T (1-5)

A€A

where the product is taken in the order of increasing |[A|. This gives a power series over
Coo, which converges for all z € C. Since A is in particular an F,-module, the exponential
function is F,-linear, and hence the power series is a power series in z7 . As an endomorphism
of C,, the exponential function exp, has kernel A and is surjective. This defines an A-action

on the image C., via multiplication by ¢(a) € A in the domain.

c.. 19 ¢

lepr lp
C, —2 Cy

That is, p.(expy(z)) = exp,(t(a)z). As the notation suggests, this A-action gives a
Drinfeld module p : A — C,{7}. The rank of p as a Drinfeld module is the same as the
rank of A as a lattice.

The uniformization theorem states that given a Drinfeld module over C,, there is an
associated exponential function and a lattice A C C,, which is the kernel of the exponential

function.

Theorem I1.4. (/ ] 4.6.7, 4.6.9) For each Drinfeld module p : A — C{7} of rank d,

there is a power series exp,(z) € Cyo[[2]] such that
e exp,(2) =z + O(29);

o foralla €A,
exp,(¢(a)z) = pa(exp,(2)).

Moreover, the kernel of exp, is an A-lattice of rank d in C.

I1.3: Hayes modules

One application of elliptic curves is to construct abelian extensions of imaginary quadratic

number fields. Specifically, we use the torsion points of elliptic curves to construct such



extensions, just as we use the torsion points of the algebraic group G,, to construct abelian
extensions of Q. In a similar manner, we can construct abelian extensions of all global
function fields. This was developed by Hayes in | | and | ]. What he did is to
consider a specific type of rank 1 Drinfeld modules, which are later called Hayes modules.
There are lots of good expositions on this subject, for instance | , Ch. 7], [ , Ch.

3], which we will closely follow in this section.

11.3.1: sign functions

To define Hayes modules, we need a way to normalize elements in A. Thus we need to
have a notion similar to the leading coefficient of a polynomial. We set K., to be the field

isomorphic to K, and containing A, extending from the isomorphism ¢ : A — A.

Definition II.1. A sign function is a group homomorphism sgn : KX — FX such that when

restricted to O _, it is the same as
fe "7 (O (00) = FL

We also set sgn(0) = 0.
From the definition, we make 2 observations:
e on the group of 1-units U; C O_, sgn is trivial;

e the composition of sgn with the Hensel’s lift is the identity map:

M e
X 1 X X
FX O FX.

Example I1.2. Let ¢ € FY. A list of examples for sign functions on F,((1)) is
sgn(t) = c.

This completely determined a sign function since F((1))* ~ t* x Uy x F.
When ¢ = 1, this sign function is a generalization of the “leading coefficient of a polyno-

mial”. To illustrate, observe that
ant"” + -+ ag= ") "a, (1 +0@E™)),

and hence sgn(a,t" + -+ + ag) = ay.

From the previous example, we can see that to give a sign function, it is equivalent to

specify a uniformizer 7 € K, and give the value sgn(m).

9



11.3.2: Definition of Hayes modules

Below we will fix a sign function sgn. Let p be a rank 1 Drinfeld module over C,,. For
a € A, define p(a) to be the leading coefficient of p,(7). For our purpose later, we require
by repicking p from its isomorphism class that p(a) = 1 for some non-constant a. By the
equality

deg b

p(ab) = p(a)u(b)™™" = p(a)?

p(b) is in Foacza for all b € A.
By Riemann-Roch, there exists a € A with vy (a) = —n for all n > 0. We can extend
u to Ky by setting p(U;) = 1 for the l-units U; C KX

(oop]

(b)),

and determine p(a’) for o’ € KX
by having b,0’ € A such that a’b = ¥ modulo U;. The equality uniquely determines p(a’)
as pu(b), (V') are in a finite field over Fy, in which raising by powers of ¢ is a bijection. By

composing p with the Hensel’s lift X — KX, one can see easily that the composition
F;(o Henil’s> lift K;O ﬂ IF;(Q

is a map in Gal(F/F,).

Definition I1.3. A (Drinfeld-)Hayes module or a sgn-normalized Drinfeld module is a rank
1 Drinfeld module p : A — Co{7} such that

p(a) = o(sgn(a))
for some o € Gal(Fo./F,).
Example I1.4. The Carlitz module is a Hayes module with respect to sgn(t) = 1.
Example I1.5. Example 1.4 gives a Hayes module with respect to sgn(t) = sgn(y) = 1.

Fix sgn. Hayes modules should be thought of as a good representative in isomorphism
classes of rank 1 Drinfeld modules over C.,,. This will be illustrated with class field theory
later. In particular, we can count the number of Hayes module from the number of isomor-
phism classes of rank 1 Drinfeld modules. We cite the following result from | , 7.2.15]
and | , 3.2.2).

Proposition I1.6. Fizx a sgn. FEvery rank 1 Drinfeld module over Cy, is isomorphic to some

Hayes module for sgn.

The proof is quite easy: just fix an isomorphism p = cp’c™! and examine u(7) for p and

p' for some uniformizer .
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By the uniformization theorem, any rank 1 Drinfeld modules over C, corresponds to an
A-lattice in C. Since A is a Dedekind domain, any finitely-generated torsion-free A-module
is isomorphic to

Al T

for some non-zero ideal I C A, and d is the A-rank of the module. For the rank 1 case, every
rank 1 A-lattice in C,, is isomorphic to an A-ideal, so there are h(A) many isomorphism
classes for rank 1 Drinfeld module over C.,, where h(A) is the class number of A.

It is possible that two Hayes modules lie in the same isomorphism class. If p is a Hayes

module for sgn and ¢ € CX, then p' := ¢ !pc is a Hayes module if and only if
A=
([ , 7.2.18], | , 3.2.4]), i.e. ¢ € FX. However, not all such ¢ gives a different

Hayes module. A simple calculation shows that p = p’ if and only if ¢?=! =1, ie. ¢ € Fy.
Therefore, we have the following count for Hayes module.

X

F
Proposition I1.7. There are h(A) - iFOXO many Hayes modules for sgn.
q

11.3.3: Action of ideals on Hayes modules

Let X be the set of Hayes modules with respect to (K, 00, sgn). In this subsection we will
define an action on X by ideals of A. This action by ideals will be used to relate Hayes
modules with class field theory.

Definition II.8. Let p be a Hayes module and I C A a nonzero ideal. We define p;(7) €

Coo{7} to be the monic (as a polynomial in 7) element generating the (principal, see | :
Cor 1.6.3]) left ideal in Coo{7}:

Co{rH{piliel}

(here we abuse the notation of ¢ € I C A and i € A for p;). We define D(p;) to be the

constant term of pr(7).

Proposition I11.9. For any Drinfeld module p of any rank over any field L, there is a
Drinfeld module I x p, of the same rank over the same field, such that for all a € A,

(I % p)apr = pipa-

If p 1s a Hayes module, so is I * p.
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(See | , 84.9], | , 2.4.3(4)]. ) Let Z be the group of fractional A-ideals in K.
Then p +— I * p gives an action of Z on X. It is easy to see that the action factors through
P*, the subgroup of principal ideals generated by sgn 1 elements. This is because if I = (i)
for some sgni = 1, then p; = p;. What’s more interesting is that the action of Z/P* on X

is transitive and free, which can be seen by the uniformization theorem. See [ , 4.9.5].

Proposition I1.10. The set X is a principal homogeneous space for the group action /P .

I1.3.4: Field of Definition and Hilbert class field

For a Hayes module p and a non-constant element a € A, let H' be the field generated by K
and coefficients of p, in C,. It turns out that H" is independent of the choice of a (| ,
Prop7.4.2], because of p,p, = pupa) or p (because of the ideal action as illustrated in the

previous subsection), but just on the choice of 0o and sgn. From the equations

ep(1(a)z) = pa(2),  log,(pa(2)) = t(a)log,(2)

and that the coefficients of 2 are 1 for both series, the coefficients of e,(z) and log,(z) are in
HT.
Let C1"(A) be the narrow class group of 4, i.e.

Clt(A) :=Z/P.

It is not hard to see that the extension H*/K is finite Galois | , Prop 7.4.3]. Once we
have taken the action of C17(A) on X into account, we can see that H* /K is abelian | :

Prop 7.4.4]. In fact, we have the following result.

Proposition I1.11. The field extension H' /K is finite abelian with Galois group naturally
isomorphic to C17(A). The isomorphism between the Galois group and the class group coin-
cides with the Artin map. That is, if I is a nonzero ideal and oy € Gal(H'/K) is the Artin

map associated to I, then
op=1x%p
for any Hayes module p.
The proof is done in detail in | , §3.3] and | , §7.4]. The key step is to analyze
the Artin map o, of a prime p, and reduce modulo p. By definition of Artin map, the
map mod p is given by Frobenius. Then some reduction theory of rank 1 Drinfeld module

([ , 3.3.2], | , 7.4.6]) allows us to lift the equality to the ring before modulo p.

By the same idea of reducing mod p and lifting up, we have the following result.
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Proposition I1.12. The extension H' /K is unramified at all finite places of K. The
decomposition group and the inertia group at oo are both isomorphic to IF;O/IE‘; The fixed
field of the decomposition group at co, which we denote by H, has that H/K s totally split

at oo.

This H is the Hilbert class field of K (with respect to co).

As a remark, initially Drinfeld developed the class field theory of function fields using
the moduli schemes of Drinfeld modules (of rank d, with level I-structure). This can be
bypassed with more elementary tools, as illustrated by Thakur in | , Ch. 3]. Since we
will not be using the idea of moduli scheme, we have been following Thakur’s approach on

this subject.

11.3.5: Division fields and narrow ray class field

For a Drinfeld module p over C,, and an ideal I C A, we define the I-torsion points of p to
be
plI] :={2€Cx | pi(2) =0forallie I}

The set p[/] naturally comes with an A/I-module structure given by p, and is isomorphic
to (A/I)"*** as an A/I-module. For p a Hayes module, define K (p[I]) to be the extension
of HT generated by p[I]. By a similar argument of H* /K is Galois from the group action
of Z/P* on X, the extension K (p[I])/K is Galois and abelian, and that Gal(K (p[I])/K) is

a subgroup of the narrow ray class group
CIt (1) :==Z(1)/P;,

where Z(I) is the group of fractional ideals prime to I, and P; is the group of principal

ideals generated by elements of sgn 1 and congruent to 1 modulo 1.

Proposition I1.13. (/ , §3.6], | , §7.5]) The Galois group Gal(K(p[I])/K) is
isomorphic to C1T(I) with the isomorphism given by the ideal action as above. In particu-
lar, the Galois group Gal(K (p[I])/H™) is isomorphic to (A/I)*. The extension K(p[I])/K
1s unramified at places away from I,00. The decomposition and inertia groups at oo for
K(p[I])/K is isomorphic to FX.

We say A is a primitive I-torsion point of p if X € p[I] and X ¢ p[J] for any J D I. Over
Q, the narrow ray class field modulo noo is the cyclotomic field Q({,), generated by one

(and any) primitive n-torsion point of G,,. This is the same over function fields.
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Proposition I1.14. (/ , 3.6.2], | , 1.5.15]) Fiz a primitive I-torsion point \.
Then

I1.4: Shtuka and shtuka function

Shtuka is a generalization of Drinfeld module that Drinfeld constructed to prove the Lang-
lands correspondence for GLy in function field. Roughly speaking, a shtuka is a set of
quasi-coherent modules together with some linking maps such that the cokernels satisfy
certain properties. At first glance, this geometric object has nothing to do with Drinfeld
modules at all. Drinfeld made a clever observation that gives an equivalence between such
sets of sheaves and (classes of ) functions into ring of twisted polynomials, of which Drinfeld
module is a particular instance. See [ |, [ ) [ ] [ , §6.2], | , §7.8].

Since we are primarily interested in Hayes module, which is in particular of rank 1, for
our purpose we do not need the full generality of shtuka. In the rank 1 case, Thakur | ]
observed that a shtuka boils down to a point 36 € X(C,) and a divisor V, called a Drinfeld
divisor, which is a solution to an equation involving Frobenius. From a Drinfeld divisor and
a fixed choice of sign function, one can fix a meromorphic function called a shtuka function.
It turns out that the set of shtuka functions and the set of Hayes modules are in bijective
correspondence.

In this section, we will show how to construct a Drinfeld divisor from a curve and then
a shtuka function upon fixing a sign function. We will also see the correspondence between
shtuka functions and Hayes modules. As an application, we will see how we can express the
exponential and logarithm series of a Hayes module in terms of the corresponding shtuka

function.

11.4.1: Drinfeld vanishing lemma

The correspondence that Drinfeld showed in [ , Prop 2] or | | relies heavily on
a vanishing lemma, see [ , Remark after Prop 3], | , 6.2.3]. In the rank 1 case,
Thakur [ , 0.3.1] restated this lemma can be stated in simpler terms, which we will go

through in this subsection.

We begin by fixing some notations. We continue to use X, A, A, etc in the same way
as before. Recall that g is the genus of X. Let L be an algebraically closed field containing
and transcendental over F,, X = X == X Xp, Spec L, X (L) the L-closed points of X, and

0 € X(L) a point (out of the dy many choices) above co € X(F,). One can think of
L = C, for simplicity.

14



For a point P or a divisor V on X or X, we define P, VI to be the Frobenius twist of
the point and the divisor. If we have an affine open model of the curve, the Frobenius twist

is the same as raising ¢g-th power to each coordinate.

Lemma II.1 (Drinfeld vanishing lemma, rank 1). [ , 0.8.1] Let &,m € X(L). Suppose

V is a divisor of X of degree g and f is a meromorphic function on X such that
div(f) =V =V +(€) = ().
If € £ 0=V for all |s| < g, then
H(X,0x(V — ")) = H'(X, Ox(V — ")) = 0.

Proof. If g = 0, then both Ox(V — (n=9)) and w ® Ox(—V + (n=Y)) have degree —1 < 0,
so both of these cohomology groups vanish.

Now suppose g > 0. For each i € Z, define V; inductively by
Vo=V = (), Vi = Vit (0"71).

In particular, degV; = g — 1 +i. Set L£; := Ox(V;).
We would like to show that h°(X, Lo) = h'(X,Ly) = 0. By Riemann-Roch, the Euler
characteristic y(X,Lo) =g —1+1—g =0, so it suffices to show that h°(X, Ly) = 0.

Consider the following set
S={1-g<s<g|h(X,L,)=h(X,L,1)+1}.

Since deg £L_, = —1 < 0, we have hO(X, L_,) = 0. Also since deg L, = 2g — 1, we have
deg(wx ® £,;') = (29 —2) — (29 — 1) = —1. Thus by Serre duality, h'(X, L) = h°(X, wx ®
L;') = 0. Hence h°(X, L) = x(X,L,) = g. Since it is always true that h°(X, L) <
hO(X, L, 1) + 1, the cardinality of S is g. We will show that S = {1,2,...,g}, and thus
hO(X, Lo) = hO(X,L,) — g = 0.

Suppose we have an integer s € S and s < g. We will show that s+ 1 € S. By definition
of S, we can find a global section e € H°(X, £,) that does not come from H°(X, L, ;). In

terms of poles and zeros, e € H°(X, £,) means e has zeros and potential poles described by
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V', and adjusted by

at most another pole / one less zero at ® for i =0,1,...,5 — 2, if s>1
at least another zero / one less pole at n) fori = —1,-2,..., —(1 —s), ifs<1
(no adjustment) if s = 1.

And e ¢ H°(X, L, ;) means that e does have another pole / one less zero at 7*~2), compared
to the description from V.

Now consider the zeros and pole of fe("). By multiplying by f, the potential poles of ")
at V) got canceled, while the potential poles at V are given back. It also adds a pole at
n© and a zero at £&. By assumption, & # 7 for |s| < g, so the new zero does not cancel
with the poles at n® which we have been keeping track of. Together, fe(") has zeros and
potential poles described by V', and adjusted by

at most another pole / one less zero at n) fori =0,1,...,s —1, ifs>1
at least another zero / one less pole at n') for i = —1,-2,...,s, ifs<1
(no adjustment) if s = 1.

This shows that fe¥ € H%(X,L,.1). Also fe(V) does have another pole / one less zero at
Y so fe) ¢ HO(X,L,). Thus s+ 1 € S for all s € S with s < g. Since #S5 = g, we can
conclude by induction that S = {1,2,..., g}, and hence we have the desired result.

O

Corollary II.2. /[ , 0.3.8] Let €, € X(L).

1. Suppose that for all |s| < g, we have & # n®~V. Then for all effective divisor V of

(-1

degree g on X such that VY —V + (&) — (n) is principal, the points n ) and & are

not in the support of V.

2. Suppose that for all |s| < g, we have € # 1n'®). Then for all effective divisor V of degree
g on X such that V) —V + (&) — (n) is principal, the support of V does not contain

any F,-rational point.

3. Let d < g be a non-negative integer. Suppose that for all |s| < g, we have £ #
n9=d+s=1) " Then for all effecitve divisor W of degree d on X, W) — W 4 (€) — (n)

cannot be principal.

Proof. 1. Let V be such a divisor. By Drinfeld vanishing lemma II.1, the global section
H°(X,O+(V — (n'=Y))) = 0. Since scalars are global sections to all effective divisors,
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this shows that V — (n=") is not effective. To see that ¢ is not in the support of V,
suppose the contrary, and let V! =V — () + (n). Then V"’ is effective of degree g, and

V' _ vy, (5(1)) — (77(1)) =V v 4 &) — ()

is principal. Since £1) # (nM)=1) for all |s| < g, this gives a contradiction to the fact
that n*=1 should not be in the support of V.

. Let V be such a divisor, and suppose for contradiction that u is a rational point in the
support of V. Let V! =V — (u) + (n). Then V' is effective of degree g, and

Vi oy (&) — (77(1)) —vO _y 4 &) —Mm)

is principal. Since £ # (p™M)=Y for all |s| < g and n*~Y is in the support of V', this

contradicts with (a).

. For sake of contradiction, let d < g and W be an effective divisor of degree d with
WO — W + (£) — (n) principal. Let

Wt () + (W) 4+ (D) +(€0Y) ifd<g- 1
W+ (n) ifd=g—1.

V:

Then V is an effective divisor of degree g and

v vy (5‘(—1)) — (n(g_d_l)) ford<g-—1
VO V4 (€)= () ford = g—1

is principal and has n9=9=2) or 5 in its support, contradicting (a).
]

For any point ¢ € X (L) transcendental over FF,, one can show, by using the isomorphism

of the degree-zero Picard group and the Jacobian variety of X, of the following.

Proposition I1.3. There exists an effective divisor V of degree g on X such that

VO -V 4 () - (=)

18 principal.

Proof. We will first ignore the degree and effective requirement and construct a divisor

satisfying the equation. Then we adjust V' to have degree g, and finally make it effective.
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Via the isomorphism Jac(X) ~ Pic’(X), we transfer the problem to solving an equation
on the abelian variety Jac(X). The endomorphism Id — Frob on the abelian variety Jac(X)
has finite kernel, namely Pic’(X)(F,), the F,-points of the abelian variety. Hence Id — Frob
is an isogeny, and thus surjective. As a result, there is a degree 0 divisor V such that V —V 1)
is linearly equivalent to (Z) — (36V), as desired.

We then proceed to increase the degree of V. By | , Exercise V.1.10],
#X(Fm)=1—a+q™, where |a| < 2g+/q™.

In particular, #X(F,m) > 1 for all m > 0. Fix such an m and let ¢; € X(F,m) and
(o € X(Fym+1), and define

D :=(¢)+ (<2(1)) S (Cém)> — () — <<1(1)) o (Cl(m_l))_

By definition, deg D = 1, and D) — D = 0. By adding ¢ copies of D to the divisor we got
previously, we get a degree g divisor V with V() —V + (¢) — (36(V)) principal.

Finally, we attempt to make V effective by removing its poles. By Riemann-Roch, the
Euler characteristic x(X, Ox(V)) = 1. In particular, h°(X, Ox(V)) > 1. Let h be a nonzero
global section of O (V). By definition,

V + div(h) > 0.

By construction,

where

div(f) =V =V + (&) - ().

So V + div(h) is an effective divisor of degree g satisfying the desired assumption.

Let L = Cy and = be the point in X (C,,) corresponding to the map
AS A= C,.

In terms of coordinates, we are corresponding the variables of A to A.

Example IL.4. For X = P! and A = F,[t], the point Z is the point having the coordinate
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=0in X(Cy).
We can now define a Drinfeld divisor.

Definition I1.5. We define a Drinfeld divisor (with respect to 30) to be an effective divisor
V' of degree g such that
v V4 (2) - (W)

is principal.

By the proposition above, a Drinfeld divisor exists. One then naturally asks whether it
is unique, or if not, is there a classification for such divisors. This question is answered with

the help of Drinfeld vanishing lemma II.1.

Proposition I1.6. (a) Drinfeld divisor is unique in its divisor class. That is, if Vi, Vo are
Drinfeld divisors such that Vi, — Vi = div(h) for some meromorphic function h on X,
then Vi = V.

(b) Upon fizing =0, there are # Pic(X)(F,) many Drinfeld divisors on X.

Proof. (a) Since = is transcendental and 56! is algebraic over F,, we have = # 50!+ for

any s. By Drinfeld vanishing lemma II.1,
WX, 0x(V;) =1

for i = 1,2. Since V; are effective, all scalars are in H°(X, Ox(V;)), so in fact the
global sections are just C., from the dimension. Finally, multiplication by h defines

an isomorphism

HY(X,0x(W)) = H(X, Ox(V2)),
so h must be in CZ. This shows that V; = V5.

(b) If V4, V, are two Drinfeld divisors, then Vl(l) - Vz(l) is linearly equivalent to V; — V5.
Hence V; — V4 is in Pic?(X)(F,). Since each divisor class can have at most one Drinfeld

divisor, we have at most Pic”(X)(F,) many Drinfeld divisors.

The existence of a Drinfeld divisor in each divisor class comes from the construction of
Drinfeld divisor in Proposition I1.3: in the construction we first pick a divisor V' such
that V — V) is linearly equivalent to () — (36(")). Recall from the proof that such a
V exists because the map Id — Frob on Pic’(X) is an isogeny. This isogeny has kernel
Pic’(X)(F,). If D € Pic’(X)(F,) and we replace V by V' := V + D and proceed with

the construction, one can see by examining the proof that:
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e at the second step (making the divisor of degree g), we can change our divisor
from step 1 by a fixed divisor; hence the divisor class of the resulting degree g
divisor we obtain from V’ will be of a different divisor class compared to that we

obtain from V;

e at the third step (making the divisor effective), we are adding div of a meromorphic

function, thus not changing the divisor class.

Therefore, the Drinfeld divisors we get by using V' is of a different divisor class from
the Drinfeld divisor we get by using V. This shows that we have at least Pic’(X)(F,)
many Drinfeld divisors.

O

The above calculation shows some evidence of tlxle relation between Drinfeld Xdivisors

F _
and Hayes modules. Recall that there are h(A) - ##IF}O = #Pic"(X)(F,) - do - #F}o many
X
Hayes modules with respect to a fixed sgn for 36. Among them, every #FOXO of them lie
q

in the same isomorphism class, so there are actually # Pic’(X)(F,) - d many isomorphism
classes of Hayes module with respect to a fixed sgn. On the Drinfeld divisors’s end, there
are # Pic’(X)(F,) many Drinfeld divisors for each choice of 30, and there are d,, many such
choices. This is the rank 1 instance of Drinfeld’s shtuka correspondence. We will make this

precise soon by constructing Hayes modules from Drinfeld divisors.

I1.4.2: sgn

Fix 36 € X(C4) and a Drinfeld divisor V. Out of the principal divisor class V(1) —V 4 (Z) —
(30M)), we want to pick a good choice of meromorphic function representing the class. For
meromorphic functions over X, we have the notion of a sign function to help us pick a choice
of a function, coming from the idea of picking a monic polynomial out of a principal ideal.
We will extend this idea to X. This motivates us to extend the notion of a sign function sgn
to X. We will do this generally for X, where L is any field containing F,.

Recall that fixing a sign function sgn is equivalent to assigning the value sgnm € FX for
a uniformizer m at co. Fix such a uniformizer 7 € K. To extend sgn to Frac(L ® A), the
function field of X, first fix a closed point 30 € X (L) above co. We have that 7 € K —
Frac(L ® A) is a uniformizer at 30. In the completion (Frac(L ® A))ss ~ L((7)), a function
G € Frac(L ® A) has an expansion

oo

G= Z Qpm",

n=—m
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with a, € L and a_,, # 0. We define
sgn : Frac(L ®p, A) — L

by sgn(G) := a_,,(sgnw)~™. The multiplication is defined since L, being algebraically closed,

contains F..

Example I1.7. Suppose A = F,[t], sgn defined by sgn(1/t) =1, L = C. Then sgn(ft+1) =

6. In this example, sgn is extending sgn to broader coefficients.

Example I1.8. If vs(F) = 0 for a function F in the function field of X, then sgnF = F

(mod 30) = F|ss, just by unwinding the definition of sgn.

I1.4.3: Shtuka function

In this subsection, we will construct the meromorphic functions we have been preparing for,

called the shtuka function. Fix an 30, a Drinfeld divisor V', and a sign function sgn.
Definition I1.9. A shtuka function corresponding to the datum (30, V, sgn) is a meromorphic
function f on X(Cy) such that
div(f) = VO =V + () - (1),
and
sgn(ffA ... fld==y =1

From the definition, we can see that a datum (30, V,sgn) defines a shtuka function f up
doo __ 1
a -th root of unity.
qg—1

Remark II1.10. This definition / normalization of shtuka function is different from the

to a

original one of Thakur | ]. This observation can be found in | , Remark 2.3].
With the initial normalization, we cannot obtain a Hayes module from Thakur’s construction
in | , 0.3.5]. See Remark I1.15.

We first assert that if we pick a different datum, we will get a different shtuka function.
doo

By “different”, we mean that they do not simply differ by a 4 1 -th root of unity. In

fact, the divisors of the two shtuka functions obtained would need to be different.

Proposition I1.11. If (V1,50;1) and (V,309) are two different Drinfeld divisors, then in

Div(X),
W=V @) - (39)) £ 1B =Vt (3) - (),
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In particular, two different data (V1,301,sgn,), (Va,302,8gn,) cannot share the same shtuka

function.

Proof. Suppose (V1,301), (V2,302) are two Drinfeld divisors with
W=Vt (@ - 0) =% - e+ () - ().
Since V7, V, are effective, the zeros of the divisor above are given by
@ =w"+@)

Hence V; = V5. Looking at the poles, we have that 56, = 0.

]

Now if (V7,301,s¢gn,) and (Vs,09,sgn,) gives the same shtuka function f (up to a

g~ —1

q_

-th root of unity), then V; = V5 and 30; = 303. The shtuka function is then

doo

1
] -th roots of unity gives the

determined up to a scalar. Since different choices of a
q —

same product ff(1) ... f(d==1) this forces sgn, = sgn,.
We can then obtain a count of shtuka function upon fixing X, oo and sgn. As we can

see, this is exactly the same as the number of Hayes modules for (X, oo, sgn).

Proposition I1.12. Given X, co and sgn, there are # Pic’(X)(F,) - ds -

shtuka functions.

11.4.4: Shtuka function and Hayes module

Let f be a shtuka function associated to (V,30,sgn). We are going to construct a Hayes
module from the shtuka function f. We first establish an C.-basis for T'(X — oo, O(V)).

Proposition 11.13. The set
L FFO fF0fF2,

gives an Cy-basis for the vector space T'(X — oo, Ox(V)).

Proof. We reuse the notation £; := Ox(V;) from the proof of Drinfeld vanishing lemma II.1.
By the same lemma, h'(X, Ox(V —)) = 0. Hence h'(X,L,) < hY(X,Ly) = 0 for all
n >0, and thus h°(X, L,) = x(X, L,) = n for all n > 0.

Points in X (C,,) above oo are precisely {56) }o<j<q.. 1. Hence every function in I'(X —
00, O«(V)) lies in H°(X, L,)) for some n > 0. By the proof of Drinfeld vanishing lemma,
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we have that
Lp=Loq+ LY  forn>1,

and L, /L, 1 is of rank 1 with fe) being a basis for some e € £,,_1 — L,,_». By induction,

LfffO, O D)

is a Cuo-basis for H*(X, £,,11) for all n > 0. Take n — oo, we have

LAY fror®,

being a C-basis for I'(X — oo, Ox(V)).
[

For each a € A, we have a € I'(X — 00, Ox) C I'(X — 00, Ox(V)). Define p,; € Cy, by

a= Z pajffD - fUD,
J

By considering poles of a at each 36, we can see that the largest j such that Paj 7 0 is
j =dega. We define p: A — C {7} by

dega

Pa = Z pa,jTj
=0

is the Hayes module for sgn associated to (V,30). To see that this is a Hayes module, it is
clear that it is Fy-linear, nontrivial (i.e. p, # a(Z) for some (hence all) non-constant a), has
the correct degree as a polynomial of 7, and also has the correct top coefficient, see Remark
I1.15 below. To see that this is multiplicative, one needs to look at the action of A on the
vector space I'(X — oo, Ox(V)) more carefully.

With this, we can then state the shtuka correspondence for rank 1.

Proposition II.14 (Shtuka correspondence, rank 1 version). Fiz (X, o00,sgn). The set of
(V,30) is in bijective correspondence to the set of isomorphism classes of Hayes modules.
Moreover, the set of shtuka functions for (X, 00,sgn) (resp., (30, V,sgn)) is in bijective cor-
respondence to the set of Hayes module for the same respective datum, with the Hayes module

for f as constructed above.

Remark I1.15. We need
sgn(ffM ... fld==y =1
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instead of
sgn(f) =1

to ensure that we get the correct leading coefficient in p, (7). First of all, having sgn(f) =1
does not guarantee sgn(f f(1) - - f(@==1) = 1. There is basically no way to calculate sgn(f™)
from sgn(f). This is because the Frobenius twist does not interact well with an infinite series
at oo, i.e. we cannot obtain a local expansion at o0 from Frobenius twisting an existing one.
In fact, sgn(f) can be transcendental over F, while sgn(f) = 1! See Example VII.1.4 for
such an example.

However, we do have that
SZa(h ) = (sga (1))

for any function h on X, since Frobenius twisting an expansion at 6 by d., times does give

an appropriate expansion at 0. In particular, if

s’gvn(ff(l) .. f(doo—l)) =1,
then
s’gﬁ(ff(l) . f(mdoofl)) =1

for all positive integers m.
To ensure that we obtain a Hayes module in the above construction, we need the top
coefficient p, dega to be sgna. We can see that this is satisfied by considering the poles at

M) and taking sgn for the equation

dega

o= pagf V- fO70.
§=0
Since deg a is divisible by d,, by the above discussion we have that

R

So via taking sgn, we have sgna = p, dega-

11.4.5: Exponential and Logarithm of Hayes modules in terms of shtuka function

An application of shtuka function, found by Thakur and Anderson | |, is that we are

able to write the exponential and logarithm series associated to a Hayes module p in terms
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of shtuka function.

Theorem II.16. / , 0.3.6]

In particular, the coefficients in the series are finite.

Proof. From
div(f) =V =V + (=) - (=),

we have

div(ff(l) .. f(n—l)) —ym _y 4 Z (2+1))

A

I\
=)

By Corollary 11.2, Z is not in the support of V. Hence Z™ is not in the support of V)
This shows that ff1) ... f(»=1 does not vanish at =™, hence the coefficients of the series
are defined.

To see that the series is indeed the exponential series for p, we need to check that it

satisfies the two defining properties of exponential function:
e coefficient of z is 1;

e functional equation: e,(alz - 2) = pa(€,(2)); note that alz is the same as c(a) by

definition of =.

The first condition is clear as we have an empty product on the right when n = 0. The

proof of the second condition uses the equality

dega

a=> paif
j=0

By dividing this by ff® ... f®=1 and evaluating at =™, we have

min(deg a,n)

1
2. Pei Fo oD

j=0

a

ff(l) f n—1)

=(n)

=(n)
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Hence

Zf fnl
_Zf fnl

”(n)

i mln(dia,n) 1
= Pai FGT | | 7
2\ = FO e |

oo min(dega,n)

1 e v

¢
qm)

dega

o Zp‘” (Z f-- f(m 1)
= pa(ep(Z))-

[]

As for the logarithm series, Anderson described the coefficients in terms of the residue of

a differential form. We will first get our hand on such a differential form.

Proposition 11.17.
WX, Q% (=V + (0) + (xx'7V))) = 1

Proof. We will first show that the first cohomology of QL(—V + (30) + (5o(~Y)) vanishes.
Since X is a curve, the canonical bundle wy is by definition the sheaf of differential QlY By

Serre duality,
H' (X, wx(=V + (5) + (1)) = H(X, Ox(V = () — (&))).

The latter embeds into H°(X, Ox(V — (3))), which is 0 by Drinfeld vanishing lemma II.1.
We can then compute the h° by Riemann-Roch. We have that degws(—V + (30) +
(3a(-V) =29 — 2 — g + 2 = g. Therefore,

W (X, wg(=V +(50) + (7)) = x(X,wx(=V + (50) + (xV))) =g+ 1 —g = L.

O
W@

Lemma IL.18. Let ' € HY(X, Q% (=V + () + (507V))) be nonzero. Then

simple pole at = and 50, with no other pole.

has a
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Proof. By definition of w’ and f, we have that

W@

S

€ H'(X, QL (-V + (B) + ())),

so WM/ f has at worst simple poles at = and 36. We will first show that «’/f has a simple
pole at .

Let k = ordg-y V. Since ' € HO(X, Q% (—V + () + (3071))), we know that
ordg -y w' > k—1 when dy > 1. By Serre duality, H(X, QL (-V+(x))) ~ H' (X, OL(V —
(39)))), which is 0 by Drinfeld vanishing lemma II.1. This shows that

ord1y w’ = ord (-1 (V — () — (@(’1)))

Hence,
E—1 ifdye>1

) if dy, = 1.

/ —_—
Ord@(—l) W =

To see the calculation for d,, = 1, notice that 30 = 30(~"), and recall that 30 is not in the
support of V' by corollary II.2.

Now we look at ordss f. Once again, o0 is not in the support of V. By studying the
equation

div(f) =V -V + (E) - (W),

we have

ords VW =k if dy > 1;
ordss f =
-1 if doo = 1.

For d,, = 1, the pole comes from 36(") = 36. Combining these, we obtain that

Since a differential cannot have only a simple pole and be holomorphic elsewhere, w'™® /f

must also have a simple pole at =. O

Definition II.19. Define w = w(V) to be the element in H(X, Q% (=V + (50) + (30™1)))
such that 0
w
Resz— = 1.
f

By Residue theorem, we have the following equivalent definition: w = w(V') is the unique
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element in H(X, QL(=V + () + (3a(=1))) such that

Res@@ =—1.
f
With w, we can now derive a concrete series expansion of log,(2) in terms of some residues.
Theorem II1.20. / , 0.3.8] (see also [ ) We have that
w®+D)

n

logp Z RQS:W,Z(] .

Proof. We will show that e,(above series) = z. Expand the left side with the series expansion
of e, in Theorem II.16.

R w(n—‘rl) q"
- Z <ff(1 (m— 1)

m>0 2
(m4n+1)
w m—+n
— Res= =(m) ) 21
zz(
= Res=z(m) ) 29
== f(l) f m— l)f f (m+n)
s k (k+1)
w k
= Z Z RGSE<m) —k> 29
k:0<mzo( foorf®
By definition of w, we have that
W(kH) (k+1) +1 (n)
(k1)
In particular, for k£ > 1, the differential W only has poles at =, ..., =®). Therefore,

the above coefficients of 24" are 0 for k > 1. At k = 0, the coefficient is 1 by definition of w,
completing the proof.
[

Remark I1.21. The definition of w stated in | ,0.3.7] and | , §7.11] specifies that

28



w has a double pole at 30. When d., > 1, the author finds that differential

kD)

ffO ... fk)

has a simple pole at 30 *Y for 1 < k < d., which is undesired. To fix this, Thakur has
found that we should have the poles of w at 30 and 55~V instead. See | , (14)].
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CHAPTER III
Ramifying Hyperelliptic Curves

For elliptic curves, Thakur | , Theorem V] gave an integral expression for the shtuka
function f, and Green and Papanikolas | , Corollary 3.5] gave a simplified expression
for logarithm series. We will show that such expressions also exist for a certain class of
curves, ramifying hyperelliptic curves. We will first define such curves, and then write down
the shtuka function f and the differential w for these curves explicitly. This will allow us to

express the logarithm series for such curves in a similar fashion as the elliptic curves.

II1.1: Definition for Ramifying Hyperelliptic Cruves

Definition IIL.1. A ramifying hyperelliptic curve over F, is a hyperelliptic curve X of
genus g over F,, together with a rational point co € X(F,), such that the affine open
A :=T(X — 00,Ox) has a model

A =T,[t.y]/(y* + Fx(t)y — Fa(t)),
with Fy, Fy € F [t], F; monic of degree 2g + 1, F; of degree at most g.

Since X is a hyperelliptic curve, the genus g is at least 2. Note that if we allow g = 1,
then the above model is the usual Weierstrass model of an elliptic curve.

The word “ramifying” signifies that the place co ramifies in the extension K/F,(¢), where
K is, as in the previous chapter, the function field of X. We denote by F(t,y) the polynomial
y? + Fy(t)y — Fi(t).

We set A :=TF,[0,n]/F(6,n), and the isomorphism ¢ : A — A by «(t) =0, t(y) = .

Example II1.2. Let A = Fyoft,y]/(v* + y — (> +¢3 + 1)). Then A is the affine open of a

ramifying hyperelliptic curve of genus 2.
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II1.2: Degree and Sign on Ramifying Hyperelliptic Curves

Since we have a good model of A | we can describe the degree and sign functions from the
last chapter more explicitly. The degree function is defined by dega = —dvs(a). Since 0o
is a rational point, do, = 1. From the equation y? + Fy(t)y — Fi(t), we can calculate that
degt =2, degy = g, and that t9/y is a uniformizer at co.

As for a sign function, we want to extend from the notion of “leading coefficient”. Because
of the equation y? + Fy(t)y — Fi(t), the set {t, yt'};>0 is an F-basis for A. Using the above
explicit description of degree, we can see that every term in this basis has a unique degree.
As a result, we can call the “leading coefficient” of any nonzero a € A to be the coefficient

of the highest degree term with respect to this basis. We fix a sign function
sgn : Koo — I,

by defining sgn a to be the leading coefficient of a in the above sense if a # 0, and sgn 0 = 0,
and extend to K. In particular, we have that sgnt = sgny = 1.

Since d., = 1, other sign functions are obtained by fixing sgn(¢?/y) as another element
in F', or more explicitly sgnt = c?, sgny = ¢ for some ¢ € [y . For the rest of this thesis,
we will stick with our “leading coefficient” sign function for simplicity, but everything in the
thesis works for any other sign function.

The ring Co ®r, A also has {t', yt'};>¢ as a Co-vector space. We can extend sgn to
530 1 Coo ®5, A — Cop

also by taking the leading coefficient with respect to the basis.

I11.3: Shtuka function for Ramifying Hyperelliptic Curves

The expression of shtuka function f for elliptic curves given by [ , Theorem V] is very
integral, in the sense that it has a “monic” numerator and denominator, and that all zeros
of the numerator and denominator are integral. We will make this precise and generalize

this to ramifying hyperelliptic curves.

Proposition II1.1. There exist polynomials 5, Q) € Oglt] in t such that:
1. 0 is monic of degree g, and Q) is of degree at most g;

2. setting
v=y—n-— Q(t)v
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the shtuka function f has a presentation

3. sgn(v) = sgn(d) = 1;

4. in the affine model X — 3 with coordinate ring Coo ®r, A, the coordinates of the zeros

of v and & are integral over Op.

The proof is by long division, as in the proof of | , Theorem V].

Proof. The shtuka correspondence of Hayes modules from chapter II tells us that

t=0+puaf + fF,
y=n+pyaf +p2f U+ ffO O

Rearranging, we get

(1) O —t)+ perf + fFFY =0,
(2) (0 —y) + pyif + pyaf fO + -+ fFOD - f2D =,

The long division starts as follows:

(1) apply Frobenius twist to the equation (1) by 2g — 1 times,
(2) multiply by —ff® ... f29-2)

(3) add equation (2).
That is, we have (2) — ffM) ... f2972) . ((1)29=D):

B) h—y)+-+ pngg_gff(l) coe f2973)
+ (pyag1 = (02770 =) fFfD o fR72 4 (py 5y — ) f O 2970 =0,

Continue with process of long division to get equation (4) out of equations (1), (3), to get
equation (5) out of equations (1), (4), etc.
Claim: For 3 < n < 2¢g+ 1, after n — 2 steps in the long division, equation (n) is of

the form

(n) (n—y)+ -+ pyagnpr ffD - fRI7
Po(t)ff O . fCot) L (1) fFD L fRIE2) )
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where P, (t), @Q,(t) are polynomials in Oglt] of degree (in t).

n—
Moreover, when n is odd we have that P, is monic with deg, P,(t) = ——, and

deg, Q,(t) < deg, P,(t). When n is even we have that @,, is monic with deg, Q,(t) =
and deg, P,(t) < deg, Qn(1).

Proof of Claim: This claim can be seen by induction. For the base case n = 3, we
have that P3(t) = pyog-1 — (097 — 1), and Q3(t) = pyag — piigil). In particular, Ps is
monic of degree 1, and @3 is of degree 0 (or —oo if Q3 = 0).

For the inductive step, we obtain equation (n) via dividing equation (n — 1) by equation
(1), and have that

Pn(t> = Py2g-n+2 — (0(29_n+2) - t)Qn—l(t)u Qn(t) = Pn—l(t) - pg?lg_n+2)Qn—l(t)'

(n—1)—-2 n-1

If n is odd, then @,,_1(¢) is monic and deg, @,,_1(t) = 5 =

— 1. Hence P,(t)

n—1
is monic of degree . At the same time,

n —

1
deg, @, (t) < max{deg, P,_1(t),deg, Q,_1(t)} = deg, Qn_1(t) = — 1 < deg, P,(t).
(n—1)—1 n-2
5 —
deg, P,,_1(t). Thus Q,(t) is monic and deg, Q,(t) = deg, P,,_1(t) =

, and deg, Qn_1(t) <
n—2
2

deg, P,(t) = deg, Qn_1(t) + 1 < deg, P,,_1(t) = deg, Q,(1).

If n is even, then P, {(t) is monic of degree

, and

This completes the proof of the claim. Back to the proof of the Proposition. Take
equation (2¢ + 1) and divide it by equation (1) to obtain

(n—y—(0—1)Qag11(t)) + (Pags1(t) — pr,1Q2g41(t)) f = 0.

Define
0= Poga(t) — pr1Q2g+1(t), Q= (t — 0)Qag41(1).

From the claim, deg, Pyy41(t) = g, deg, Q24+1(t) < g — 1, and Pyyyq is monic. Thus,
1. 0 and @ are in Oglt];

2. deg, 0 = g, and deg, @ < g;
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3. 0 is monic;

4. by setting v :=y —n — Q(t), we have f = %;

5. sgn(d) = 1 comes directly from ¢ being a monic polynomial in ;
6. since the degrees of y and Q(t) in A are 2g+ 1 and at most 2g respectively, sgn(v) = 1.

What remains to be checked is the integrality of the zeros in the affine model. Since
div(f) = VW -V +(5) - (=),
we must have div(d) > V. Set V' = divd — V + 2¢(39), that is,
div(d) =V + V' — 2¢(9).

Since 0 is a monic polynomial in ¢ with degree g in ¢, V' is the effective divisor of degree g.
Then
div(v) =V + V' + (2) — (29 + 1)().

Thus the zeros of § and v are given by V), V., V’ and Z. By definition = has coordinates
(0,7m), both are in Oy. The coordinates for V(1) are g-th power of the coordinates for V. It
remains to show that all points in the support of V' and V' have coordinates integral over
Opy.

The t-coordinates of all points in the support of V' and V' are precisely the the roots of
the polynomial §, when viewed as a polynomial in ¢. Since ¢ is monic and has coefficients in
Oy, the t-coordinates are integral.

Plug in the t-coordinates for V' and V', all of which integral over Oy, into F(t,y) =
y* + Fy(t)y — Fi(t). We can see each of the y-coordinates for V and V’ as a root of a monic
quadratic polynomial over some integral extension of Oy. Therefore the y-coordinates for
V and V' are also integral.

[

I11.4: Log series for Ramifying Hyperelliptic Curves

With this presentation of the shtuka function, we can write down the differential w €
HO(X,0QL(=V +2(z0))) from the previous chapter explicitly. This expression of the dif-
ferential and the expression of the logarithm series derived from it (proposition II1.2) below

is generalizes a result of Green and Papanikolas | , Corollary 3.5] to our setting.

34



Proposition II1.1. Set

0 dt
W= .
2y + Fg (t)

Then w € H'(X,QL(=V +2(x))), and

1)

w
Resgg—— = —1.
f
. . . dt . .

Proof. We first analyze the divisor of the differential —————. The function t is holo-

morphic everywhere except at 50. Thus dt cannot have pole except at 0. Recall that
g
Uoo(t) = —2 and v (y) = —(2g + 1), so we can pick u := — to be a uniformizer at 5. First,

we differentiate F'(t,y) = 0 and see that
(2y + Fy(t))dy = (Fi(t) — F3(t)y)dt.

Next, we analyze du:

9t t9
Tt — —dy
y Y
gt P E() — Bty

y y? 2y + Fy(t)

tgil 2 / /
y2(2y + F(t)) (9(23/ + Fy(t)y) — t(Fi(t) — Fz(t)?J)) dt
tg_l / /
- 22y + F>(1)) (g(2F1(t) — Fa(t)y) — t(Fi(t) — Fy(t)y)) dt
ot ) )
- y2(2y + FQ(t)) ((29F1(t) - tF1<t>) + (_9F2(t)y + F2<t>ty)) dt.

du =

Since F(t) is monic of degree 2g + 1 in ¢, the polynomial 2gF;(t) — tF](t) is also of degree
2g + 1 in t, with leading coefficient —1. The term —gFy(t)y + Fj(t)ty has fewer poles at 50
than 297! does. This shows that

dt

— (1,292 2g—1
2+ Fol) (—u™7" + O(u™™"))du.

Since X is smooth, dt and dy cannot share any zero. By revisiting the equation
(2y + Fa(t))dy = (Fi(t) — Fy(t)y)dt,

all zeros of dt must also be zeros of 2y+ Fy(t) (counting multiplicities). That is, the differential

35



dt
has no zeros except potentially at the poles of 2y + Fy(t), i.e. at 0. Since all

dt
differentials on X have degree 2g — 2 and —————— has degree 2g — 2 at o0, the differential
dt
————— has no zero nor pole away from 0o. Therefore,
4]
W= _—"7-—dt

has zeros at V, V', a double pole at 30, and no other zeros or poles. In particular, w €
H (X, Q0 (—V +2(9))).

To prove the second statement about the residue, let us expand the differential

e 50

1
f ?29 + F2(t)dt

9 —
with respect to the uniformizer u = —. By definition of f we have sgn(f) = 1. Since
Y
sgnt =sgny = 1, we have sgn(u) = 1. This shows that
f=ut+0(0).

Since 6(M) is a monic polynomial of degree g in ¢, we have that

oW — =29 4 O(u=291).

Therefore,
w® .
— =—u 4+ 0(1),
showing that
(1)
Res@w— =—
S

]

With the explicit description of w, we can then write down formulae for the residues
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appearing in Theorem I1.20. Note that ¢t — 6 is a uniformizer at =, with d(t — 6) = dt

R (n+1) R 5(”"’1) dt
R O TS bR )
§(n+1) R sMdt
- 5(1)f(1)...f(n) = eszm
§(n+1) w®
= NOFIORRO = ReSET
6(n+1)
- SO FA) ... fl) |
Proposition II1.2. (¢f. [ ; Cor 3.5])
0o 5(n+1) "
log,(2) = Z | =
v S FA) ... fn) =
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CHAPTER IV

Ideal Factorization of Integral Functions by Divisors

In this chapter, we will state and prove a proposition that factorizes a “nice enough” function
G according to divisors. We will do this more generally, so one can hope to apply this
proposition in other circumstances.

Let X/IF, be a smooth projective geometrically connected curve over F,, co a closed point
(not necessarily rational), A := I'(X — 00, Ox), and K, A, F, etc. as before. Let R be a
finitely-generated integral domain over F,, F' = Frac(R) and L = F. All tensor products
will be over F, unless otherwise specified.

Since [, is perfect, X is geometrically normal. Thus F'® A is a domain, integrally closed

in its field of fractions. In particular, R ® A is an integral domain. It is easy to check that
Frac(R ® A) = Frac(F ® A),

with the “=" sign indicating a canonical isomorphism. Note that the latter field is the
function field of Xp := X xg, Spec F.
Our goal is to analyze R ® A-ideals, using the information we can obtain when we view

elements in R ® A as functions on Xp or X := X xp, Spec L.

IV.1: Functions in the subring R ® A

Suppose we have an element G € R ® A. We can view G as a meromorphic function on the

curve Xz or Xy. In the latter case, since L is algebraically closed, we can write
div(G) =Y Z;— Y P,
i J

where Z;, P; € X(L) are the zeros and poles of G respectively. Since G € FF @ A =T'(Xp —

00, Ox), it is regular away from oco. That is, all poles of G must lie above oco.
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We now fix a model for A. Suppose
A:Fq[tl,tg,"' ,tn]/(pl,F27"' 7Fm)

With the model, we can talk about the zeros of G in terms of coordinates. Say Z; is

given by t; = a;1,t2 = a;2,...,t, = a;,, where a;, € L.

Definition IV.1. Suppose G € R ® A. If there exists a model for A such that for all i, k,
we have a;, € R with a;j, the coordinates of the zeros of GG, then we say that all zeros of
G are in R.

If all zeros of G are in R, we can reduce the zeros modulo primes from R. This is what
we will use for the proof of the proposition of the next subsection. As a remark, if all zeros
of G are in R for one model of A, then it is true for all models of A. This is because the
coordinates in a model are F,-polynomials in terms of the coordinates in a second model,

given by the [F;-algebra isomorphism between the models.

IV.2: Infinities and sgn

Consider the points lying above co € X, in the tower:
Xy X5

Xr.,

|

X = X,

The point oo, as a closed point in X, can only split or be inert in this tower, and it splits
completely as long as the field of constants contains F.,. Hence, the fibers of oo in X and

in Xy, are in natural bijection (upon fixing embeddings F., — L and F.,, — E), given by

{OO} XxXL;{OO} XXxE

0 > 15(11,4(30)).

By abuse of notation, we use “cd” to denote both a point in X above oo, and the corre-
sponding point in XE‘

For a sign function sgn on K., as in §I1.4.2 it can be extended to a function
sghs : Frac(L ® A) — L.
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This extension depends on a choice of 30 € X (L) above 0o, and is unique upon such a choice.

In the same manner, we can also extend sgn to a function

sgng : Frac(F, ® A) — F,.

By abuse of notation, we denote by sgn both extensions with respect to 0.

IV.3: Relating the ideal by zeros of the function
We are now ready to state our proposition that factorizes “sufficiently integral” functions in
terms of their divisor. Let R[F] to be the smallest subring of L containing R and Fo..

Proposition IV.1. Suppose we have G € R ® A such that sgn(G) € (R[Fs))* for all
choices of 30, and that all its zeros are in R. Fix a model for A and let {(a;x)r}: be the

zeros of G. Then we have an equality of R ® A-ideals

(G) = H(h — i1, tn = Qi)
This is proved by reducing mod m for maximal ideals m in R. Let G =G mod m. We

first prove a lemma that computes the degree of G.

Lemma IV.2. Fizm C R a mazimal ideal. Since R is finitely generated over F,, R/m is a
finite extension of F, and can be considered as a subfield oqu. Fiz a closed point o0 in X,

above 0o, and we also denote by o0 the corresponding point on X, Then
ordss(G) in X;, = ords(G) in Xz,
Proof. Fix a uniformizer 7 in K, of co. Then

G = f,mﬂ'im -+ O(ﬂ'ierl),

where f_,, € F. By assumption in Proposition IV.1, sgn(G) = f_,.(sgnm)™™ is a unit
in R[Fy], so f_,, is a unit in R[F.]. In particular, f_,, is in F'N R[F«] = R, and hence
fom € R* by going-up theorem. By reducing modulo m, viewing the coefficients of the

expansion of G as in Fy,, we get
G = J?:;ﬂr*m + O(zm~™H),
showing that G and G has the same order of poles at o0.
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]

Proof of Proposition IV.1. Let My, My be the R ® A-modules on the left and right side
respectively. We will show that for all maximal ideals m of R, the (R/m) ® A-modules
M; = M;/(m ® A)M; are equal for i = 1,2. Then we will use Nakayama’s lemma to
conclude that M, = M,.

Since @ and G have the same number of poles at each (respective) 30 and they cannot

have any pole elsewhere, they have the same number of zeros. Thus in Xy, we can write

div(G) = Z(tl — Qi1 Sty — Qig) — Zpoles above co.

%

Since X is a smooth curve over F,, the ring E@A is noetherian (from X being locally of
finite type over F,), integrally closed (since X is smooth, hence normal, hence geometrically
normal as F, is perfect), and has Krull dimension 1. That is, it is Dedekind. As a result,
all non-zero ideals of IF_q ® A can be factored into a product of maximal ideals. By the

Nullstellensatz, maximal ideals of

Fq[tla e >tn]
are of the form
(tl — Qe 7tn - an)-
Since ideals of F, ® A are in natural bijection with ideals of F[t;,--- ,t,] which contain

Fy,---  F,, we have as ideals in E@ A,

Let k' := R/m. Intersecting the ideals with &’ ® A (or equivalently, taking Gal(k'/k')-
invariant), we have that ]\//Tl = ]\72
We now proceed to show that M; = Ms. Let M3 = M; N M, in R® A. From above, we
know that
(m @ A)(M;/Ms) = M;/Ms

for i = 1,2 and for all m C R maximal. Now for any maximal ideal 99t of R® A, the pullback
of M to R along R — R ® A is maximal, because R is of finite type over F,. Thus 9

contains m ® 1 for some m C R maximal. As a result,
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for all maximal ideals 9t C R ® A. Since M;/Mj are finitely generated as R ® A-modules,
by Nakayama’s lemma M;/M3 = 0. Therefore M; = M3 = M.
O

The main way we apply this proposition is to evaluate at a certain closed point in X not

above oo.

Corollary IV.3. Let ¢ be a closed point of X not above oo, with coordinates in the model
A given by (01,--- ,0,) such that 0y € R for all k. Then as R-ideals,

(G|€) = H(el — Qi1 7071 - ai,n>~

%

IV.4: Applying the proposition to exp and log coefficients

We analyze the log coefficients for elliptic curves and ramifying hyperelliptic curves in this

subsection. Recall from chapter II that the shtuka function has a presentation
v

f — ga
where v,0 € Op, sgn(v) = sgn(d) = 1, and all coordinates of their zeros are also integral

over Og. Recall also that
div(y) = VO + V' +(2) = 29+ 1)(x),  div(d) =V + V' —2¢9(x),

where V"’ is an effective divisor of degree g. Let {(t = a;,y = 5;)}{_; be the coordinates for
V, and {(t = of,y = B/)}_, be the coordinates for V'. Define Ky to be the smallest field
extension of H in C,, containing all these coordinates, and R the integral closure of A in
Ky. By applying proposition IV.1 to v*) §*) and the R we just defined, we can see that
as ideals of R ® A,

k

+1 k+1 k k
>y_ﬁg )(t_a;qu_ﬂ':q) )

(w9 = (= 0"y =) T [(t - o

%

(69) =TT [t = af sy = 8t = oy — 8]

i
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Apply corollary IV.3 to the same set of data, with £ = =, we obtain that as R-ideals,

(W ¥z) = (0= 0" =) [T [0 = af ™ n = 8770 = ol = 8]

i

(69lz) =TT [0 ol n = 8)0 — ot - 8]

Therefore, we have the following factorization of coefficients for e, and log,:
Proposition IV.1. As fractional R-ideals,
5.1
5<n>) a (V"'V(”_l) 5<n>)

n—1

k=0

1
(ff(l) on f(n=1)

and

5@ ... §n+1)
:) :( ORRSY ORI

5(n+1)
( 5 0 - fom
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CHAPTER V
Coefficients of Exponential and Logarithm for Hayes
Modules

In this chapter, we will study the v-adic valuation of the coefficients of exponential and
logarithm series for elliptic curves and ramifying hyperelliptic curves. This will allow us to
show that e,(z) and log,(z), when viewed as power series over C,, converges when z is within

disc of certain radii. For ease of notation, let e,, and [,, be defined by

ey(z) = Z en??"

n>0

log,(2) = Z l,27" .

n>0

As a remark, none of [,, is 0 by | , Theorem 8.3.13].

V.1: Notations from Elementary Number Theory

Let us first fix some notation for this section. Recall that p C A is the prime corresponding
to v. Suppose p has degree dy, i.e. dy = —doVoo(P) = —V(p). Let py € F,[0], p,, € Fy[n] be
the monic generator of the ideals p NF,[f] and p NI, [n] respectively. By abuse of notation,
we also use pg, P, to denote the maximal ideal they generate in F,[0] and F,[n] respectively.

By elementary number theory, we have that

degp = degy po - fo = degnpn ) f777

where fy, f, are the inertial degree of p over py, p,, respectively. Note that degp is divisible by
both fy and f,, hence also by gecd(fy, f,,). We also set vy, and vy, to be the valuation on F,(6)
and F,(n) corresponding to pg and p, respectively, such that vy, (ps) = 1 and vy, (p,) = 1.
Because we normalize v so that the value group is Z, for by € F,(0) and by € F,(n), by
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viewing by, by as functions in K, we have

v(b1) = Uy, (b1) - €g, v(ba) = vy, (b2) - €y,

where ey is the ramification index of p over py, and similarly for e,,.
We define Ky as in the previous chapter: recall that Ky is the smallest extension of H™
(= H since dy, = 1 for our case) containing all coordinates of all zeros of v and §, and R the
integral closure of A in Ky . Fix an embedding K < K,. This gives a valuation w on Ky .
We normalize w so that the value group is Z. Then once again, for a function b3 € K, by
viewing b3 € Ky, we have
w(bz) = v(b3) - €y,

where e, is the ramification index of w over v.
Finally, we let I}, to be the A-ideal (Q—qu, n—nqk), Jii to be the R-ideal (qu —q;, nqk —Bi),
Ji.i to be the R-ideal (6 — oz;qk, n— ﬁ;qk), Ji the R-ideal []; Jii, and J;, be the R-ideal []; J; ;.

Hence as fractional R-ideals,

k=1
Thus,
Proposition V.1.
n—1
n k
wien) = w(,) = w(") = ew > v(I)),
k=0

]

V.2: Main term for logarithm, and one term from exponential: [,

The main contribution of w(l,) will come from v(I), which we shall first compute. We will

also compute v(/ ,(f_)k) for the exponential series.
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Lemma V.1.
1 if degypg |k,

0 else.

Up (0 — 07 =

The same is true for 1.

Proof. All elements in F . are roots of the equation X —X =0,s0 X" —X = [[ecr , (X—0).
By grouping Gal(F . /F,)-conjugates of the right hand side, we have that

a€lF,[X]
a monic irreducible
deg alk

Proposition V.2.

min{eq, e,} if degp | kged(fo, f,),

0 else.

U(Ik) =

Proof. To have v(I}) > 0, we must have p dividing both 6 — 67" and n— nqk. By the previous
lemma, the first requirement is satisfied when deg, py | k, and the second is satisfied when
deg, by | k. Expressing both of these with degp, we have that degp divides both kfy and
kf,, which is equivalent to degp dividing k ged(fy, f,)-

Now suppose v(I;) > 0 and we would like to compute v(f)). Recall that

v(0 = 67) = v(0 — 67 - ey,

which is ey by the previous lemma and our assumption that v(I},) > 0. Similarly, v(n—n?") =

en. As a result,
o(Ie) = v((6 — 07, n — ")) = min{ep, e, }.

O
By adding these up for k = 1,--- ,n, we can see that
Corollary V.3.
Y d
Zv([k) = min{ey, e, } \‘WJ .
k=1
O
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We observe in particular that this has the order of magnitude O(n).

We now proceed to compute U(Iék_)k)

Proposition V.4. For0 <k <n-—1,

min{eg,en}qk if degp | (n — k) ged(fo, fy)

0 else.

w1, =

Proof. By lemma V.1,

k .
07 — 07 =y (0 gy = O s

0 else.

The same is true for 7. The result now follows by a similar argument as Proposition V.2.

]
. . n—k
For our purpose, we will only give an upper bound for the sum of U(IT(L_k )).

degp

—ng(fe,fn)' Then

Corollary V.5. Let C' =

—_

n—

. 1
’U(I?Sk_)k) < qn mln{(ig, en}(]c—_l'

iy
o

Proof.

i
o
3

k n—k
oI =S (M)

= min{ey, e, } (q”_c +q" 4 q"_L‘Cgc‘d@g,fn)’JC>

1 — q*CLWMJ
¢¢ -1
1

< ¢" mi —_—.
q mln{eg,e,,}qc 7

= min{ey, e,}q¢"

]

Even though we give this as an upper bound, we can see from the proof that sum of

U(Iék_)k) has order O(q").
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V.3: Other terms for logarithm

We then proceed to show that the term w(J})) does not matter when compared to the sum
of v(I)’s.

Proposition V.1. Fiz ani. w(J} ;) is bounded by some constant independent on n.

Proof. If w(J,, ;) > 0 for only finitely one n, we are done. Suppose not. Let Ny > Ny > 0 be

two integers where w(Jy, ;) and w(Jy, ;) are positive. Then
w <<9 - a;qu %/ @{qu 0 — a;qNQan - 51{(11\72)) =w(Jy,; + JIn,:) > 0.

We can rewrite this R-ideals as

(0 — 2,0 — 07 - gy e

)

by considering 6 — a;qu modulo 6 — a;qu, and similarly for n, 8/. In particular, we can see
that

nglyi —I'_ JA;V277: D INI_NZR'
Thus

mln{w(‘]]’vl,’L)’w(‘]J/VQ,Z)} - w(JJI\h,i + J;VQ,Z') S w(INl_N2)7

By Proposition V.2, the last term is bounded by e, - max{ep,e,}. What we have shown
is that if we pick any two Ny, No with w(Jy, ;), w(Jy,,;) both positive, then at least one of
them is bounded by e, - max{ey, e,}. Thus we can have at most one N such that w(J}, ;) is

bigger than the e, - max{ey, e,}. Therefore, w(J} ;) is bounded by a constant independent

on n.

O
Corollary V.2. w(J)) is bounded by some constant independent on n.
Proof. This comes from w(J),) = Z w(J,, ;). O

=1

V.4: Other terms for the exponential

As for the exponential, the term w(Jé")) will actually contribute potentially.

Lemma V.1.
w(J§?) = ¢"w (o).
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and hence

w( ) = q"w(Jp).
Proof.
w(J§Y) = min{w((0 — a;)™), w((n — 5)™)}

= ¢"min{w(0 — a;),w(n — B;)}
= q"w(Jo,).

[]

This means that in the formula for w(l,) in Proposition V.1, w(JéZ)) either does not
contribute at all, or it has order O(¢"), which is the same as the sum of U(I,gn_k))’s.
The term w(.J,,) can be ignored when computing the w-adic convergence of exponential:

since it is positive, it only make the convergence easier.

V.5: Conclusion for w-adic convergence of exponential and loga-

rithm

Recall from Proposition V.1 that

w(l,) = w(‘]r/L—H) —w(J}) — ew ZU(Ik)a

By using Corollary V.5 and Corollary V.2, we now have the following result.
Theorem V.1. Forn >0, w(l,) is negative, and |w(l,)| has order of magnitude O(n).

This allows us to show the v (or equivalently w)-adic convergence of Hayes logarithm in
C,.

Theorem V.2. The logarithm series for Hayes module, in the cases of an elliptic curve or
a ramifying hyperelliptic curve with oo the rational point at infinity, converges w-adically for
all z € C, with w(z) > 0.

Proof. Suppose z € C, with w(z) > 0. Then

w(l,27") = w(l,) + ¢"w(z).
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Since w(z) > 0 and w(l,) is in the order of magnitude O(n), w(l,27") goes to infinity as n

does, showing that the series
log,(2) = Z [, 27"
n=0
converges in C,,. n
As for exponential, we can conclude the following.

Theorem V.3. The exponential series for Hayes module, in the case of an elliptic curve or
a ramifying hyperelliptic curve with oo as the rational point at infinity, converges w-adically
for all z € C, with

_ 1
w(z) > w(Jy) + e, min{eg, e,,}qc—_l.
degp
where C' = —————.
ng(f97 fﬁ)
Proof. By combining Corollary V.5 and Lemma V.1, we can see that
n—1
n k
w(ea) = () = w(g") = ew Y 0(1,)
k=0

: 1 n
> — (w(JO) + ey mm{eg,en}ﬁ> q".
Hence if w(z) is bigger than the number in the parentheses, we have that

w(enzqn) > eq"”,

for some € > 0. This valuation goes to infinity as n — oo. This shows that the series

o0
e,(2) = Zenzqn
n=0

converges in C,. O]

Definition V.4. We denote by e, ,(z) and log, ,(2) the functions defined by the respective

series on C,, whenever the series converges.
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CHAPTER VI

L-functions on Drinfeld Modules

As an application of the v-adic convergence of log, ,, we will prove a log-algebraicity formula
for a certain analogue of p-adic L-function in characteristic p. In this chapter, we will
first provide the preliminaries for L-functions over function fields, and then prove the log-
algebracity result.

The theory of zeta functions, L-functions and p-adic L-functions is important in number
theory. In the number field case, it provides useful tools for studying a lot of interesting
topics, such as prime distributions, representations, elliptic curves, etc. Given how well the
analogy between number fields and function fields is, we naturally hope that we can develop
a similar theory in the function field case.

There have been L-functions defined on algebraic curves (or more generally, varieties)
in algebraic geometry. To quickly recall, given a smooth projective curve X over F,, the

arithmetic zeta function is defined to be
N,
X,s) :=ex —gme ],
C(X,s) p <m2>1 —=q )

where N,,, := #X (F,m) is the number of F m-points of X. It is well-known (e.g. | :
Appendix C]) that this zeta function is a rational function (of ¢—%), satisfies a functional
equation and a version of Riemann hypothesis.

However, this zeta function does not match all aspects of the Riemann zeta function. For

example:

e it does not give good information about closed points of X: this zeta function counts

the number of closed points of each degree, but does not distinguish them,;
e it does not have an Euler product with respect to closed points of X;
e there is no analogy of trivial zeros;

e it is rational;
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e it is a function on C, while the curve is over characteristic p.

The first characteristic p zeta function was studied by Carlitz in 1935 | |. His
approach was to directly imitate the Riemann zeta function: summing up the reciprocal of

a nicely-chosen representative from each nonzero ideal of F[6].

o) = 3 ain

a€lFq[0]

The first analogue of this zeta function and the Riemann zeta function was discovered in
the same paper: the special values of this zeta function at positive “even” integers are given
by power of transcendental period and Bernoulli numbers.

Perhaps due to Carlitz’s massive amount of writings, this new zeta function was forgotten
for a while. At the 70s, Goss | ], [ ), [ | revisited the idea and generalize this
to L-functions on all curves X/F,. We will see how these L-functions are defined and show
where they converges in the next section. We will also describe how we can extend the
domain from Z to a characteristic p analytic space in section VI.3.

With the convergence results, Goss also defined, for each closed point v of X, a v-adic
L-function on characteristic p. These v-adic L-functions satisfies an interpolation formula,
just as the p-adic L-function over Q does. We will give the definition in section VI.2. As
a remark, the theory of such v-adic L-function is still in development. For instance, its
relationship with towers of v-cyclotomic extensions and Iwasawa theory are still not clear.

In the number field case, we have a formula for the special L-values L(1, x) and L,(1, x) for
Dirichlet characters y. Under certain conditions for y, these values are Q-linear combinations
of logarithm of elements in Q (cf. | , 4.9,5.18]). We will call this a log-algebraic formula.
In 1996, Anderson | | discovered a log-algebraic formula for the Goss L-values and v-
adic L-values L(1, x) and L,(1, x) for F,[f], where y is a Dirichlet character of conductor v
on F,[f]. Then in 2010, Lutes | ] generalized Anderson’s result for Goss L-values to any
curve and any A in his thesis. In this thesis, we will show a log-algebraic formula for the

Goss v-adic L-values for elliptic curves and ramifying hyperelliptic curves in section VI.4.

VI1.1: Goss zeta function

VI1.1.1: Simple case: PID

To make things simple, let us first talk about zeta function instead of an L-function. We
begin with the assumption that A is a PID, so we can make direct analogies from the Riemann

zeta function. It should be noted that this does not occur a lot: since h(A), the class number
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of the Dedekind domain A, is the same as hx - d,, where hx is the class number of the curve
X, we need both hyx = 1 and the existence of a rational point in X. There are only 5 (up to

isomorphism) cases where A is a PID (cf. | I, [ I, [ E
1. F,[0], g = 0;
2. Fs[0,n]/(n* = (6° =6 1)), g =1
3. Fol0,m)/(* +n+(0°+60+1)),9=1,
4. F4[0,m]/(n* +n + (0% + ¢)) where ¢ generates F, g = 1;
5. Folf,m)/(n* +n+ (6°+6°+1)), g=2.

Following Carlitz’s definition of the zeta function on F,[f], we need to pick a “good”
representative from each nonzero ideal of A. For F,[f], Carlitz picked the monic generator
from each ideal. For general A, we have generalized the notion of “monic” element, by fixing
a sign function. Upon fixing sgn, we define A" to be the subset of A of monic (i.e. sgn 1)

elements, and A" (d) to be the subset of monic degree d elements for each d € Z.

Definition VI.1. For n € Z>, and A a PID, we define the Goss zeta function to be the

series Z Z Z

aeA+ d>0 aeA+(d

The series is summed in the order of increasing degree. This matches how the Riemann
zeta series is summed up: the latter terms in the series should have smaller (infinity-adic)

dega 5o the above sum is indeed in the order

absolute values. For a € A, recall that |a|« = ¢
of decreasing oo-adic absolute value.

Since the absolute value |- | is non-archimedean and the terms in the series go to 0, the
series converges for all n € Z~,. For n = 0, we have ((0) = 1 since the partial sum for each

degree d > 1 is 0. Hence ((n) is an element in C, for all n € Z>,.

VI.1.2: Goss’s Lemma

The usual Riemann zeta series converges for Rez > 1, and can be extended to a meromorphic
function on C. Interestingly, the Goss zeta series actually converges at the negative integers
as well, which we will see in section VI.1.3. This is because the degree d partial sum vanishes
for d > 0. This observation is due to Goss | |, using the following lemma. Using
this lemma, Goss extended the L-functions and v-adic L-functions to certain characteristic

p analytic spaces, which we will see in section VI.3. The following version of the lemma is
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from Goss’s book | |. The details of the induction in the second part is found in | :

3.6.7).

Lemma VI.2 (Goss’s Lemma). 1. Let J,.Jy be two fields over F,, W C J be a finite-

dimensional vector space over F, of dimension «, and let {Lq,...,L;} be F,-linear
maps of J into Jy. Let x € J and {i1,...,i;} be a set of non-negative integers such
that

t
Zih < (q — 1)Oé
h=1

Then

> (ﬁ Ln(z + w)”) = 0.

weW \h=1

2. Suppose now that Jy has an additive valuation v with v(Ly(w)) > 0 for all h and for all
w e W. Let {i} be an arbitray collection of non-negative integers. For j > 0, define

W, ={weW | v(Ly(w)) > j for all h}.

Then

. (z Hchwh) -S>,

weW h=1

J=1
where

dj = dlqu<W])
Note that this is independent on 1y,.

Proof. The proof of the first part is a straightforward application of the multinomial theorem.

Let {ej1,...,eq} be a basis for W over F,. Then the sum in the lemma becomes

Z H (La(x) + 1 lifer) + -+ caln(en))™ .

c1,...,ca €Fq h=1

Expand (Lp,(z) + c1Ln(e1) + - - - + caLn(e))™ via multinomial theorem.

Z.h ;. _sh__ ... _sh
) ) ] E th—]1 Ja
Z. ((Zh - J{l - ) (@)

... _ 4h) 5h h
K ]h ja)m]lw c 7ja

S

. . h
Lalen)™ - Lalea)yaer ...
Here the superscript h on j’s is an index, not a power. Take the product over h. Each
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term in the sum (over cy,...,c, € F, and over j!) now looks like

1 -t . .
: oot I
(junk)e' L et e

where (junk) is in J; and depends only on x and j’s, but not ¢’s.

The sum of the exponents
gLttt ge =0 gyt g F R G ) St

which is by assumption less than (¢—1)a. Hence, for each term in the sum, at least one of the
exponent of ¢’s is less than (¢—1). For that particular combination of j with Y, i/ < ¢—1,

we consider the sum over ¢; € [Fy:

Lt A ‘ Lt Ayt
> Guuk)ey! et = Gunk) - T | YD
c;€Fy 1<i'<a c;€Fy

Wi
The equality is true since everything in the product other than the term

Cg}+-~~+jf

stays constant in the sum. If >, j» = 0, i.e. j! = 0 for all &, then the ¢; term is 1 in the
multinomial expansion (even for ¢; = 0) as no power of ¢; is picked up in the expansion. The

sum over ¢; is then
For other exponent 1 < C < q —1,

for 1 < C < q — 1. Hence the sum

i1 t ) .
E (junk>cﬂl1+"'+31 o cJaé+~~-+Jé

&) EFq

is 0. Repeat this process for every tuple (j); s, we can see that the entire sum

S I Cule) + erliler) + -+ calnlea))™ =0,

c1,..,ca€Fg h=1
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completing the proof of the first part.

As for the second part, first observe that since W is finite-dimensional over [, the set
{v(Lp(w))|h,w} is bounded. Hence there is an integer jo > 0 such that Wj 1, = 0 but
W;, # 0. This also shows that the sum on the right hand side of the inequality is finite.

We claim the following.

Claim: For any integer j with 1 < j < jo, and for any choice of exponents {iy, ..., %},

v D0 TIentw)y™ | = (a=1djj+(g—-1)) di

weW; h=1 >3

The second part of Goss’s lemma is the case when j7 = 1. We will prove the claim by
induction in reverse order.

For j = jo, we have two cases. If ), i), < (¢ — 1)dj,, then the first part of the lemma
with = 0 implies that the sum is 0, and so the left hand side is co. Now we suppose
> nin > (g — 1)dj,. By definition of Wj,, v(Ly(w)) > jo for all w and all h. Thus

t t
v <H Eh(w)ih> = Zzhv (Lp(w)) > Zzhjo (g — 1)dj,Jo-
h=1

h=1

Now suppose the claim holds for some j +1 with 2 < j+1 < jo. If d; = d;1, then both
sides of the inequality do not change. Suppose d; > d;;;. Pick a basis {ey,...,eq,} for W;

such that {eq, .. } is a basis for W;,. This gives us a decomposition

€dj1
Wj = Wj+1 D Fq[edj+1+1, ey edj].

For every w € Wj, let w' € Fyley, ..., eq, ] = Wjy1 and

w” € Fyleq;, 41, - -, eq;] =t W; /Wi such that w = w’ + w”. By binomial theorem,
t
z k
SHawr= ¥ Y T3 (1) awrsaow
weW; h=1 w' €Wjp1 w’'eW; /W11 h=1kp,=0
Exchange the order of summation and factorize, the sum is equal to
7; t
h z k ik
ST Tawrs) [ S Iew
in,kn w GW +1 h=1 w//er/Wj+1 h=1

By induction hypothesis, the first part in the factorization has valuation > (¢ — 1)d;11(j +
1)+(¢—1) 32541 di- For the second part of the factorization, we use the first part of Goss’s
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lemma again. If ), i, < (¢ — 1) dimg, W;/W;1, the second part is 0 by the first part of the

lemma. Else, a similar calculation as above shows that

v > I | = (a—1) dime, (W;/W;i1)j

wIIEWj/Wj+1 h=1

= (¢ = 1)(d; = dj1)7.

Therefore, each term in our sum has valuation at least

((q —Ddin(G+ D) +(g—=1) ) dl) (¢ = 1)(dj — dj1)j

>j+1

=(g—-Ddjj+(q—1)) d.

I>j

V1.1.3: Convergence at negative integers

As a small application of the lemma, we will show that the Goss zeta function over a PID

converges at negative integers n.

Proposition VI1.3. Suppose A is a PID. The Goss zeta function converges at negative

integers n < 0.

Proof. This can be seen directly with first part of lemma V1.2, with {J = J; = C}, W the
space of elements with degree at most d — 1, {£,}, = {id}, = a nonzero element in A*(d),

and 71 = —n > 0. Then for d > 0, we have
—n < (¢ —1)dimg, A*(d —1).

By the first part of lemma VI.2,

Z(a: +a)™" =0.

aceW

For A a PID, all elements in A*(d) is in the form x plus an element in W, for a fixed nonzeros

x € AT (d). Therefore
S o

a€AT(d)
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As we can see in the proof, ((—n) is actually an element in A. This is an instance of the

phenomenon called “essential algebraicity” of Goss L-function. See | , 8.4].

VI1.2: Goss v-adic zeta function

The usual p-adic L-function in the Q and Q, case is defined via interpolating values of L-
function at negative integers, see | |. In particular, the Riemann zeta series with the
terms divisible by p taken away do not converge p-adically. However, this is very different
in the function field case. Fix a finite place v. With the help of Goss’s lemma from the
last section, Goss | | showed that the series defining the Goss zeta function, with terms
divisible by v taken away, does converge v-adically. We will illustrate the details in this

section.

VI1.2.1: Simple case: PID

Let v be a place of X away from oo, and p C A the corresponding maximal ideal. Let
Ay, Ay, K, K, be the completion of the corresponding rings/fields with the place v, and C,
the completion of the algebraic closure of K, (NOT K,). Let n be an integer, and consider

the formal zeta series in C,.

>y o

d>0 a€A+(d

There is no hope for convergence in C,, since there are more and more poles at v as d

increases. A way to fix this is to remove those a divisible by p from the sum.

> Y

d>0 qeA* (d
pta

We will see in the next section that this series converges in C, for n € Z.
VI1.2.2: Convergence

Proposition VI.1. Fiz a nonzero congruence class a mod p. The series

2 2 "

d>0  aeAt(d)
a=a  (mod p)
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converges in C, for all integers n. Hence for all integers n, we can define

ZZa”r 2. 2 >

d>0 acAt(d a€(A/p)* d=0  acAT(d)
pta a=a (mod p)

Proof. For n < 0, the proof is the same as Proposition VI.3, which shows ((n) converges
for n < 0. Fix d > 0. Define W to be the space of elements of degree at most d — 1 and
divisible by p, and x an element of degree d such that x — « is divisible by p, which exists

since d > 0. The degree d partial sum is then

Z a "= Z(:U+w)_”,

ac€AT(d) weWw
a=a  (mod p)

which is 0 by part 1 of Goss’s lemma VI.2.
For n > 0, this requires part 2 of Goss’s lemma VI.2. As with the proof of n < 0, fix
d > 0, and define W, x in the same way. Then

Z a’”:Z(m+w)’":Zx’"(1+%)_n.

a€EAT(d) weWw weWw

Since w/x has v-adic absolute value less than 1, we can expand (1 + w/x)™" via binomial

theorem in C,,.

() =T (V)G =2 ()2 6)

weWw weWw k=0 weW

w
By part 2 of Goss’s lemma V1.2, in particular with w — — as the [Fy-linear map,
x

v(z(g)) q_lgd

weW

where d; is defined as in the lemma
dj = dimg, W; = dimg {w € W | v(w/x) > j}.
Since A is a PID, we have that

dimp, {w € W | v(w/z) > j} = dimp,{a € A | dega < (d —1),p’ | a}
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=dimp,{a € A| dega < (d—1) —degp’} = d — jdegp,

which is, upon fixing j, linear with respect to d. As a remark, we used that A is a PID to
derive an explicit formula for the dimension, but the dimension will always be linear with
respect to d even if A is not a PID, because of Riemann-Roch.

Putting this back to the inequality from Goss’s lemma, we can see that

IONE =030

weW

grows quadratically with respect to d, and is independent on the exponent k. Therefore,

Sy ()2 ()

d>0
converges in C,. O

In fact, the proof for n > 0 works for all integers, and even for n € Z,, if we have a way
to make sense of x~". This hints that the Goss zeta series converges on a larger domain. We

shall investigate the extension of domain in the next section.

VI1.3: Extension to a larger domain

In this section, we will extend the Goss zeta functions in two ways following Goss: analytic
extension to a larger space, and to define the series when A is not a PID. We first describe
how the extension to larger space is done, motivated by generalizing the power functions x™
to non-integer exponent. To go from PID to non-PID, for each integral ideal we need to
assign an element to the series. Unlike Dedekind L-function in the number field case, where
we take the norm of ideals to Q to get a principal ideal, in function field Goss achieved the

goal by defining the exponentiation of an ideal as an element.

VI1.3.1: S

In number fields, the Dirichlet L-series are extended from Z to C. Following the insight,
the ideal candidate of a larger analytic space as the domain of L-function will be C,,. To
extend the L-function to an analytic space, we need to make sense of exponentiation with
exponent somehow in C,,. This needs to be done in a way that is compatible with the usual
exponentiation with exponent in Z. Since C,, has characteristic p, we need to embed Z into

CZX, multiplicatively, instead of into C,, additively.
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Definition VI.1. (cf. | , §8.1]) Set
Seo 1= C X Zy.

Fix a uniformizer 7 € K, with sgnm = 1, and let 7, be a d.-th root of 7 in C,,. Then Z

embeds into S, via
e (w7 g).
For a € K7, we can write

a=sgna- 1= . (q),

where (o) is a 1-unit in CX. In particular it makes sense to raise it by an exponent in Z,.

For s = (z,y) € S, we define
of 1= g dev(D) ()Y,

This extends the usual exponentiation with integer exponent.

For n € Z, we denote [n| € Sy, to be the corresponding element in S,,. We can then define
the extend the Goss zeta function (for A a PID at the moment) to a function Se, — Cy

¢(s) ::Z Z a®.

d>0 acAt(d)

We will check the convergence later when we also generalize the function for A not a PID.

V1.3.2: Ideal Exponentiation

Recall our notation that Z is the group of fractional A-ideals in K, and P* is the subgroup
of principal ideals generated by sgn 1 elements. Let U\l be the group of 1-units in C%. The
exponential function

a
Uy

for uy; € a can be extended uniquely from a € Z, to a € Q,. Thus the group /U\l is

uniquely-divisible. Since Z/P* is finite, we can extend
(—): P =T,

uniquely to Z.

Now we can define exponentiation of an ideal by an element in S..:

Definition VI.2. (cf. | , §8.2]) Let I C A be a nonzero ideal and s = (z,y) € Se. We
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define
deg I := —dyvoo (1),

and
I° = g8 ()Y

One can check that this is an extension of exponentiation of a positive element by an
exponent in S ([ , 8.2.6]).
This takes care of the co-adic extension, but we also want to extend the v-adic functions,

which have image in C,. To do so, we study the field that contains all such 7M.
Definition VI.3. Let V C C,, be the smallest subfield generated by K and {I!) | I € Z}.

Proposition VI.4. [ , 8.2.9, 8.2.10] V/K is finite, with
10y = (1),

It is however not true that V = H*. In fact, V/K could be inseparable, which happens
if p | h(A).

VI1.3.3: S, and v-adic ideal exponentiation

Since V/K is finite, upon fixing an embedding K < K,, we can also define ideal exponenti-
ation v-adically. Let w be the place of V above v given by the embedding V ¢ K — K,.

The decomposition of a nonzero positive element is slightly more complicated in V,, than
in K Since a positive element has sgn 1, we do not have to worry about roots of unity F
in the decomposition of K. However, this cannot be omitted in V), as a monic polynomial
is not necessarily a 1-unit in C,.

Imitating what we did for the v-adic Goss zeta function when A is a PID, we do not
consider those ideals divisible by p. This means that we only have to define exponentiation
with base from the group of integral units (’)é’w instead of the entire V*.

For all a € Oy, we have a decomposition

a = wy(a){@)w,

where w, () € FY is given by the composition

Hansel’s

Ofp = (Ovu/(w)* =5 OF,,
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and (a),, € Uy, is a 1-unit. Let D, := #(IF,). This gives us the following requirements for

defining the topological group of possible exponents for v-adic ideal exponentiation:

e the group of possible exponents should have a Z/D,,Z x Z, component, to accommodate

for wy, (o) and (a),, respectively;

e the embedding from Z into the space of possible exponents needs to send n to (n,n)
in Z/DyZ x Zy;

e as with the C, case, there is a C) component; the image of Z to the C) component
in the group of exponents is 1, so the exponentiation is compatible with the usual one

with positive integer exponent.
This gives the following definition.
Definition VL.5. (cf. | , §8.3])
L. For (s1,89) € S, :=Z/DyZ x Z, and a € Oy, we define

al52) = w, (@) ()32

2. For (z,s1,80) € CX xS, =C) XZ/D,Z X Z,, and I C T an ideal prime to p, we define

I(x,sl,s2) — xdeg[([[l])(51,82).

Here we view I as an element in O‘X/ﬂu via the fixed embedding K — K.

This coincides with the exponentiation of a positive element by a positive integer, via
the embedding Z — C)* x S, with n +— (1,n,n).

VI1.3.4: Extension of Goss zeta and v-adic zeta functions

We are now ready to extend the Goss zeta function and wv-adic zeta function to a non-
PID A and to an analytic domain. Let h™ = #Z/P* be the narrow class number, and
ar, -+, ap+ C A be A-ideals representing the classes of Z/PT. We borrow the notation from
number fields and use aj_1 to stand for the inverse fractional A-ideal of a;, and we denote

the subset of sgn 1 elements in a;l by a;l’J“.
Definition VI.6. For s € S, and a general A, we define
1 1 1
R S DD DD D
d=0

0£ICA j=1 ica— b+
J

degi+degaj=d
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And for (z,s) € C x S,, we define

Caw(z,s): ZZIS

d>0 0#ICA
v(I)=0
deg I=d

with the sum split into different congruence classes of the narrow ray class group Z(I)/P; .

For a finite order character W of conductor p on Z, the Goss L-function L(s, V) and
L,(1,¥) can be defined similarly.

As for convergence, the difficulty of the proof resembles the number field case. Namely,
it is very easy to prove convergence when the absolute value is sufficiently large, similar to
the convergence of zeta functions over number fields at the complex right half plane. On the
other hand, the convergence when the absolute value is small is also true, but the proof is a
lot more involved, invoking Goss’s lemma V1.2 and requiring more technical details. We will
illustrate the proof for the sufficiently large case, and refer readers to Goss’s book | ]

for the general case.

Proposition VI.7. The function (a(s) converges for |z| > 1, where s = (z,y), and (4 (2, s)
converges for all (x,s) € CX x S, with |x|, > 1.

Proof. We will only show the proof for (4(s). The proof for (4,(z,s) is very similar. We

unwind the exponential * from the a;-component of the zeta series.

00
> X i
d=0 ica; BT

degi+-degaj=d

Z x—degi<i>—y

0 zEa]
degi+dega;j=d

)

Zx (d—dega;) Z <Z~>—y

d=0 1€a; L+
degi+degaj=d

[
NE

.
Il

Since the sums of l-units (i)"Y have absolute value at most 1, the infinite sum (over d)

converges as |z| > 1. O

Proposition VI.8. (¢f. [ , Theorem 8.9.2]) The function Ca(s) converges for all s =
(x,y), and the function Ca,(x,s) converges for all (z,s) € CF x S,.
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In fact, Goss proved a statement for these L-functions better than just convergence: these
functions are analytic in the CZ (resp. CJ) variable, and varies continuously along the Z,
(resp. S,) variable. See [ , Ch 8] for the definition and discussion of analyticity on Su
and C; x S,.

V1.4: Log-algebraicity

In his paper introducing log-algebraicity | |, Anderson discovered a strong log-algebraicity
statement, and used it to deduce a formula for L(1,y), which follows the classical “Gauss
sum - log(algebraic integers)” pattern as in the number field case. He then applied his for-
mula as well as the fact that the Carlitz logarithm as v-adic radius of convergence 1 to show
a similar formula for L,(1, x). Later, Lutes in his thesis | | used Anderson’s technique
to compute L(1, V) over any ring A, where W is now a character on the group of fractional
A-ideals with prime conductor. Our goal in this section is to use Anderson’s idea to expand
Lutes’s computation to L, (1, ¥).

It is also worth mentioning that Green and Papanikolas [ | use independent tech-
niques to come up with another formula for L(1, ¥) in the genus 1 case, as a special case for
a formula for Pellarin L-series. It would be an exciting idea to see if we can come up with

similar v-adic results for Pellarin L-series | ] or in the sense of Taelman | ]

VI.4.1: Anderson’s Log algebraicity

We shall first briefly go through Anderson’s log-algebracity statement. Let p;(7) be the
monic generator of the principal left ideal {p;(7) | i € I} € H™{7}, D(ps) be its constant
term, and p;(Y) be obtained by replacing 77/ with Y in p;(7). Here Y is a free variable, in
particular transcendental over H™.

Let w, to be a generator of zero lattice A, for e,(z). To ease the notations, define
ea(z) = ey(wyz), and e;(2) := e, (D(pr)w,z).

Definition VI.1. 1. Let
degbd

b(Y) =) bY' e H'Y].

=0

We define an action of nonzero A-ideals on H*[Y] by

degb

(b)) =Y b (v )
1=0

where (J,H"/K) € Gal(H"/K) is the Artin symbol.
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2. For each b € HT[Y], let I(b; z) be a power series in z over HT[Y] defined by

J * b deg J
I(b;z) == Z 2077
7 D(ps)

where the sum is over all nonzero ideals J C A. Similarly, upon fixing a nonzero ideal
I C A, we define

1 (Q{I) * b deg I+deg o
I;1(b;2) i= —— —r 1 )
Bi2) = 5oy 2 T

acl—1:+

ht

As a remark, it is clear that [(b; z) = Z lo,(b; z), where a; goes over all classes of Z/P™.
i=1

Anderson’s main result in | | asserts that given b € Oy+[Y], I(b; z) can be viewed as a

certain logarithm. To be precise, by applying the exponential power series associated to p,

we can obtain a polynomial in Y, z over Og-+.

Theorem VI1.2. (Anderson, [ , Theorem 3]) For b € Oy+[Y], the formal power series
S(b; 2) = e, (1(b; 2)),

a priori in the ring (HT[Y))[[2]], is in fact in Og+[Y, z].

This is an analogue of the fact that exp(log(1 — 2)), a priori a formal power series in
Q[[z]], is in fact in Z[z]. Readers can refer to | | for a more careful formulation of this
theorem, via writing [(b; z) in increasing power of z and defining S(b; z) in terms of such
coeflicients. Readers can also refer to a beautiful survey article by Perkins | ]

By definition of S(b;z), we have that S(Y™;z) is divisible by Y™. We will use this

observation very soon.

VI1.4.2: L(1,¥)
Next, we pick appropriate b € Og+[Y], and evaluate at particular values of Y and z.

Definition VI.3. For a nonzero ideal I C A, we define

1 er(ax)
lnp(x) = =11(X™; 2)|ly—en(z),o=1-
I ) D(P[) ae(lzl)+ o I( ) Y=e4(x) 1

Here z is another formal variable. Later we will substitute = by elements in p~'A,/A,,.

Fix an isomorphism

A/p — p_lAp/Ap
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a > apl

Recall that a;,...,a,+ C A are integral ideals representing the classes of Z/P*. We then
substitute b = Y™ Y = e;(ap), and z = 1 to Anderson’s log-algebraicity and obtain that

ht
€ (Z lm,axam) = S(Y"™; 2)ly=ea(an)o=1
1=1

is an algebraic integer in O+ [p[p]]. Before we move on to values of L(1, V), we shall first
mention an important lemma. This lemma is a key to prove the log-algebraicity for L,(1, ¥).
Lemma VI.4. For any B € Ok, the element S(BY™; 2)|y=e4(ap),-=1 15 divisible by
ealam)™ in Ok ()

Proof. Recall from the discussion after Theorem VI.2 that S(Y™;z) is divisible by Y.

The exact same argument shows that the same is true for S(8Y™;z). Now evaluate at
Y =ey(ap), z = 1, we have that S(BY™; 2)|y—e,(ap),»=1 is divisible by

ealap)™ = (paea(p)))™,

which is divisible by e (u)™. O
We now return to the study of L(1, V). With the notation [, ;(x), Anderson and Lutes

gave formula for L(1, ¥) in terms of e;(ap)’s and I, ;(bu), using Lagrange interpolation.

Theorem VI.5. 1. (Anderson, [ , (38)]) Let A=F,[0] and x : A — C a charac-
ter of conductor p. In this case Z/P*T = 1. Then

degp_l
11 .
L(l,x):—m ST D en@ | [ D x T (O)malbp)
m=1 ackFy beF,

The €,(a) are elements algebraic over Fy(0), obtained via Lagrange interpolation.

2. (Lutes, [ , V.13]) For a general A, and U a character of conductor p on Z(p), the

group of fractional A-ideals prime to p,

degp 1

o= 5[0 (o)

m=1 aEFX

Z (Xil (b) lm,aj (blu>)

beF,
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The v;’s, €mq,(a/v;)’s are defined similarly as p and €},(a). See [ | for detailed

definitions.

When A = F,[0], we can rewrite the term [, 4(bu) as

b, a(bp) = 1(Y™; 2) |y —ea(om),o=1 = 108, S(Y™; 2) |y —e s (br) 21

in particular the Carlitz logarithm of an algebraic integer. This shows that L(1, ) is log-
algebraic.

However, in Lutes’s scenario, the log-algebraicity is not as immediate. A direct difficulty
we encounter is that we cannot directly conclude that [, (bj) is log-algebraic. To fix this,
Lutes fixed a set of K-linearly independent elements {f3;, - , B+ } in Og+. Then he applied
Anderson’s log-algebraicity theorem VI.2 to b = ;Y™ instead of Y™. This shows that

S(B;Y™; 2) = e,(1(B;Y™; 2))

is a polynomial in Y, z with coefficients in Oy+. Evaluate this at Y = e4(bu), z = 1, we have
that

(ﬁj )Y e (bp),z=1

is an algebraic integer for all 5;. Now, unwinding the right side, we see that
S(BiY™; 2)y=en(bp),e=1 = €p BY™: 2))y — e p (o) =1

= Zep o (Y™ ))Y =e 4 (by),z=1

h""
_ (@, /K)y (ym, )
; © <BJ ai( , Z) Y=e4(bu),z=1
ht
= Z ep(ﬁg('a / )lm D)
=1
As B; varies in the set {f1,..., B+ }, these equations can be written in terms of a matrix
equation. For ease of notation, set £; := log, ( (BiY™; 2)y —en(bn),-= 1)
g, BT gl IO gl SEON (b
m,ay
2, 6§a1,H+/K) /Béaz,HJr/K) . BéthrvH-"/K) lm,ag(b,u)
S Bl oK) Bl 6(“” H) ] Nl (bp2)
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By definition, {fi,- -, By+} is K-linearly independent. Thus the matrix here has linearly-
independent rows, equivalently nonzero determinant. This shows that l,,, ,(bu) is an H™-
linear combination of £; = log,, (S(ﬂij; z)y:eA(bﬂ),zzl). Combining this with theorem V1.5,

we obtain the following.

Theorem VI.6. | , V.14] The special value L(1, V) is log-algebraic, i.e. there ezists
a1, 0, Sty Ss € K such that

L(1,9) = a;log, S;.

In fact, we can pick S; € K(p[p]), a; € V(plp]), and s < (q48P —1)? - ht. O

If one wishes, the a;’s can be written very explicitly, by using Cramer’s rule to solve the
matrix equation. The expression will get too long, so we skip it here. Interested readers can

refer to | .

VI1.4.3: L,(1,x) over F,[0]

Anderson applied the log-algebraicity for L(1,x) as well as the v-adic convergence for log,
to deduce the log-algebraicity for L,(1,x) on the Carlitz module. We will illustrate it here
as a motivation to our generalization of this result. In this section, A = F,[f] and we are

using the Carlitz module p;, = 0 + 7.

Proposition VI.7. [ , Prop 12] The series

€A ab m
Z Z ( a/P)

d>0 acAt
v(a)=0
deg a=d

converges v-adically to 1og,(S(Y™; 2)|y=ea(bu,2=1))-

The proof is easy: realize that S(Y™;2)|y—e,(bu,-=1) lies in the radius of convergence for
log,, and the calculation follows from formal manipulation of series.
Using this, Anderson wrote down a formula for L, (1, ), which is similar to the Kubota-

Leopoldt formula.
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Proposition VI.8. [ , (43)]

g1

LY== (o5 ¥ x@e(a)

m=1 aEF?

) Z Xﬁl(b) 10gv(S<Ym7 Z) ‘Y:eA(b,u,,z:I))

beF,
In particular the elements €%,(a) is the same as in VI.5.

VI1.4.4: Log-algebraicity for L,(1,V) on Elliptic curves and Ramifying Hyperel-

liptic curves

We now proceed to prove our application, which is the log-algebraicity for L,(1, ¥) for our

curves.

Proposition V1.9. Fiz 8 € Og+. The series

ht
Zﬁ(%HjL/K)lm,aj (b,u)
j=1
00 ht -
551 D SEnuTUEY B SR GOk N
= | == Pls) et o

deg a;+deg a=k

summing in the order as indicated, converges v-adically to

logw (S(ﬁym§ z) |Y:eA(bN)1Z:1)'

Proof. By definition of e;(z),

eq; (i) = equp(D(pa;)wpadp).

We shall investigate the right hand side. Since « is positive, by definition of p; we have that

D(paq;) = aD(pa,)-

Since aa; is in the same ideal class as a;, the Hayes modules (aa;) * p and a; * p are the
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same. As a result
€(aaj)xp = €ajxp-
Thus
€q; (abpt) = €(an; (D (Paa;)@pb1t) = poa;(€a(bp)),

where functional equation for p; is used in the last equality. Putting everything together,

the degree-k part of our series becomes

ZZ

,1+ aD<pag)

deg a; +deg a=k

ey HH/K)
(Paa; (€4 (bp)))™

—Z S gy en) (1)

a€ca;
deg a;j+deg a=Fk Y=ea(bu)

The sum goes over all ideals J C A with deg.J = k. Hence this equals

Jx (Y™
3 (BY™)

deg J—=Fk D(ps)

Y=ea(bp)
Therefore, our whole series is the same as

- J = (BY™)
Z ( Z D(pJ) )

k=0 \degJ=k

=1(BY™; 2)|y =)=

Y=ea(bu)

By Anderson’s log-algebraicity theorem VI.2, the formal power series

ep(l(ﬁYm;z))

is actually a polynomial in Y, z over Og+. Hence as formal series,

l(ﬁym )‘Y ea(bu),z logvp (5Ym.z)’Y*eA(bp,) z=1
- ZL Bym |Y ea(bp),z= 1) n7
n>0

where L, are the coefficients of logarithm. To makes sense of this series, we need the right
hand side to converge v-adically. By Lemma V1.4, S(8Y™; 2)|y—e ,(b),-=1 is an algebraic inte-

ger divisible by e ()™, Since e (u) has positive v-adic valuation, sois S(BY™; 2)|y =e ., (b),2=1
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Therefore, by Theorem V.2 the series converges v-adically to log, ,(S(BY™; 2)|y=e,(bu)z=1)-
O

Following the method of Anderson, we are now able to prove the log-algebraicity of

L(1,¥) for elliptic curves and ramifying hyperelliptic curves.

Theorem VI.10. L,(1, V) is log-algebraic, i.e. there exists
Ay 7a87517"' 758 GFa

with v(S;) > 0, such that
Ly(1,9) =Y ailog, , S;.

The ay, S;, s are the same as in log-algebraic theorem VI.6 for L(1,V).

Proof. The expression
ht

Z ﬂ(aj’HJr/K)lm,aj (b/l)

j=1
we considered in Proposition VL9 is precisely S(8Y™;2)y—e,(bu),=1- As in the proof of
Theorem VL6, let {8y, ,Bu+} be a K-linearly independent subset of Ok ,p)). By going
through the same argument as the proof of Theorem VI.6 again, but doing everything v-

adically, we arrive at the desired equality. O
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CHAPTER VII

Examples and Possible Generalizations

VII.1: Examples

VIL.1.1: A =T3[t,y]/(y* — (> —t—1)),9g=1,h =1

([ , 11.5], | , 2.3¢], | , 9.1], [ , VIIL.4]) Our first example is an elliptic
curve over F3 with h(A) = 1. Let A = F3[t,y]/(y* — (* =t —1)). Then V = (6 + 1,7), and

y—n—nt—"0)
/= t—(0+1)

The Hayes module is given by
pr="0+n0" =07+ 7% py=n+n(’ =7+ 0"+ 0’ +n)r*+ 7.

Let v be place on K corresponding to the prime ideal p := (). Fix v/—1 € Fy. This gives
a character of conductor p by y : A — Fyg, a(0,n) — a(0,v/—1). Let A € K(p[p]) be a
primitive t-torsion point of p, i.e. a generator of p[p] as an A-module, and let X' = p,(A). In

[ , VIIL.4], a log-algebraic formula of L(1, y) is given as

(1, = TV om)
L(1,\%) = 10gp()\:\)/:\/\/::11;0gp()\)-

By Theorem VI.10, we obtain a log-algebraic formula for L,(1,x) given by the same
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numbers.

. logv,p(/\/) + \Y% —1 logv,p<)\>

Lu(1:x) N+ =1\ ’
3 logv,p(A/> -V _110gv,p<)\)
L(1x7) = N — /1A '

VIL.1.2: A=Tt,yl/(?+y+ > +t3+1),g=2,h =1

([ , 11.6], | , 2.3d]) This is the only genus at least 2 example with h(A) =1 (cf.
[ : D). Let A = Fyft, y]/(v*+y+(#+t3+1)). Then V = (0, n+1)+(6?+1,n*+6%),

Cy+n+ 00+ 603+ 0%(t+1))
S 2+ (2+0+ 1)+ (03 +0)

f

The Hayes module is given by
pe=0+ (0" + 0T +7°  py=nt T +yert +ysT +yart + 77

where

y1 = (02 +0)(n* + 1)

Yo = PO+ D) +n)(n+ 0% (n+6°+1)

ys = n(n+1)(0° +0° + 0%+ 0 + D[(0° + 6% + 1)y + 07 + 0" + 07]
(0> + 6% + 1)+ 07+ 6* + 6° + 1]

ya = (007 +m)(07 + 6%+ 1)(n + 0)(n + 0 + D).

To illustrate our Corollary 1V.3 and V.3, we have factorized the first few coefficients of

log, as A-ideals.

() = (0)(6 + 1),

(L) = () O+ 1) (8° +6°+6° + 6" +6° + 6+ 1),

(Is) = (0* + 0+ 1)°(0" + 6"+ 0° +0° + 6> + 6 + 1),

(L) =(+0+1)"HO) 2O+ 1) 2+ )+ +1)(n+0)(n+0+1)

N+6>+0)(n+6>+0+1)(n+1)n)
(02 +0°+60°+0°+60°+0°+1)(0* + 0+ 1).

As an illustration of Proposition V.1 and Corollary V.3, the primes (#) and (6 4 1), both
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of degree 2, divide I, once and I;! twice. It is worth noticing that Corollary V.3 predicts
that (6) and (# + 1) should also divide I3 once, but they did not show up in the above
factorization. This is because both of them get canceled by the terms coming from V()

equivalently w(.J; ;) as in Proposition V.1.

VIL.1.3: A =T;[t,y]/(y* — (B +t*+t),g=1,h=2

([ 117 ., 9.2], [ , VIIL.5]) The third example is a class number 2 elliptic
curve over Fy. Let A = Fa[t,y]/(y> — (t* — 2 —t)). We have h(A) = 2, H = K (/) and
On = F3[V0, L ] We have to fix a Hayes module with respect to sgn. Set

pr="0+(Vo—0° —n—r)r+ 7,

and p, is determined uniquely from p; by p:p, = pyp;. For this Hayes module, we have

V:(—G—l—T —n — 92—\/5),and

f:y—'rz—(—n—H%Jr\/@)(t—@)‘

t+0+1+ 7
We have that
-1y _ no
({3 )—(\/_)(\/5 Lo+1)™
1y 2, M no o /.
;") =(V0) (\/g+f)(\/_ \[)(@*1’9*1)(@ 1,60 +1)

n 5 3 2 -
(Vo+1 )(f—1)<7)( 0 —1)P°—L2 +(0°+6>+0 +1))

%

This time, the ideal coming from =" is
(02 - 67772 - 77) = (\/5)7

instead of (1), since (V@) N A = (0) in A is of degree 2, not 1. As we can see, (v/0) divides
(I;') twice, matching the prediction from proposition V.2.

Let v be the place on K corresponding to the prime ideal p := (6,n). Then (]
11.7])

-1
U
py = <1+9+ﬁ) Vo + .

We define a character x : A — F3 of conductor p by a(f,n) — a(0,0). Extend x to a
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character ¥ on the group of fractional A-ideals in K. Fix A to be a primitive p-torsion point.

An log-algebraic expression for L(1, V) is given by (| , VIIL.5])

D(Pp)_l o )
\/@ )\)l gpS(X,1>X:>\

L(1,¥) = (

D(py 1 .
+ <_ g /\\/5> log, S(VOX;1)xos.

Lutes also computed the special polynomial S(Y’; 2):

S(¥32) =Yz + ((=n— VOO - 1)Y* +Y) 2
+ <Y9 + (n+ Vo6 - 1)Y3> 22— Y92,

Once again, the same formula holds v-adically.

VIIL.1.4: sgn(F) = 1, but sgn(F%)) transcendental

Back in Remark I1.15, we have promised an example of a function F' with sgn(F') = 1, but
sgn(FW) transcendental over F,. Here we provide such an example: suppose X = P! with
function field F,(¢), and set 50 to be corresponding to ¢ — ¢ for some ¢ € F,. Fix sgn such

that sgn of the minimal polynomial of oo is 1. Then the function

c—clt—0

c—0t—ct

has sgn(F') = 1. For do, > 2, we have that

q 2
s’g\;ﬁ(F(l)):<c_6q> c—01 1 —cT c— 01

c—0 -

c—c  c—ct el — g’

which is transcendental over F,. If d, = 2, then from
sgn((t —c)(t =) = 1,

we have that

_ 1
sgn(t—c):c_cq.
Thus N o0
So(FMy — (€ 00— ) — (¢ payat1 €T
T = (S25) - 0= = (- ey E2

76



which is also transcendental over [F,.

VIIL.1.5: X =P, any d.,

To end our list of examples, we will have a glimpse on how the v-adic convergence should
work for a general curve, by studying Hayes modules coming from P! other than the Carlitz
module.

We continue using the settings from the previous example VII.1.4. Let X = P! with
function field I, (¢). Set 30 to be the point corresponding to the place t — ¢ for some ¢ € F_q.
This will only exclude the case with oo corresponding to the usual degree at ¢, which gives
the well-understood Carlitz module.

Once again, fix sgn such that sgn of the minimal polynomial of oo is 1. A shtuka function
f has divisor

div(f) =V =V +(5) - (W),
and is given by
t—0
t—ct’

f=c

where C € C, is a constant. Since

s’gvn(ff(l) .. f(doofl)) -1

(see Remark I1.15), we can compute that

gdoo 1 -1

C ot = <(c—0)(c_QQ)...(6_9qd°°‘1)>

We can also rewrite the shtuka functions as

1 t—0
=U
/ c—0t—ct’
where .
gtoo 1 (c— Q)qqfl_q

U qg—1 =

(c—09)---(c—gar="1)

doo

The advantage of writing f in this way is that as an element in H, the 7 -th power of

U only has nonzero valuation at places above co (as in K, not K). The notation U comes
doo

from the fact that the g

-th power of U is a unit in Og. In particular, U has valuation

zero at the place above “degree in 67, which is not true for C'. This will help us to compute

the v-adic convergence of e, and log, for v to be the place “degree in 6”.
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doo

Now fix such a U (out of the choice of a a -th root of unity). The exponential series

for the Hayes module corresponding to this choice is given by

(0 o)
61— 0

4

ep(2) =2+ U (c—0)

2

(07— )0 — )"
I

n+1_1

:z—iU_qqn_ll(c—Q)qql
n=1

. (9‘1"*1 _ c)‘I(HQ"*z . C)q2 - (911 _ C)qn—l
(@q" — 9) ((9!1"*1 _ Q)q .. (Qq _ Q)qnfl

+ U—(q+1)(c _ 9)1+q

n

q

The differential w € H(X,QY(V — (30) — (36=Y))) as in Definition I11.19 and [ :
0.3.7] (also see Remark I1.21) is given by

and the logarithm series is given by

log,(z) =24+ U""'(c—0) Ez : gz; 21
e T

=z — Z Uﬁq::ll (c— 9)q a=T
n=1

. 0 —c)(O—cT)---(0—c" )
(0 —09)(0 — 67) - -- (6 — 67")

27,

From the calculation we have done in Chapter V, namely Corollary V.3, we can see that

if v is a place of P! away from co and the one corresponding to deg on 6, then

%‘,_1, where w, e,, are as in section V;

e ¢,(z) converges in C, for all w(z) > €wy
e log,(2) converges in C, for all v(z) > 0.

For v corresponding to degree in 0, we can directly compute the valuation. Let w be a place

in H* := H(U) above v, and e,, the ramification index of w over v. Then

w(e,) = —ey



w(l,) = —eyn,

by looking at the degree in 6 of the coefficients. This shows that the v-adic convergence
behavior of e,(z) and log,(2) is the same also when v is the “degree in ¢”. This gives

evidence to the general v-adic convergence behavior of e, and log, in the case when d, > 1.

VI1I.2: Possible directions for generalization

Before we end this thesis, we present a few possible directions for generalizing results in this

paper.

VII.2.1: A conjecture for the general case

From the previous P! example and Theorems V.2 and V.3, we formulate the following con-

jecture that predicts the general v-adic convergence for e, and log,,.

Conjecture VII.2.1. Let p be a Hayes module on X, with no restriction on genus X or
ds. Fiz a place v of X the same as oo. Let FracR be the field extension of HT containing
all zeros of the Drinfeld divisor V' corresponding to p. Let w be the place (normalized so the
value group is 7) in FracR over v upon a fized embedding K — K, and e,, the ramification

index of w over v. Then:

1. the exponential series e,(z) converges in C, when

1

deg p ?

g’ —1

w(z) > w(Jy) + ey -ep-
where Jy is some ideal coming from V' evaluated at =, ey is some number coming from
ramification, and fg s some number coming from intertia;

2. the logarithm series log,(z) converges in C, when v(z) > 0. Moreover, the coefficients

of logarithm should have v-adic valuation in the order of O(n).

An immediate difficulty that we face when trying to prove this conjecture is that it is

hard to explicitly write down
1. the shtuka function f with a nice integral model, with all zeros being integral;
2. the differential w in terms of the shtuka function f.

In particular, the way we obtain the good presentation for the shtuka functions f for

elliptic curves and ramifying hyperelliptic curves is via long division, which requires that
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there is a degree 2 element in A. Obviously this does not have to be true in general. For
instance this will fail immediately when d., > 3. In the general case, long division can still
be done, but the result will no longer be in terms of integral functions, needless to say sgn
1 functions. It also becomes hard to keep track of the relations of the generators in a model

for A, when there are more than 2 generators and/or more than 1 relation.

VII.2.2: Higher dimension

It has been shown by Anderson and Thakur | , 2.4.1] that for the n-th tensor of Carlitz
module C®", the logarithm series Log,,(z) converges v-adically for all z € C" with v(z) > 0,
and they used the convergence to calculate the values (,(n). In | , Theorem 3.3.3],
Chang and Mishiba showed a generalization for some uniformizable t-modules. As for elliptic
curves with oo as the rational point at infinity, Green has given an expression of coefficients of
the logarithm series for the n-tensor power of a Hayes module in his thesis | , Theorem
4.2.4]. A work in progress of the author is to prove a similar v-adic convergence result on

the tensor product, which can be used to calculate v-adic zeta values.

VII1.2.3: Other L-series

It is also worth mentioning that Green and Papanikolas | | studied the shtuka functions
for elliptic curves and come up with another formula for L(1,x), as a special case for a
formula for Pellarin L-series | ]. It would be an exciting idea to see if we can come up

with similar v-adic results for Pellarin L-series | ).
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