
Math 170B Final
March 16, 2020

Instructions:

• The exam consists of

– an Academic Integrity Pledge, which must be completed for your exam to be
scored

– 8 problems, worth a total of 200 points

• You may use whatever written (text or online) resources you like, and calculators and
Matlab are allowed, however, you may not collaborate or communicate with anyone
other than the instructor while working on this exam

• Start each problem on a new page

• Turn in your pledge and your problems on gradescope

• You must show your work to receive credit
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Academic Integrity Pledge

Copy down the following Excel with Integrity Pledge on a new page, sign and date it,
and turn it in.

I am fair to my classmates and instructors by not using any unauthorized aids.
I respect myself and my university by upholding educational and evaluative goals.
I am honest in my representation of myself and of my work.
I accept responsibility for ensuring my actions are in accord with academic integrity.
I show that I am trustworthy even when no one is watching.
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1. (25 pts) Given the following header for a Matlab function:

function [coef] = CoefficientHermite(m,x,y,yprime)

that inputs the data

• number of nodes m ≥ 1;

• m-component vector x of distinct nodes;

• m-component vector y of values of a function f at the nodes in x;

• m-component vector yprime of values of f ′ at the nodes in x;

and uses divided difference tables to output the the coefficient of the x2m−1 term
of the (Hermite) interpolation polynomial for the given data.
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2. (25 pts) Use the bisection method to approximate the x-coordinate, xclose, of the
point lying on the graph y =

√
x + 1− 1 that is closest to the point (0, 1). For your

bisection method, use starting interval [0, 1] and perform just enough iterations so
that your approximation is guaranteed, by error bounds, to be within 0.2 of xclose, in
absolute error.
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3. (25 pts) Let p(x) = 2x2 − 12x + 10. Demonstrate the method of deflation for finding
all the roots of p(x) using, whenever you need to find a root, one step of Newton’s
method with initial guess at 2.

(do not use any knowledge of exact solutions for quadratic or linear polynomials)
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4. (25 pts) Let a < b. Prove, separately, the following two statements:

(a) If F ∈ C[a, b] and F maps [a, b] to [a, b], then there exists a fixed point of F in
[a, b].

(b) If F ∈ C1[a, b] and F ′(x) 6= 1, for all x ∈ [a, b], then if a fixed point exists in [a, b],
it must be unique.
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5. (25 pts) Let a < b and n ≥ 1. Using the fact that the Chebyshev polynomial of degree
n, Tn(x), satisfies

max
x∈[−1,1]

|r(x)| ≥ max
x∈[−1,1]

∣∣∣∣∣Tn(x)

2n−1

∣∣∣∣∣ =
1

2n−1
,

for any monic polynomial r of degree n, detail the steps and reasoning involved in
determining the largest constant C, depending on a, b, and n, such that

max
x∈[a,b]

|r(x)| ≥ C,

for any monic polynomial r of degree n.
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6. (25 pts) Consider f(x) = cos (4x) and evenly spaced nodes 0 = x0 < x1 < . . . < xn = π
2
,

where h = xi+1 − xi, for any i, is the stepsize. Let p(x) be the piecewise deg ≤ 5
interpolant (piecewise Hermite interpolant) for the table of given data with distinct
nodes:

x x0 x1 . . . xn
f(x) f(x0) f(x1) . . . f(xn)
f ′(x) f ′(x0) f ′(x1) . . . f ′(xn)
f ′′(x) f ′′(x0) f ′′(x1) . . . f ′′(xn)

(a) Use calculus to find maxx∈[xi,xi+1] |(x−xi)(x−xi+1)|, and use your result to write
down an error bound,

|f(x)− p(x)| ≤ C,

satisfied for all x ∈ [0, π
2
], where C depends on h.

(b) Use your error bound to find n such that |f(x)−p(x)| ≤ 10−13, for all x ∈ [0, π
2
].
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7. (25 pts) Let h > 0. Use the (Hermite) interpolation polynomial for the table of given
data:

x x0 x0 + 2h
f(x) f(x0) f(x0 + 2h)
f ′(x) f ′(x0 + 2h)
f ′′(x) f ′′(x0 + 2h)

to derive a formula of the form,

Af(x0) + Bf(x0 + 2h) + Cf ′(x0 + 2h) + Df ′′(x0 + 2h),

where A,B,C,D can depend on h, that gives a good approximation of f(x0 + h).
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8. (25 pts) Given data points (xi, yi), for i = 0, . . . , n, suppose there exists a cubic
spline S that interpolates the data points while satisfying the boundary conditions
S ′(x0) = S ′(xn) and S ′′(x0) = S ′′(xn). Prove∫ xn

x0
[S ′′(x)]2 dx ≤

∫ xn

x0
[f ′′(x)]2 dx,

for all f ∈ C2[x0, xn] that interpolate the data points while satisfying the boundary
conditions f ′(x0) = f ′(xn) and f ′′(x0) = f ′′(xn).
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