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Glossary

Discrete variational mechanics A formulation of me-
chanics in discrete-time that is based on a discrete ana-
logue ofHamilton’s principle, which states that the sys-
tem takes a trajectory for which the action integral is
stationary.

Geometric integrator A numerical method for obtaining
numerical solutions of differential equations that pre-
serves geometric properties of the continuous flow,
such as symplecticity, momentum preservation, and
the structure of the configuration space.

Lie group A differentiable manifold with a group struc-
ture where the composition is differentiable. The cor-
responding Lie algebra is the tangent space to the Lie
group based at the identity element.

Symplectic Amap is said to be symplectic if given any ini-
tial volume in phase space, the sum of the signed pro-
jected volumes onto each position-momentum sub-
space is invariant under the map. One consequence of
symplecticity is that the map is volume-preserving as
well.

Definition of the Subject

Discrete control systems, as considered here, refer to the
control theory of discrete-time Lagrangian or Hamilto-
nian systems. These discrete-time models are based on
a discrete variational principle, and are part of the broader
field of geometric integration. Geometric integrators are
numerical integration methods that preserve geometric
properties of continuous systems, such as conservation of
the symplectic form, momentum, and energy. They also
guarantee that the discrete flow remains on the manifold
on which the continuous system evolves, an important
property in the case of rigid-body dynamics.

In nonlinear control, one typically relies on differen-
tial geometric and dynamical systems techniques to prove

properties such as stability, controllability, and optimality.
More generally, the geometric structure of such systems
plays a critical role in the nonlinear analysis of the corre-
sponding control problems. Despite the critical role of ge-
ometry and mechanics in the analysis of nonlinear control
systems, nonlinear control algorithms have typically been
implemented using numerical schemes that ignore the un-
derlying geometry.

The field of discrete control systems aims to address
this deficiency by restricting the approximation to the
choice of a discrete-time model, and developing an associ-
ated control theory that does not introduce any additional
approximation. In particular, this involves the construc-
tion of a control theory for discrete-time models based on
geometric integrators that yields numerical implementa-
tions of nonlinear and geometric control algorithms that
preserve the crucial underlying geometric structure.

Introduction

The dynamics of Lagrangian and Hamiltonian systems
have unique geometric properties; the Hamiltonian flow is
symplectic, the total energy is conserved in the absence of
non-conservative forces, and the momentum maps asso-
ciated with symmetries of the system are preserved. Many
interesting dynamics evolve on a non-Euclidean space. For
example, the configuration space of a spherical pendu-
lum is the two-sphere, and the configuration space of rigid
body attitude dynamics has a Lie group structure, namely
the special orthogonal group. These geometric features de-
termine the qualitative behavior of the system, and serve as
a basis for theoretical study.

Geometric numerical integrators are numerical inte-
gration algorithms that preserve structures of the con-
tinuous dynamics such as invariants, symplecticity, and
the configuration manifold (see [14]). The exact geomet-
ric properties of the discrete flow not only generate im-
proved qualitative behavior, but also provide accurate and
efficient numerical techniques. In this article, we view a ge-
ometric integrator as an intrinsically discrete dynamical
system, instead of concentrating on the numerical approx-
imation of a continuous trajectory.

Numerical integration methods that preserve the sim-
plecticity of a Hamiltonian system have been studied
(see [28,36]). Coefficients of a Runge–Kutta method are
carefully chosen to satisfy a simplecticity criterion and
order conditions to obtain a symplectic Runge–Kutta
method. However, it can be difficult to construct such in-
tegrators, and it is not guaranteed that other invariants of
the system, such as a momentum map, are preserved. Al-
ternatively, variational integrators are constructed by dis-
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cretizing Hamilton’s principle, rather than discretizing the
continuous Euler–Lagrange equation (see [31,34]). The re-
sulting integrators have the desirable property that they
are symplectic and momentum preserving, and they ex-
hibit good energy behavior for exponentially long times
(see [2]). Lie groupmethods are numerical integrators that
preserve the Lie group structure of the configuration space
(see [18]). Recently, these two approaches have been uni-
fied to obtain Lie group variational integrators that pre-
serve the geometric properties of the dynamics as well as
the Lie group structure of the configuration space with-
out the use of local charts, reprojection, or constraints
(see [26,29,32]).

Optimal control problems involve finding a control
input such that a certain optimality objective is achieved
under prescribed constraints. An optimal control prob-
lem that minimizes a performance index is described by
a set of differential equations, which can be derived using
Pontryagin’s maximum principle. Discrete optimal con-
trol problems involve finding a control input for a dis-
crete dynamic system such that an optimality objective
is achieved with prescribed constraints. Optimality con-
ditions are derived from the discrete equations of mo-
tion, described by a set of discrete equations. This ap-
proach is in contrast to traditional techniques where a dis-
cretization appears at the last stage to solve the optimal-
ity condition numerically. Discrete mechanics and optimal
control approaches determine optimal control inputs and
trajectories more accurately with less computational load
(see [19]). Combined with an indirect optimization tech-
nique, they are substantiallymore efficient (see [17,23,25]).

The geometric approach to mechanics can provide
a theoretical basis for innovative control methodologies in
geometric control theory. For example, these techniques
allow the attitude of satellites to be controlled using
changes in its shape, as opposed to chemical propulsion.
While the geometric structure of mechanical systems plays
a critical role in the construction of geometric control
algorithms, these algorithms have typically been imple-
mented using numerical schemes that ignore the underly-
ing geometry. By applying geometric control algorithms to
discrete mechanics that preserve geometric properties, we
obtain an exact numerical implementation of the geomet-
ric control theory. In particular, the method of controlled
Lagrangian systems is based on the idea of adopting a feed-
back control to realize a modification of either the poten-
tial energy or the kinetic energy, referred to as potential
shaping or kinetic shaping, respectively. These ideas are
applied to construct a real-time digital feedback controller
that stabilizes the inverted equilibrium of the cart-pendu-
lum (see [10,11]).

In this article, we will survey discrete Lagrangian and
Hamiltonian mechanics, and their applications to optimal
control and feedback control theory.

Discrete Lagrangian and HamiltonianMechanics

Mechanics studies the dynamics of physical bodies acting
under forces and potential fields. In Lagrangian mechan-
ics, the trajectory of the object is derived by finding the
path that extremizes the integral of a Lagrangian over time,
called the action integral. In many classical problems, the
Lagrangian is chosen as the difference between kinetic en-
ergy and potential energy. The Legendre transformation
provides an alternative description of mechanical systems,
referred to as Hamiltonian mechanics.

Discrete Lagrangian and Hamiltonian mechanics has
been developed by reformulating the theorems and the
procedures of Lagrangian and Hamiltonian mechanics in
a discrete time setting (see, for example, [31]). Therefore,
discrete mechanics has a parallel structure with the me-
chanics described in continuous time, as summarized in
Fig. 1 for Lagrangian mechanics. In this section, we de-
scribe discrete Lagrangian mechanics in more detail, and
we derive discrete Euler–Lagrange equations for several
mechanical systems.

Consider a mechanical system on a configuration
space Q, which is the space of possible positions. The La-
grangian depends on the position and velocity, which are
elements of the tangent bundle to Q, denoted by TQ. Let
L : TQ ! R be the Lagrangian of the system. The discrete
Lagrangian, Ld : Q�Q ! R is an approximation to the
exact discrete Lagrangian,

Lexactd (q0; q1) D
Z h

0
L(q01(t); q̇01(t)) dt ; (1)

where q01(0) D q0, q01(h) D q1; and q01(t) satisfies the
Euler–Lagrange equation in the time interval (0; h). A dis-
crete action sum Gd : QNC1 ! R, analogous to the action
integral, is given by

Gd(q0; q1; : : : ; qN ) D
N�1X

kD0

Ld(qk ; qkC1) : (2)

The discrete Hamilton’s principle states that

ıGd D 0

for any ıqk , which yields the discrete Euler–Lagrange
(DEL) equation,

D2Ld(qk�1; qk )C D1Ld(qk ; qkC1) D 0 : (3)
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Discrete Control Systems, Figure 1
Procedures to derive continuous and discrete equations of motion

This yields a discrete Lagrangian flow map (qk�1; qk ) 7!
(qk ; qkC1). The discrete Legendre transformation, which
from a pair of positions (q0; q1) gives a position-momen-
tum pair (q0; p0) D (q0;�D1Ld(q0; q1)) provides a dis-
crete Hamiltonian flow map in terms of momenta.

The discrete equations of motion, referred to as vari-
ational integrators, inherit the geometric properties of
the continuous system. Many interesting Lagrangian and
Hamiltonian systems, such as rigid bodies evolve on
a Lie group. Lie group variational integrators preserve
the nonlinear structure of the Lie group configurations as
well as geometric properties of the continuous dynamics
(see [29,32]). The basic idea for all Lie group methods is to
express the update map for the group elements in terms of
the group operation,

g1 D g0 f0 ; (4)

where g0; g1 2 G are configuration variables in a Lie
group G, and f0 2 G is the discrete update represented by
a right group operation on g0. Since the group element
is updated by a group operation, the group structure is
preserved automatically without need of parametrizations,
constraints, or re-projection. In the Lie group variational
integrator, the expression for the flow map is obtained
from the discrete variational principle on a Lie group, the
same procedure presented in Fig. 1. But, the infinitesi-
mal variation of a Lie group element must be carefully ex-

pressed to respect the structure of the Lie group. For ex-
ample, it can be expressed in terms of the exponential map
as

ıg D
d
d�

ˇ̌
ˇ
ˇ
�D0

g exp �� D g� ;

for a Lie algebra element � 2 g. This approach has been
applied to the rotation group SO(3) and to the spe-
cial Euclidean group SE(3) for dynamics of rigid bodies
(see [24,26,27]). Generalizations to arbitrary Lie groups
gives the generalized discrete Euler–Poincaré (DEP) equa-
tion,

T�e L f0 � D2Ld(g0; f0) � Ad�f0 �
�
T�e L f1 � D2Ld(g1; f1)



CT�e Lg1 � D1Ld(g1; f1) D 0 ;
(5)

for a discrete Lagrangian on a Lie group, Ld : G�G ! R.
Here L f : G ! G denotes the left translation map given
by L f g D f g for f ; g 2 G, TgL f : TgG ! Tf gG is the tan-
gential map for the left translation, and Adg : g! g is the
adjoint map. A dual map is denoted by a superscript �

(see [30] for detailed definitions).
We illustrate the properties of discrete mechanics us-

ing several mechanical systems, namely a mass-spring sys-
tem, a planar pendulum, a spherical pendulum, and a rigid
body.
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Example 1 (Mass-spring System) Consider a mass-spring
system, defined by a rigid body that moves along a straight
frictionless slot, and is attached to a linear spring.

Continuous equation of motion: The configuration
space is Q D R, and the Lagrangian L : R�R! R is
given by

L(q; q̇) D
1
2
mq̇2 �

1
2
�q2 ; (6)

where q 2 R is the displacement of the body measured
from the point where the spring exerts no force. The
mass of the body and the spring constant are denoted
by m; � 2 R, respectively. The Euler–Lagrange equation
yields the continuous equation of motion.

mq̈C �q D 0 : (7)

Discrete equation of motion: Let h > 0 be a discrete
time step, and a subscript k denotes the kth discrete vari-
able at t D kh. The discrete Lagrangian Ld : R�R! R
is an approximation of the integral of the continuous La-
grangian (6) along the solution of (7) over a time step.
Here, we choose the following discrete Lagrangian.

Ld(qk ; qkC1) D hL
�
qk C qkC1

2
;
qkC1 � qk

h

�

D
1
2h

m(qkC1 � qk)2 �
h�
8
(qk C qkC1)2 :

(8)

Direct application of the discrete Euler–Lagrange equation
to this discrete Lagrangian yields the discrete equations of
motion. We develop the discrete equation of motion using
the discrete Hamilton’s principle to illustrate the princi-
ples more explicitly. Let Gd : RNC1 ! R be the discrete
action sum defined as Gd D

PN�1
kD0 Ld(qk ; qkC1), which

approximates the action integral. The infinitesimal varia-
tion of the action sum can be written as

ıGd D

N�1X

kD0

ıqkC1

�
m
h
(qkC1 � qk )�

h�
4
(qk C qkC1)

�

C ıqk
�
�
m
h
(qkC1 � qk) �

h�
4
(qk C qkC1)

�
:

Since ıq0 D ıqN D 0, the summation index can be rewrit-
ten as

ıGd D

N�1X

kD1

ıqk
n
�

m
h
(qkC1 � 2qk C qk�1)

�
h�
4
(qkC1 C 2qk C qk�1)

o
:

From discrete Hamilton’s principle, ıGd D 0 for any ıqk .
Thus, the discrete equation of motion is given by

m
h
(qkC1 � 2qk C qk�1)

C
h�
4
(qkC1 C 2qk C qk�1) D 0 : (9)

For a given (qk�1; qk ), we solve the above equation to ob-
tain qkC1. This yields a discrete flow map (qk�1; qk) 7!
(qk ; qkC1), and this process is repeated. The discrete Leg-
endre transformation provides the discrete equation of
motion in terms of the velocity as

�
1C

h2�
4m

�
qkC1 D hq̇k C

�
1 �

h2�
4m

�
qk ; (10)

q̇kC1 D q̇k �
h�
2m

qk �
h�
2m

qkC1 : (11)

For a given (qk ; q̇k), we compute qkC1 and q̇kC1 by (10)
and (11), respectively. This yields a discrete flow map
(qk ; q̇k) 7! (qkC1; q̇kC1). It can be shown that this varia-
tional integrator has second-order accuracy, which follows
from the fact that the discrete action sum is a second-order
approximation of the action integral.

Numerical example:We compare computational prop-
erties of the discrete equations of motion given by (10)
and (11) with a 4(5)th order variable step size Runge–
Kutta method. We choose m D 1 kg, � D 1 kg/s2 so
that the natural frequency is 1 rad/s. The initial condi-
tions are q0 D

p
2m, q̇0 D 0, and the total energy is

E D 1Nm. The simulation time is 200� sec, and the step-
size h D 0:035 of the discrete equations of motion is cho-
sen such that the CPU times are the same for both meth-
ods. Figure 2a shows the computed total energy. The varia-
tional integrator preserves the total energy well. The mean
variation is 2:7327�10�13 Nm. But, there is a notable dis-
sipation of the computed total energy for the Runge–Kutta
method

Example 2 (Planar Pendulum) A planar pendulum is
a mass particle connected to a frictionless, one degree-
of-freedom pivot by a rigid massless link under a uni-
form gravitational potential. The configuration space is
the one-sphere S1 D fq 2 R2 j kqk D 1g. While it is com-
mon to parametrize the one-sphere by an angle, we de-
velop parameter-free equations of motion in the special
orthogonal group SO(2), which is a group of 2�2 orthog-
onal matrices with determinant 1, i. e. SO(2) D fR 2
R2�2 j RTR D I2�2; det[R] D 1g. SO(2) is diffeomor-
phic to the one-sphere. It is also possible to develop global
equations of motion on the one-sphere directly, as shown
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Discrete Control Systems, Figure 2
Computed total energy (RK45: blue, dotted, VI: red, solid)

in the next example, but here we focus on the special or-
thogonal group in order to illustrate the key steps to de-
velop a Lie group variational integrator.

We first exploit the basic structures of the Lie group
SO(2). Define a hat map �̂, which maps a scalar˝ to a 2�2
skew-symmetric matrix ˆ̋ as

ˆ̋ D
�
0 �˝

˝ 0

�
:

The set of 2�2 skew-symmetric matrices forms the Lie al-
gebra so(2). Using the hat map, we identify so(2) with R.
An inner product on so(2) can be induced from the in-
ner product on R as h ˆ̋1; ˆ̋ 2i D 1/2tr[ ˆ̋ T1 ˆ̋2] D ˝1˝2
for any˝1;˝2 2 R. The matrix exponential is a local dif-
feomorphism from so(2) to SO(2) given by

exp ˆ̋ D
�
cos˝ � sin˝
sin˝ cos˝

�
:

The kinematics equation for R 2 SO(2) can be written in
terms of a Lie algebra element as

Ṙ D R ˆ̋ : (12)

Continuous equations of motion: The Lagrangian for
a planar pendulum L : SO(2)�so(2)! R can be written
as

L(R; ˆ̋ ) D
1
2
ml2˝2 C mgleT2 Re2

D
1
2
ml2h ˆ̋ ; ˆ̋ i C mgleT2 Re2 ;

(13)

where the constant g 2 R is the gravitational acceleration.
The mass and the length of the pendulum are denoted by
m; l 2 R, respectively. The second expression is used to
define a discrete Lagrangian later. We choose the bases

of the inertial frame and the body-fixed frame such that
the unit vector along the gravity direction in the iner-
tial frame, and the unit vector along the pendulum axis
in the body-fixed frame are represented by the same vec-
tor e2 D [0; 1] 2 R2. Thus, for example, the hanging atti-
tude is represented by R D I2�2. Here, the rotation ma-
trix R 2 SO(2) represents the linear transformation from
a representation of a vector in the body-fixed frame to the
inertial frame.

Since the special orthogonal group is not a linear vec-
tor space, the expression for the variation should be care-
fully chosen. The infinitesimal variation of a rotation ma-
trix R 2 SO(2) can be written in terms of its Lie algebra
element as

ıR D
d
d�

ˇ
ˇ̌
ˇ
�D0

R exp ��̂ D R�̂ exp ��̂
ˇ
ˇ̌
ˇ
�D0
D R�̂ ; (14)

where � 2 R so that �̂ 2 so(2). The infinitesimal varia-
tion of the angular velocity is induced from this expression
and (12) as

ı ˆ̋ D ıRT ṘC RTıṘ

D (R�̂)TṘC RT(Ṙ�̂C R ˆ̇�)

D ��̂ ˆ̋ C ˆ̋ �̂C ˆ̇� D ˆ̇� ;

(15)

where we used the equality of mixed partials to compute
ıṘ as d/dt(ıR).

Define the action integral to be G D
R T
0 L(R; ˆ̋ )dt.

The infinitesimal variation of the action integral is ob-
tained by using (14) and (15). Hamilton’s principle yields
the following continuous equations of motion.

˙̋ C
g
l
eT2 Re1 D 0 ; (16)

Ṙ D R ˆ̋ : (17)
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If we parametrize the rotation matrix as

R D
�
cos � � sin �
sin � cos �

�
;

these equations are equivalent to

�̈ C
g
l
sin � D 0 : (18)

Discrete equations of motion: We develop a Lie group
variational integrator on SO(2). Similar to (4), define
Fk 2 SO(2) such that

RkC1 D RkFk : (19)

Thus, Fk D RT
k RkC1 represents the relative update be-

tween two integration steps. If we find Fk 2 SO(2), the or-
thogonal structure is preserved through (19) since multi-
plication of orthogonal matrices is also orthogonal. This is
a key idea of Lie group variational integrators.

Define the discrete Lagrangian Ld : SO(2)�SO(2)! R
to be

Ld(Rk ; Fk) D
1
2h

ml2hFk � I2�2; Fk � I2�2i

C
h
2
mgleT2 Rk e2 C

h
2
mgleT2 RkC1e2

D
1
2h

ml2tr[I2�2 � Fk]C
h
2
mgleT2 Rk e2

C
h
2
mgleT2 RkC1e2 ;

(20)

which is obtained by an approximation h ˆ̋ k ' RT
k (RkC1

� Rk) D Fk � I2�2, applied to the continuous Lagrangian
given by (13).

As for the continuous time case, expressions for the
infinitesimal variations should be carefully chosen. The
infinitesimal variation of a rotation matrix is the same
as (14), namely

ıRk D Rk �̂k ; (21)

for �k 2 R, and the constrained variation of Fk is obtained
from (19) as

ıFk D ıRT
k RkC1 C RT

k ıRkC1

D ��̂kFk C Fk �̂kC1 D Fk(�̂kC1 � FT
k �̂kFk)

D Fk(�̂kC1 � �̂k) ;

(22)

where we use the fact that F�̂FT D �̂ for any F 2 SO(2)
and �̂ 2 so(2).

Define an action sum Gd : SO(2)NC1 ! R as Gd DPN�1
kD0 Ld(Rk ; Fk). Using (21) and (22), the variation of the

action sum is written as

ıGd D

N�1X

kD1

�
1
2h

ml2
�
Fk�1 � FT

k�1


�
1
2h
�
Fk � FT

k

� hmgl2eT2 Rk e1; �̂k

	
:

From the discrete Hamilton’s principle, ıGd D 0 for any
�̂k . Thus, we obtain the Lie group variational integrator on
SO(2) as

�
Fk � FT

k

�
�
FkC1 � FT

kC1

�
2h2g
l

3eT2 RkC1e1 D 0 ; (23)

RkC1 D RkFk : (24)

For a given (Rk ; Fk) and RkC1 D RkFk , (23) is solved
to find FkC1. This yields a discrete map (Rk ; Fk) 7!
(RkC1; FkC1). If we parametrize the rotation matrices R
and F with � and�� and if we assume that�� 
 1, these
equations are equivalent to

1
h
(�kC1 � 2�k C �k)C

hg
l
sin �k D 0 :

The discrete version of the Legendre transformation
provides the discrete Hamiltonian map as follows.

Fk � FT
k D 2h ˆ̋ �

h2g
l

2eT2 Rk e1 ; (25)

RkC1 D RkFk ; (26)

˝kC1 D ˝k �
hg
2l

eT2 Rk e1 �
hg
2l

eT2 RkC1e1 : (27)

For a given (Rk ;˝k), we solve (25) to obtain Fk. Using this,
(RkC1;˝kC1) is obtained from (26) and (27). This yields
a discrete map (Rk ;˝k ) 7! (RkC1;˝kC1).

Numerical example: We compare the computational
properties of the discrete equations of motion given
by (25)–(27) with a 4(5)th order variable step size Runge–
Kutta method. We choose m D 1 kg, l D 9:81m. The ini-
tial conditions are �0 D �/2 rad,˝ D 0, and the total en-
ergy is E D 0Nm. The simulation time is 1000 sec, and
the step-size h D 0:03 of the discrete equations of mo-
tion is chosen such that the CPU times are identical. Fig-
ure 2b shows the computed total energy for both methods.
The variational integrator preserves the total energy well.
There is no drift in the computed total energy, and the
mean variation is 1:0835�10�2 Nm. But, there is a notable
dissipation of the computed total energy for the Runge–
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Kutta method. Note that the computed total energy would
further decrease as the simulation time increases.

Example 3 (Spherical Pendulum) A spherical pendulum is
a mass particle connected to a frictionless, two degree-of-
freedom pivot by a rigid massless link. The mass particle
acts under a uniform gravitational potential. The config-
uration space is the two-sphere S2 D fq 2 R3 j kqk D 1g.
It is common to parametrize the two-sphere by two angles,
but this description of the spherical pendulum has a singu-
larity. Any trajectory near the singularity encounters nu-
merical ill-conditioning. Furthermore, this leads to com-
plicated expressions involving trigonometric functions.

Here we develop equations of motion for a spheri-
cal pendulum using the global structure of the two-sphere
without parametrization. In the previous example, we de-
velop equations of motion for a planar pendulum us-
ing the fact that the one-sphere S1 is diffeomorphic to
the special orthogonal group SO(2). But, the two-sphere
is not diffeomorphic to a Lie group. Instead, there ex-
ists a natural Lie group action on the two-sphere. That
is the 3-dimensional special orthogonal group SO(3),
a group of 3�3 orthogonal matrices with determinant 1,
i. e. SO(3) D fR 2 R3�3 j RTR D I3�3; det[R] D 1g. The
special orthogonal group SO(3) acts on the two-sphere
in a transitive way; for any q1; q2 2 S2, there exists
a R 2 SO(3) such that q2 D Rq1. Thus, the discrete update
for the two-sphere can be expressed in terms of a rotation
matrix as (19). This is a key idea to develop a discrete equa-
tions of motion for a spherical pendulum.

Continuous equations of motion: Let q 2 S2 be a unit
vector from the pivot point to the point mass. The La-
grangian for a spherical pendulum can be written as

L(q; q̇) D
1
2
ml2q̇ � q̇C mgle3 � q ; (28)

where the gravity direction is assumed to be e3 D [0; 0;
1] 2 R3. The mass and the length of the pendulum are
denoted by m; l 2 R, respectively. The infinitesimal vari-
ation of the unit vector q can be written in terms of the
vector cross product as

ıq D � � q ; (29)

where � 2 R3 is constrained to be orthogonal to the unit
vector, i. e. � � q D 0. Using this expression for the in-
finitesimal variation, Hamilton’s principle yields the fol-
lowing continuous equations of motion.

q̈C (q̇ � q̇)q C
g
l
(q � (q � e3)) D 0 : (30)

Since q̇ D !�q for some angular velocity ! 2 R3 satisfy-
ing ! � q D 0, this can also be equivalently written as

!̇ �
g
l
q � e3 D 0 ; (31)

q̇ D ! � q : (32)

These are global equations of motion for a spherical pen-
dulum; these are much simpler than the equations ex-
pressed in term of angles, and they have no singularity.

Discrete equations of motion:We develop a variational
integrator for the spherical pendulum defined on S2. Since
the special orthogonal group acts on the two-sphere tran-
sitively, we can define the discrete update map for the unit
vector as

qkC1 D Fkqk (33)

for Fk 2 SO(3). The rotation matrix Fk is not uniquely
defined by this condition, since exp(q̂k ), which corre-
sponds to a rotation about the qk direction fixes the vec-
tor qk. Consequently, if Fk satisfies (33), then Fk exp(q̂k )
does as well. We avoid this ambiguity by requiring that
Fk does not rotate about qk, which can be achieved by let-
ting Fk D exp( f̂k), where fk � qk D 0.

Define a discrete Lagrangian Ld : S2 � S2 ! R to be

Ld(qk ; qkC1) D
1
2h

ml2(qkC1 � qk ) � (qkC1 � qk)

C
h
2
mgle3 � qk C

h
2
mgle3 � qkC1 :

The variation of qk is the same as (29), namely

ıqk D �k � qk (34)

for �k 2 R3 with a constraint �k � qk D 0. Using this dis-
crete Lagrangian and the expression for the variation, dis-
crete Hamilton’s principle yields the following discrete
equations of motion for a spherical pendulum.

qkC1 D

�
h!k C

h2g
2l

qk � e3
�
� qk

C

 

1 �
���
�h!k C

h2g
2l

qk � e3
���
�

2!1/2

qk ; (35)

!kC1 D !k C
hg
2l

qk � e3 C
hg
2l

qkC1 � e3 : (36)

Since an explicit solution for Fk 2 SO(3) can be obtained
in this case, the rotation matrix Fk does not appear in
the equations of motion. This variational integrator on
S2 exactly preserves the unit length of qk, the constraint
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Discrete Control Systems, Figure 3
Numerical simulation of a spherical pendulum (RK45: blue, dotted, VI: red, solid)

qk � !k D 0, and the third component of the angular ve-
locity !k � e3 which is conserved since gravity exerts no
moment along the gravity direction e3.

Numerical example: We compare the computational
properties of the discrete equations of motion given
by (35) and (36) with a 4(5)th order variable step size
Runge–Kutta method for (31) and (32). We choose
m D 1 kg, l D 9:81m. The initial conditions are q0 D
[
p
3/2; 0; 1/2], !0 D 0:1[

p
3; 0; 3] rad/sec, and the total

energy is E D �0:44Nm. The simulation time is 200 sec,
and the step-size h D 0:05 of the discrete equations of
motion is chosen such that the CPU times are identical.
Figure 3 shows the computed total energy and the unit
length errors. The variational integrator preserves the to-
tal energy and the structure of the two-sphere well. The
mean total energy deviation is 1:5460�10�4 Nm, and the
mean unit length error is 3:2476�10�15. But, there is
a notable dissipation of the computed total energy for the
Runge–Kutta method. The Runge–Kutta method also fails
to preserve the structure of the two-sphere. The mean unit
length error is 1:0164�10�2.

Example 4 (Rigid Body in a Potential Field) Consider
a rigid body under a potential field that is dependent on
the position and the attitude of the body. The configura-
tion space is the special Euclidean group, which is a semi-
direct product of the special orthogonal group and Eu-
clidean space, i. e. SE(3) D SO(3) s�R3.

Continuous equations of motion: The equations of mo-
tion for a rigid body can be developed either from Hamil-
ton’s principle (see [26]) in a similar way as Example 2,
or directly from the generalized discrete Euler–Poincaré
equation given at (5). Here, we summarize the results. Let
m 2 R and J 2 R3�3 be the mass and the moment of in-
ertia matrix of a rigid body. For (R; x) 2 SE(3), the linear

transformation from the body-fixed frame to the inertial
frame is denoted by the rotationmatrix R 2 SO(3), and the
position of the mass center in the inertial frame is denoted
by a vector x 2 R3. The vectors˝; v 2 R3 are the angular
velocity in the body-fixed frame, and the translational ve-
locity in the inertial frame, respectively. Suppose that the
rigid body acts under a configuration-dependent potential
U : SE(3)! R. The continuous equations of motion for
the rigid body can be written as

Ṙ D R ˆ̋ ; (37)

ẋ D v ; (38)

J ˙̋ C˝ � J˝ D M ; (39)

mv̇ D �
@U
@x

; (40)

where the hat map �̂ is an isomorphism from R3 to
3�3 skew-symmetric matrices so(3), defined such that
x̂ y D x�y for any x; y 2 R3. The moment due to the po-
tential M 2 R3 is obtained by the following relationship:

M̂ D
@U
@R

T
R � RT @U

@R
: (41)

The matrix @U/@R 2 R3�3 is defined such that
[@U/@R]i j D@U/@[R]i j for i; j 2 f1; 2; 3g, where the i, jth
element of a matrix is denoted by [�]i j .

Discrete equations of motion: The corresponding dis-
crete equations of motion are given by

hbJ˝k C
h2

2
M̂k D Fk Jd � JdFT

k ; (42)

RkC1 D RkFk ; (43)
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xkC1 D xk C hvk �
h2

2m
@Uk

@xk
; (44)

J˝kC1 D FT
k J˝k C

h
2
FT
k Mk C

h
2
MkC1 ; (45)

mvkC1 D mvk �
h
2
Uk

@xk
�

h
2
@UkC1

@xkC1
; (46)

where Jd 2 R3�3 is a non-standard moment of iner-
tia matrix defined as Jd D1/2tr[J]I3�3 � J. For a given
(Rk ; xk ;˝k ; vk ), we solve the implicit Eq. (42) to find
Fk 2 SO(3). Then, the configuration at the next step
RkC1;xkC1 is obtained by (43) and (44), and the mo-
ment and force MkC1;(@UkC1)/(@xkC1) can be computed.
Velocities ˝kC1;vkC1 are obtained from (45) and (46).
This defines a discrete flow map, (Rk ; xk ;˝k ; vk) 7!
(RkC1; xkC1;˝kC1; vkC1), and this process can be re-
peated. This Lie group variational integrator on SE(3) can
be generalized to multiple rigid bodies acting under their
mutual gravitational potential (see [26]).

Numerical example: We compare the computational
properties of the discrete equations of motion given by
(42)–(46) with a 4(5)th order variable step size Runge–
Kutta method for (37)–(40). In addition, we compute the
attitude dynamics using quaternions on the unit three-
sphere S3. The attitude kinematics Eq. (37) is rewritten in
terms of quaternions, and the corresponding equations are
integrated by the same Runge–Kutta method.

We choose a dumbbell spacecraft, that is two spheres
connected by a rigid massless rod, acting under a central
gravitational potential. The resulting system is a restricted
full two body problem. The dumbbell spacecraft model has
an analytic expression for the gravitational potential, re-
sulting in a nontrivial coupling between the attitude dy-
namics and the orbital dynamics.

As shown in Fig. 4a, the initial conditions are cho-
sen such that the resulting motion is a near-circular orbit

Discrete Control Systems, Figure 4
Numerical simulation of a dumbbell rigid body (LGVI: red, solid, RK45 with rotation matrices: blue, dash-dotted, RK45 with quater-
nions: black, dotted)

combined with a rotational motion. Figure 4b and c show
the computed total energy and the orthogonality errors
of the rotation matrix. The Lie group variational integra-
tor preserves the total energy and the Lie group structure
of SO(3). Themean total energy deviation is 2:5983�10�4,
and the mean orthogonality error is 1:8553�10�13. But,
there is a notable dissipation of the computed total en-
ergy and the orthogonality error for the Runge–Kutta
method. The mean orthogonality errors for the Runge–
Kutta method are 0.0287 and 0.0753, respectively, using
kinematics equation with rotation matrices, and using the
kinematics equation with quaternions. Thus, the attitude
of the rigid body is not accurately computed for Runge–
Kutta methods. It is interesting to see that the Runge–
Kutta method with quaternions, which is generally as-
sumed to have better computational properties than the
kinematics equation with rotation matrices, has larger to-
tal energy error and orthogonality error. Since the unit
length of the quaternion vector is not preserved in the
numerical computations, orthogonality errors arise when
converted to a rotation matrix. This suggests that it is crit-
ical to preserve the structure of SO(3) in order to study the
global characteristics of the rigid body dynamics.

The importance of simultaneously preserving the sym-
plectic structure and the Lie group structure of the con-
figuration space in rigid body dynamics can be observed
numerically. Lie group variational integrators, which pre-
serve both of these properties, are compared to meth-
ods that only preserve one, or neither, of these properties
(see [27]). It is shown that the Lie group variational inte-
grator exhibits greater numerical accuracy and efficiency.
Due to these computational advantages, the Lie group
variational integrator has been used to study the dynam-
ics of the binary near-Earth asteroid 66391 (1999 KW4) in
joint work between the University of Michigan and the Jet
Propulsion Laboratory, NASA (see [37]).
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Optimal Control of Discrete Lagrangian
and Hamiltonian Systems

Optimal control problems involve finding a control input
such that a certain optimality objective is achieved under
prescribed constraints. An optimal control problem that
minimizes a performance index is described by a set of
differential equations, which can be derived using Pon-
tryagin’s maximum principle. The equations of motion for
a system are constrained by Lagrange multipliers, and nec-
essary conditions for optimality is obtained by the calcu-
lus of variations. The solution for the corresponding two
point boundary value problem provides the optimal con-
trol input. Alternatively, a sub-optimal control law is ob-
tained by approximating the control input history with fi-
nite data points.

Discrete optimal control problems involve finding
a control input for a given system described by discrete La-
grangian and Hamiltonian mechanics. The control inputs
are parametrized by their values at each discrete time step,
and the discrete equations of motion are derived from the
discrete Lagrange–d’Alembert principle [21],

ı

N�1X

kD0

Ld(qk ; qkC1) D
N�1X

kD0

[F�d (qk ; qkC1) � ıqk

C FCd (qk ; qkC1) � ıqkC1] ;

which modifies the discrete Hamilton’s principle by tak-
ing into account the virtual work of the external forces.
Discrete optimal control is in contrast to traditional tech-
niques such as collocation, wherein the continuous equa-
tions of motion are imposed as constraints at a set of col-
location points, since this approach induces constraints on
the configuration at each discrete timestep.

Any optimal control algorithm can be applied to the
discrete Lagrangian or Hamiltonian system. For an in-
direct method, our approach to a discrete optimal con-
trol problem can be considered as a multiple stage vari-
ational problem. The discrete equations of motion are
derived by the discrete variational principle. The corre-
sponding variational integrators are imposed as dynamic
constraints to be satisfied by using Lagrange multipli-
ers, and necessary conditions for optimality, expressed
as discrete equations on multipliers, are obtained from
a variational principle. For a direct method, control inputs
can be optimized by using parameter optimization tools
such as a sequential quadratic programming. The discrete
optimal control can be characterized by discretizing the
optimal control problem from the problem formulation
stage.

This method has substantial computational advan-
tages when used to find an optimal control law. As dis-
cussed in the previous section, the discrete dynamics are
more faithful to the continuous equations of motion, and
consequently more accurate solutions to the optimal con-
trol problem are obtained. The external control inputs
break the Lagrangian and Hamiltonian system structure.
For example, the total energy is not conserved for a con-
trolled mechanical system. But, the computational supe-
riority of the discrete mechanics still holds for controlled
systems. It has been shown that the discrete dynamics is
more reliable even for controlled system as it computes
the energy dissipation rate of controlled systems more ac-
curately (see [31]). For example, this feature is extremely
important in computing accurate optimal trajectories for
long term spacecraft attitude maneuvers using low energy
control inputs.

The discrete dynamics does not only provide an ac-
curate optimal control input, but also enables us to find
it efficiently. For the indirect optimal control approach,
optimal solutions are usually sensitive to a small varia-
tion of multipliers. This causes difficulties, such as nu-
merical ill-conditioning, when solving the necessary con-
ditions for optimality expressed as a two point boundary
value problem. Sensitivity derivatives along the discrete
necessary conditions do not have numerical dissipation in-
troduced by conventional numerical integration schemes.
Thus, they are numerically more robust, and the necessary
conditions can be solved computationally efficiently. For
the direct optimal control approach, optimal control in-
puts can be obtained by using a larger discrete step size,
which requires less computational load.

We illustrate the basic properties of the discrete opti-
mal control using optimal control problems for the spher-
ical pendulum and the rigid body model presented in the
previous section.

Example 5 (Optimal Control of a Spherical Pendulum) We
study an optimal control problem for the spherical pendu-
lum described in Example 3. We assume that an external
control moment u 2 R3 acts on the pendulum. Control
inputs are parametrized by their values at each time step,
and the discrete equations of motion are modified to in-
clude the effects of the external control inputs by using the
discrete Lagrange–d’Alembert principle. Since the compo-
nent of the control moment that is parallel to the direction
along the pendulum has no effect, we parametrize the con-
trol input as uk D qk�wk for wk 2 R3.

The objective is to transfer the pendulum from a given
initial configuration (q0; !0) to a desired configuration
(qd ; !d ) during a fixed maneuver time N, while minimiz-
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Discrete Control Systems, Figure 5
Optimal control of a spherical pendulum

ing the square of the weighted l2 norm of the control mo-
ments.

min
wk

J D
NX

kD0

h
2
uTk uk D

NX

kD0

h
2
(qk � wk)T(qk � wk) :

We solve this optimal control problem by using a di-
rect numerical optimization method. The terminal bound-
ary condition is imposed as an equality constraint, and the
3(N C 1) control input parameters fwkg

N
kD0 are numeri-

cally optimized using sequential quadratic programming.
This method is referred to as a DMOC (Discrete Mechan-
ics and Optimal Control) approach (see [19]).

Figure 5 shows a optimal solution transferring the
spherical pendulum from a hanging configuration given
by (q0; !0) D (e3; 03�1) to an inverted configuration
(qd ; !d ) D (�e3; 03�1) during 1 second. The time step
size is h D 0:033. Experiment have shown that the DMOC
approach can compute optimal solutions using larger
step sizes than typical Runge–Kutta methods, and conse-
quently, it requires less computational load. In this case,
using a second-order accurate Runge–Kutta method, the
same optimization code fails while giving error messages
of inaccurate and singular gradient computations. It is
presumed that the unit length errors of the Runge–Kutta
method, shown in Example 3, cause numerical instabilities
for the finite-difference gradient computations required
for the sequential quadratic programming algorithm.

Example 6 (Optimal Control of a Rigid Body in a Potential
Field) We study an optimal control problem of a rigid
body using a dumbbell spacecraft model described in Ex-
ample 4 (see [25] for detail). We assume that external con-
trol forces u f 2 R3, and control moment um 2 R3 act on
the dumbbell spacecraft. Control inputs are parametrized
by their values at each time step, and the Lie group vari-
ational integrators are modified to include the effects of

the external control inputs by using discrete Lagrange–
d’Alembert principle.

The objective is to transfer the dumbbell from
a given initial configuration (R0; x0;˝0; v0) to a desired
configuration (Rd ; xd;˝d; vd) during a fixed maneuver
time N, while minimizing the square of the l2 norm of the
control inputs.

min
ukC1

JD
N�1X

kD0

h
2



u f
kC1

�T
Wf u

f
kC1C

h
2
�
umkC1

T WmumkC1 ;

where Wf ;Wm 2 R3�3 are symmetric positive definite
matrices. Here we use a modified version of the discrete
equations of motion with first order accuracy, as it yields
a compact form for the necessary conditions.

Necessary conditions for optimality: We solve this op-
timal control problem by using an indirect optimization
method, where necessary conditions for optimality are de-
rived using variational arguments, and a solution of the
corresponding two-point boundary value problem pro-
vides the optimal control. This approach is common in
the optimal control literature; here the optimal control
problem is discretized at the problem formulation level
using the Lie group variational integrator presented in
Sect. “Discrete Lagrangian and Hamiltonian Mechanics”.

Ja D
N�1X

kD0

h
2



u f
kC1

�T
W f u f

kC1 C
h
2
�
umkC1

T WmumkC1

C 
1;T
k f�xkC1 C xk C hvkg

C 
2;T
k

�
�mvkC1 C mvk � h

@UkC1

@xkC1
C hu f

kC1

�

C 
3;T
k
�
logm(Fk � RT

k RkC1)
_

C 
4;T
k
˚
�J˝kC1 C FT

k J˝k C h
�
MkC1 C umkC1

�
;
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where 1k ; 
2
k ; 

3
k ; 

4
k 2 R3 are Lagrange multipliers. The

matrix logarithm is denoted by logm: SO(3)! so(3) and
the vee map _ : so(3)! R3 is the inverse of the hat map
introduced in Example 4. The logarithm form of (43) is
used, and the constraint (42) is considered implicitly using
constrained variations. Using similar expressions for the
variation of the rotation matrix and the angular velocity
given in (14) and (15), the infinitesimal variation can be
written as

ıJa D
N�1X

kD1

hıu f ;T
k

n
Wf u

f
k C 

2
k�1

o

C hıum;Tk
˚
Wmumk C 

4
k�1
�

C zTk
˚
�k�1 C AT

kk
�
;

where k D [1k ;
2
k ;

3
k ;

4
k ] 2 R12, and zk 2 R12 rep-

resents the infinitesimal variation of (Rk ; xk ;˝k ; vk),
given by zk D [logm(RT

k ıRk )_; ıxk ; ı˝k ; ıvk]. The ma-
trix Ak 2 R12�12 is defined in terms of (Rk ; xk ;˝k ; vk).
Thus, necessary conditions for optimality are given by

u f
kC1 D �W

�1
f 2k ; (47)

umkC1 D �W
�1
m 4k ; (48)

k D AT
kC1kC1 (49)

together with the discrete equations of motion and the
boundary conditions.

Computational approach:Necessary conditions for op-
timality are expressed in terms of a two point boundary
problem. The problem is to find the optimal discrete flow,
multipliers, and control inputs to satisfy the equations of
motion, optimality conditions, multiplier equations, and
boundary conditions simultaneously. We use a neighbor-
ing extremal method (see [12]). A nominal solution sat-

Discrete Control Systems, Figure 6
Optimal control of a rigid body

isfying all of the necessary conditions except the bound-
ary conditions is chosen. The unspecified initial multiplier
is updated by successive linearization so as to satisfy the
specified terminal boundary conditions in the limit. This is
also referred to as the shooting method. The main advan-
tage of the neighboring extremal method is that the num-
ber of iteration variables is small.

The difficulty is that the extremal solutions are sensi-
tive to small changes in the unspecified initial multiplier
values. The nonlinearities also make it hard to construct
an accurate estimate of sensitivity, thereby resulting in
numerical ill-conditioning. Therefore, it is important to
compute the sensitivities accurately to apply the neighbor-
ing extremal method. Here the optimality conditions (47)
and (48) are substituted into the equations of motion and
the multiplier equations, which are linearized to obtain
sensitivity derivatives of an optimal solution with respect
to boundary conditions. Using this sensitivity, an initial
guess of the unspecified initial conditions is iterated to
satisfy the specified terminal conditions in the limit. Any
type of Newton iteration can be applied. We use a line
search with backtracking algorithm, referred to as New-
ton–Armijo iteration (see [22]).

Figure 6 shows optimized maneuvers, where a dumb-
bell spacecraft on a reference circular orbit is transferred
to another circular orbit with a different orbital radius
and inclination angle. Figure 6a shows the violation of the
terminal boundary condition according to the number of
iterations on a logarithmic scale. Red circles denote outer
iterations in the Newton–Armijo iteration to compute the
sensitivity derivatives. The error in satisfaction of the ter-
minal boundary condition converges quickly to machine
precision after the solution is close to the local minimum
at around the 20th iteration. These convergence results are
consistent with the quadratic convergence rates expected
of Newton methods with accurately computed gradients.
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The neighboring extremal method, also referred to as
the shooting method, is numerically efficient in the sense
that the number of optimization parameters is minimized.
But, in general, this approach may be prone to numeri-
cal ill-conditioning (see [3]). A small change in the ini-
tial multiplier can cause highly nonlinear behavior of the
terminal attitude and angular momentum. It is difficult
to compute the gradient for Newton iterations accurately,
and the numerical error may not converge. However, the
numerical examples presented in this article show excel-
lent numerical convergence properties. The dynamics of
a rigid body arises from Hamiltonian mechanics, which
have neutral stability, and its adjoint system is also neu-
trally stable. The proposed Lie group variational integra-
tor and the discrete multiplier equations, obtained from
variations expressed in the Lie algebra, preserve the neu-
tral stability property numerically. Therefore the sensitiv-
ity derivatives are computed accurately.

Controlled LagrangianMethod
for Discrete Lagrangian Systems

The method of controlled Lagrangians is a procedure for
constructing feedback controllers for the stabilization of
relative equilibria. It relies on choosing a parametrized
family of controlled Lagrangians whose corresponding
Euler–Lagrange flows are equivalent to the closed loop be-
havior of a Lagrangian systemwith external control forces.
The condition that these two systems are equivalent results
in matching conditions. Since the controlled system can
now be viewed as a Lagrangian system with a modified La-
grangian, the global stability of the controlled system can
be determined directly using Lyapunov stability analysis.

This approach originated in Bloch et al. [5] and was
then developed in Auckly et al. [1]; Bloch et al. [6,7,8,9];
Hamberg [15,16]. A similar approach for Hamiltonian
controlled systems was introduced and further studied in
the work of Blankenstein, Ortega, van der Schaft, Maschke,
Spong, and their collaborators (see, for example, [33,35]
and related references). The two methods were shown to
be equivalent in Chang et al. [13] and a nonholonomic ver-
sion was developed in Zenkov et al. [40,41], and Bloch [4].

Since the method of controlled Lagrangians relies
on relating the closed-loop dynamics of a controlled
system with the Euler–Lagrange flow associated with
a modified Lagrangian, it is natural to discretize this ap-
proach through the use of variational integrators. In Bloch
et al. [10,11], a discrete theory of controlled Lagrangians
was developed for variational integrators, and applied to
the feedback stabilization of the unstable inverted equilib-
rium of the pendulum on a cart.

The pendulum on a cart is an example of an underac-
tuated control problem, which has two degrees of freedom,
given by the pendulum angle and the cart position. Only
the cart position has control forces acting on it, and the
stabilization of the pendulum has to be achieved indirectly
through the coupling between the pendulum and the cart.
The controlled Lagrangian is obtained by modifying the
kinetic energy term, a process referred to as kinetic shap-
ing. Similarly, it is possible to modify the potential energy
term using potential shaping.

Since the pendulum on a cart model involves both
a planar pendulum, and a cart that translates in one-di-
mension, the configuration space is a cylinder, S1�R.

Continuous kinetic shaping: The Lagrangian has the
form kinetic minus potential energy

L(q; q̇) D
1
2
�
˛�̇2 C 2ˇ(�)�̇ ṡC � ṡ2

�
� V(q); (50)

and the corresponding controlled Euler–Lagrange dynam-
ics is

d
dt
@L
@�̇
�
@L
@�
D 0 ; (51)

d
dt
@L
@ṡ
D u ; (52)

where u is the control input.
Since the potential energy is translation invariant, i. e.,

V(q) D V(�), the relative equilibria � D �e , ṡ D const are
unstable and given by non-degenerate critical points of
V(�). To stabilize the relative equilibria � D �e , ṡ D const
with respect to � , kinetic shaping is used. The controlled
Lagrangian in this case is defined by

L�;
 (q; q̇) D L(�; �̇ ; ṡC �(�)�̇)C
1
2
�� (�(�)�̇)2 ; (53)

where �(�) D �ˇ(�). This velocity shift corresponds to
a new choice of the horizontal space (see [8] for details).
The dynamics is just the Euler–Lagrange dynamics for
controlled Lagrangian (53),

d
dt
@L�;


@�̇
�
@L�;


@�
D 0 ; (54)

d
dt
@L�;


@ṡ
D 0 : (55)

The Lagrangian (53) satisfies the simplified matching con-
ditions of Bloch et al. [9] when the kinetic energy metric
coefficient � in (50) is constant.

Setting u D �d
�
��(�)�̇


/dt defines the control in-

put, makes Eqs. (52) and (55) identical, and results in
controlled momentum conservation by dynamics (51)
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and (52). Setting � D �1/�� makes Eqs. (51) and (54)
identical when restricted to a level set of the controlled
momentum.

Discrete kinetic shaping: Here, we adopt the following
notation:

qkC1/2 D
qk C qkC1

2
;

�qk D qkC1 � qk ; qk D (�k ; sk) :

Then, a second-order accurate discrete Lagrangian is given
by,

Ld(qk ; qkC1) D hL(qkC1/2; �qk /h) :

The discrete dynamics is governed by the equations

@Ld(qk ; qkC1)
@�k

C
@Ld(qk�1; qk)

@�k
D 0 ; (56)

@Ld(qk ; qkC1)
@sk

C
@Ld(qk�1; qk)

@sk
D �uk ; (57)

where uk is the control input. Similarly, the discrete con-
trolled Lagrangian is,

L�;
d (qk ; qkC1) D hL�;
 (qkC1/2; �qk /h) ;

with discrete dynamics given by,

@L�;
d (qk ; qkC1)
@�k

C
@L�;
d (qk�1; qk)

@�k
D 0 ; (58)

@L�;
d (qk ; qkC1)
@sk

C
@L�;
d (qk�1; qk)

@sk
D 0 : (59)

Equation (59) is equivalent to the discrete controlled mo-
mentum conservation:

pk D � ;

where

pk D �
@L�;
d (qk ; qkC1)

@sk

D
(1C ��)ˇ(�kC1/2)��k C ��sk

h
:

Setting

uk D �
���k�(�kC1/2) � ���k�1�(�k�1/2)

h

makes Eqs. (57) and (59) identical and allows one to repre-
sent the discrete momentum equation (57) as the discrete
momentum conservation law pk D p.

The condition that (56)–(57) are equivalent to (58)–
(59) yield the discrete matching conditions. The dynamics
determined by Eqs. (56)–(57) restricted to the momentum
level pk D p is equivalent to the dynamics of Eqs. (58)–
(59) restricted to the momentum level pk D � if and only
if the matching conditions

� D �
1
��
; � D

p
1C ��

;

hold.
Numerical example: Simulating the behavior of the

discrete controlled Lagrangian system involves viewing
Eqs. (58)–(59) as an implict update map (qk�2; qk�1) 7!
(qk�1; qk). This presupposes that the initial conditions are
given in the form (q0; q1); however it is generally prefer-
able to specify the initial conditions as (q0; q̇0). This is
achieved by solving the boundary condition,

@L
@q̇

(q0; q̇0)C D1Ld(q0; q1)C F�d (q0; q1) D 0 ;

for q1. Once the initial conditions are expressed in the
form (q0; q1), the discrete evolution can be obtained using
the implicit update map.

We first consider the case of kinetic shaping on a level
surface, when � is twice the critical value, and without dis-
sipation. Here, h D 0:05 sec, m D 0:14 kg, M D 0:44 kg,
and l D 0:215m. As shown in Fig. 7, the � dynamics is
stabilized, but since there is no dissipation, the oscillations
are sustained. The s dynamics exhibits both a drift and os-
cillations, as potential shaping is necessary to stabilize the
translational dynamics.

Future Directions

Discrete Receding Horizon Optimal Control: The existing
work on discrete optimal control has been primarily fo-
cused on constructing the optimal trajectory in an open
loop sense. In practice, model uncertainty and actuation
errors necessitate the use of feedback control, and it would
be interesting to extend the existing work on optimal con-
trol of discrete systems to the feedback setting by adopting
a receding horizon approach.

Discrete State Estimation: In feedback control, one typ-
ically assumes complete knowledge regarding the state of
the system, an assumption that is often unrealistic in prac-
tice. The general problem of state estimation in the con-
text of discrete mechanics would rely on good numerical
methods for quantifying the propagation of uncertainty
by solving the Liouville equation, which describes the evo-
lution of a phase space distribution function advected by
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Discrete Control Systems, Figure 7
Discrete controlled dynamics with kinetic shaping and without dissipation. The discrete controlled system stabilizes the � motion
about the equilibrium, but the s dynamics is not stabilized; since there is no dissipation, the oscillations are sustained

a prescribed vector field. In the setting of Hamiltonian sys-
tems, the solution of the Liouville equation can be solved
by the method of characteristics (Scheeres et al. [38]). This
implies that a collocational approach (Xiu [39]) com-
bined with Lie group variational integrators, and interpo-
lation based on noncommutative harmonic analysis on Lie
groups could yield an efficient means of propagating un-
certainty, and serve as the basis of a discrete state estima-
tion algorithm.

Forced Symplectic–Energy-Momentum Variational In-
tegrators: One of the motivations for studying the control
of Lagrangian systems using the method of controlled La-
grangians is that the method provides a natural candidate
Lyapunov function to study the global stability proper-
ties of the controlled system. In the discrete theory, this
approach is complicated by the fact that the energy of
a discrete Lagrangian system is not exactly conserved, but
rather oscillates in a bounded fashion.

This can be addressed by considering the symplec-
tic-energy-momentum [20] analogue to the discrete La-
grange-d’Alembert principle,

ı

N1X

kD0

Ld(qk ; qkC1; hk) D
N�1X

kD0

[F�d (qk ; qkC1; hk ) � ıqk

C FCd (qk ; qkC1; hk) � ıqkC1] ;

where the timestep hk is allowed to vary, and is chosen
to satisfy the variational principle. The variations in hk

yield an Euler–Lagrange equation that reduces to the con-
servation of discrete energy in the absence of external
forces. By developing a theory of controlled Lagrangians
around a geometric integrator based on the symplectic-
energy-momentum version of the Lagrange–d’Alembert
principle, one would potentially be able to use Lyapunov
techniques to study the global stability of the resulting nu-
merical control algorithms.
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Glossary

Pinning An action exerted by impurities on an object.
The object has a preferential position in space, and will

move in response to an external force only if this force
is large enough.

Scaling The fact that each of two quantities varies in
a power-law relationship to the other.

Randommanifold A single elastic structure (line, sheet)
embedded in a random environment.

Bragg glass A periodic elastic structure embedded in
a weakly disordered environment, nearly as ordered as
a solid but exhibiting some characteristics normally as-
sociated with glasses.

Creep Very slow response at finite temperature of
a pinned structure in response to an external force.

Definition of the Subject

Many seemingly different systems, with extremely differ-
ent microscopic physics, ranging from magnets to super-
conductors, share the same essential ingredients and can
be described under the unifying concept of disordered
elastic media. In all these systems, an internal elastic struc-
ture, such as an interface between regions of opposite mag-
netization in magnetic systems, is subject to the effects of
disorder existing in the material. A specially interesting
feature of all these systems is that these disordered elas-
tic structures can be set in motion by applying an exter-
nal force on them (e. g. a magnetic field sets in motion
a magnetic interface), and that motion will be drastically
affected by the presence of the disorder. What properties
result from this competition between elasticity and disor-
der is a complicated problemwhich constitutes the essence
of the physics of disordered elastic media. The resulting
physics present characteristics similar to those of glasses.
This poses extremely challenging fundamental questions
in determining the static and dynamic properties of these
systems. Understanding both the static and dynamic prop-
erties of these objects is not only an important question
from a fundamental point of view, but also has strong
practical applications. Indeed, being able to write an in-
terface between two regions of magnetization or polar-
ization, and the speed of writing and stability of such re-
gions, is what conditions, in particular, our ability to store
information in such systems, as (for example) recordings
on a magnetic hard drive. The physics pertaining to dis-
ordered elastic media directly condition how we can use
these systems for practical applications.

Introduction

Understanding the statics and dynamics of elastic systems
in a random environment is a long-standing problem with
important applications for a host of experimental systems.
Such problems can be split into two broad categories: (a)
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