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Spectral methods are a popular choice for constructing numerical approximations for 
smooth problems, as they can achieve geometric rates of convergence and have a relatively 
small memory footprint. In this paper, we introduce a general framework to convert a 
spectral-collocation method into a shooting-based variational integrator for Hamiltonian 
systems. We also compare the proposed spectral-collocation variational integrators to 
spectral-collocation methods and Galerkin spectral variational integrators in terms of their 
ability to reproduce accurate trajectories in configuration and phase space, their ability 
to conserve momentum and energy, as well as the relative computational efficiency of 
these methods when applied to some classical Hamiltonian systems. In particular, we note 
that spectrally-accurate variational integrators, such as the Galerkin spectral variational 
integrators and the spectral-collocation variational integrators, combine the computational 
efficiency of spectral methods together with the geometric structure-preserving and long-
time structural stability properties of symplectic integrators.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

Symplectic integrators have long played an important role in the long-time simulation of mechanical systems [2,3], and 
the characterization of symplectic integrators in terms of variational integrators [16] has proven to be very fruitful. Addi-
tionally, variational integrators can be applied to the discretization of optimal control problems in robotics and aeronautics 
[7,10,11,21]. The basic idea of a variational integrator is to construct the numerical scheme by discretizing the appropriate 
variational principle, e.g., Hamilton’s principle for conservative systems, and the Lagrange–d’Alembert principle for dissi-
pative or forced systems. The resulting integrators exhibit clear advantages when compared with conventional numerical 
integration algorithms. They are symplectic, momentum-preserving, and exhibit near energy conservation for exponentially 
long times. Moreover, they can be easily extended to a large class of problems, such as Lagrangian and Hamiltonian PDEs 
[14], Lie–Poisson dynamical systems [17], and optimal control problems [10,21]. A comparison of spectral-collocation meth-
ods and symplectic methods when applied to Hamiltonian systems was conducted in [8], and in this paper, we will discuss 
methods for constructing spectrally-accurate variational integrators that combine the geometric convergence of spectral 
methods and the geometric structure-preserving properties of symplectic integrators.

There are two general methods for constructing higher-order variational integrators, the first is the Galerkin construction 
[13,18], and the other is the shooting-based construction [12,19]. The construction of Galerkin variational integrators relies 
on a variational characterization of the exact discrete Lagrangian, which is then approximated through the choice of a 
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finite-dimensional function space and a sufficiently accurate quadrature formula. The shooting-based approach relies on 
the characterization of the exact discrete Lagrangian in terms of Jacobi’s solution of the Hamilton–Jacobi equation, which 
involves evaluating the action integral on the solution of the Euler–Lagrange boundary value problem. This is approximated 
by constructing a numerical approximation of the solution of the Euler–Lagrange boundary value problem by using the 
shooting method and approximating the action integral with a numerical quadrature formula.

In this paper, we first present a brief overview of Lagrangian and Hamiltonian mechanics and variational integrators 
in Section 1. In Section 2, we introduce the construction and convergence analysis of shooting-based variational integrators 
derived from spectral-collocation methods. In Section 3, practical numerical algorithms for implementing spectral-collocation 
variational integrators are presented, and numerical examples are given in Section 4. In Section 5, we make some concluding 
remarks and comment on possible future directions.

1.1. Lagrangian and Hamiltonian mechanics

Lagrangian mechanics Consider a mechanical system on an n-dimensional configuration manifold Q with generalized co-
ordinates qi, i = 1, ..., n, which is described by a Lagrangian L : T Q → R that is given by the kinetic energy minus the 
potential energy. The action S : C2([a, b], Q ) →R is given by

S(q) =
b∫

a

L(q, q̇)dt.

Then, Hamilton’s principle states that the action is stationary for curves q ∈ C2([a, b], Q ) with fixed endpoints, i.e.,

δS(q) = δ

b∫
a

L(q, q̇)dt = 0, (1)

where δq(a) = δq(b) = 0. By the fundamental theorem of the calculus of variations, we have

d

dt

∂L

∂q̇i
− ∂L

∂qi
= 0, (2)

which are referred to as the Euler–Lagrange equations.

Hamiltonian mechanics Alternatively, the mechanical system can be described by a Hamiltonian H : T ∗ Q →R given by

H(q, p) = piq̇
i − L(q, q̇),

where the velocities on the right-hand side are implicitly defined in terms of the momenta by the Legendre transformation 
pi = ∂L

∂q̇i , and there is an implicit summation over the index i. This leads to Hamilton’s principle in phase space,

δ

∫
[piq̇

i − H(q, p)]dt = 0,

where we again assume that the variations in q vanish at the endpoints, i.e., δq(a) = δq(b) = 0. By the fundamental theorem 
of the calculus of variations,

q̇i = ∂ H

∂ pi
, ṗi = −∂ H

∂qi
, i = 1, . . . ,n, (3)

which are Hamilton’s canonical equations.

1.2. Discrete mechanics and variational integrators

Discrete Lagrangian mechanics [16] is based on a discrete analogue of Hamilton’s principle. We first consider a discrete 
Lagrangian, Ld : Q × Q → R, and construct the discrete action sum, Sd : Q n+1 →R, which is given by

Sd(q0,q1, ...,qn) =
n−1∑
i=0

Ld(qi,qi+1).

Then, the discrete Hamilton’s principle states that

δSd = 0

for variations that vanish at the endpoints, i.e., δq0 = δqn = 0. This yields the discrete Euler–Lagrange (DEL) equation,
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D2Ld(qk−1,qk) + D1Ld(qk,qk+1) = 0, k = 1,2, · · · ,n − 1, (4)

which implicitly defines the discrete Lagrangian map F Ld : (qk−1, qk) �→ (qk, qk+1). Here, D1 and D2 denote partial derivatives 
with respect to the first and second variables, respectively. This is equivalent to the implicit discrete Euler–Lagrange (IDEL) 
equations,

pk = −D1Ld(qk,qk+1), pk+1 = D2Ld(qk,qk+1), k = 0,1, · · · ,n − 1, (5)

which implicitly define the discrete Hamiltonian map F̃ Ld : (qk, pk) �→ (qk+1, pk+1) where the discrete Lagrangian can be 
viewed as the Type I generating function of a symplectic transformation. The discrete Lagrangian and Hamiltonian maps 
describe numerical integration schemes that are referred to as variational integrators, and they are automatically symplec-
tic and exhibit excellent long-time energy behavior. If the discrete Lagrangian is invariant under the diagonal action of a 
symmetry group, then there is a discrete momentum map that is preserved via a discrete version of Noether’s theorem.

As we observed, the discrete Lagrangian, Ld : Q × Q → R, is a generating function of a symplectic flow. Furthermore, 
there exists a generating function that generates the exact time-h flow map of Hamilton’s equations, which we refer to as 
the exact discrete Lagrangian,

LE
d (qk,qk+1) =

tk+1∫
tk

L(qk,k+1(t), q̇k,k+1(t))dt, (6)

where qk,k+1(tk) = qk, qk,k+1(tk+1) = qk+1 and qk,k+1 satisfies the Euler–Lagrange equation in the time interval [tk, tk+1]. The 
exact discrete Lagrangian is related to Jacobi’s solution of the Hamilton–Jacobi equation. Alternatively, one can characterize 
the exact discrete Lagrangian variationally as follows,

LE
d (qk,qk+1;h) = ext

q∈C2([kh,(k+1)h],Q )
q(kh)=qk,q((k+1)h)=qk+1

tk+1∫
tk

L(q(t), q̇(t))dt. (7)

In Section 2.3 of [16], the concept of variational error analysis is introduced. Essentially, it states that if one can construct 
a computable approximation of the exact discrete Lagrangian to a given order of accuracy, then it generates a numerical 
one-step method via the discrete Hamiltonian map with the same order of accuracy.

An alternative way of describing the discrete Lagrangian and Hamiltonian maps is in terms of the discrete Legendre 
transforms, F±Ld : Q × Q → T ∗ Q , that were introduced in [16],

F
+Ld : (qk,qk+1) �→ (qk+1, pk+1) = (qk+1, D2Ld(qk,qk+1)),

F
−Ld : (qk,qk+1) �→ (qk, pk) = (qk,−D1Ld(qk,qk+1)).

Given these definitions, we can introduce the following commutative diagram, which shows the relationship between the 
discrete Lagrangian map, the discrete Hamiltonian map and the discrete Legendre transformations,

(qk, pk)
F̃ Ld

(qk+1, pk+1)

(qk−1,qk)

F
+Ld

F Ld
(qk,qk+1) F Ld

F
+LdF

−Ld

(qk+1,qk+2).

F
−Ld

It is clear that the discrete Hamiltonian map can be described as F̃ Ld = F
+Ld ◦ (F−Ld)

−1, and the discrete Lagrangian map 
F Ld = (F−Ld)

−1 ◦ F+Ld .

2. Shooting-based variational integrators from spectral-collocation methods

Spectral-collocation methods are well-known for their higher accuracy and geometric rates of convergence. Variational 
integrators are noted for their structure-preserving properties. Our aim in this section is to construct a spectral-collocation 
variational integrator (SCVI) that combines the benefits of these two numerical methods. To be specific, we discuss how 
one can construct a variational integrator that is based on a spectral-collocation method, that will achieve geometric rates 
of convergence under s refinement (s denotes the number of the collocation points in each time step). It should be noted 
that in this paper we will restrict our attention to configuration spaces Q that are vector spaces. A generalization of 
spectral-collocation variational integrators for mechanical systems on Lie groups will be described in future work.
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2.1. Construction of spectral-collocation variational integrators

2.1.1. Outline of approach
The proposed approach is based on constructing an approximation of the exact discrete Lagrangian given in (6), which 

is given in terms of the action integral evaluated on the solution of the Euler–Lagrange boundary value problem. This was 
the approach taken in the shooting-based variational integrator that was introduced in [12], but in order to get high order 
of accuracy, one needed to have numerous quadrature points. Since this approach did not assume that the one-step method 
used to construct the variational integrator yielded a piecewise continuous approximation of the solution in the interior 
of the time interval, the approximations at the quadrature points were obtained by repeatedly applying the underlying 
one-step method.

In this section, we use the fact that a spectral-collocation method provides a continuous approximation of the solution 
of the Euler–Lagrange boundary value problem in the interior of the time interval, so we can use that to construct our 
computable discrete Lagrangian, and thereby reduce the computational burden of constructing higher-order shooting-based 
variational integrators.

2.1.2. Spectral-collocation discrete Lagrangian
Given a spectral-collocation method �(s)

h : T Q → T Q and a numerical quadrature formula

h∫
0

f (x)dx ≈ h
m∑

i=1

wi f (τih),

with quadrature weights wi and quadrature nodes

0 ≤ τ1 < ... < τm ≤ 1,

we construct the spectral-collocation discrete Lagrangian as follows:

Ld(q0,q1;h) = h
m∑

i=1

wi L

(
s∑

ν=0

qν
0φν(τih),

s∑
ν=0

qν
0 φ̇ν(τih)

)
,

where {φν}s
ν=0 ⊂ C2([0, h], R) is a chosen set of basis functions, and {qν

0 }s
ν=1 ⊂ Q are obtained from the given spectral-

collocation solution of the Euler–Lagrange boundary value problem. The spectral-collocation solution of the Euler–Lagrange 
boundary value problem is defined in two stages, we first solve for the ṽ0 that satisfies πQ ◦ �

(s)
h (q0, ̃v0) = q1, then the 

{qν
0}s

ν=1 are chosen so 
∑s

ν=0 qν
0φν(t) is consistent with the initial condition (q0, ̃v0) and satisfies the Euler–Lagrange second-

order differential equation at the collocation points. Here, πQ : T Q → Q denotes the canonical projection and we use 
superscripts to index the value of q at the collocation points in the interval [0, h].

2.2. Order of accuracy of the spectral-collocation discrete Lagrangian

For mechanical systems, the Euler–Lagrange equation is generally a second-order nonlinear differential equation, and it 
is a standard result in the numerical analysis of the shooting method for nonlinear problems [9] that the approximation 
error in the solution of a boundary value problem is bounded by the sum of two terms:

(i) the global error of the spectral-collocation method applied to the initial value problem;
(ii) the error associated with the rate of convergence of the nonlinear solver.

The order analysis of the shooting-based discrete Lagrangian depends mainly on the global approximation properties of 
the shooting solution of two-point boundary value problems and the accuracy of the quadrature formula. The analysis of h
refinement for shooting-based variational integrators was developed in Theorem 1 of [12], which we state here.

Theorem 2.1. (Theorem 1 of [12]) Given a p-th order accurate one-step method � , a q-th order accurate quadrature formula, and 
a Lagrangian L that is Lipschitz continuous in both variables, the associated shooting-based discrete Lagrangian has order of accuracy 
min(p, q).

This, together with Theorem 2.3.1 of [16], which is the basis of variational error analysis, establishes that the order of 
accuracy of the variational integrator generated by a shooting-based discrete Lagrangian is min(p, q).
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2.3. Geometric convergence of the spectral-collocation discrete Lagrangian

We now prove that the shooting-based variational integrator based on spectral-collocation is geometrically convergent. 
We first cite Theorem 3.2 of [5] which extends variational error analysis to the case of geometric convergence of variational 
integrators.

Theorem 2.2. (Theorem 3.2 of [5]) Given a regular Lagrangian L and corresponding Hamiltonian H, the following are equivalent for 
a discrete Lagrangian L(s)

d (q0, q1):

(1) there exists a positive constant K , where K < 1, such that the discrete Hamiltonian map for L(s)
d (q0, qh) has error O(K s),

(2) there exists a positive constant K , where K < 1, such that the discrete Legendre transforms of L(s)
d (q0, qh) have error O(K s),

(3) there exists a positive constant K , where K < 1, such that L(s)
d (q0, qh) approximates the exact discrete Lagrangian LE

d (q0, qh) with 
error O(K s).

With this result in mind, we state a theorem about the extent to which a spectral-collocation discrete Lagrangian ap-
proximates the exact discrete Lagrangian.

Theorem 2.3. Given a sequence of spectral-collocation methods �(s)
h with error bounded by C A K s

A for some constants C A, K A < 1

that are independent of s and a sequence of quadrature rules Gs( f ) = ∑ms
j=1 bs j f (cs j h) ≈ ∫ h

0 f (t)dt, such that the quadrature error 
is bounded by C g K s

g for some constants C g , K g < 1 that are independent of s and a Lagrangian L that is Lipschitz continuous in 
both variables, the associated spectral-collocation discrete Lagrangian L(s)

d has an error bounded by C K s for some constants C =
(C g + hK L C A), K = max(K g, K A) < 1 that are independent of s.

Proof. A converged shooting solution (q̃k,k+1, ̃vk,k+1), associated with a geometrically convergent spectral-collocation 
method �(s)

h , approximates the exact solution (qk,k+1, vk,k+1) of the Euler–Lagrange boundary value problem with the fol-
lowing global error:

‖qk,k+1(di) − q̃k,k+1(di)‖ ≤ C A K s
A, ‖vk,k+1(di) − ṽk,k+1(di)‖ ≤ C A K s

A

If the numerical quadrature formula is geometrically convergent, then

‖LE
d (qk,qk+1) − L(s)

d (qk,qk+1)‖

=
∥∥∥∥∥

(k+1)h∫
kh

L(qk,k+1(t), vk,k+1(t))dt − h
ms∑
j=1

bs j L(qk,k+1(di), vk,k+1(di))

+ h
ms∑
j=1

bs j L(qk,k+1(di), vk,k+1(di)) − h
ms∑
j=1

bs j L(q̃k,k+1(di), ṽk,k+1(di))

∥∥∥∥∥
≤

∥∥∥∥∥
(k+1)h∫
kh

L(qk,k+1(t), vk,k+1(t))dt − h
ms∑
j=1

bs j L(qk,k+1(di), vk,k+1(di))

∥∥∥∥∥
+

∥∥∥∥∥h
ms∑
j=1

bs j L(qk,k+1(di), vk,k+1(di)) − h
ms∑
j=1

bs j L(q̃k,k+1(di), ṽk,k+1(di))

∥∥∥∥∥
≤ C g K s

g + h
ms∑
j=1

bs j

∥∥∥L(qk,k+1(di), vk,k+1(di)) − L(q̃k,k+1(di), ṽk,k+1(di))

∥∥∥
≤ C g K s

g + h
ms∑
j=1

bs j K L C A K s
A

= C g K s
g + hK L C A K s

A

≤ (C g + hK L C A)K s

where K = max(K g, K A), and we used the quadrature error, consistency of the quadrature rule, the error estimates on the 
shooting solution, and the assumption that L is Lipschitz continuous with Lipschitz constant K L . �
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3. Implementation details

In this section, we describe the numerical implementation of a spectral-collocation variational integrator for mechanical 
systems with Lagrangian L : T Q → R. To approximate the trajectory q : [0, T ] → Q , we divide the total time interval [0, T ]
into N subintervals of equal length h, a discrete curve in Q is defined in terms of piecewise polynomial curves q : [kh, (k +
1)h] → Q , k = 0, ..., N − 1, that are subordinate to the partitioning of the time interval,

[0, T ] =
N−1⋃
k=0

[kh, (k + 1)h], N = T /h.

3.1. The choice of the spectral-collocation method and the quadrature rule

To construct a spectral-collocation variational integrator, we should choose a spectral-collocation method, a quadra-
ture rule and a set of basis functions. In this paper, the implementation is mainly based on the Chebyshev collocation 
method, Gauss–Legendre quadrature and the basis functions φν(t) = lν(t), where lν(t) are Lagrange interpolation polyno-
mials based on the s + 1 Chebyshev–Gauss–Lobatto points c j = (2k+1)h

2 − h
2 cos( jπ

s ), where c j are the Chebyshev points 
x j = − cos( jπ

s ), 0 ≤ j ≤ s rescaled from [−1, 1] to [kh, (k + 1)h].
Besides the geometric convergence properties, the choice of Chebyshev collocation methods is motivated by the following 

considerations:

(1) Chebyshev collocation methods can be computed efficiently using the fast Fourier transform (FFT);
(2) the Chebyshev points include the boundary points (see Fig. 2) at kh and (k + 1)h, and the use of Lagrange inter-

polants based on these points greatly simplify the computation of the discrete Legendre transforms D1 L(qk, qk+1) and 
D2L(qk, qk+1);

(3) the Chebyshev spectral-collocation method is not symplectic. This is a desirable property, since our aim is to verify 
that the proposed shooting-based variational integrators provide a means of constructing symplectic methods out of 
non-symplectic spectral-collocation methods.

The choice of Gaussian quadrature is mainly because of the optimal accuracy. To be specific, an n-point Gaussian quadrature 
rule is exact for polynomials of degree 2n − 1. However, it is also possible to use other spectral-collocation methods and 
quadrature rules. For example, the trigonometric collocation methods might be a good choice for problems with oscillatory 
solutions. While we have primarily discussed numerical quadrature formulas that only depend on the integrand, one could 
consider more general quadrature formulas that depend on derivatives of the integrand, such as Gauss–Hermite quadrature. 
Different combinations of quadrature formulas and spectral-collocation methods may led to more effective integrators for 
specific classes of problems and we make no claim that the choices made in this paper are optimal.

3.2. Practical algorithms

In this section, we will first introduce the spectral-collocation method for the Euler–Lagrange equation, then we will 
derive the detailed expressions for the spectral-collocation variational integrator. As the Euler–Lagrange equation is gener-
ally a second-order nonlinear differential equation, we introduce the differentiation matrix approach to spectral-collocation 
methods based on the Chebyshev–Gauss–Lobatto points {c j}s

j=0 for the following second-order initial value problem,{
q̈ (t) = f (t,q(t), q̇(t)), a < t ≤ b,

q(c0) = q0, q̇(c0) = v0,
(8)

where

q(t) = [q1(t),q2(t), · · · ,qM(t)],
f (t,q, q̇) = [ f1(t,q, q̇), f2(t,q, q̇), · · · , f M(t,q, q̇)].

By introducing the auxiliary variable v(t) = q̇(t), (8) can be converted to a system of first-order differential equations,{
q̇(t) = v(t),

v̇ (t) = f (t,q(t), v(t)),
(9)

with initial conditions q(c0) = q0, v(c0) = q̇0. Equation (9) can be discretized by introducing the first-order Chebyshev 
differentiation matrix Ã in the interval [a, b], which we will discuss in greater detail below, to obtain,

Ã Q̃ = V , (10)

Ã Ṽ = F (t, Q , V ), (11)
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Fig. 1. The red dots represent the quadrature points, which may or may not be the same as the interpolation points which are represented by black dots. 
(For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 2. Plots of Legendre–Gauss points and Chebyshev–Gauss–Lobatto points.

where

Q̃ = [q0, Q ]T , Q = [q(c1),q(c2), ...,q(cs)]T ,

Ṽ = [v0, V ]T , V = [v(c1), v(c2), ..., v(cs)]T ,

F (t, Q , V ) = [ f (c1,q (c1) , v (c1)) , f (c2,q (c2) , v (c2)) , . . . , f (cs,q (cs) , v (cs))]T .

The first-order Chebyshev differentiation matrix Ã in the interval [a, b] is given by [15],

Ã = − 2

b − a
D(1)(1:s,0:s), (12)

where D(1) is the (s + 1) × (s + 1) first-order Chebyshev differential matrix in the interval [−1, 1] that is indexed from 0 to 
s and is given in [22] by

D(1)
i, j =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

2s2+1
6 , i = j = 0,
−x j

2(1−x2
j )

, i = j = 1, ..., s − 1,

αi(−1)(i+ j)

α j(xi−x j)
, i �= j, i, j = 0, ..., s,

− 2s2+1
6 , i = j = s,

αl =
{

2, l = 0 or s,

1, otherwise.
(13)

As the initial value q0 is given, we can partition the matrices into Ã = [a0, A] and Q̃ = [q0, Q ]T , which allows us to rewrite 
(10) and (11) in the following way,

A Q + a0q0 = V , (14)

AV + a0 v0 = F (t, Q , V ). (15)

Substituting (14) into (15), we obtain

A(A Q + a0q0) + a0q̇0 = F (t, Q , A Q + a0q0), (16)

which is equivalent to the following nonlinear equation

A2 ⊗ IM vec(Q ) = vec(F (t, Q , A Q + a0q0)) − a0 ⊗ q̇T
0 − (Aa0) ⊗ qT

0 , (17)

where IM is the M × M identity matrix, and vec takes an m × n matrix and returns a vector of length mn by concatenating 
the columns of the matrix below each other. Then, vec(Q ) can be obtained from (17) by using a nonlinear root finder.

Now, we can construct the spectral-collocation discrete Lagrangian based on the chosen Chebyshev–Lagrange interpola-
tion and Gauss–Legendre quadrature. For an arbitrary interval [kh, (k + 1)h] (see Fig. 1), we can approximate the value of q
and q̇ at the quadrature points by:
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q(di;qν
k ,h) =

s∑
ν=0

qν
k lν,s(τ (di)), q̇(di;qν

k ,h) =
s∑

ν=0

qν
k l̇ν,s(τ (di))

dτ

dt
= 2

h

s∑
ν=0

qν
k l̇ν,s(τ (di)),

where qν
k = qk(cν) and τ (t) = 2

h (t −tk) −1 ∈ [−1, 1], di are the quadrature points in the interval [tk, tk+1], and lν,s : [−1, 1] →
R are the Lagrange polynomials of degree s that are given by

lν,s(τ ) =
∏

0≤ j≤s, j �=ν

τ − x j

xν − x j
.

Then, the spectral-collocation discrete Lagrangian is given by

Ld(qk = q0
k ,q1

k , ...,qs
k = qk+1;h) = h

2

m∑
i=1

wi L(q(di;qν
k ,h), q̇(di;qν

k ,h))

= h

2

m∑
i=1

wi L

(
s∑

ν=0

qν
k lν,s(τ (di)),

2

h

s∑
ν=0

qν
k l̇ν,s(τ (di))

)
,

(18)

where {qν
k }s

ν=0 are obtained by solving the Euler–Lagrange boundary value problem using the spectral-collocation 
method (17). In practice, we explicitly compute the implicit discrete Euler–Lagrange equations (5),

pk = −D1Ld(qk,qk+1;h), pk+1 = D2Ld(qk,qk+1;h)

for the discrete Lagrangian given by (18), and combine it with the spectral-collocation method (17) to yield a set of nonlinear 
equations,

A2 ⊗ IM vec(Q ) = vec(F (Q , A Q + a0q0
k)) − a0 ⊗ (v0

k)T − (Aa0) ⊗ (q0
k)T , (19a)

q0
k = qk, (19b)

qs
k = q0

k+1 = qk+1, (19c)

pk = −
m∑

i=1

wi

[
h

2
l0,s(τi)

∂L

∂q

( s∑
ν=0

qν
k lν,s

(
τi

)
,

2

h

s∑
ν=0

qν
k l̇ν,s

(
τi

)) + l̇0,s(τi)
∂L

∂q̇

( s∑
ν=0

qν
k lν,s

(
τi

)
,

2

h

s∑
ν=0

qν
k l̇ν,s

(
τi

))]
, (19d)

pk+1 =
m∑

i=1

wi

[
h

2
ls,s(τi)

∂L

∂q

( s∑
ν=0

qν
k lν,s

(
τi

)
,

2

h

s∑
ν=0

qν
k l̇ν,s

(
τi

)) + l̇s,s(τi)
∂L

∂q̇

( s∑
ν=0

qν
k lν,s

(
τi

)
,

2

h

s∑
ν=0

qν
k l̇ν,s

(
τi

))]
, (19e)

where Q = (q1
k , q2

k , ..., qs
k). Given an initial condition (qk, pk), we can obtain Q = (q1

k , q2
k , ..., qs

k) by solving equations (19a), 
(19b) and (19d) with a nonlinear root finder, then (qk+1, pk+1) can be obtained from (19c) and (19e). In this paper, we use 
the Newton method as the nonlinear solver. This procedure is summarized in the diagram below,

(qk, pk)
(19a)(19b)(19d)

Q = (q1
k ,q2

k , ...,qs
k)

(19c)(19e)
(qk+1, pk+1)

k←k+1

and the iterative algorithm can be described as follows (see Algorithm 1),

Remark 3.1. Using the Legendre transformation, the above system of nonlinear equations can also be expressed in terms 
of the generalized coordinates and momenta (q, p) on the cotangent bundle T ∗ Q , and the Hamiltonian H : T ∗ Q → R, 
where H(q, p) = pq̇ − L(q, ̇q)|p=∂L/∂q̇ . Using the definition of the Hamiltonian in terms of the Lagrangian, we conclude that 
∂ H
∂q (q, p) = − ∂L

∂q (q, ̇q) = −ṗ and ∂ H
∂ p = q̇ (see page 380 of [16]), which yields the following equivalent system of equations 

expressed in terms of the Hamiltonian,

A2 ⊗ IM vec(Q ) = vec(F (Q , A Q + a0q0
k)) − a0 ⊗ (v0

k)T − (Aa0) ⊗ (q0
k)T , (20a)

q0
k = qk, (20b)

q0
k+1 = qk+1, (20c)

pk = −
m∑

i=1

wi

[
− h

2
l0,s(τi)

∂ H

∂q

( s∑
ν=0

qν
k lν,s

(
τi

)
, pi

k

)
+ pi

kl̇0,s(τi)

]
, (20d)

pk+1 =
m∑

wi

[
− h

2
ls,s(τi)

∂ H

∂q

( s∑
qν

k lν,s
(
τi

)
, pi

k

)
+ pi

kl̇s,s(τi)

]
, (20e)
i=1 ν=0
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∂ H

∂ p

( s∑
ν=0

qν
k lν,s

(
τi

)
, pi

k

)
− 2

h

s∑
ν=0

qν
k l̇ν,s(τi) = 0, i = 1, ...,m, (20f)

where the pi
k are internal stages that approximate the momentum at time tk + h

2 (τi + 1).

4. Numerical examples

To verify the effectiveness of the proposed spectral-collocation variational integrator, we compute the solution of the 
planar pendulum and the Kepler two-body problem, where the nonlinear equations that define the method are solved using 
the Newton method, the error indicator is the maximum componentwise error,

max(‖Q i+1 − Q i‖
∞ ,‖P i+1 − P i‖
∞),

the tolerance is chosen to be 10−12, and the maximum iteration count is set to 1000. In practice, when the step sizes are 
sufficiently small, the Newton method typically converges in about 10 iterations or less, but if significantly larger step sizes 
are desired, then one might consider applying a trust-region method instead. The numerical experiments were carried out 
on a personal computer with an Intel Core i5-4210U, 1.70 GHz CPU, 8G RAM and the algorithms were implemented using 
Matlab 2014a.

4.1. Planar pendulum

In order to illustrate the structure of the algorithms presented in Section 3.2, we consider a simple illustrative example. 
The pendulum consists of a mass m attached on a rod of length l. Considering the planar motion in the x-z plane, where the 
generalized coordinate q lies on the one-sphere S1 and denotes the angle that the rod makes with the direction of gravity. 
Then, the Lagrangian is given by,

L(q, q̇) = ml2q̇2

2
+ mgl cos(q),

and the Hamiltonian is given by,

H(q, p) = p2

2ml2
− mgl cos(q).

The corresponding Euler–Lagrange equations are,

ml2q̈ + mgl sin(q) = 0,

and Hamilton’s equations are given by

q̇ = p

ml2
, (21a)

ṗ = −mgl sin(q), (q, p) ∈ S1 ×R
1. (21b)

For simplicity, we assume that m = l = g = 1. The equation has a center at (0, 0) and saddle points at (±π, 0). Here, we 
choose the two Chebyshev points x0 = −1, x1 = 1 as the collocation points, and the two-point Gauss quadrature formula 
(wi, τi)

2
i=1 for the interval [−1, 1], where

wi = 1; τi = ± 1√
3
.

Then, the approximation of q is obtained by linear interpolation, and the values at the corresponding rescaled quadrature 
points in the interval [kh, (k + 1)h] are given by,

q(d1) = l0,1

(
− 1√

3

)
qk + l1,1

(
− 1√

3

)
qk+1 =

(
3 + √

3

6

)
qk +

(
3 − √

3

6

)
qk+1.

q(d2) = l0,1

(
1√
3

)
qk + l1,1

(
1√
3

)
qk+1 =

(
3 − √

3

6

)
qk +

(
3 + √

3

6

)
qk+1.

From (13), we can obtain the first-order Chebyshev differential matrix in the interval [−1, 1] based on Chebyshev points 
x0 = −1, x1 = 1,

D(1) =
[

1
2 − 1

2
1 − 1

]
.

2 2
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Fig. 3. Left: the phase portrait of the planar pendulum on the cylinder corresponding to a variety of initial conditions. Middle: the phase computed using 
SCVI with 2 point Chebyshev interpolation, 2 point Gauss–Legendre quadrature. Right: the phase computed using SC with 2 Chebyshev points. Step sizes 
are h = 0.005.

Then, the first-order Chebyshev differential matrix in the interval [kh, (k + 1)h] can be given by,

Ã = −2

h
D(1)(1:1,0:1)=

[
− 1

h
,

1

h

]
.

We can partition the 1 × 2 matrix Ã into Ã = [a0, A]. Combined with (19b), (19a) has the form,

1

h2
qk+1 = − sin(qk+1) −

(
−1

h

)
vk −

(
− 1

h2

)
qk, (22)

and (19d) can be obtain by direct calculation,

λ1
kqk + λ2

kqk+1 + βk + pk = 0, (23)

where

k = [λ1
k , λ2

k ] =
[

2

h

2∑
i=1

wil̇0,1(τi)l̇0,1(τi),
2

h

2∑
i=1

wil̇0,1(τi)l̇1,1(τi)

]
=

[
1

h
,−1

h

]
,

βk = h

2

2∑
i=1

wil0,1(τi)

(
− sin

(
l0,1(τi)qk + l1,1(τi)qk+1

))

= − (3 + √
3)h

12
sin

((
3 + √

3

6

)
qk +

(
3 − √

3

6

)
qk+1

)
− (3 − √

3)h

12
sin

((
3 − √

3

6

)
qk +

(
3 + √

3

6

)
qk+1

)
.

So, we can solve for vk and qk+1 using (22) and (23). Then, we can calculate pk+1 from (19e).
Choosing the initial condition (q0, p0) = (0.5, 0), Fig. 3 compares the phase trajectories of the pendulum system, which 

are computed using the two-point spectral-collocation variational integrator (SCVI) constructed above and the spectral-
collocation method (SC) also with two Chebyshev points. Fig. 4 shows the corresponding energy errors of these two 
methods. From the numerical results, we can see that SCVI preserves the phase space area and energy very well, as one 
would expect from a symplectic integrator, whereas the Chebyshev collocation method, which is non-symplectic, performs 
much more poorly in terms of preserving the phase area and energy. In particular, the Chebyshev collocation method ex-
hibits a decay of the trajectory in phase space. Additionally, we see in Fig. 4 that the energy error for SC accumulates, 
whereas the energy error for SCVI remains bounded and small, which is consistent with the existence of a modified en-
ergy [20] that arises from backward error analysis when applying a symplectic integrator to a Hamiltonian system.

4.2. Kepler problem

The Kepler two-body problem describes the motion of two bodies under mutual gravitational attraction. If one body is 
placed at the origin, the corresponding Lagrangian and angular momentum of the Kepler two-body system are given by

L(q, v) = T − V = 1

2
(v2

1 + v2
2) − 1√

q2 + q2
,

1 2



Y. Li et al. / Journal of Computational Physics 332 (2017) 83–98 93
Fig. 4. Comparison of the energy error of the planar pendulum problem computed using SC with 2 Chebyshev points and SCVI with 2 point Chebyshev 
interpolation and 2 point Gauss–Legendre quadrature. Step sizes are h = 0.005. (For interpretation of the references to color in this figure, the reader is 
referred to the web version of this article.)

Fig. 5. Kepler two-body problem with eccentricity e = 0.5. Orbits computed using SCVI with 2 point Chebyshev interpolation, 4 point Gauss–Legendre 
quadrature. Step size h = π/20 and total time T = 20000π .

and

M(q, v) = q1 v2 − q2 v1,

respectively, where q = (q1, q2) represents the position of the second body and v = (v1, v2) represents the velocity. Using 
(2) we can easily obtain the Euler–Lagrange equations of the system,

q̇1 = v1, (24a)

q̇2 = v2, (24b)

v̇1 = − q1

(q2
1 + q2

2)
3/2

, (24c)

v̇2 = − q2

(q2
1 + q2

2)
3/2

. (24d)

For the system described by (24), given the eccentricity 0 ≤ e < 1, we choose the following initial conditions,

q1(0) = 1 − e, q2(0) = 0, v1(0) = 0, v2(0) =
√

1 + e

1 − e
,

which implies that L0 = −0.5, M0 = √
1 − e2. The period of the solution is 2π .

Fig. 5 shows the orbit of the Kepler problem when using SCVI with 2 point Chebyshev interpolation and 4 point Gauss–
Legendre quadrature. We run the numerical program for 10000 periods. In order to maintain the visibility of the trajectory 
in the figure, we plot trajectory segments from the beginning, middle and end of the full trajectory. The numerical solution 
of (24) in the (q1, q2)-plane shows that the elliptical orbit of the second body is not distorted for long-time simulations. 
In particular, the eccentricity of the orbit remains unchanged even over 10000 periods, although the proposed method 
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Fig. 6. Kepler two-body problem with eccentricity e = 0.5. Comparison of the orbit computed using SCVI with 2 point Chebyshev interpolation, 4 point 
Gauss–Legendre quadrature and SC with 3 Chebyshev points. Step sizes are h = 0.1 and total time T = 60π . The second column of figures show the last 
part of the trajectory for the duration of one orbital period.

Fig. 7. Kepler two-body problem with eccentricity e = 0.5. Comparison of the angular momentum computed using SCVI with 2 point Chebyshev inter-
polation, 4 point Gauss–Legendre quadrature and SC with 3 Chebyshev points. Step sizes are h = 0.1 and total time T = 60π . (For interpretation of the 
references to color in this figure, the reader is referred to the web version of this article.)

does exhibit precession. To avoid the precession effect, one may choose a smaller step size or alternatively choose a larger 
number of interpolation points and quadrature points for SCVI (see Fig. 10).

In Figs. 6, 7 and 8, we compare the orbits, angular momenta and energies of the Kepler problem, which is simulated 
using SCVI with 2 point Chebyshev interpolation, 4 point Gauss–Legendre quadrature and Chebyshev collocation method 
with 3 collocation points (the two-point Chebyshev collocation method is not stable when we set the step size h = 0.1). 
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Fig. 8. Kepler two-body problem with eccentricity e = 0.5. Comparison of the energy computed using SCVI with 2 point Chebyshev interpolation, 4 point 
Gauss–Legendre quadrature and SC with 3 Chebyshev points. Step sizes are h = 0.1 and total time T = 60π . (For interpretation of the references to color 
in this figure, the reader is referred to the web version of this article.)

Fig. 9. Kepler two-body problem with eccentricity e = 0. Left: global error at T = 20 with h-refinement. Here, we use C in the legend to denote the number 
of Chebyshev points and L the number of Legendre quadrature points used to construct the method. Right: s-refinement over 100 steps of h = 0.2. Here, 
we fix the number of Legendre quadrature points to be 10.

In the left column of Fig. 6, we show the comparison of the orbits over 30 periods and in the right column of Fig. 6, 
the last parts of the trajectories, over one orbital period of the exact solution are given. It is clear that the period of the 
system does not change when using the SCVI method, but the orbital period shrinks by a factor of almost three when 
using the Chebyshev collocation method. In Fig. 7, we observe that the angular momentum of the Kepler two-body problem 
is well preserved by the SCVI, whereas the SC method exhibits a decay in the angular momentum which manifests itself 
very noticeably in qualitative properties of the numerical trajectory as the orbit decays dramatically. In Fig. 8, we observe a 
change in the orbital period in the trajectory generated by the SC method, whereas the orbital period remains much more 
consistent with the SCVI method. Additionally, there is a noticeable drift in the total energy, as well as the kinetic and 
potential energies using the SC method, whereas the SCVI method exhibits near conservation of total energy, as well as 
accurately tracking the energy exchange between kinetic and potential energy.

The coefficients of the Gauss–Legendre Runge–Kutta methods of various orders are given in Table 2 of [1]. It can be 
shown that these Gauss collocation methods are examples of symplectic Runge–Kutta methods (Section VI.4 of [4]). Fig. 9
compares the performance of SCVI with other symplectic integrators, including the spectral variational integrator (SVI), 4th-
order symplectic Gauss–Legendre Runge–Kutta (SRK4) method, 6th-order symplectic Gauss–Legendre Runge–Kutta method 
(SRK6) and 8th-order symplectic Gauss–Legendre Runge–Kutta method (SRK8), as well as the non-symplectic spectral-



96 Y. Li et al. / Journal of Computational Physics 332 (2017) 83–98
Table 1
Computational Efficiency of SC, SCVI, SVI, SRK4, SRK6, SRK8.

METHOD SCHEME DETAIL TOTAL 
TIME(s)

ERRORa CPU-TIME(s)

h Chebyshev Legendre

SRK4 0.004 – – 20 8.6973 × 10−11 94.99
SRK6 0.05 – – 20 5.2082 × 10−11 16.39
SRK8 0.2 – – 20 4.3256 × 10−11 10.71
SC 0.2 9 – 20 1.1461 × 10−11 0.26
SCVI 0.2 9 10 20 2.1696 × 10−11 1.02
SVI1 0.2 9 10 20 2.1846 × 10−11 5.94
SVI2 0.2 5 10 20 2.4120 × 10−11 1.72

a absolute error of q1

Algorithm 1 The iterative algorithm for the SCVI.
1: Choose the number of collocation points s + 1 and the quadrature formula (wi, τi)

m
i=1.

2: Compute the differentiation matrix A, where Ã = [a0, A] is given by (12).
3: Choose the initial guess of the solution at the collocation points Q = (q1

k , q2
k , ..., qs

k) and v0
k . A good initial guess for v0

k can be obtained by inverting 
the continuous Legendre transformation p = ∂L/∂v .

4: Compute the right-hand sides of (19a), (19d) and their Jacobians.
5: Update Q = (q1

k , q2
k , ..., qs

k) and v0
k by performing the Newton method for (19a), (19d), until max(‖Q i+1 − Q i‖
∞ , ‖P i+1 − P i‖
∞ ) < T O L, where P i , Q i

are the value of P and Q at i-th iteration, T O L is the error tolerance.
6: Compute (qk+1, pk+1) by applying (19c) and (19e)
7: k ← k + 1, repeat Step 3 to Step 6.

collocation method (SC). The numerical evidence suggests that SVI is more accurate than SCVI and SC when choosing the 
same number of Chebyshev points and Legendre points. We also find that the order of SCVI is almost the same as SC when 
using the same number of Chebyshev points, which is consistent with Theorem 2.3.

Table 1 gives the computational efficiency of SCVI when compared with SVI, SRK4, SRK6, SRK8, and SC. The comparison 
is inspired by the right side of Fig. 9, where SCVI, SVI and SC intersect at 9 Chebyshev points. We choose the step size, 
the number of Chebyshev points and the number of Legendre points differently so that the error of each method is ap-
proximately the same. It shows that the SCVI and SVI are noticeably faster than the conventional symplectic Runge–Kutta 
methods, even when compared to the 8-th order symplectic Gauss–Legendre Runge–Kutta method (SRK8) with the same 
step size. We can also see that SCVI inherits the computational efficiency of SC better than SVI. To be specific, SCVI con-
verges faster than SVI, when they choose the same step size, the same number of Chebyshev points and the same number 
of Legendre points. SCVI is slightly faster than SVI for the Kepler two-body problem, even when SVI are computed with 
only 5 Chebyshev points. One possible explanation is that the majority of the coefficients, i.e., A, of the nonlinear equations 
constructed by SCVI can be calculated outside the iteration (see Algorithm 1), whereas for SVI, many coefficients of the non-
linear equations and their associated Jacobian matrices need to be recalculated with the change of qi

s in every iteration of 
the Newton method [6]. This suggests that if one is interested in an efficient, high-accuracy geometric structure-preserving 
numerical integrator, the proposed SCVI method is a competitive choice.

In creating Table 1, we have endeavored to make the comparison fair by using the same collocation points in the SCVI 
and SC methods, using the same polynomial basis and quadrature rule for the SCVI and SVI methods, and using the same 
nonlinear solver, error norm, and termination condition for all the methods. Of course, the computational efficiency of the 
methods is highly implementation-dependent.

Fig. 10 presents a comparison of the orbits computed using SCVI with 10 Chebyshev points and 5, 6, 7 Gauss quadrature 
points from left to right. While the orbital period and phase area are accurately preserved in all three simulations, the 
leftmost subfigure corresponds to SCVI with 5 Gauss quadrature points and exhibits significant precession, which is why the 
total trajectory sweeps out an annulus. The precession is dramatically reduced as the accuracy of the quadrature method 
is increased. Fig. 11 presents the corresponding angular momentum and energy behaviors. From the numerical results, we 
see that the angular momentum and the energy error remains bounded. The accuracy of SCVI is determined by both the 
choice of interpolation points and quadrature points. If we fix the number of Chebyshev points, SCVI achieves higher-order 
accuracy as we increase the number of quadrature points, at least while the quadrature rule remains sufficiently accurate to 
resolve the action integral accurately.

5. Conclusions and future directions

In this paper, we provide a general method to convert any spectral-collocation method into a corresponding shooting-
based variational integrator, which renders it symplectic while retaining the rate of convergence of the method. This 
systematically combines variational integrators with existing techniques from approximation theory, numerical quadrature 
and spectral methods. Another important aspect is the manner in which vectorization of the numerical method allows 
one to efficiently implement the spectral-collocation variational integrator. Numerical experiments demonstrate that the 
shooting-based variational integrators from spectral-collocation methods are symplectic, momentum-preserving and exhibit 
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Fig. 10. Kepler two-body problem with eccentricity e = 0.5. Comparison of the orbit computed using SCVI with 10 point Chebyshev interpolation and 5, 6, 
7 point Gauss–Legendre quadrature (from left to right). Step size h = 0.2 and total time T = 400π .

Fig. 11. Kepler two-body problem with eccentricity e = 0.5. Comparison of the angular momentum error and the energy error computed using SCVI with 10 
point Chebyshev interpolation and 5, 6, 7 point Gauss–Legendre quadrature. Step size h = 0.2 and total time T = 400π . (For interpretation of the references 
to color in this figure, the reader is referred to the web version of this article.)

excellent energy behavior. Like its Galerkin spectral variational integrator counterpart, this new numerical method also 
partially inherits the computational efficiency of the underlying Chebyshev collocation method.

Spectral-collocation variational integrators are a promising option that combines computational efficiency with geomet-
ric structure-preservation. Our future work will focus on extending the synthesis of variational integrators and spectral-
collocation methods to Hamiltonian PDEs and systems that evolve on Lie groups and homogeneous spaces.
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