SMOOTHED PROJECTIONS AND
MIXED BOUNDARY CONDITIONS

MARTIN WERNER LICHT

ABsTrRACT. We discuss mixed boundary conditions in finite element exte-
rior calculus. Our major contribution are smoothed projections from Sobolev
de Rham complexes onto finite element de Rham complexes which commute
with the exterior derivative, preserve homogeneous boundary conditions along
a fixed boundary part, and satisfy uniform bounds for shape-regular families of
triangulations and bounded polynomial degree. The existence of such projec-
tions implies stability and quasi-optimal convergence of mixed finite element
methods for the Hodge Laplace equation with mixed boundary conditions. In
addition, we contribute a proof of the density of smooth differential forms in
Sobolev spaces of differential forms over weakly Lipschitz domains with partial
boundary conditions.

1. INTRODUCTION

In this article, we address the numerical analysis of the Hodge Laplace equation
when mized boundary conditions are imposed. Here, we speak of mixed bound-
ary conditions when essential boundary conditions are imposed on one part of the
boundary, while natural boundary conditions are imposed on the complementary
boundary part. Special cases are the Poisson equation with mixed Dirichlet and
Neumann boundary conditions [47], and the vector Laplace equation with mixed
tangential and normal boundary conditions [27]. It is known in the theory of par-
tial differential equations that the Hodge Laplace equation with mixed boundary
conditions arises from Sobolev de Rham complexes with partial boundary condi-
tions [33] 28]. These are composed of spaces of Sobolev differential forms in which
boundary conditions are imposed only on a part of the boundary (corresponding to
the essential boundary conditions).

Moving towards the numerical analysis of mixed finite element methods for the
Hodge Laplace equation with mixed boundary conditions, we adopt the framework
of finite element exterior calculus (FEEC, [3]). Smoothed projections from Sobolev
de Rham complexes onto finite element de Rham complexes play a central role in
the a priori error analysis within FEEC. Previous contributions [3] [5] provided the
corresponding smoothed projections in the special cases of either fully essential or
fully natural boundary conditions in FEEC, but the general case of mixed boundary
conditions has remained open. In order to overcome this limitation and enable the
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abstract Galerkin theory of FEEC, we need a smoothed projection that preserves
partial boundary conditions.

Constructing such a smoothed projection is the main contribution of this arti-
cle. The abstract Galerkin theory of Hilbert complexes then provides quasi-optimal
convergence of a large class of mixed finite element methods.

Mixed boundary conditions for vector-valued partial differential equations are a
non-trivial topic, and even more so in numerical analysis. We outline the topic and
prior research, starting with the Poisson problem with mixed boundary conditions.
Suppose that  is a bounded Lipschitz domain with outward normal field 77 along
0. We assume that I'p C 02 is a subset of the boundary with positive surface

measure and let T'y := 9Q \ I'p. Given a function f, the Poisson problem with
mixed boundary conditions is finding the solution u of
(1.1) —Au=f, wur,=0, Vur, 17=0.

Here, we impose a homogeneous Dirichlet boundary condition along I'p and a ho-
mogeneous Neumann boundary condition along I'y. If f € L?(Q), then a weak
formulation characterizes the solution as the unique minimizer of the energy

U o
(1.2) J(v) : 2/Q|g ad v]® da /vadx

over H'(Q,T'p), the subspace of H!(Q) whose members satisfy the (essential)
Dirichlet boundary condition along I'p. The well-posedness of this variational
problem follows by a Friedrichs inequality with partial boundary conditions [47].
Moreover, the compactness of the embedding H'(Q,I'p) — L*(Q) is crucial in
proving the compactness of the solution operator. A typical finite element method
seeks a discrete approximation of v by minimizing J over a space of Lagrange ele-
ments in H'(Q,T'p). The discussion of this Galerkin method is standard [L1], but
still we cannot approach the Poisson problem with mixed boundary conditions by
the current means of FEEC due to the lack of a smoothed projection.

The natural generalization to vector-valued problems in three dimensions is given
by the vector Laplace equation with mixed boundary conditions. This equation
appears in electromagnetism or fluid dynamics. The analysis of this vector-valued
partial differential equation, however, is considerably more complex. Given the
vector field f, we seek a vector field @ that solves

(1.3) curl curl @ — grad div @ = f,

over the domain 2. Moreover we assume that 02 = I'r U 'y is an essentially
disjoint partition of the boundary into relatively open subsets; geometric details
are discussed later in this article. The boundary conditions on u are

(14) ﬁ|FT X 1= 0, (le ﬁ)|FT = O, U|FN -n= O7 (curlﬁ)‘pN x 1 =0.

Here we impose homogeneous tangential boundary conditions on @ along a boundary
part 'y, and homogeneous normal boundary conditions on @ along the complemen-
tary boundary part I'y. When f € L%(Q,R?), then a variational formulation seeks
the solution by minimizing the energy functional

1 "
(1.5) J (V) := 7/ | div 9? + | curl &2 d:z:f/ f-odz
2 Ja Q
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over the space H(div,Q,T'x) N H(curl,Q,T'r). Here H(div,Q,Tx) is the subspace
of H(div, ) satisfying normal boundary conditions along Iy, and H(curl, Q,T'r)
is the subspace of H(curl, 2) satisfying tangential boundary conditions along I'p.

The additional complexity in comparison to the scalar-valued case begins with
the correct definition of tangential and normal boundary conditions in a setting of
low regularity [53, 3] [14] 54, 28]. When non-mixed boundary conditions are im-
posed, so that either 't = () or '+ = 99, then Rellich-type compact embeddings
H(div,Q,Tn) N H(curl, Q,T'r) — L?(,R3) and vector-valued Poincaré-Friedrichs
inequalities have been known for a long time [52] 48] [56], [18]. Mixed boundary condi-
tions in vector analysis, however, have only recently been addressed systematically
in pure analysis [34] 37, B3], 1, [7].

Additional difficulties arise in numerical analysis. Minimizing over a finite
element subspace of H(div,Q,T'y) N H(curl,Q,I'r) generally does not lead to a
consistent finite element method [19, [5]. But mixed finite element methods, which
introduce either div @ or curl ¢ as auxiliary variables, have been studied with great
success [10] B2, 46], 20]. Mixed boundary conditions for the vector Laplace equa-
tion, however, have not yet received much attention in numerical analysis (but see
[49] [3T]). In a mixed finite element method for the vector Laplace equation with
mixed boundary conditions we only incorporate the essential boundary conditions
along I'r into the finite element space.

We attend particularly to a phenomenon that significantly affects the theoret-
ical and numerical analysis of the vector Laplace equation but remains absent
in the scalar-valued theory: the presence of non-trivial harmonic vector fields in
H(div,Q,Tx) N H(curl, 2, T'r). Specifically, let ’}-Z(Q, I'7,Tn) denote the subspace
of H(div,Q,Tn) N H(curl,Q,T'r) whose members have vanishing curl and vanish-
ing divergence. This space has physical relevance: in fluid dynamics, for example,
those vector fields describe the incompressible irrotational flows that satisfy given
boundary conditions. In the case of non-mixed boundary conditions, their dimen-
sion corresponds to topological properties of the domain [42], and in particular
that dimension is zero on contractible domains. But in the case of mixed boundary
conditions, this dimension depends on the topology of both the domain € and the
boundary part I'r. Thus 7—7((2, I'7,Tn) may have positive dimension if 'y has a
sufficiently complicated topology even if  itself is contractible [36] [28]. This di-
mension can be calculated exactly from a given triangulation of Q2 and I'p. In a
finite element method, the subspace 7—2((2, I'7,Tn) must be approximated by dis-
crete harmonic fields, i.e., the kernel of the finite element vector Laplacian.

It is instructive to study these partial differential equations in a unified manner
using the calculus of differential forms. Both the Poisson problem and the vector
Laplace equation with mixed boundary conditions are special cases of the Hodge
Laplace equation with mixed boundary conditions. The Hodge Laplace equation
has been studied extensively over Sobolev spaces of differential forms [53|, 12, 5T, [37,
44) 43| [6, 45, [54]. The case of mixed boundary conditions has been a recent subject
of research in the field of analysis on manifolds [28, B33]. The theoretical foundation
are de Rham complexes with partial boundary conditions. Let L2A*(2) be the space
of differential forms with square-integrable coefficients, and let HA*(Q,T'r) be the
subspace of L?A*(Q) whose members have exterior derivatives in L2A*+1(Q) and
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satisfy boundary conditions along I'yr. Then we consider the differential complex

(1.6) o —4 s HAMQ,Tp) —2 s HARYQ,T7) —4 s

where d denotes the exterior derivative. The widely studied special cases I'r = ()
and I'r = 09 correspond to either imposing no essential boundary conditions at
all or essential boundary conditions along the entire boundary.

The calculus of differential forms has attracted interest as a unifying framework
for mixed finite element methods [32] [3, [5], 25] 2, 2T]. The numerical analysis of
mixed finite element methods for the Hodge Laplace equation can be formulated in
terms of finite element de Rham complexes, which mimic the differential complex
on a discrete level. Finite element exterior calculus is a formalization of that
approach. But whereas the special cases of non-mixed boundary conditions are
standard applications, mixed boundary conditions (corresponding to more general
choices of I'7") have not been addressed in this context yet.

We outline the corresponding finite element de Rham complexes. We let T be
a triangulation of 2 that also contains a triangulation ¢/ of I'r. Moreover, we let
PA*(T) denote a space of piecewise polynomial differential forms in HA*(2) of the
type P.AF(T) or P A*(T) as described in [3, [4]. Then the finite element space
with essential boundary conditions is PA*(T,U) = PA*(T) N HA¥(Q,Tr). We
classify a family of finite element de Rham complexes

(1.7) =L PAMTU) —C— PAMY(TU) —2

that feature these essential boundary conditions and guide the construction of stable
mixed finite element methods, completely analogous to the classification of finite
element de Rham complexes in the case of non-mixed boundary conditions [3].

To relate the continuous and discrete levels and enable the abstract Galerkin
theory of FEEC (J5]), we need a projection 7% : HA*(Q,T'r) — PA*(T,U) onto
the finite element space that is uniformly L? bounded and commutes with the
differential operator. In particular, the following diagram commutes:

. —4 s HAMQ,Tp) —2 HARYQ,T7) —4 .

(1.8) Trkl ﬂ,k+1l
d

s PANTU) — PAMY(TU) —
Given such a projection, we obtain a priori convergence results for mixed finite
element methods [5]. A specific example are the smoothed projections which have
been developed in finite element exterior calculus [3], 17, B9] for non-mixed bound-
ary conditions.

The main innovation of this article is devising the smoothed projection 7% for
de Rham complexes with partial boundary conditions. Moreover, we bound the
operator norm in terms of the mesh quality and the polynomial degree of the finite
element spaces.

Continuing the research in [39], we assume minimal geometric regularity and con-
duct our construction over weakly Lipschitz domains, which is a class of domains
generalizing classical (strongly) Lipschitz domains. In order to define mixed bound-
ary conditions, we partition the boundary of the domain into two complementary
parts on which we impose essential or natural boundary conditions, respectively.
We assume only minimal regularity for the boundary partition. This choice of
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geometric ambient has favorable properties. On the one hand, the class of weakly
Lipschitz domains is broad enough to contain (strongly) Lipschitz domains and a
large class of three-dimensional polyhedral domains that fail to be strongly Lip-
schitz, such as the crossed brick domain [46], Figure 3.1]. On the other hand, many
analytical results that are known for strongly Lipschitz domains, such as the Rel-
lich embedding theorem for differential forms, still hold true over weakly Lipschitz
domains (see [6] [7]). Notably, a restriction to strongly Lipschitz domains does not
simplify the mathematical derivations in this article. In continuity with [39], we
define the smoothed projections over differential forms with coefficients in L? spaces
for p € [1, 0], and specifically consider the W?:? classes of differential forms [29].

We give an outline of the stages that compose the smoothed projection. Let
u € L2AF(Q). First, an operator E¥ : L2A¥(Q) — L2A*(Q°) extends u over
a neighborhood Q¢ of Q. The basic idea is extending the differential form by
reflection, but along I'r we extend it by zero over a “bulge” attached to the domain.
E* commutes with the exterior derivative on HA*(Q,T'r). Next, we construct a
distortion ® : Q¢ — Q° which moves a neighborhood of the bulge into the latter but
is the identity away from the bulge. We locally control the amount of distortion.
The pullback ®* E*u of EFu along © vanishes then in a neighborhood of I'r and
commutes with the exterior derivative. Subsequently, we introduce a mollification
operator RF : L2A*(Q¢) — C~A¥(Q) which produces a smoothing of ®* E¥u that
still vanishes in a neighborhood of I'r. This is based on the idea of taking the
convolution with a smooth bump function. In our case, however, the mollification
radius is locally controlled.

We apply the canonical finite element interpolant I* : C°A¥(Q) — PA*(T)
to the regularized differential form R*®*E*u. Since the latter vanishes near I'z,
the resulting differential form is an element of PA*(7,4{). In combination, this
yields an operator Q* : L2A*(Q) — PA*(T,U) that commutes with the exterior
derivative on HA¥(Q,T'r) and satisfies uniform L? bounds. But Q¥ is generally not
idempotent. To enforce idempotence, we prove a bound on the interpolation error
over the finite element space and apply the "Schoberl trick” [49]. This delivers the
desired smoothed projection. In particular, we prove the following main result.

Theorem 1.1. Let 2 C R"™ be a bounded weakly Lipschitz domain, and let 'y C OS2
be an admissible boundary patch (in the sense of Section @ Let T be a simplicial
triangulation of Q0 that contains a simplicial triangulation U of T'r, and let
be a finite element de Rham complex as in finite element exterior calculus [3] with

essential boundary conditions along I'r. Then there exist bounded linear projections
7k L2AR(Q) — PAF(T,U) such that the following diagram commutes:

HAY(Q,T7) —2— HAYQ,Tp) —4 oo —4 5 HAMQ,Ty)

| .| .|

PAYT.U) —2— PANT,U) PA™(T,U).

Moreover, wu = u for u € PA*(T,U). The L? operator norm of 7% is uniformly
bounded in terms of the mazimum polynomial degree of (1.7), the shape measure of
the triangulation, and geometric properties of Q0 and I'r.
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Commuting projections have been used in finite element analysis for a long time,
and the calculus of differential forms has emerged as a unifying language for finite el-
ement methods for problems in vector analysis [32]. A bounded projection operator
that commutes with the exterior derivative up to a controllable error was derived in
[15]. A bounded commuting projection operator for the de Rham complex without
boundary conditions has been derived in [3] in the case of quasi-uniform triangu-
lations, which was subsequently generalized in [17] to shape-uniform triangulations
and de Rham complexes with full boundary conditions. The ideas in those contri-
butions were extended to smoothed projections over weakly Lipschitz domains in
[39], which we take as our point of departure. The existence of a smoothed projec-
tion that respects partial boundary conditions has been an unproven conjecture in
[9]. Commuting projections have been derived in [16] and [24] with different meth-
ods. A local bounded interpolation operator was presented in [50] in the language
of classical vector analysis; this result was generalized to differential forms in [21],
and a variant of this operator that preserves partial boundary condition was given
in [3I]. A commuting projection for spaces with weighted norms that arise in the
numerical analysis of axisymmetric Maxwell’s equation was given in [30]. A local
commuting projection is studied in [25].

In addition to this research in numerical analysis, we contribute a result to
functional analysis. Specifically, we prove that smooth differential forms over a
weakly Lipschitz domain Q which vanish near I'r are dense in HA*(Q,Tr) for
p,q € [1,00). When Q is a (strongly) Lipschitz domain and I'p C 99 is a suitable
boundary patch, then the density of C>°(Q)NH(Q,T'p) in H(,Tp) (see [22 23])
and analogous density result for differential forms with partial boundary conditions
over strongly Lipschitz domains (see [33]) are known. The following generalization
to weakly Lipschitz domains, however, has been not available in the literature yet.

Lemma 1.2. Let Q be a bounded weakly Lipschitz domain and let I'r be an ad-
missible boundary patch (in the sense of Section @ Then the smooth differential
k-forms in C>°A*(Q) that vanish near T'r constitute a dense subset of HA*(Q,T'r).

The remainder of this article is structured as follows. We review the calculus of
differential forms in Section[2] In Section [3] we introduce the geometric setting and
the extension operator. In Section [d] devise the distortion mapping. In Section
we combine these constructions to obtain the mollification operator. In Section [}
we devise the smoothed projection. Finally, Section [7] outlines applications to the
convergence theory of finite element methods.

2. L1PSCHITZ ANALYSIS AND DIFFERENTIAL FORMS

In this section we recall background material in several fields of analysis. This
includes a summary of Section 3 of [39] with an additional discussion of differential
forms over domains that satisfy homogeneous boundary conditions along subsets of
the boundary. We draw from sources in Lipschitz analysis [41], geometric measure
theory [26], the calculus of differential forms over domains [38], and differential
forms with coefficients in L” spaces [29, [28].

2.1. Analytical Preliminaries. We recall some basic notions. Unless mentioned
otherwise, we let every subset A C R", n € Ny, be equipped with the canonical
Euclidean norm || - ||. For any set U C R™ and r > 0 we write B,.(U) for the closed
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Euclidean r-neighborhood of U and set B,.(x) := B,.({z}). Moreover, for any subset
A CR™ we let vol™(A) be the m-dimensional volume of A.

Let U CR™ and V C R™, and let ® : U — V be a mapping. For a subset A C U
we define Lip(®, A) € [0, c0] as the minimal member of [0, co] such that

Vr,y € A:|[@(z) — (y)| < Lip(®, A)[|z —yl|.

We call Lip(®, A) the Lipschitz constant of ® over A and we simply write Lip(®) :=
Lip(®, A) if A is understood. We say that @ is Lipschitz if Lip(®,U) < co. We
call ® locally Lipschitz or LIP if for every x € U there exists a relatively open
neighborhood A C U of z such that Lip(®, A) < oco. If & : U — V is invertible,
then we call ® bi-Lipschitz (lipeomorphism) if both ® and ®~! are Lipschitz (locally
Lipschitz). We call ® a LIP embedding it ® : U — ®(U) is a lipeomorphism.

2.2. Differential Forms. Let U C R™ be an open set. We let M (U) denote the
space of Lebesgue-measurable functions over U. For k € Z we let MA*(U) be the
space of differential k-forms over U with coefficients in M(U). For u € MA*(U)
and v € MAYU) we let u Av € MA*(U) denote the exterior product of u and
v; we recall that u A v = (—=1)*v A u. We let C°A¥(U) be the space of smooth
differential forms over U, we let C*°A*(U) denote the space of smooth differential
forms over U that are restrictions of members of C>°A*(R"™), and we let C°AF(U)
be the subspace of C°°A*(U) whose members have compact support.

We let dz',...,dz"™ € MAY(U) be the constant 1-forms that represent the n
coordinate directions. We let (u,v) € M(U) denote the pointwise 2 product of
two measurable differential k-forms u,v € MA¥(U) (see Equation (3.3) in [39] for
a definition). Accordingly, we let |u| = \/(u,u) € M(U) be the pointwise £ norm
of u € M(U). We recall that the Hodge star operator x : MA*(U) — MA™*(U)
is a linear mapping that is uniquely defined by the identity

(2.1) uA*v = (u,v) dz' A---Adz™ u,v € MA*U).

We recall the exterior derivative d : C*°A*(U) — C*°A*+1(U) of smooth differential
forms. More generally, if u € MA*(U) and w € MA*TY(U) such that

(2.2) / wAV = (—1)k+1/ uAdv, wveCCA"FHU),
U U

then we call w the weak exterior derivative of u and write du := w. Note that w
is unique up to equivalence almost everywhere in U, and that the weak exterior
derivative of u € CA*(U) agrees with the (strong) exterior derivative almost
everywhere. In the sequel, weak exterior derivatives are simply called exterior
derivatives. The Hodge star enters the definition of the exterior codifferential,
which is a differential operator given (in the strong sense) by

§: C®AR(U) = CRAFYU), ues (=)= Ly
A weak exterior codifferential can be defined analogously.

2.3. WP differential forms. We work with differential forms whose coefficients
are contained in Lebesgue spaces. We let LP(U) denote the Lebesgue space over
U with exponent p € [1,00] and let LPA¥(U) as the Banach space of differential
k-forms with coefficients in LP(U), together with the norm

||u||LpAk(U) = H|u\HLp(U), = LPAk(U), p € [1,00].
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For p,q € [1,00], we let WP 4AF(U) be the space of differential k-forms in LPA*(U)
which have a weak exterior derivative in LYA**1(U). This is a Banach space with
the norm

(2.3) lullwr.anr @y = [lullLear @y + 1dull Loar+r oy
Since the exterior derivative of an exterior derivative is zero, we verify for every
choice of p, ¢, € [1, o0] the inclusion

dWPIAR () € W ARTY(D).

Example 2.1. The space W1A¥(U) contains all integrable differential k-forms
over U with integrable weak exterior derivative. If U is bounded, then W11 A¥ (1))
contains all other spaces WP 9A*(U) as embedded subspaces. The space W22A*(U),
consisting of square-integrable differential k-forms with square-integrable exterior
derivative, has a Hilbert space structure equivalent to its Banach space structure,
and is often written HA¥(U) in the literature. The space W A¥(U) consists of
essentially bounded differential k-forms with essentially bounded exterior deriva-
tive, which are called flat differential forms in geometric measure theory [26], [55].

In this article we are particularly interested in spaces of differential forms that
satisfy homogeneous boundary conditions along a subset I' of the boundary OU.
We call these partial boundary conditions. We define boundary conditions in the
manner of Definition 3.3 of [28], which is based on the intuition that a differential
form with weak exterior derivative satisfies homogeneous boundary conditions along
the boundary part I if its extension by zero still has a weak exterior derivative along
that boundary part.

Formally, when I' C 9U is a relatively open subset of OU, then we define the
space WP4A*(U,T') as the subspace of WP ?A*(U) whose members adhere to the
following condition: we have u € WP4A*(U,T) if and only if for all € T there
exists r > 0 such that

(2.4) / uAdv = / du v, wveCPAF! (B,(x)) .
UNB,(z) UNB:(x)

The definition implies that WA (U,T) is a closed subspace of WP9A*(U), and
hence a Banach space of its own. We also say that u € WP9A¥(U,T) satisfies
partial boundary conditions along I'. One consequence of the definition is

(2.5) dWPIAR (U, T) C WAL (U T), p,g,r € [1,00].

In other words, a differential form which satisfies boundary conditions along I" has
an exterior derivative satisfying boundary conditions along I'.

Remark 2.2. Note that the identity resembles the integration-by-parts iden-
tity in the definition of the weak exterior derivative. The trivial extension of any
u € WPIAR(Q,T) outside of U has a weak exterior derivative over R \ (9U \ T').
For example, WP9A¥(U,0U) is the subspace of WP 9A*(U) whose member’s ex-
tension to R™ by zero gives a member of WPA¥(R"). If the domain boundary is
sufficiently regular, then an equivalent notion of homogeneous boundary conditions
uses generalized trace operators [43] [54]. This article does not address inhomoge-
neous boundary conditions.

We finish this section with some results on the behavior of differential forms under
bi-Lipschitz coordinate changes. Suppose that U,V C R™ are connected open sets



SMOOTHED PROJECTIONS AND MIXED BC 9
and let ® : U — V be a bi-Lipschitz mapping. The pullback of u € MA*(V) along
® is the differential form ®*u € MA*(U) given at = € U by
(26)  PMu(v1,.. . k) = UYp@) (D P vi, ., DO vg),  vi,., vy €R™
Whenever u € MA¥(U) has a weak exterior derivative, then
(2.7) d®*u = ®*du.

The pullback along bi-Lipschitz mappings preserves the LP classes of differential
forms. We henceforth write 1/00 := 0. One can show that for p € [1,00] and
u € LPA*(V) we have ®*u € LPA*(U) with

1
|det D@ 1| vy llull Loar vy

* k
(2.8) 2" ull Lrar @) < D Pl o0 (7, gmxn)

< HDCDHIZDC(U,R"M) HD(I’AHEOO(V,RW") H“”L”A’“(V)'

Moreover, the WP classes of differential forms are preserved under pullbacks. More
precisely, for p,q € [1,00] and u € WPIA* (V) we have ®*u € WPIAF(U). This is
immediately clear when combining (2.7) and (2.8).

3. BOUNDARY PARTITIONS OF WEAKLY LIPSCHITZ DOMAINS

In this section we discuss weakly Lipschitz domains and describe boundary par-
titions with minimal regularity assumptions. Besides setting the geometric back-
ground, we introduce a commuting extension operator that takes into account par-
tial boundary conditions. Our discussion of weakly Lipschitz domains and boundary
partitions is based on [28].

3.1. Weakly Lipschitz Domains and Boundary Partitions. Let 2 C R"” be
a domain. We call Q a weakly Lipschitz domain if every x € 9Q has a closed
neighborhood U, C R”™ for which there exists a bi-Lipschitz mapping ¢, : U, —
[—1,1]™ such that ¢, (x) = 0 and

(3.1a) 0 (QANT,) = [-1,1]""* x [~1,0),
(3.1b) 0 (0QNU,) = [-1,1]"" x {0},
(3.1¢) ©0.(Q°NU,) = [-1,1]"" x (0,1].

Remark 3.1. In other words, €2 is a weakly Lipschitz domain if its boundary can be
flattened locally by a bi-Lipschitz mapping. For example, every Lipschitz domain (a
domain whose boundary can be written locally as the graph of a Lipschitz function)
is also a weakly Lipschitz domain. The converse is generally false, and a well-known
counter example are the “crossed bricks” [46] p.39]. But every polyhedral domain
in R? is a weakly Lipschitz domain [39, Theorem 4.1].

Next we introduce the geometric background for the discussion of boundary con-
ditions. We assume that 'y C 09 is a topological submanifold of 99 of dimension
n — 1 with boundary. The complement I'y := 02 \fCT is again a topological sub-
manifold of 9Q of dimension n — 1 with boundary. We write I'; := 9I'r for the
boundary of I'r, which is also the boundary of I'y. We call I'r an admissible bound-
ary patch if for any x € I'; we can choose a bi-Lipschitz mapping ¢, : U, — [—1, 1]
such that holds and additionally

(3'23) (pw(FT N Ua:) = [_17 1]n—2 X [_1?0) X {0}’
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(3.2b) 0. (TrNU,) =[-1,1]""2 x {0} x {0},
(3.2¢) 0. (Tn NU,) = [—1,1]"72 x (0,1] x {0}.

Note that I'r is an admissible boundary patch if and only if 'y is an admissible
boundary patch, and that I'; is their common boundary. We also call the triple
(T'r,T1,Tn) an admissible boundary partition.

Remark 3.2. A weakly Lipschitz domain is a locally flat n-dimensional Lipschitz
submanifold of R™ with boundary. In particular, 09 is a locally flat Lipschitz
submanifold of dimension n — 1 without boundary. The tuple (I'r,I';, ') being
an admissible boundary partition means that 't and 'y are locally flat Lipschitz
submanifolds of dimension n — 1 of 9 with common boundary I'; := 0I'r = Ol'y.
In turn, I'; is a Lipschitz submanifold of dimension n — 2 without boundary of ).
This is in accordance with Definition 3.7 of [28], when Remark 3.2 in that reference
is taken into account.

3.2. Commuting Extension Operators. In the remainder of this section we con-
struct a commuting extension operator. The basic idea comprises two steps. First,
any differential form over (2 is extended by zero onto a bulge domain Y attached to
Q along I'r. Second, the thus extended differential form over this enlarged domain
is extended again to an even larger domain Q¢ via a reflection along the boundary.

We begin with some geometric definitions and results. A tubular neighborhood
of Q with Lipschitz regularity is obtained from Theorem 2.3 of [39]. Specifically,
we obtain a LIP embedding ¥° : 9Q x [—1,1] — R" satisfying

(3.3a) Vo € 00 : Y (2,0) = 2,

(3.3h) WO (00 x [-1,0)) € Q, ¥ (60 x (0,1]) € Q.
We then introduce the auxiliary domains

(3.4) T :=0"(Tr x[0,1/2), Q*:=QUTrUT.

We think of T as a bulge attached to the domain € along 'y, which results in the
combined domain QP. It is easily verified that both T and QP are again weakly
Lipschitz domains; see also Figure [l for a visualization of the construction.

The fact that QP is a weakly Lipschitz domain allows us to apply Theorem 2.3 of
[39] again to construct a tubular neighborhood with Lipschitz regularity: we obtain
a LIP embedding ¥ : 9QP x [~1,1] — R™ that satisfies

(3.5a) Vo € 00P : TP (z,0) =z,

(3.5b) WP (90" x [~1,0)) CQP, WP (90" x (0,1]) € Q"
We now define the additional auxiliary domains

(3.6) COP =P x (—1,1)), Q°:=Q" U T* (90" x[0,1)),

which by Theorem 2.3 of [39] can be assumed to be weakly Lipschitz domains with-
out loss of generality. We are now in the position to define the main result of this
section: a commuting extension operator preserving partial boundary conditions.
Theorem 3.3. There exists a bounded linear operator

E* : LPAF(Q) — LPAR(Q°), pe[l,oq],
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FIGURE 1. Domain Q (gray) with a bulge T (shaded) attached.
The thick line is the boundary part I"y of the original domain, and
the contact line between 2 and Y is the boundary part I'r. The
thinner lines inside and outside of the domain indicate the inner
and outer boundaries, respectively, of a tubular neighborhood ¥°.

such that E¥u vanishes over Y for every u € LPA*(Q). Moreover, for all p,q €
[1,00] and u € WPIA*(Q,T'r) we have

Efy e WP1(Q°), dE*u = E*du.

Lastly, there exist Lp > 1 and Cg > 1 such that for every p € [1,00], every § > 0,
and every measurable A C Q we have

ket
(3.7) 1B ull Loar (5 (a)nae) < (1 +Cg p) [ull Lo ax (Bsr , (a)nm)s € LPAR(Q).

Proof. For any u € MAF(Q) we let Efu € MA*(QP) denote the extension of u by
zero to QP. Moreover, we let EF : MA*(QP) — MA*(Q¢°) be the extension operator
based on reflection that is obtained by applying the results of Subsection 7.1 in [39]
to our domain P and the tubular neighborhood described by WP.

We set E¥ := EFEF. We first observe that E*u vanishes over T for every
u € MA®(Q), since by construction E} vanishes over T and EFEfu agrees with
Eku over QP. Next, by Lemma 7.1 of [39] we have for every p € [1,00] a bounded
mapping E¥ : LPAF(QP) — LPA*(Q°). In combination, for every p € [1, 00] we have
a bounded mapping E* : LPA*(Q) — LPA*(Q°).

Assume that p,q € [l,00] and u € WP9IAK(Q,T'z). By definition Efu €
WP (QP) with Efdu = dEFu. Moreover, by Lemma 7.4 of [39], we have EF Efu €
WPa(Q) with EFEbdu = EFdEbu.

The last statement follows with a combination of Lemma 7.2 of [39] applied to the
extension operator E, together with the fact that Fj is an extension by zero. [

Remark 3.4. An outline of the above extension operator can be found in [50].
The technical details are elaborated upon in [31] with the additional assumption
that the domain is (strongly) Lipschitz and that the boundary partition has a
piecewise Cl-interface. By contrast, we consider weakly Lipschitz domains and
admissible boundary patches in the sense of [28]. Our extension operator in this
section generalizes the extension operator introduced in [39].
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4. DISTORTION OF DOMAIN BOUNDARIES

In this section we discuss a geometric result that enters the construction of the
smoothed projection but which is also of independent interest. The basic idea is as
follows: given a domain T C R", we search for a homeomorphism of R™ that moves
07 into T and that is the identity outside of a neighborhood of Y. Moreover, we
want to locally control how far the homeomorphism moves the boundary into the
domain. Specifically, we prove the following result.

Theorem 4.1. Let Y C R"™ be a bounded weakly Lipschitz domain. There exist
€p > 0 and Lp > 0 such that for any non-negative function o : R™ — R satisfying

(4.1) Lip(o,R™) < ep, max o(z) < ep,

there exists a bi-Lipschitz mapping ©, : R™ — R" with the following properties.
We have

(4.2a) Lip(®,) < Lp (1 +Lip(0)), Lip(D,") < Lp (1 + Lip(e))-
We have

(4.2b) D,(T)CT.

For all x € R™ we have

(4:20) & - D@l < Loo(w).

For every x € R™ we have x = D,(x) if

(4.2d) dist (z,07) > Lpo(x).

For all x € 0T we have

(4.2¢) D, (Bo)/Lp(x)) C T.

Remark 4.2. We discuss the meaning and application of Theorem [I.1] before we give
the proof. The mapping D, is a distortion of R™ which moves T into itself. The
function g controls the amount of distortion near Y. The distortion ©, contracts a
neighborhood of Y into the domain. Specifically, we interpret the properties
in the following manner. Property formalizes that the distortion moves 0T
into Y; in particular, T is mapped into itself. Property formalizes that the
homeomorphism is the identity outside of a neighborhood of Y. By Property
the amount of distortion is locally bounded by p, and Property formalizes
that the distortion is proportional to ¢ near the boundary.

Proof of Theorem[/-1 Since Y C R" is a bounded weakly Lipschitz domain, we
can apply Theorem 2.3 of [39] to deduce the existence of a LIP embedding

E:07 x [-1,1] = R"

such that Z(z,0) = z for z € Y and such that Z(97Y,[0,1]) C T. In particular,
there exist constants cz, Cz > 0 such that

|1E(21, 1) — E(wa, ta)|| < Czv/[lzr — 2|2 + [t — ta]?,
Vil — o2 + [t — ta]? < ez [|E(21, t1) — E(wa, o)
for x1,22 € OY and #1,t2 € [—1,1]. We note in particular that
cz" Lip(e) < Lip (¢E) < C= Lip(e).
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For a € [0, 1/5] we consider the parametrized mappings

t
2
Ca : [_17 1] — [_17 1]; t— / 1+ X[—2a,a] — §X[a,3a] dX — 1,
1

_ s 2
Cal : [71v 1] - [717 1}7 t— / 1+ gX[—Qa,a] - 2X[3a74a] dA — 1a
-1

where x; is the indicator function of the interval I C [—1,1]. As the notation
already suggests, these two mappings are mutually inverse for « fixed. We easily see
that they are strictly monotonically increasing, and that their Lipschitz constants
are uniformly bounded for o € [0,1/5]. In particular ¢, and (! are bi-Lipschitz.
Moreover, for a € [0, /5] we observe that

(4.3) Calt) = ¢ M (1) =t, t¢[—2a,4al,
(4.4) Ca ([, a]) = [a, 3a].

We now write ((t;a) = (o(t) and (" (t;a) = ¢ 1(t) for (t,a) € [—1,1] x [0,1/5].
Assume from now on that

max o(xz) <15, Lip(o,R") < min{1,Lip(Z)""}.
This implies that Lip(¢Z) < 1. We define homeomorphisms
9,:R" > R", D,;':R" 5 R,
in the following manner. Assume that z € R™. If there exist zg € 9T and ¢t € [—1,1]
such that x = Z(xg,t), then we set
Dy(x) :=E(w0,t), t':=C(t;0(w0)/8),
D, () =E(wo,t"), "= (t0(20)/8).

Otherwise, we set ©,(x) := x. It follows from the construction that ©, and D,*
are bi-Lipschitz and mutually inverse. In particular, (4.2a) is implied by

Lip (Do) < 1+ ¢ 'C= (1 + Lip (¢) Lip(0)),
Lip (D;") < 1+¢;'C= (1 +Lip (¢7!) Lip(o)) -

The construction shows that (4.2b) holds, since ©, maps = (97, [0,1]) into itself.
Moreover, D, and D, ' act like the identity outside of Z (97, [-1,1]).

Let us assume for the remainder of this proof that that x = =(zo,t) for 2o € 9T
and ¢t € [—1,1]. Using (4.3)), we see that D,(x) # x implies || < o(x0)/2, and so

o) ~ o(x)| = [elE(r0.0)) — o(Z(wo.1))| < “RENETO) o £lF0)

This implies that o(xg) < 20(z). By the definition of ¢ and D, we then see

0= (952 < S LivEatn) < § Lin@eta).

|z =D, (x)] < Lip(E)

8 8
proving (4.2c). Furthermore, using we note that x # D ,(x) implies
. - Lip(= e
dist (2, 07) < 2 — 2o < Lin(@)}t| < "2 p(a) < Lip(Z)e(a).

This means conversely that x = D,(x) is implied by
dist(z,I'r) > Lip(E)o(z),
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as required in (4.2d). It remains to prove (4.2¢). Let xg € 0T and define A C
oY x [-1,1] by
A= (By(ag)/s(20) N OT) x (=To(wo)/64, To(wo)/64).

If y € 0T with ||zg — y|| < 0(z0)/8, then |o(zo) — o(y)|| < o(z0)/8 since we
assume Lip(p) < 1. In particular o(y) > 7o(x0)/8 follows. Via we thus find
D,(E(A)) C T. We observe that A contains a ball around x¢ of radius 7o(zo)/64
in 9T x [~1,1]. Whence Z(A) contains a ball around z, of radius cz'7o(z¢)/64.
This shows . The proof is complete. ([

5. MOLLIFICATION WITH PARTIAL BOUNDARY CONDITIONS

In this section we construct a mollification operator for differential forms on the
weakly Lipschitz domain 2 that respects partial boundary conditions along the ad-
missible boundary patch I'y. We define the mollified differential form at each point
by averaging the coefficients in a small neighborhood of that point. A technical dif-
ference to the classical mollification operator is that we let the mollification radius
vary across the domain.

Throughout this section we let o : R" — R be a non-negative smooth function
that assumes a positive minimum over ). We introduce the mapping

(5.1) D, :R" x B1(0) = R", (z,y) = =+ o(x)y.
Regarding the second variable as a parameter, we have a family of mappings
Q,, R*" >R, x> D,(z,y).

It is easily seen that ®, , is Lipschitz with Lipschitz constant bounded by 14Lip (p).
Moreover, if Lip (¢) < 1/2, then ®,, is bi-Lipschitz and its inverse has a finite
Lipschitz constant bounded by 2.

The standard mollifier is the function

Cuexp (—(1—[yl>)~") i |yl <1
. TN n y

where C,, > 0 is chosen such that 4 has unit integral. Note that 4 is smooth and
has compact support in B (0). For € > 0 we then define the scaled mollifier

pe :R* =R,y e "uly/e).
For every u € LPA*(Q°), p € [1, 00|, we then define
(5.3) R’;u‘x ::/ w(y) (@, ,u)dy, =z €.
This mapping RY has range in C*°A¥(2), commutes with the exterior derivative,

and satisfies local bounds in the supremum norm.

Lemma 5.1. Assume that ®,, : Q — Q° is a LIP embedding for all y € B1(0).
Then the operator

k . k e oAk
RE: IPAR(Q°) = C®AR(Q), pe[l,00],

is well-defined and linear. Moreover, for every p € [1,00], u € LPA*(Q°), and
measurable A C Q we have

(5.4) [ REullearcay < (1+ Lip(g))" if}‘f@r% lullLeak (@, (A,B1))-
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For every u € WPIAR(Q°) we have dR’gu = Rl;“du. (]
Proof. This is Lemma 7.4 in [39]. O

We are now in the position to combine the extension operator of Section [3] the
distortion operator of Section [4 and mollification operator of this section. We let
§ > 0 be a small parameter to be determined below. We then define

(5.5) MY LPAR(Q) — CAR(Q), u— R§,D%E*u, pe [l o0l
The properties of the mapping M 5 are summarized as follows.

Theorem 5.2. Assume that o : R™ — R satisfies the conditions of Lemmal[5.1] and
Theorem applied to Y. Assume also that 6 € (0,1) with 26Lp < 1. Then ME

is well-defined. Moreover, there ezist Cgf’k’p > 0 and Lj; > 0, not depending on o,
such that for all measurable A C Q and u € LPA*(Q) we have

v (L+Lip(0)"*>
5.6) || MFul|cariay < O (L+Liplo) o ul| Lo ak , .
(5.6)  [Mgullearca) < Crlyp infa(o)® ull Lo (BL y (14Lip(e)) sup 4 () (A)NQ)

Additionally, if p,q € [1,00] and u € WPIA*(Q,T'r) then
(5.7) ME+du = dM)u,

and Mgu vanishes in a neighborhood of T'r.
M okt k2
Constants. We may assume that Ly, < LpLg and C’n,k’p <6 »Lp " (1 +Cg 7 )

Proof. We combine Theorem (3.3} Theorem together with (2.7), and Theo-
rem We find that MLf as given by (j5.5) is well-defined. By the same token we
immediately deduce ([5.7]).

Next we prove the local estimate (5.6). Assume that u € LPA*(Q) and that
A C Q is measurable. Via Theorem [5.1] we find
(1 +Lip(o))"
(dinfa(e))”
By Theorem and the pullback estimate (2.8)) we have

||R§992Eku|\cm(,4) < ||@ZEkUHLPAk(<I>59(A,Bl))'

195 E*ul| 1o an (@5, (4,8:)) < L’;;%(l + Lip(0)) "7 | E*ull poar (0,05, (4,8,))-
For z € A and y € Bsy(z)(z) we find
lo(y) — e(z)| < Lip(o)lly — z|| < 6 Lip(o)e(x),
and via we obtain
1D¢(y) =yl < Loely) < Lp(o(x) + d Lip(o)o()).
Consequently,
D,Ps50(A, B1) € Prpi4s Lip(@))Q(A’ By)nQ°
C BLp (145 Lin(0)) supa (o) (4) N €2°
The desired inequality follows with Lemma

k k+2
Bl Loak (@ @5,(4.B1)) < (1 +Cg p) ||uHLPAk(BLELD(1+§Lip(g))supA(g)(A)ﬂQ).
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Finally, let # € I'r and consider A = By p(p)-10(x) (%) N €. For all y € A we have

o(y) < o(x) + Lip(o)[ly — z|| < 20(x),
and thus

Bssup (o) (A) € Baso(a) (2)-

In particular,

(1+ 4§ Lip(p))"

(dinfa(0)”
Another use of the pullback estimate (2.8) gives

k * Tk * 1k
HR5Q©QE UHCA"'(A) < H gE u”LPAk(Bzag(z)(x))'

% k+% . n
D5l (31,0 01) < L " (14 Tin(0)) B e

D4 Basp(a) (7))
We now assume 2§ < 1/Lp. In combination with Theorem we conclude
Qnggg(w)(x) - T.

Base(a) ()

Hence M éfu vanishes in a neighborhood of ' relatively open in Q. The proof is
complete. (I

Although the focus of this research is numerical analysis, the results up to this
point allow a contribution to functional analysis. Specifically, we prove the density
result mentioned in the introduction.

Lemma 5.3. Let Q be a bounded weakly Lipschitz domain and let T'p beizn ad-
missible boundary patch. Then the smooth differential k-forms in C<A*(Q) that
vanish near I'r constitute a dense subset of WPIAR(Q,T'r) for all p,q € [1,00).

Proof. Let p,q € [1,00) and u € WP4A*(Q, T'7). With some abuse of notation, we
let € : R — R denote the constant function with value ¢ > 0. For ¢ > 0 small
enough, Theorem provides a well-defined operator MF : LPA*(Q) — C®AF(Q).
We define

Y.:=QNBL,.(09), Z.:=Q\Y..
On the one hand, for some C' > 0 not depending on u or € we easily find

Hu — MekuHLPAk(Ye) <C ||u||LPAk(QOYCE) ’

Using that Q is a weakly Lipschitz domain, one can show that vol™(Y¢,) converges
to zero as e converges to zero. This implies that the L” norm of u over Y. N Q2
converges to zero as e converges to zero. On the other hand, we have

= Ml gy = = pe >l oy < = st 5l o piry -

By basic results on mollifications, the last expression converges to zero as € converges
to zero. Since Q = Y.UZ, for all € > 0, and since M**1du = dMFu, the combination
of both observations provides

lim |Ju — M}

2o Uwraanio) =0

We recall that M¥*u € C°A*(Q) with support away from T'r for all € > 0. The
proof is complete. O
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6. FINITE ELEMENT PROJECTION WITH PARTIAL BOUNDARY CONDITIONS

In this section, we prove the main result of this paper: we construct a uniformly
bounded commuting smoothed projection from a Sobolev de Rham complex with
partial boundary conditions onto a conforming finite element de Rham complex.
Throughout this section, we let 2 C R" be a fixed weakly Lipschitz domain and we
let T'r C 0N be an admissible boundary patch.

We henceforth let h be as in Lemma ?7?. Having set up these technical definitions,
we begin the discussion of the main results of this section. For € > 0 small enough,
we define the smoothed interpolant as

(6.1)  QF:LPARQ) — PAR(T,U) C LPAR(Q), wws IFMEu, pel, o]
The operator QF has the following properties.

Theorem 6.1. Let € > 0 be small enough. For p € [1,00], the linear operator
QF : LPA*(Q) — PA*(T,U) C LPA¥(Q) is bounded, and there exists a uniformly
bounded constant Cg , > 0 such that

(6.2) ||Q§’U/||LpAk(T) S CQ’p€7% ||’U/||LpAk(T(T))7 u e LpAk(Q), T e Tn,
63)  QFullLoar(a) < ONPCqupe 7 ull poaray,  u € LPAF(Q).

Moreover, we have
(6.4) dQ¥u = QFdu, uwe WPIA*(Q,Tr), p,qel,00].

Constants. It suffices that € > 0 is so small that Ly (1 + eLy,)Che < €, and that
Theorem [5.2] applies for ¢ = eh. With the notation as in the following proof, we
may assume Cgq p, < CNey;CrCLCY (1 +€eLy)?.

Proof. The proof is very similar to the proof of Theorem 7.7 in [39]. We let u €
LPA*(Q) and T € T". By (2.8), (??) and vol™(T') < k% we get

ﬂ_k «
1QFull Loar(ry < Crthg  llpr I MEul L ar(an)-

By estimate (6.17) of [39] and discussions in that reference we know about the
existence of a uniformly bounded constant C; > 0 such that

7 I* MEul| oo axany < Creih M5l cax (7).
Assuming that ¢ is small enough, we can apply Theorem to find

Cr(l+ €L )kJr%
k M h h
M ullear ) < kamW||U||LpAk(BLM<1+ELh>chehT(T)ﬂﬂ)'

If Lni(1 + €Lp)Che < €p, then B (14er,)cnenr (T) € T(T). Thus the local bound
is proven. The global bound follows easily. Moreover, M% E*u van-
ishes near every I’ € T with F C I'r. Finally, follows from Theorem [3.3]
Theorem and our assumptions on I*. The proof is complete. O

We have proven uniform local bounds for the smoothed interpolant Q*. Even
though Q¥ is generally not a projection onto PA*(7,U), the interpolation error
over PA¥(T,U) can be uniformly bounded for ¢ > 0 small enough. Over the finite
element space, Q¥ can be brought arbitrarily close the identity.
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Theorem 6.2. For € > 0 small enough, there exists uniformly bounded C., > 0
for every p € [1,00] such that

lu = Q¥ulloar(ry < €Ceplltllponr(r(ry, uw€PANT), TeT"
Constants. With the notation as in the following proof, it suffices that ¢ > 0 is
small enough such that Theorem applies and that LgLe < €5 and 3Le < A. In
addition, we may assume C, , < C’;IHH%CI%/IFHCI (1 + CkHJr ) C’b,pﬁa

Proof. The proof is very similar to the proof of Theorem 7.9 in [39], to which the
reader is referred at all times for certain technical steps in the present proof. Let
u € PAF(T) and let T € T™. Using (2.8), (?7), and definitions, we verify

lu — QFull poar(ry < hPIIE*u — QFul| poo ar (7
5k * *
< CII\C/Ih; o7 I* (B u — ngehgehEku)”L‘X’Ak(ga;lT)'

To proceed with the proof, we need to recall the definition of the canonical in-
terpolant via degrees of freedom as in Section 6 of [39]. We let PCy(F) denote
the space of degrees of freedom associated with the subsimplex F' € A(T); these
spaces of functionals are given by taking the trace of a differential k-form onto the
subsimplex F' and taking the integral against another polynomial differential form
over F' (see also Remark 6.1 of [39)]).

Using estimate (6.16) of [39], we obtain a uniformly bounded constant C; > 0
which satisfies the inequality

||30;"Ik(Eku - R?ehi):hEku) HLOOA’C(LpflT)

< C; sup |g0T*S|Ic /Ek Réeh’D:‘hEk
FeA(T)
sepck

Here, |p7. S|, is defined in the following manner. Let S € PCJ is given as the
integral over F' € A(T)™ against the smooth differential form ng € C°A™*(F).
Let F € A™ be the unique m-simplex that ¢ maps onto F. Then |90;Fi5|k equals

the L' norm of ¢%ng over F. This is equivalent to the definition of |7t S|k via the
mass norm of k-chains as used in [39].
Fix F € A(T) and S € PCY'. We have

/ E*u — R, D%, Fru = / / (Id %, %) Erudy.

We then change the order of integration:

// (Id -9}, ,D%,) Ekudy:/R u(y )/S(Id ®F, ,D%) Erudy.

Using these observations again, we have for y € B;(0) that
(6.5) / (Id -}, ,D%) Eru = / o ERu.

s @7 (1d =D e Bsen,y)S
In the remainder of the proof we bound the last term. An auxiliary estimate bounds
the difference Id —®sen,y®en uniformly in terms of € and y within a small radius of
go;lF. First we see

sup Lip (@;1¢>56h7y336h<pT) <cemCuLp (1+ eLh)2 = L.
yE€B1(0)



SMOOTHED PROJECTIONS AND MIXED BC 19

Next, let A > 0. For any y € B;(0) and & € By(¢;'F) we find that

I

P CI)&hy apr(® H
< Cuhg' llor(2) = PsenyDenor ()|
< Owhz' llor(2) = Danpr (@) + Onhz! [|Danpr (&) — PoenyDenpr (&) -
We see that
er(2) = Dentpr(2)| < Lpeh (or(2)).
We also see that
1D enpr (%) = PoenyDenpr (2))]| < Seh (Dentpr (£))
< deh (o1 (L)) + 6eLn [ o7 (L) — Denpr(2) |
<de(l+deLpLp)h(or()).
Let 2 € F such that || — ¢! (zp)| < A\. Then |7 (%) — 2r| < Aemhr. Hence
hier(2)) <h(zp) + Lpdemhr < (Ch, + LpAem) hr.

Writing £ :=Cy (14 Lp + Ly Lp) (Ch, + Lpenm) and assuming e, A < 1 for simplic-
ity, we get

sup sup Hi‘ — ¢;1¢>55h7y®€hng(§3) | < eLl.

£€By (o' F) y€B1(0)

We continue with the main part of the proof. Let A > 0 as above and let ¢ > 0 be
so small that Le < A/3. We apply Lemma 5.4 in [39] with » = A/3 and the inverse
inequality 6.15 in the same reference. We obtain that there exists C>0 uniformly
bounded such that for all y € B1(0) we have

/ Efu<e - L-C|optS|k- ||90§‘Eku”W°°v°°Ak(Bu(An))»
S—D e Ben o 5

As in the proof of Theorem 7.9 of [39], we observe

k+1+ )

||“PTE oo, AR (Bre(An)) S (1 +Cg Clli/ilcll\c/il||90§“U||Woo,oo/\k(¢;17*(:r))

for € so small that LgLe < €. Now the inverse inequality 6.17 of [39] gives

|‘<P*TU||Woo,ooAk(¢;1T(T)) < Cb,p||‘P*TU||LpAk(¢;1T(T))-

Transforming back from the reference geometry yields

k n e n
H%D*TUHLpAk(@;lT(T)) < emCiihy * ”uHLPAk(T(T))-
The combination of these inequalities completes the proof. ([

For € > 0 small enough, the mapping Q* : PA*(T,U) — PA*(T,U) is close
enough to the identity operator to be invertible. We can then construct the
smoothed projection.

Theorem 6.3. Let € > 0 be small enough. There exists a bounded linear operator
T LPAR(Q) — PAR(T,U) C LPAR(Q), p € [1,00],
such that
mhu=wu, we PAYT,U),
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such that
drfu = 78 du,  we WPIAR(Q,Tr), p,q €1, 0],

and such that for all p € [1,00] there exist uniformly bounded Cr , > 0 with
IwEull Loar () < Crpe 7 [ullLoar(), € LPAR(Q).

Constants. It suffices that € > 0 is so small that Theorem and Theorem
apply, and that C, pe < 2. We may assume Cj , < 2CQ7pC’§I/p.

Proof. This is almost verbatim the proof of Theorem 7.11 of [39]. O

7. APPLICATIONS

We conclude this article with an outline of the theoretical and numerical analysis
of the Hodge-Laplace equation with mixed boundary conditions. We develop a
mixed finite element method on the basis of a saddle point formulation of the
Hodge Laplace equation. The smoothed projection, whose construction has been
the major goal of the preceding sections, is the decisive technical component in
proving the stability and convergence of the mixed finite element method.

We briefly review the analytical background (see [28]) and the formulation of
mixed finite element methods in FEEC (see [5]). We eventually discuss examples
in the language of vector analysis. Whereas this is similar to the theory of Hodge-
Laplace equation with non-mixed boundary conditions, the analytical results are
relatively recent and some non-trivial aspects include the harmonic forms with
mixed boundary conditions and their discrete counterparts.

7.1. Hodge Laplacian with Mixed Boundary Conditions. Let us assume
that 2 is a bounded weakly Lipschitz domain and that (I'r, 'y, I'y) is an admissible
boundary partition. To start with, we review the L? de Rham complex with partial
boundary conditions. We write

(7.1)  HpARQ) := WH2AR(Q,Tr), HyAP(Q,Ty) = «W22A"F(Q, Ty).

These spaces are naturally Hilbert spaces. We know by Proposition 4.4 and Propo-
sition 4.3(i) of [28] that the unbounded linear operators

(7.2a) d: HrA®(Q) C L2A*(Q) — HpAMH(Q),

(7.2b) 8 HyAM(Q) € L2A%(Q) —» HYA*1(Q)

are densely-defined, closed, have closed range, and are mutually adjoint. Thus
(7.3) 0 —— HpAY Q) —— ... —4 HpAM(Q) —— 0,
(7.3b) 0 +—— HEAYQ) «2— ... 2 HLAMQ) «+—— 0

are closed Hilbert complexes in the sense of [12]. Moreover, and are
mutually adjoint. We call the L? de Rham complex with tangential boundary
conditions along I'r, and we call the L? de Rham complez with normal
boundary conditions along I' .

The intersection H7A* ()N H% A*(Q) is a Hilbert space of its own which carries
the intersection scalar product

(U, V) Ak (@)L AR Q) 7= (U V) par() + (U, V) g AR(Q)-
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The compactness of the Rellich embedding
(7.4) HrA*(Q) N HyAR(Q) — L2A%(Q)

follows from Proposition 4.4 of [28].
The space of k-th harmonic forms with mized boundary conditions is defined as

(7.5) 9 QT Ty) = {pe HrA* Q)N HNA*(Q) | dp=0,0p=0}.
Basic results on Hilbert spaces show that

(7.6)  H(Q,Tp,Ty) = (kerd : HrA*(Q) — HpAFTY(Q)) N (dHp A1)
We also have the L? orthogonal Hodge decomposition

(7.7) L2AR(Q) = dH7- AP 1 Q) @ 9%(Q, T, Tn) @ SH AFTH(Q).

From Proposition 4.3(i) in [28] we find that $*(Q, 'z, Tx) is finite-dimensional.
The dimension of $¥(Q,T'r,T'x) is of particular interest because it reflects topo-
logical properties of © and I'p. Specifically, by Theorem 5.3 in [28] we find that
dim $*(Q,T'r,T'x) equals the topological Betti number by, (ﬁ, FT) of Q relative to
I'r, and one can show that

(7.8) dim $*(Q,T7,Tn) = by (UT7) = by (LIN), 0<k<n.

In the special cases I'r = ) and I'r = 99, which have received the major part of
attention in the literature, the Betti numbers correspond to the topological proper-
ties of the domain only, such as the number of connected components or of holes of
a certain dimension. But in the presence of mixed boundary conditions the Betti
numbers depend also on the topology of the boundary patch I'r.

Example 7.1. For every weakly Lipschitz domain 2 C R" and admissible bound-
ary partition (I'r, 7, '), the spaces $°(Q, 'z, T'y) and $™ (2, I'1, I' ) are spanned
by the locally constant functions over €2 whose supports are disjoint from I'r and
T'n, respectively. The other harmonic spaces have more complicated descriptions,
but their dimensions, the Betti numbers, can sometimes be computed from the
topology of Q2 and I'r.

For example, consider n = 2 and let Q = (—1,1)2. If I'r has M € N connected
components, then by (Q,T'r) = max{0, M — 1}. For instance, in the special case
Iy = (—1,1) x {0,1} we have b(2,I'7) = 1 and $H'(Q,T'7,Tx) has a simple
description: it corresponds to the span of the constant vector field taking the value
(1,0) over all of Q.

We now introduce the Hodge Laplace operator. We let
dom(Ag) := { uw € HrA*(Q) N HAAR(Q) | du € HAAM(Q),6u € HpAF1(Q) }.
The unbounded operator
Ay s dom(Ay) € L2AR(Q) — L2A*(Q), w s ddu+ dou

is called the k-th Hodge Laplacian. One can show [28, Theorem 4.5] that Ay is
densely-defined, closed, self-adjoint, and has closed range, and that furthermore

ﬁk(Q,PT,FN) :kerAk, ranAk :ﬁk(Q,FT,FN)J'.
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We let Gy : L2A*(Q2) — L2A*(Q) denote the pseudoinverse of the Hodge Laplacian,
where the pseudoinverse of an unbounded linear operator is understood in the sense
of [§]. This means that

ran Gy, = H5(Q, 7, Tn)*, ker Gy = H%(Q,I'7, T'y),
that for all f € L2AF(Q) N H*(Q, Tr,Tx)* we have
Gif € dom(Ay), [ = ApGif,
and that for all u € dom(Ax) N $H*(Q,T'7, Tx)* we have
u = GLAgu.

One can show that the operator norm of G} is bounded with respect to the L?
norm. Additionally, G, takes values in the intersection HpAF(Q) N Hx AF(Q) and
is bounded as an operator from L2A(Q) to HrA*(Q) N HLA*(Q).

The k-th Hodge Laplace equation with mixed boundary conditions is the partial
differential equation

(7.9) Agu = f,

where f € L2A*(Q) is given, and where u € dom (A}) is the unknown. In general,
we can solve the k-th Hodge-Laplace equation only in the sense of least squares
whenever there exist non-trivial k-th harmonic forms; The least-squares solution is
given precisely by u = Gj f. By definition, whenever u € dom (Ay) is any solution
of (7.9), then u € HrA*(Q) and du € HrA*~1(Q) satisfy tangential boundary con-
ditions along 'y and u € HiA¥(Q) and du € HyA*T1(Q) satisfy normal boundary
conditions along I'y.

7.2. Variational Theory and Finite Element Approximation. The operator
Ay is self-adjoint with closed range. Hence it is tempting to base a finite element
method for solving Ayu = f on minimizing the energy functional

Tw) =3 / dof? + |80l — (f,0) da

over a piecewise polynomial subspace of HrA*(Q) N HxA®(2). While for k = 0
this is just the canonical approach for the Poisson problem (already mentioned in
the introduction), this approach is problematic when k > 0. To begin with, we
generally have dim $*(Q,T'7,Tx) # 0, and so we need to introduce a Lagrange
multiplier in order to accommodate for the kernel of the Hodge Laplacian. In
practice, this leads to a variational crime, because $*(Q,'r,I'y) generally does
not contain piecewise polynomial differential forms. A more severe problem is that
piecewise polynomial differential forms will generally fail to approximate a member
of HrA*(Q) N H%A*(Q) in the norm of that space, and hence a finite element
method based on minimizing the energy J is generally inconsistent [19].

To avoid those difficulties, we may use a mixed finite element method based on
reformulating the Hodge Laplace problem as a saddle point problem. The idea is
to introduce the codifferential of the solution u as an auxiliary variable o = du. A
weak formulation of the Hodge Laplace equation is stated in [5] as

(7.10a) (o,7)p2 — (u,d7) 2 =0, T € HpAF=1(Q),
(710b) <d0’, U>L2 + (du7dU>L2 + <p7 U>L2 = <fa U>L27 v e HTAk(Q)a
(7.10c) (u,q)r> =0, q € H%(Q,Tr,Ty),
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where o € HrA¥=1(Q), u € HrA*(Q), and p € $H%(Q, 1, Tx) are the unknowns.
These are the Euler-Lagrange equations of a saddle point functional. One can show
[5] Theorem 3.1] that has a unique solution for every f € L2A¥(Q2). Further-
more, by the discussion in [5, Subsection 3.2.1] we see that is equivalent to
in the following sense: the tuple (o, u, p) solves if and only if

u:kaa p:fkaf? o = du.
One can show that for a constant Ca > 0 that only depends on Q2 and I'r we have

(7.11) ol zar—1@) + lull zar@) + Pl 24k ) < Callfllzzar @)

Hence the saddle point problem is well-posed. We see that these equations are
posed only over the spaces with well-defined exterior derivative. We have already
seen conforming finite element spaces of HpA*(€2) in previous sections, and hence
it seems to be a promising approach to build a finite element method based on
. It is instructive to start with a finite element de Rham complex as a dis-
cretization of the L? de Rham complex with tangential boundary conditions.
Specifically, we fix a simplicial complex T that triangulates 2 and that contains a
subtriangulations U of I'7, and moreover we fix a finite element de Rham complex
with partial boundary conditions as outlined in the preceding Section.

(7.12) 0 —— PAYT,U) PAY(T,U) —— 0.
Then the conditions of Section [6] are satisfied and we can apply Theorem Thus
there exists a bounded projection 7% : L2A*(Q) — PA¥(T,U) from the original

de Rham complex (7.3a) with tangential boundary conditions along I'r to the
finite element de Rham complex (|7.12]).

d d

0 —— HpAY(T) —2— ... — H/A(T) —— 0

/| .|

0 —— PAYTU) —2— ... —2 s PAYT,U) — 0

The operator norm of 7% is bounded in terms of the polynomial degree of the finite
element spaces, the mesh quality, and geometric properties of €.

A central concept on the analytical level which we want to mimic on the discrete
level are the harmonic forms. We define the k-th discrete harmonic space as

ST U) = (kerd : PAR(T,U) — PAFFL(T,U)) N (dPARL (T, U)) "

We note that this definition of discrete harmonic k-forms $*(7,U) is entirely anal-
ogous to the identity satisfied by the harmonic k-forms $*(Q,T'z). The dimension
of §*(T,U) is the Betti number by, (Q,T'7) of Q relative to I'z, as follows, e.g., by
Corollary 2 in [40], but can also be shown with an adaption of methods in [5]. In
particular, the dimension of $*(7,/) depends only on Q and I'z.

We outline a mixed finite element method for the Hodge Laplace equation (7.10).
Given f € L2A*(Q), we search for o, € PA*(T,U), up, € PAF(T,U), and pj, €
$*(T,U) such that

(7_133) <Uh7 Th>L2 - <uh,dTh>Lz =0, Th € 'PAk—1(T, U),
(7.13b) (dop,vp) 2 + (dup,dop) 2 + (Pr, vn)r2 = (f,vn)r2, v, € PAk(T,U),
(7.13¢) (un, qn)r2 =0, an € ST, U).
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