
p1 = 〈−1, 0〉 , p2 = 〈0, 0〉 , p3 = 〈0, 1
4 〉 , p4 = 〈1, 1

4 〉 , and p5 = 〈2, 1
4 〉 . These

are shown in Figure VIII.31. Let q(u) be the Catmull-Rom curve defined with
these control points. Which points pi must be interpolated by q(u)? What is
the slope of q(u) at each interpolated pi?

Exercise VIII.35 An Overhauser spline q(u) uses chord-length parameteriza-
tion and has the same control points as are defined in Exercise VIII.34. What
is the slope of q(u) at each interpolated pi?

Exercise VIII.36 Repeat the previous exercise, but using centripetal parame-
terization instead of chord length parameterization.

Exercise VIII.37 An ellipse E in R
2 is centered at the origin. It has major

radius 2 extending horizontally from 〈−2, 0〉 to 〈2, 0, 〉 . It has minor radius 1
extending vertically from 〈0,−1〉 to 〈0, 1〉 . Express the right half of E as a
degree 2 Bézier curve. Do you need to use homogeneous coordinates? Do you
need control points at infinity? Explain why or why not.

Exercise VIII.19 (NOT TO HAND IN) Prove that there is no non-rational 
degree two Bézier curve which traces out a nontrivial part of a circle. [Hint: A
quadratic curve consists of segments of the form 〈x(u),  y(u)〉 with x(u) and y(u) 
degree two polynomials. To have only points on the unit circle, they must satisfy

(x(u))2 + (y(u))2 =  1 .]

Exercise VIII.20 Prove that there is no non-rational Bézier curve of any
degree, which traces out a nontrivial part of a circle. [Hint: This is done by
generalizing the proof of Exercise VIII.19.]

Exercise VIII.34 The next three problems use the control points p0 = 〈−2, 0〉 ,
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HOMEWORK #1: Do exercises VIII.20 and VIII.34 - VIII.41.

Hand in: Gradescope. Due date: Tuesday, April 23, 9pm.

VIII.19 is below included as it gives the hint for VIII.20. You do not need 
to hand it in.  (The answers for VIII.19 and VIII.20 are almost identical in 
any event.) You may wish to work VIII.19 first to figure out how to solve 
VIII.20.
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Figure VIII.31: The control points for Exercises VIII.34-VIII.36.

Exercise VIII.38 Now rotate E clockwise 45 degrees, i.e., forming the ellipse
E ′ = R−π/2 . This also rotates the curve from the previous exercise, namely the
right half of E . Express the rotated Bézier curve as a degree 2 Bézier curve by
giving its control points.

Exercise VIII.39 Express the curve from Exercise VIII.37 as a degree 3 Bézier
curve. [Hint: Use degree elevation.] Do you need control points at infinity? Do
you need to use homogeneous coordinates?

Exercise VIII.40 The GLSL function smoothstep computes a generalized
version of the degree 3 Hermite function H3 . Recall that H3 is a cubic curve
with H3(0) = H ′

3(0) = H ′
3(1) = 0 and H3(1) = 1 . Express the set of H3(u)

as a degree 3 Bézier curve in R
2 by giving its four control points. (Note these

control points lie in R .)

Exercise VIII.41 Let H be the half-hyperbola in R
2 defined as

H = {〈x, y〉 : xy = 1 and x, y > 0}.

Express H as a degree 2 Bézier curve q(u) = 〈x(u), y(u), z(u)〉 over homoge-
neous coordinates. For this, use control points p0, p1, p2 where p0 = 〈0, 1, 0〉
and p2 = 〈1, 0, 0 are points at infinity. What should p1 equal? Prove that q(u)
really does define H by proving that x(u)y(u) = w(u)2 .

Exercise VIII.42 (Reversing degree elevation.) Suppose you are given the
control points p0, . . . ,p3 for a degree Bézier curve q(u) (working in ordinary
coordinates, not homogeneous coordinates). Also suppose that it is promised
that q(u) is actually a degree 2 polynomial curve. How would you compute the
control points representing q(u) as a degree 2 Bézier curve?

Suppose now that q(u) is only close to a degree 2 curve. How would you check
that this holds? Suggest a robust method for converting q(u) into a degree 2
Bézier curve q∗(u) which is “close to” q(u) . How would your method compute
the control points for q∗(u)? Can you give a reasonable and easy-to-compute
upper bound on the maximum difference |q∗(u) − q(u) between the two curves
for u ∈ [0, 1]?




