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A few things to Memorize

before we go forward
We're working in Top when we talk about

topological spaces O 00
the reduced suspensionof a space

EXES AXE X
Aggie

ED 2

FIE E
the loop space IX Maps S X
and these are adjoint 1 e
amap EX Y hasthesame into as amap XTRY



What are Spectra Good For

mini Definition a pre spectrum I
a sequence of spaces I Tn

maps Tu The
Tn rte

Satisfying somecomparability properties

mini example So É
v1 2 ight



They are good for

Generalized c homology

Stable Properties

Generalized c homology
Deft a generalized

Tomology theory is

aFunctors En W pairs

natural transformation En X A En A
satisfying AG XG Xia

Exactness Eq A Eq x EgleA Ee A
ExcisionX AUB CAAno X B E AAnB FE XB

Additivity XA 4 Xi Ai EE Yi Ai E x A

For the co nuke the functors be contravariant



A reduced homology is definedby Egly Efx
Si O Eat Ead

X
Theore l 4G X K Gn
KG n is an EilenbergMacLane Space meaning

Tickle 1 8 5
Ext S is a Kfz 1 RP is a K 212,1

Paisa K 21,2 LG p 5Yep is a k Xp I

Theorey Let I Ta beans prespectun

Define E x x Tal e 0

x r'É eco

Then Ea is a reduced cohomology theory

We aren't even at spectra yet



Exampled Complex K Theory
Note Ulu AEMatnx.CH A A 11

U Colin I 24144
EU n le e ene So isthe total span

BUG Each is its classifying space

BU Colin 8411 8412

Complex K Theory Ct'd
Note RU BU x2

roux EU
Baxa u Bux isa r.ms

gIEqso for X compact
É X X Bux213 E x X a any

ti x t y

This gives us info about vector bundles over X
and this is a generalized cohonolony theory



Stable Properties

EY.IM i n

maps q Tig x Tat EX
Thenwhen qc 2n I isa bijection andwhen a a t it is

a surjection

This allows us to define the stable homotopy groups

TI X chin Tink X

coli Tna E x Take E x 7

f f rid guy Xn's

i s
for n ok

0



We see that

Tle Sht ta
tht

for large enough n's

Is there a nice way to write

Tla him an 8

Yeah It uses spectra



Eatp.IEEEra
a sequence of spaces Tu

zo
maps Tn Tutt Save into T Ethel

Examples
Suspension Prespectrum Sphere pre spectrum
Given X consider 5 98 S

X and
5 I gate

EC x Ex

Def A map between prespectra I I is

is naps Tu Ta such that

Eta Taxi de loopings
of eachotherIt

Deft an A prespectrum I is a prespectrum 8
Sit Tn Ite is a homotopy equivalence

IT 7 Tut
Def a spectrum I is a prespectrum of

5 e Th Ite is a homeomorphism



Useful Tool Spectrifying a Prespectrum

Given I Tn a pre spectrum

Let LI LT so
when

LT YR Then
Look I LT n r Y R Take

f Nk Tutte
LT so LI is a

spectrum

Now for a based space X we have

the Suspension spectrum

EX L EX
where

Ex QE X
when QX NEX Yr EX

thesegivers relationships Top ÉespÉÉSp



What about homotopy and homology Scotty

Let I Tu be a pre spectrum

Def Ty I c Colin taek Tu Thelin X

Colm anent fyke
Tat

Deft For Ek a generalized homology theory

Ex I him Enea Tn

FACT I
induces isomorphisms
TIK I Tn LI EK I EEK LI

SO for spheres the stable homotopy groups
are given by

Tift 0

Tk
0

Tink
11

I sout Seale htpygroups
M S me z



mg it o.mne n

Eilenberg MacLane prespectum IG KGuBu
spectrum Ho

Notes Klein Egan
The desuspension of a suspensionprespectrum

EX I I t.EE
so futteritpleeashite

pusnaering n y 1 959
i

Constructing more spectra from old

I a prespectrum and X a space

I In STnx Tax
o Eta Tel

Tnx Thnx
FIX I Mans X.tl

IVI Taut



Let It 0,1 U I
Deft f g I I ane homotopic it

F H IAI I
such that

H
Ivy
fug VI Int I

Def Ii hesitate to I'if7 If In
5 t got tidy and fogtidy

So now we can talk above homotopy classesofmaps

If E'is a spectrum X is a space G an abelian
group

E
sp

Tn E marches wit our earlier man
Conlin Tinta Eu

5 Hoax HG X H x o

X Ho Ho X H x o

LEE EE LE ED EE.EE
T

E is r



Takeaways
Spectra exist
We can map between spectra
theyallow us to compute stablehomotopy

groups

they allow us to build generalised
reduced cohomology theories
We have plenty of constructions to get
new spectra from old
We can loop and de loop specern

feels likeshifting

negative spheres make sense

Questions Whaabout the homotopy category of spectra

Benetton

Que III on


