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Abstract

We consider a two parameter family of unitarily invariant diffusion processes on the general linear group
GLy of N x N invertible matrices, that includes the standard Brownian motion as well as the usual uni-
tary Brownian motion as special cases. We prove that all such processes have Gaussian fluctuations in high
dimension with error of order O(%); this is in terms of the finite dimensional distributions of the process
under a large class of test functions known as trace polynomials. We give an explicit characterization of the
covariance of the Gaussian fluctuation field, which can be described in terms of a fixed functional of three
freely independent free multiplicative Brownian motions. These results generalize earlier work of Lévy and
Maiida, and Diaconis and Evans on unitary groups. Our approach is geometric, rather than combinatorial.
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1 Introduction

This paper is concerned with the fluctuations of of Brownian motions on the general linear groups GLy =
GL(N,C) when the dimension N tends to infinity.

Let M denote N x N complex matrices. A random matrix ensemble or model is a sequence of random
variables (B™)y>1 such that BY € My. The first phenomenon typically studied is the convergence in non-
commutative distribution (cf. Section of B, meaning that for each non-commutative polynomial P in two
variables, we ask for convergence of E[tr(P(B", BN™))], where tr is the normalized trace (so that tr(Iy) =
1). In the special case that BY = (B)* is self-adjoint, this is morally (and usually literally) equivalent to
weak convergence in expectation of the empirical spectral distribution of B": the random probability measure
placing equal masses at each of the random eigenvalues of the matrix. The prototypical example here is Wigner’s
semicircle law [24]: if B" is a Wigner ensemble (meaning it is self-adjoint and the upper triangular entries are
i.i.d. normal random variables with mean 0 and variance %) then as N — oo the empirical spectral distribution
converges to %\/4 — x2dz. In fact, the weak convergence is not only in expectation but almost sure.

For non-self-adjoint (and more generally non-normal) ensembles that cannot be characterized by their eigen-
values, the non-commutative distribution is the right object to consider. As with Wigner’s law, in most cases, we
have the stronger result of almost sure convergence of the random variable tr(P(BY, BN™)) to its mean. It is
therefore natural to ask for the corresponding central limit theorem: what is the rate of convergence to the mean,
and what is the noise profile that remains? More precisely, consider the random variables

tr(P(BY, BNY)) — Eltr(P(BY, BNY))]

for each non-commutative polynomial P; these are known as the fluctuations. The question is: what is their order
of magnitude, and when appropriately renormalized, what is their limit as N — oo? The standard scaling for this
kind of central limit theorem in random matrix theory is well-known to be % instead of the classical \;—N (see the
fundamental work of Johansson [|15]]). Thus far, it was known that

N (tr(P(BN, BN*)) — E[tr(P(BY, BN*))])
is asymptotically Gaussian when
e BNisa Wigner random matrix [5];
e BNisa unitary random matrix whose distribution is the Haar measure [12];

e B is a unitary random matrix arising from a Brownian motion on the unitary group [19] or the orthogonal
group [10].

Remark 1.1. The existence of Gaussian fluctuations of a random matrix model is sometimes referred to as a
second order distribution; cf. |20l 21], in which the authors gave the corresponding diagrammatic combinatorial
theory of fluctuations. The similar but more complicated combinatorial approach to fluctuations for Haar unitary
ensembles was done in [7, 9], where is is known as Weingarten calculus. The recent work of Dahlqvist [[11]
follows these ideas to provide the combinatorial framework for the finite-time heat kernels on classical compact
Lie groups. Our present approach is geometric, rather than combinatorial.

Our main result is of this type, when BY is sampled from a two-parameter family of random matrix ensembles
that may rightly be called Brownian motions on GLy. Fix r, s > 0, and following [17], we will define (in Section
an (r, s)-Brownian motion (B}, (t))i>0 on GLy for each dimension N > 0. This family encompasses
the two most well-studied Brownian motions on invertible matrices: the canonical Brownian motion G (t) =



BY,(t) on GLy, and the canonical Brownian motion U™ (t) = B}(t) on the unitary group Uy. These
272 ’
processes are given as solutions to matrix stochastic differential equations

dGN(t) = GN@t)dzN(t),  dUN(t) = Un(t)dX (t) — %UN (t)dt

where the entries of Z™ (t) are i.i.d. complex Brownian motions of variance -, and XV (t) = v2R(Z"(t)). The
study of the convergence in non-commutative distribution of U (t) was completed by Biane [2], and the case of
GN (t) (for fixed t > 0) was completed by the first author [6]; the second author introduced the general processes
BﬂYS (t) in [16} [17] and proved they converge (as processes) a.s. in non-commutative distribution to the relevant
free analog, free multiplicative (r, s)-Brownian motion (cf. Section . This naturally leads to the question of
fluctuations of all these processes, which we answer in our Main Theorem [3.3]and Corollary We summarize
a slightly simplified form of the result here as Theorem [I.2]

Theorem 1.2. Let (Bﬁ?;(t))tzo be an (r, s)-Brownian motion on GLy. Let n € N and t1,...,t, > 0; set
T = (t1,...,tn), and let BY(T) = (BN,(t1), ..., BN,(tn)). Let Py, ..., Py, be non-commutative polynomials
in 2n variables, and define the random variables

X; = Nfee(Py(BY(T), BY(T)) — Ete(Py(BY(T), BY(T)))),  1<j<k (LD
Then, as N — oo, (X1, ..., Xk) converges in distribution to a multivariate centered Gaussian.

As mentioned, Theorem generalizes the main theorem [19, Theorem 2.6] to general r,s > 0 from the
(r,s) = (1,0) case considered there. In fact, even when (r, s) = (1,0) this is a significant generalization, as the
fluctuations proved in [19]] were for a single time ¢ — i.e. for a heat-kernel distributed random matrix — while we
prove the optimal result for the full process — i.e. for all finite-dimensional distributions.

Remark 1.3. (1) In fact, [19, Theorem 8.2] does give a partial generalization to multiple times, in the sense
that the argument of P; in is allowed to depend on B{YO(t ;) for a j-dependent time; however, it must
still be a function of Brownian motion at a single time. Our generalization allows full consideration of all
finite-dimensional distributions.

(2) To be fair, [[19] yields Gaussian fluctuations for a larger class of test functions. In the case of a single time ¢,
the random matrix U™ (t) is normal, and hence ordinary functional calculus makes sense; the fluctuations
in [[19] extend beyond polynomial test functions to C'* functions with Lipschitz derivative on the unit circle.
Such a generalization is impossible for the generically non-normal matrices in GL .

Theorem actually gives a further generalization of Theorem [[.2] as the class of test functions is not just
restricted to traces of polynomials, but the much larger algebra of trace polynomials, cf. Section[2.2] That is, we
may consider more general functions of the form Y; = tr(le) e tr(P]”) (or linear combinations thereof); then
the result of Theorem [1.2)applies to the fluctuations X; = N[Y; — E(Y})] as well.

Remark 1.4. Moreover, Theorem [3.3] shows that the difference between any mixed moment in X7, ..., X} and
the corresponding mixed moment of the limit Gaussian distribution is O(% ). This implies that, in the language of
[21], the random matrices B,],\’IS(T) possess a second order distribution. (Note we normalize the trace, while [21]
uses the unnormalized trace, which accounts for the apparent discrepancy in normalizations.) Since the random
matrices Bfn\fs(t) are unitarily invariant for each ¢, it then follows from [20, Theorem 1] that the increments of
(Br,s(t))e>0 are asymptotically free of second order.

We can also explicitly describe the covariance of the fluctuations, and thus completely characterize them. The
full result is spelled out in Theorem4.3] Here we state only one result of Corollary 4.5] (which already elucidates
how the covariance extends from the unitary (7, s) = (1,0) case).



Theorem 1.5. Let (b;):>0, (¢t)t>0, and (di)i>0 be freely independent free multiplicative (r, s)-Brownian motions
in a tracial non-commutative probability space (<7, T) (for definitions, see Section . As in Theorem let
n=1and T =T, and let P\, ..., P, € C[X] be ordinary one-variable polynomials, with X1, . .., X}, denot-
ing the fluctuations associated to trPy, ... ,trP,. Then their asymptotic Gaussian distribution has covariance
lo7(i, §))1<i j<k where

T
or(i,j) = (r+ 3)/ [P (brer—)(Q' (bedr—+))™] dt. (1.2)
0
Here P’ is the derivative of P relative to the unit circle:

zeih — z
P(e) = i TEZIE

Eq. generalizes [19, Theorem 2.6]. As pointed out there, in this special case the covariances converge
as T — oo to the Sobolev H'/2 inner-product of the involved polynomials, reproducing the main result of [12]
(as it must, since the heat kernel measure on U converges to the Haar measure in the large time limit). For more
general trace polynomial test functions, the covariance can always be described by such an integral, involving
three freely independent free multiplicative Brownian motions in an input function built out of the “carré du
champ” intertwining operator determined by the (r, s)-Laplacian on GL , cf. Section

Let us say a few words about the notation used in the formulation of Theorem [3.3] In [6] and in [13] [17]],
two different formalism were developed to handle general trace polynomial functions. Concretely, two different
spaces were defined, namely C{X;, X7: j € J} and £(J); in Theorem J ={1,...,k}. Each space leads

to a functional calculus adapted to linear combinations of functions from GL; to C of the form
(Gj)jej — tI‘(Pl(Gj, G;k 1 € J)) .- -tI‘(Pk(Gj, G;( 1 J € J)),

where P, . .., P are non-commutative polynomials in elements of (G;) jc s and their adjoints. In Section we
investigate the relationship between these two spaces, demonstrating an explicit algebra isomorphism between
a subspace of C{Xj;, X7: j € J} and &(J) for a given index set J. For notational convenience, most of
the calculations throughout this paper (in particular in the proof of Theorem [3.3)) are expressed using the space
Z(J), but all the results and proofs of this article can be transposed from & (.J) to C{X};, X7: j € J} without
major modifications.

The rest of the paper is organized as follows. In Section 2| we give the definition of the (r, s)-Brownian
motion as well as the definitions of C{ X, X7: j € J} and &(J), we recall some results from [6} [17], and we
investigate the relationship between C{X;, X Jijed }and 2(J). Sectionprovides the statement of our main
result Theorem [3.3] an abstract description of the limit covariance matrix, and the proof of Theorem [3.3] Finally,
in Section 4 we give an alternative description of the limit covariance, using three non-commutative processes
in the framework of free probability, extending the results in [19] from the unitary case to the general linear case,
and beyond to all (r, s).

2 Background

In this section, we briefly describe the basic definitions and tools used in this paper. Section [2.1] discusses
Brownian motions on GLy (including the Brownian motion on Uy as a special case). Section addresses
trace polynomials functions, and the two (equivalent) abstract intertwining spaces used to compute with them.
Section [2.3]states the main structure theorem for the Laplacian that is used to prove the optimal asymptotic results
herein. Finally, Section [2.4] gives a brief primer on free multiplicative Brownian motion. For greater detail on
these topics, the reader is directed to the authors’ previous papers [6, (13} 16} [17].
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2.1 Brownian motions on GLL

Fix r, s > 0 throughout this discussion. Define the real inner product (-, >7{VS on My by

1/1 1 1/1 1
A BN == (-4 = | NRTr(AB*) + = | = — = | NRTr(AB).
(.= (54 1) NRTABY) + 5 (5 - 1) VRTH(AB)
As discussed in [17], this two-parameter family of metrics encompasses all real inner products on My =
Lie(GLy) that are invariant under conjugation by Uy in a strong sense that is natural in our context, and so
we restrict our attention to diffusion processes adapted to these metrics. An (r, s)-Brownian motion on GLLy is a
diffusion process starting at the identity and with generator %AN where Ag < 1s the Laplace-Beltrami operator

r,8°
on GL for the left-invariant metric induced by (-, )fy <~ More concretely, if we fix a orthonormal basis 57{\,{9 of

AV =Y &,

Eepl

My for the inner-product (-, '>£‘Ys’ we have

where, for £ € My, J¢ denotes the induced left-invariant vector field on GLy:

d

(Ge)(9) = —

13 )
Sl R, sece@Ly)

t=0

The (7, s)-Brownian motion Bﬂtjs(t) may also be seen as the solution of a stochastic differential equation, cf.
[17, Section 2.1]. Let Wﬂ\g(t) denote the diffusion on My determined by the (7, s)-metric; in other words, let
We(t) be i.i.d. standard R-valued Brownian motions for § € ﬂYS, and take

W) = > We(t)€.

£eBl

This can also be expressed in terms of standard GUE y-valued Brownian motions:
WN(t) = VriXN(t) + VsV (t) (2.1)

where XV () and Y (t) are independent Hermitian matrices, with all i.i.d. upper triangular entries that are
complex Brownian motions of variance % above the main diagonal and real Brownian motions of variance % on
the main diagonal. Then the (r, s)-Brownian motion on GL  is the unique solution of the stochastic differential

equation
1
dBN,(t) = BN,(t) aW}N(t) — 5(r — 5)BR,(t) dt, (2.2)

cf. [17, Equation (2.10)].

Fix an index set J; in this paper J will usually be finite. For all j € J, let BLY = (B:Y (t))e=0 be
independent (r, s)-Brownian motions on GL . Set B = (Bﬂﬁv) jeJ, which is the family of independent (7, s)-
Brownian motions on GILy indexed by J. The process (B (t));>0 is therefore a diffusion process on GL;.
More precisely, (BN (t)):>0 is a Brownian motion on the Lie group GIL¥; for the metric ((-, >7{V .)®7. The reader
is directed to [17, Section 3.1] for a discussion of the Laplace operators on GIL%, for the metric ({(-, INE.
The degenerate (r, s) = (1,0) case gives the usual Laplacian on U%;, while (r, s) = (3, 3) yields the canonical
Laplacian on GL}{, (induced by the scaled Hilbert-Schmidt inner product on My, = Lie(GLy)). Note: we could
vary the parameters r, s with j € J as well, with only trivial modifications to the following; at present, we do not

see any advantage in doing so.



For each j € J, let A§V denote the Laplacian on the jth factor of GL in GL}]V. That is to say,

N _ 2
Aj - Z a&j
éj EB;{YS
where ﬁfd\fs is an orthonormal basis of M for the inner-product (-, '>7]“\,[s’ and for all £ € /B,{\,fs, O, is the left-
invariant vector field which acts only on the jth component of GL]‘{,. Forj € J,lett; > 0,and set T = (t;)e.
We consider the operator
N N
T AV =) A} (2.3)
jedJ

Definition 2.1. For J finite, denote by (B (tT));>0 the diffusion process on GLL3; with generator T - AN.

We could write down a stochastic differential equation for B (¢T) similar to (2.2); for our purposes, we only
need the fact that it is a diffusion process.

A common computational tool used throughout [6}[13}[16}/17] is the collection of so-called “magic formulas.”
In the present context, the form needed is as follows; cf. [17, Equations (2.7) and (3.6)]

Proposition 2.2. Let ,Bﬁs be any orthonormal basis of MLy for the metric (-, )f < Then, forany A, B € My (CO),
we have )
D tr(EA)r(EB) = Y tr(§A)r(¢"B) = A (5 = te(4B),

£epl EeBl
and

S tr(€* A)(€B) = %(s + 1)tr(AB).

AR

2.2 The Intertwining Spaces &(J) and C{J}

Let J be an index set as above, and let A = (A;);es be a collection of matrices in M. A trace polynomial
function on My is a linear combination of functions of the form

A — Py(A)tr(PL(A))tr(Py(A)) - - - tr(Pr(A))

for some finite m, where P,..., P, € C are non-commutative polynomials in J x {1, x} variables (i.e. the
polynomials may depend explicitly on A; and A;- for all 5 € J). Such functions arise naturally in our context:
applying the operator T - AV to the smooth function A — Q(A) for any non-commutative polynomial Q
generally results in a trace polynomial function. The vector space of trace polynomial functions is closed under
the action of T - AN, and this is a motivation for defining abstract spaces which encodes them. In [6] and
in [[13} [17]], two different spaces are defined, namely C{X;, X Jijed }and Z(J). We will see now that those
two spaces are intimately related.

First we give the definition of the space Z(J). Let &(J) = |J,,~,(J x {1, ¥})™ be the set of all words whose
letters are pairs of the form (j, 1), or (j, *) for some j € J. Let vy = {v.: ¢ € &(J)} be commuting variables
indexed by all such words, and let

P(J) = C[v/]

be the algebra of commutative polynomials in these variables. That is, &?(J) is the vector space with basis 1
together with all monomials

vy Uy, k€N, 5(1),...,€(k) e &(J),



and the (commutative) product on #(.J) is the standard polynomial product.

Let us now recall the abstract trace polynomial algebra introduced in [6]. It is a C-algebra X equipped with
a center-valued expectation tr: X — Z(X): a linear map satisfying tr(1y) = 1y and tr(tr(A)B) = tr(A)tr(B)
forall A, B € X. (Note: the symbol tr is presently denoting an abstract function, not necessarily the normalized
trace on M y; this should present no confusion to the reader, as the two will usually coincide.) The algebra X is
an extension of C(J) = C(X;, X 7t J € J), the non-commutative polynomials in .J variables and their adjoints.
We denote it by

X=C{J} =C{X;,X;:jeJ}

equipped with its centered-valued expectation tr. It is defined by a universal property [6, Universal Property 1.1].
Let </ be any C-algebra equipped with a center-valued trace 7, and specified elements (A 1)) jescef1,+} in <.
Then there is a unique algebra homomorphism f: C{J} — < such that

(1) forall (j,e) € J x {1,x}, f(X5) = A(j.); and
(2) forall X € C{J}, 7(f(X)) = f(tr(X)).

The space C{.J} can be constructed explicitly as a partially-symmetrized tensor algebra over C(.J). As a vector
space, it has as a basis the set

MotrMy -+ -trMy, k€N, Moy,..., My are monomials in C(J).

As we will now see, Z(J) is isomorphic to the “scalar part” tr(C{.J }) of C{J}.

Lemma 2.3. For any index set J, there is an algebra isomorphism
T:C(J)® 2(J) — C{J}

such that the restriction Y|, 5 is an algebra isomorphism onto tr(C{.J}). More explicitly, T is given as
follows: for any monomial My € C(J) and any words el) € & we have

Y1) =1, YT (Mo®uv. - v.m) = Motr(X.)) -+ tr(Xew),
where, for all e = ((j1,€1), - -, (Jn,&n)), Xe = X5 - X5

Proof. The homomorphism Y transforms a basis of C(J) ® Z(.J) into a basis of C{.J}, and is therefore a vector
space isomorphism. It is simple to check that it is also an algebra homomorphism. Alternatively, C(J) @ Z2(J)
is naturally isomorphic to the construction of C{.J} in [[6, Appendix] as the partial symmetrization of the tensor
algebra over C(.J) — the polynomial algebra & (.J) is nothing other than the symmetric tensor algebra over C(.J).
It is also easy to see that this map defines an algebra isomorphism using the universal property defining the space
C(J) in [6], where the center-valued expectation on the algebra C(J) @ Z(J) is the tracing map T of [13|
Definition 3.12], defined by
T(Xo0 ®v.0) Vo) = V@) Ve) " Va4

for any words €0, ... (k) ¢ £. O

In [6} Section 1.1.3] and [17, Definition 3.2], notions of degrees of elements in the isomorphic spaces C(.J) ®
P(J) = C{J} are defined:

deg (1) (Ko @ v -+ Vo) = D] 4+ 4 [P
degC{J} (M()tI'(Ml) tee tI‘(Mk)) = deg(c<J>M0 +--+ degC<]>Mk7



where the degree degc ;) of a monomial X, is simply the number of terms in the product, which is || (the length
of the string ¢). It is therefore immediate that, for any P € C(J) ® 2 (J),

degeyy Y(P) = deg gy (P).

Henceforth, we will simply use the symbol deg to refer to this common value.
Let (<7, 7) be a non-commutative probability space (cf. Section . Associated to it there is an evaluation
function
J o] &(J)
Vign: @’ =C

where, for each a = (a;)jc; € /7, the function V{%’T) (a): &(J) — Cis given by

(Vim@) () = (),

where, if ¢ = ((j1,€1),..., (Jn,&n)), then a° = ajll ---a5". Note, the * is no longer a formal symbol here:

n

a; means the adjoint of a; in &/. A polynomial P € £(J) = C[v,;| may be thought of as a function on

C¢(); indeed, these are the only functions on the abstract space C¢(/) that can be made sense of without
additional analytic or metric structure. We may therefore compose V‘(] o ) with P, to give a C-valued function

[Py =P oV, ona’.
Following [[6], we can also defined a C{J }-calculus. It is explicitly given as follows: for each a = (a;) cs €
/7 and each Py, ..., P, € C({J), we have

(PotrPy -+ trPy) (a) = Po(a) - 7(Pi(a)) - 7(Py(a),

and P — P(a) is an algebra homomorphism. It is immediate that identifying tr(C{J}) with &2(.J) via the iso-
morphism Y, this calculus is the same as the calculus defined in the previous paragraph: for all P € tr(C{J}) =
P(J), we have

P(a) = [P](7)(a).

In the particular case where (&7, 7) = (GLy, tr), we will simply denote the map [P] (. -y by [P]n.

There is a natural notion of conjugation on (J): P* is the result of taking complex conjugates of all
coefficients, and reversing 1 <+ x in all indices. In terms of evaluation as a trace polynomial function, we have
[P*]n = [P]n, cf. [17, Lemma 3.17].

We finally remark that if a = (a;);jes with a; = 1, for all j € J, then [P] (., )(a) does not depend on the
space (<7, ), and we will simply denote it by

P(1) = [Pl (a).

2.3 Computation of the heat Kernel

We are now able to see how the Laplacian acts on the space of trace polynomial functions (i.e. functions on My
given by evaluations [P]y of P € Z(J)).

Theorem 2.4. [I6, Theorems 3.8 and 3.9] Let T be as in 2.3) above. There exist two operators DT and LT on
P(J), independent from N, such that:

1. DT is a first-order operator; i.e. for all P,Q € P (J), we have DT (PQ) = DT(P)Q + PDT(Q);
2. LT is a second-order operator, i.e. for all P,Q, R € P(.J), we have

LT(PQR) = LT(PQ)R + PLT(QR) + LT(PR)Q — LT (P)QR — PLT(Q)R — PQLT(R);



3. Forall P € 2(J), we have (T - AN)([P]n) = [(DT + 32 £T)(P)] -

Remark 2.5. In [[16, Section 3.3], there is an inductive definition of DT and £T which are denoted similarly. In
[6, Sections 4.1 and 4.2], there is an explicit definition of DT in the simple cases of J = {1} and (r, s) = (1,0)
or (r,s) = (1,1), which corresponds respectively to Ay and A¢y,, and of LT in the same simple cases, which
corresponds respectively to Ay and Agy. Since we don’t need any more details about DT and LT, we refer to
[6} 13,116} [17] for further informations about those operators.

Using Definition [2.1] we deduce the following result from Theorem [2.4]

Corollary 2.6. Let BN = (Bﬂév) jeJg be a collection of independent (r, s)-Brownian motions on GLy. Let
P e P(J). We have

E ([PIn(B¥(T))) = [¢"" 3" (P)] (1),

This is merely the statement, in the present language, of the fact that the expectation of any function of a diffusion
can be computed by applying the associated heat semigroup to the function and evaluating at the starting point.

2.4 Free Multiplicative Brownian Motion

Here we give a very brief description of free stochastic processes, and free probability in general. For a complete
introduction to the tools of free probability, the best source is the [22]. For brief summaries of central ideas
and tools from free stochastic calculus, the reader is directed to [8, Section 1.2-1.3], [[1L6, Section 2.4-2.5], [17,
Section 2.7], and [|18, Section 1.1-1.2].

A non-commutative probability space is a pair (<, T) where ¢/ is a unital algebra of operators on a (complex)
Hilbert space, and 7 is a (usually tracial) state on 7: a linear functional 7: &/ — C such that 7(1) = 1 and
7(ab) = 7(ba). Typical examples are o7 = My, 7 = tr (deterministic matrices), or & = My ® L>~(P), 7 =
tr ® Ep (random matrices with entries having moments of all orders). In infinite-dimensional cases, it is typical
to add other topological and continuity properties to the pair (<7, 7) that we will not elaborate on presently.
Elements of the algebra .o/ are generally called random variables. In any non-commutative probability space,
one can speak of the non-commutative distribution of a collection of random variables a1,...,a, € &: itis
simply the collection of all mixed moments in ay,...,an,af,...,a’; that is the collection T[P(aj, aj)lgjgn]
for all non-commutative polynomials P in 2n variables. We then speak of convergence in non-commutative
distribution: if (v, 7y are non-commutative probability spaces, a sequence (af, ...,al’) € &% converges in
distribution to (ay, ..., a,) € &" if

T[P(aé-v, (a;-v)*)lgjgn] — T[P(aj,a;)lgjgn} as N — o0, for each P.

Free independence (sometimes just called freeness) is an independence notion in any non-commutative prob-
ability space. Two random variables a,b € &/ are freely independent if, given any n € N and any non-
commutative polynomials P, ..., Py, Q1,...,Qy, each in two variables which are such that 7(Pj(a,a*)) =
7(Q;(b,b*)) = 0 for each j, it follows that 7(P;(a,a*)Q1(b,b*) - - Py(a,a*)Qn(b,b*)) = 0. This gives an
algorithm for factoring moments: it implies that 7(a”b™) = 7(a™)7(b"™) for any n,m € N, just as holds for
classically independent random variables, but it also includes higher-order non-commutative polynomial factor-
izations; for example 7(abab) = 7(a?)7(b)? + 7(a)?7(b?) — 7(a)?7(b)?. One finds freely independent random
variables typically only in infinite-dimensional non-commutative probability spaces, although random matrices
often exhibit asymptotic freeness (i.e. they converge in non-commutative distribution to free objects).

In [23]], Voiculescu showed that there exists a non-commutative probability space that possess limits (), y(t)
of the matrix-valued diffusion processes XV (t), YV (t) of such that x(t), y(t) are freely independent. Note
that this convergence is not just for each ¢ separately, but for the whole process: convergence of the finite-
dimensional non-commutative distributions. The one-parameter families x(t), y(t) are known as (free copies of)



additive free Brownian motion. We refer to them as free stochastic processes, although they are deterministic in
the classical sense.

There is an analogous theory of stochastic differential equations in free probability, cf. [3l 4]. One may
construct stochastic integrals with respect to free additive Brownian motion, precisely mirroring the classical
construction. In sufficiently rich non-commutative probability spaces (such as the one Voiculescu dealt with in
[23]), free 1t6 stochastic differential equations of the usual form

dm(t) = pu(t,m(t)) dt + o(t,m(t)) dz(t),

have unique long-time solutions with a given initial condition, assuming standard continuity and growth condi-
tions on the drift and diffusion coefficients functions i, o. In particular, letting w, s(t) = /riz(t) + /sy(t)
(mirroring (2.1))), the free stochastic differential equation analogous to (2.2)),

1
dby s(t) = by s(t) dwy s(t) — 5(7“ — 8)bys(t)dt, by s(0) =1,

has a unique solution which we call free multiplicative (r, s)-Brownian motion. In the special case (r, s) = (1,0),
the resulting process takes values in unitary operators and is known as free unitary Brownian motion; when
(r,s) = (%, %) it is known as (standard) free multiplicative Brownian motion. Both were introduced in [1]],
where it was proven that the process (B{Yo(t))tzo converges to the process (b1,0(t))¢>0. The main theorem of
[17] is the corresponding convergence result for the general processes (B, (t))e=0 to (by,s(t))i>o0.

3 Gaussian Fluctuations

In this section, we prove our main Theorem [3.3] which is summarized in the slightly weaker form of Theorem
[[.2]in the Introduction. To begin, in Section [3.1] we set the stage with the main tool involved in the computation:
the carré du champ operator associated to the Laplacian on G]L]‘{,, which measures the defect of this second order
operator from satisfying the product rule. Section then gives the statement of our Main Theorem and
associated results that together yield the Gaussian fluctuations of the GILy Brownian motions. Finally, Section
is devoted to the proof of Theorem 3.3

3.1 The carré du champ of T - AV

We define the “carré du champ” operator of T - AN by

(T - AN)(fg) — (T - AM)(f)g — f(T - AN)(g)),

N | =

I'Y(f.9) =

or equivalently by

MR =5 O b @N)k0)

§ep, e

As with the operator T - AY in Theorem the operator F% is the push forward of an operator on Z(.J) as
follows. Let us define the symmetric bilinear form on &(J) x Z(J) by

I'T(P,Q) =< (LT(PQ) - £™(P)Q — PLT(Q)) .

1
2
Proposition 3.1. Forall P,Q € 2 (J), we have N°T%([P]n, [Q]n) = [FT(P, Q)]N )

10



Proof. Let us denote by DY, the operator DT + 5 LT. We have DT(PQ) — DT(P)Q — PDT(Q) = 0. As

a consequence, I'T(P, Q) = NTQ (DR (PQ) — DX (P)Q — PD(Q)). Using (T - AN)([P]y) = [DX(P)]

we obtained that
N2

[TH(P,Q)] y = = (T AY)([PQIy) = (T - AM)([Py) - [Qlv = [Plx - (T - AY)([QIN)) ,

which is the “carré du champ” of T - A", as wanted.
Since LT is a second-order differential operator, we have the following.
Lemma 3.2. Forall P,Q,R € 22,
I'"(PQ,R)=TT"(P,R)-Q+ P -TT(Q,R).
Additionally, for all Py, ..., P, € &,

k
LT(Py--Pk)ZZPy--ﬁimPkﬁT(B)—F? Z pl...E...ﬁj...pin(pi’pj).

i=1 1<i<j<k
Proof. Using the second-order property of £, we compute
oY (PQ, R) = LT(PQR) — LT (PQ)R — PQLT(R)
= LT (PR)Q — LT(P)QR — PQL™(R)
+ PLT(QR) — PLT(Q)R — PQLT(R)
=2I'"(P,R) - Q +2P -TT(Q, R).
By a direct induction, we deduce that
LT(Py - Py) =LT(Py - Pe) P+ P Po oy LT (Pp) + 2T (Py - Py, Pr)
—LT(P - Po)Py+ Pre P LT (P +2 > P B Bl (P )

1<i<k

k
:Zpr“ﬁi'“PkLT(Pz‘)-i-? Z P1-"13z‘"~13j-"PnFT(B,Pj)-
i=1 1<i<j<k
3.2 Main theorem
Forall P,QQ € &(J), define
Xp = N ([Pln(BY(T)) — E[[P]n(BY(T))])

and

or(P,Q) = 2/1 {etrDT (FT(e(lft)DTP, e(lft)gTQ))] (1) dt.
0

N’

Note that P € Z?(J), and the finite-dimensional subspace of elements with degree lower than or equal to the

degree of P is invariant under DT (cf. [17, Corollary 3.10]). Hence, e(1-t)D%

makes sense in this context. The

same argument applied twice more shows that the integrand makes sense, and the finite-dimensionality of all

involved polynomials yields continuity, so the integral is perfectly well-defined.

The following theorem says that the quantities of the form E(XF - - - X7 ) satisfy a Wick formula in large

dimension, with covariances given by or. Let us denote by P5(k) the set of pairings of {1, ..., k}.

11



Theorem 3.3. Forany Py, ..., P, € 2(J), we have

EXxp - Xp)= > ] aT(B,Pj)JrO(;[).

w€Pa(k) {i,j}eT

Theorem [3.3] is proved in the next section. We will first reformulate this result as convergence towards a
Gaussian field.

Lemma 3.4. There exists a complex Gaussian Hilbert space K (cf. [ 4]) with some specified random variables
(&p)pew € K such that P — &p is linear, E({pég) = o1 (P, Q) and Ep = Ep-.

Proof. Firstly, the map o is symmetric, non-negative and bilinear on the subspace &, of self-adjoint elements
of #(J), and therefore there exists a real Gaussian Hilbert space H and a linear map P — &p from g,
to H such that E(¢p€g) = or(P,Q). Let K = Hc, the complexification of H. For all P € &, we set
£p = §(p1p+)/2 + i (p—p+)/2; Which is linear in P. By bilinearity of o, E({p{q) = o (P, Q). Finally,

Ep = Eprpryj2 — W(p—pryj2i = Eprap)j2 + IE(Pr—p)j2i = Epr- O
Corollary 3.5. As N — oo, (X)) pep () converges to (£p) pew () in finite-dimensional distribution: for all
P,...,P € QZ(J),

(d)
(XP,- - XP) romved (JSERRRR I W2

More generally, in the dual space 22 (J)* endowed with the topology of pointwise convergence, the random linear
map XV : P X g converge to the random linear map & : P — Ep in distribution:

XN (d)

N—oo

€.
Note that, for P and @ in &(.J), the asymptotic covariance of X 1]37 and X g , or equivalently the covariance of
¢pand &g, is E(Eplg) = E(Eplo+) = or(P,Q*), which is different from o (P, Q).

Proof. Letk € Nand Py, ..., P, € &(J). Because the vector ({p,, . .., £p, ) is Gaussian, it suffices to prove the
convergence of the x-moments of (XIJX17 . ,Xf.i) tothose of (£py,...,E&p, ). Letl <iy,... 0n,J1,...,Jm < k.
We want to prove that

BOXY - XX+ X5) 3 Bler, --6n, Gy €,

I’ N—oo

We have
N . xN yN ...xN \_— N o .oxN xN .. xDN
IE(XPZ_1 XPMXle Xij) IE(XPZ_1 XPinXle Xij)
S B(p, - Ep bpy o frr ) = B(ép, - £n, Ep ).

The general convergence in distribution follows because &?(.J) is a countable-dimensional metric space. O

12



3.3 Proof of Theorem

Observing that (P, ..., Py) — E(Xﬁi -~-Xf,§;) and (P1,...,Py) — ZWG?Q(k) H(i,j)er or(P;, Pj) are sym-
metric multilinear forms on Z?(.J), it suffices by polarization to verify the asymptotic when P, = --- = P, = P
(cf. [T4, Appendix D]). In this case, set Qn = P — E[P(B™(T))]. (Note that Qv is an element of the abstract
space Z(.J); it should not be confused with the notation [(Q)]y for evaluation as a trace polynomial function on
M .) We want to prove that

VRN EY D) = Y ] ex(rp)+0 ().

w€Pa(k) (4,5)ET

To begin, we remark that
DT+ L 0T
E(QK(BY(T) = [ 3 (k)] (),
thanks to Corollary The proof will consist in identifying the leading term in the development of eDTJ“ﬁL B
with respect to N.

In order to control the negligible terms in the development, we will work on a finite dimensional space.
Let d € N be the degree of Q. The subalgebra &, of elements of &?(.J) whose degrees are < kd is finite
dimensional and we endow it with some fixed unital algebra norm | - [|14). Let us denote by || - [| 4 the induced
operator norm on the finite dimensional algebra End(Zq), and by || - ||| 4 4y the induced norm of bilinear maps
from Py x Py to Payqa when d + d' < kd (in the following development, we will often omit the indices (kd)
or (d,d')). Throughout this proof, we will denote by D, L and T the operators DT, £T and I'T restricted to the

1
finite dimensional algebra 27,,. The differentiability of the exponential map leads to e 752 = e + O(1/N?).
More precisely, we have the following result.

Lemma 3.6. Forallt > 0, we have

t
et(D+#L) —etD 4 ]\12/ etl(D+ﬁL)Le(t*t1)D dty. 3.1
0

More generally, for all k € N, we have

k
MD+RL) _ D 3 % etnD Leltuii=ta)D [ [t=t)D gy gy
ot 0<ty <<ty <t
1 thr1(D+23L) 1 (tep1—te) D t—t1)D
+ et Ptz b p et =t)Dp o Le=t)D g dty .
N2(k+1) /0<t,c <<t <t
Slp4+1> 1>

Proof. Let us define S(t) = P52 D) —tD ; then S is differentiable, and

S'(t) = ! PHRED(D 4 11— pyetD = L gp)etDpetP.

N2 N2
Since 5(0) = Iy, it follows that S(t) = 1+ fg S(0)eP Le=P dh. Multiplying by e'” on the right gives us
the first formula. The second formula is obtained by induction over k, using at each step the first formula. O

For n € N, let us denote by A,, C R” the simplex
Ap={(t1,... tn) ER": 0 <ty Sty <o <ty <1

Using the lemma at step [k/2], the study of the limit of N* [eD +xl Q%) (1) is decomposed into the study of
the limits of:

13



L NE [P Q)] (1),

2. Nk=2n [ Ja, P Leltnir=tIDL .. Le(=tID gty - dt, (QF) | (1) for 1 < n < [k/2], and

3. Nk—2-[k/2) [ [y et PRl pelteni=t)D L. LeA=t)D gt ... dpy +1(Q§“v)] (1),

k+1

which we address separately in the following three steps. In the fourth step, we sum up the three convergences
to conclude the proof. We will see that the only term which does not vanish is the second term considered when
n = [k/2].

Step1 Wehave Qy = P — E[P(BN(T))] = P — [eDJF#L(P)} (1) thanks to Corollary Since the map

A — [A(P)](1) is linear, it is therefore bounded and we have [eDJrﬁ(P)} (1) = [eP(P)](1) + O(1/N?).
Consequently,
Qv =P = [e(P))(1) + O(1/N?) (3:2)

and therefore Q% = (P — [¢P(P)](1))* + O(1/N?F). Since D satisfies the product rule, we deduce from a
standard formal power series argument that e is an algebra homomorphism. Thus
[P (@N)](1) = [”(P — [eP(P))(1))*] (1) + O(1/N?)
([e”(P)(1) — [eP(P)](1))* + O(1/N**)
= O(1/N?h).

Finally, N* [eP(Q%,)] (1) = O(1/N¥).

Step 2 We are assuming at this step that 2 < k. Forall R € &(J),t > 0 and n > 2, we have by Lemma
L((e”(Qn))" - R) =("PQn)"L(R) + 2n(e'"’Qn)""'T(e"’Qn, R)
+ n(etDQN)”*lL(etDQN)R +n(n— 1)(etDQN)"*2F(etDQN, etDQN)R.

In others words, for all d' < (k — 1)d, if we define the bilinear map B, : (S, R) — S - L(R) + 2nI'(S, R) +
nL(S) - R from Py x Py to Pyiq, we have, forall R € Py,

L((e®?(Qn)™- R) = (e!PQn)" 1B, (e'PQ, R) + n(n — 1)(PQNn)" T (P Qn, ePQN)R.  (3.3)

Let us denote by I'(t) the element !PT (eI~ Q. e(1=DP Q) € Pyy. Using (3.3), we prove by induction on
n the following lemma.

Lemma 3.7. For all n such that 1 < n < [k/2] and 0 < t,, < --- < t9 = 1, there exists R,, € P on-1)d
bounded independently of N, ty, .. .t, such that

Leltn—1=t2)Dp Le(l—tl)D(Q/]fV)

- (zf_k!zny“‘f“‘“‘)D@m’“—?”e—tn’%r(tl) D) + (UMIPQE YR, (34)

Proof. Indeed, when n = 1, setting Ry = kL(e(!"")PQy) € 22, which is bounded by k||L||el P Q ||, we
have

Le(lftl)D(QI]cV) — k(k - 1)(e(lftl)DQN)k72nF(e(17t1)DQN7 e(lftl)DQN) + (e(lftl)DQN)kflRl'

14



Because of (3.2), it is bounded independently of N, and so too is R;. Assume now that 2 < n < [k/2] and that
(3:4) has been verified up to level n — 1. We compute

Le(tn 1— tn)DL LeT t1) (Qk)

- k! - “ont2 —
:Le(tnfl tn)D <U€_2M(6(T tnfl)DQN)k 2 +2€ tnfl‘D(F(tl)"'F(tnfl))

+ (e(Ttnl)DQN)k2n+3Rn_1>

k!

:mL ((G(T—tn)DQN)kfaneftn@(F(tl) . F(tn—l))>

s ((e(T—tn)DQN)k—Qn-&-SRnil) .

We use now (3.3) on each term. The first term leads to

(k_k;)( (1—tp DQ )k_2n6_t"D(F(7f1) . F(tn))
+(k_2k7i_|_2)!(6(1tn)DQN)k2nHBk2n+2 <6(17t")DQN, e’t”D(I‘(tl) .. 'P(tn—l))) ’

and the second term to
(e-tIDQ =22 o (U=t)D R
(k—2n+3)(k—2n+ 2)(6(17tn)DQ Yh=2n 1 (e (1=ta)D - e(1=tn DQN) "
Thus, Ry, € & (2,,_1)q can be defined by

k!
gy B (S0P QD0 - Ltm))

+ (ePQN) Br_gn (e P QN Ry1)
+ (k= 2n+ 3)(k — 2n + 2)T'(e " DQ P QN)R,,
which verifies (3.4) and which is bounded by

k! 2| D]
m!l!Bk a2l om-nae IRNINTE)] - - 1T (1)l

+PHIQN N1 Br-2n+3l 4,20 1yall Bt |
+(k = 20+ 3)(k = 20+ 2)||] 4,0, ¢*1 V1@ | B
Because of (3.2), it is bounded independently of N. We deduce also that
T(t;) = e'PT(e (1=t)D . 1=t)D (Y )

Ry

is bounded by |||T|||(d d)€2|HD /@ |? and consequently is bounded independently of N, t1,...,t,. Thus, R, is
bounded independently of N, ¢1,...,%,, as required. O

We recall that, because D is a first order operator, e'»? is an algebra homomorphism. Applying e‘»? to (3.4)

on the left, we obtain that, forall 1 < n < [k/2], N € N, and (t1,...,tn) € Ay, there exists R, € P(9p,_1)4
bounded uniformly in NV, g, . . . £, such that

k!

taD7 (tn1—ta)D7 7 (1—t)D Ak _
e Le\'n1 L---Lev ™™ (QN)_(k‘—2n)!

(eDQN)k—an(tl) o T(tn) + (eDQN)k_2n+1Rn,
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where I'(t) denotes the element !PT (e =P Qy, e(=DPQy) € Poq.

From (3:2), we deduce that we have [(ePQn)*?"] (1) = O(1/N*~") and [(ePQn)*T72"] (1) =
O(1/N?k+1-4) We have already remarked in the proof of (3.4) that I'(t;) = e“PT (e 4P Qy, e(-1)PQ )
and @)y are bounded independently of N, t¢1,.. ., t,; consequently,

k!

N2kf4n
(k —2n)!

[(eDQN)k72nP(t1) . P(tn)} (1) and Nk+172n [(eDQN)k+172an] (1)
are bounded independently of N, ¢4, ...,t,, and we deduce that
NF=2n { /A e P peltnti=ta) D, Let=t0D gg, ... dtn(Q’fV)] (1)

is O(1/N)if k > 2nandisequal to k! [, (T(t1)---T'(tn)) (1) dty---dt, + O(1/N)if k = 2n.

In the case where k = 2n, because the integrand is symmetric in ¢1, . . ., t,,, the remaining term is equal to
k! k! ! " 2n)!
B ()T () dry -y = ([ r@) @) = S om(@u.u)
n: Jo<ty,....tn<l n 0 2"n!

Note that L kills constants, and similarly I'(P + ¢,Q + d) = T'(P, Q) for any ¢,d € C. As a consequence,

or(Qn,Qn) = ox (P, P).
To sum up,

NFk—2n [ / etnD Leltni1i—tn)D . [e(t=t)D gy . --dtn(Q'fv)] (1)

is equal to &2 g (P, P)" + O(1/N) if k = 2n and O(1/N) if not.

2nn!

Step3  We have Q% = (P — [eP(P)](1))* + O(1/N?) and

Consequently

< 1L el =I+IPl,

/ ottt (D5 L) (i —te) D L T p(t—t1)D dty---dtp
AVANE]

[/ 1D+ D) (=)D pe(1=t)D gy 'dtk+1(Q§v)] (1)
Akt

is bounded independently of N. On the other hand, k — 2([k/2] + 1) < —1 and N*~2(*/2+1) js therefore
O(1/N). Thus, the term studied is O(1/N).

Step 4 Finally, N*E(Q%,) = WO‘T(P, P)/2 4- O(1/N) if k is even and O(1/N) if not. Because the

cardinality of Py(k) is W

va@h- ¥ I m@a+o(y):

wePa(k) (i,5)€m

if k is even and 0 if not, we have demonstrated the desired bound,

This concludes the proof of Theorem 3.3 O
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4 Study of the covariance

In [19]], Lévy and Maida established a central limit theorem for random matrices arising from a unitary Brownian
motion, which corresponds to the (r, s) = (1,0) case.

Theorem 4.1. [[I9 Theorem 2.6] Let (U} )1>0 be a unitary Brownian motion on Uy (UM (t) = B{\,fo (t) in our
language). Let Py, - -- | P, € C[X, X_l], andT > 0. When N — oo, the random vector
N (tr (P,(UN(T))) — E [tr (B(UN(T)))])

1<i<n
converges in distribution to a Gaussian vector.

(In fact, the test functions allowed in their approach were not only polynomials but C! real-valued functions
with Lipschitz derivative on unit circle. Generalizing to GIL does not allow for such functional calculus. The
statement above for Laurent polynomials is obtained easily from the real-valued case by linearity.)

The limit covariance involves three free unitary Brownian motion (u;);>0, (v¢)r>0 and (wy)y>0 which are
freely independent (cf. Section in the special case (7, s) = (1,0)). Following [19], for all P € C[X, X 1],
we denote by P’ € C[X, X '] the derivative of P on the unit circle:

Pa) — 1 £ = £

Lim N , for ze€U.

(Concretely, forall n € Z, if P = X" then P/ = niX".) Lévy and Maida proved that, forall P,Q € C[X, X *1],
the covariance of the random variables N (trP(UY) —E[tr P(UX)]) and N (trQ(UY) — E[trQ(UX)]) is asymp-
totically equal to

T
/0 T(P/(UtUT—t)(Q/(Uth,t))*) dt, 4.1)

and moreover that, as T" — oo, this approaches the Sobolev H 1/2 inner product of P, Q (cf. [19, Theorem 9.3]).
Note that the expression is obtained from the expression of the covariance in [[19, Definition 2.4] by linearity
(since the expression of the covariance in [19, Definition 2.4] is only valid for real-valued functions).

In this section, we relate our result to theirs by giving another expression of the covariance of the fluctuations
of the more general processes B.',, which naturally generalizes (@.1).

r,8°

4.1 New characterization of the covariance

Denote by ]‘\], the identity element (I, ..., Iy) € GIL%. In the following proposition, we express the covariance
with the help of three independent (r, s)-Brownian motions.

Proposition 4.2. Let BN, CN, DV be three families of independent (r, s)-Brownian motions on Gy indexed
by J which are independent. For all P,Q) € Z(J), we have

or(P,Q) = 2N? /01 E I (IPIn(BEOCY o), Qv (B (DY _yp) ) (UR)] di + 0 (z\1r2> '

(To be clear on notation: the functions in the arguments of F% above are
G~ [PIN(BRGC_pp) and G — [QIN(BRGD(_yp);

the resultant function after applying I'T is then evaluated at I ]{[ before integrating. This () notation is used
throughout this section.)
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Proof. Forall P,QQ € &(J), we have

or(P,Q) = 2 / 1 [e”ﬂ (FT(e(l’t)DTP, e<H>DTQ))] (1) dt.

0

As in the proof of Theorem we restrict our computations on a finite-dimensional space &, (take d to be
1

the sum of the degrees of P and ()). Because of Lemma (3.6, we have N2 (etDT — et(DTJFWLT)) bounded

independently of IV and ¢; consequently, it is straightforward to verify that

1
_ HDT+5LT) (T (1-)(DT+ 1 LT) p _(1-0)(DT+75L7T) 1
or(P,Q) 2/0 [e N (F (e N Pe N Q))} (1)dt+ O <N2 .

Hence, the proof will be complete once we show that, for 0 < ¢ < 1,
[et(DT—&-ﬁLT) (FT(e(l—t)(DT-l-ﬁLT)P? e(l—t)(DT—Q—ﬁLT)Q))] (1)
= N2E 1% (PN (BROCY o) [RINBR DY _yp)) ()] @2)

Fix t € [0,1]. We start from the left side to recover the right side. First of all, using Theorem and Corollary
we have

|:et(DT+ﬁLT) (FT(e(l—t)(DT-i-ﬁLT)P,e(l—t)(DT-&-ﬁLT)Q))] (1)

= [T (T D p T N g)) (1)
N

=N? [et(T'AN) (FJTV<€(1_t)(T'AN) [P], e OT-A%) [Q]N))} N (Ix)

=N?E [ (I (10N [Py, dA-0TAMQ]y)) (B]Y)]

Recall that 7{\’; is an orthonormal basis of My for the metric (-, )Y, and for all ¢ € B, ¢; is the left-invariant

T,8° r,5°
vector field which acts only on the jth component of GIL%. Let us denote respectively by L¢ and Ry the left and
the right translation by £. We follow the notation of Section We compute

(TE (0T [Py, 10Ty ) (B]Y)

:% Sy <8§j(6(1—t)(T-AN)[P]N)) (agj(e(l—t)(TAN)[Q]N)) (BX)

cepls.ed

=5 2 ti|(Lay o @ NP (1] - [ (Lo o (0 e TENIPIY)) (1)
§eBNs.ied

N | =

Here, in order to reverse the different operators, we introduce the right-invariant vector fields. For all £ € M,
let us denote by 8& the associated right-invariant vector field on GLL y:

f(e'g), f e C%(GLy).
t=0

O)() =

For all £ € 75};, Oéj is the corresponding right-invariant vector field which acts only on the jth component of
G]L#. Note that, for all {,¢ € My and all j,k € J, the vector fields J¢, and 82k commute. Moreover, for all
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f € C®(GLY;), we have (8§jf)(lz‘{,) = (8éjf)(lj{,). Using those two facts, we compute

(Lagy © @ et TEDPY)) (1) = (9 e T2D Ly o [Pl) (1
— <a§j€(1*t)(T'AN)(LBgYF o [P]N)) i
- <€(1—t)(T-AN)8éj(LBtJYF o [p]N)) (1
_E :<agj (Lpy o[P] N)) (C{L)T)( B%]
=k :(Rcﬁ,t)T © 8éj(LBtNT o [P]N)) (IN)‘ Btjyr]
) ( e (Rey | o Lgy o [P]N)) (IM Bt%]

e[ (Pt o) 51 5

)
)
)
J

and similarly (LBtNT o (B, e1=O(T-AY) ] N)) (1) =E [agj ([Q] N(B{Yr(-)Dg_t)TD (I]{,)‘ B{Yr] 1t follows
that

5 4 [(Lay 0 O ANPL) ()] - [y o (0,0 PL)) (7))
gepl,jed
= X tE[a (PIvBEOCH yw) (1) -2, ([QINBEODY ) (1) BY]
gephs.get

&[T (IPIv (B OCY ), [QIN(BRODE ) (1) B
Taking the expectation leads to the right side of (4.2). =

We shall now let the dimension tend to infinity in the previous proposition in order to have a new expression
of the covariance involving three freely independent free multiplicative (r, s)-Brownian motions.

Theorem 4.3. Forall P,QQ € Z(J), there exists I'T(P,Q) e P(J3) such thatforall N € N, and all B,C, D €
GLY,
NIR (Pl (B(O)O), [QIn(BO)D)) (1) = [E(P.Q)]  (B.C.D) (43)

and in this case, taking three families b, ¢, d of free multiplicative (r, s)-Brownian motions indexed by J which
are freely independent in a non-commutative probability space (<, T), we have

1
or(P,Q) = 2/ [TT(P, Q)} (bets ci—pyTs d(1—pyT)dt.
0 (o,7)
This expression for the covariance, albeit instructive, is not explicit, but in the next section, we will compute the

function [f‘T(P, Q)} N explicitly in the simple case J = {1} and T = (7).

Proof. Let us suppose first that the polynomials P and () are given by P = v. and () = wv;, with ¢ =
((J1,€1)y- -5 (Un,en)) € &and 6 = ((k1,01),- - -, (km, 0m)) € &. Hence, for any input G € My,

[PIn(BGC) = tr((BGC)5! -+ (BGO)),  [QIn(BGD) = tr((BGD)y: - (BGD)").

€1
J1

19



We can then compute

9, ([PIn(B()O)) (IX) = ) 8jitr((BO)5! -+ (BEC)5E -+ (BO)3)
=1

_Zéjjl 5(1)] (B,C,D)),
where () is a word in & (J3), which depends on ¢ and [. Similarly,

85]’ ([Q]N(B Z 53 Jhtr Ué(h)] (Ba Ca D))>
h=1

where 6" is a word in &(J3), which depends on & and h. Finally, using the magic formula of Proposition
we have

2
T 6 (PIN(BOC) %, (@I (BOD)) (1)
gepl,jed

n

1 m
=5 D> Y 655054 (s+ orar) tr ([v.w] (B, C, D) - [usmn(B, C, D)),
jel =1 h=1

where o0y 5, € {#1} depends on €, 6, [ and h. Thus, the element

1 n m
9 Z tj Z Z 8510j.gn (1 + 01LRS) Voysny € @(J?’)
=1 h=1

JjeJ

satisfies (@.3).

We extend the definition of I'T to all elements of P(J) of the form Py --- Py, Q1 -+ - Q; € & by the relation

PP PuQi-Q) = 3. N PP PQu @ QET(PL Q).

1<i<k 1<5<1

and finally, we extend T'T to all elements of Z(J) by bilinearity. Because I‘}{‘, fulfills the same relations, this

demonstrates (4.3).
Thanks to Proposition 4.2] we have

o (P,Q) = 2N2/01E T8 (1P (BRI CY_y2). [QIN(BE (DY _yp) ) (1] dt + 0 <N12>

= 2E [/01 {fT(P,Q)] (Bir, C({_gyr: D{1-syr)d ]+O<N12>
:QEH/Ol (fT(P,Q)>dt] ( tTvC(l t)T>D£\1] t)T )]+O<]$2>

In [[17], it is proved that, for all R € (.J3), we have
1
E [[R] (BtT,C(l t)T,Df\{,t)T)} = [R](w,n(ber, ca—pyr, d—yT) + O <N2) ,
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(cf. Remark [4.4). Letting N — oo, it follows that

1
UT(P> Q) = 2/ |:FT(P7 Q):| (tha C(1-6)T» d(l—t)T)dt‘ O
0 (o,7)

,T

Remark 4.4. The main theorem [17, Theorem 1.6] is stated in the special case that R is the trace of a non-
commutative polynomial, and moreover only for instances of a single Brownian motion. However, 17, Corol-
lary 6.5] shows how to quickly and easily extend this to the more general setting of convergence of any trace
polynomial in instances of any finite family of independent Brownian motions, as we use presently.

4.2 The simple case of polynomials

Throughout this section, we investigate the case where J = {1} and T = (7). In this case, we have the
injective map from C(X, X™*) to tr(C{J}) = Z(J) denoted by tr, and similarly the injective map from
C(X1, XT, X2, X3, X3, X3) to tr(C{J3}) = £2(J3) also denoted by tr.

In the case of a polynomial, it is possible to compute explicitly the term [f(P, Q)} of Theorem and thus
recover the expression for the covariance given by (@.1)).

Corollary 4.5. Let us suppose J = {1}, T = (T), and P, Q € C[X]. Then, following TheoremH.3]
~ T
(FT(UR tl"Q)) =5 ritr(P'(X1X2)Q'(X1X3)),

(FT (P, Q")) = %(r + $)te(P' (X1 X2)(Q'(X1X3))")

and

(TP, Q") ) = g(s — )tr((P(X1 X)) (Q (X1 X3))").

Consequently, taking three free multiplicative (r, s)-Brownian motions b, ¢, d which are freely independent in a
non-commutative probability space (<7, T), we have

T
or(trP,tr@Q) = (s — 7‘)/0 T[Pl(thT—t)Ql(bth—t))] dt,
T
op(trP, trQ*) = (r + 5)/0 7[P'(brer—o)(Q'(bedr—))*] dt, and

T
or(trP*,trQ*) = (s — 7“)/0 T[(P'(brer—e)) " (Q' (bidr—y))*] dt.

Remark 4.6. Let us make a few comments on this final corollary.

(1) In the case (r,s) = (1,0), this result shows that, for all P,Q € C[X], the covariance of the ran-
dom variables N (trP(UY) — E[trP(UX)]) and N(trQ(UY) — E[trQ(UX)]) is asymptotically equal
to o (trP, tr@Q*), which reproduces exactly the expression of (@.1I) found by Lévy and Maida in [19].

(2) In the case (r,s) = (1,31), this result shows that, for all P € C[X], the fluctuation random variable
N (tr(P(GE)) — E [tr(P(GY))]) is asymptotically a circularly-symmetric complex normal distribution
of variance fOT 7(P'(brer—t) (P (bedp—¢))*) dt, where b, ¢, d are three freely independent standard free
multiplicative Brownian motions.

21



n times

Proof. Let P = X" and Q = X™. We have trP = v, and trQ) = vs withe = ((1,1),...,(1,1)) € & and

m times

§=((1,1),...,(1,1)) € & Let N € N, and B, C, D € GL¥. Then for all G € My,
[trP]y(CGB) = tr((CGB)"), [trQ]n(DGB) = tr((DGB)™).

We compute for all £ € 7{\75
9 ([tr P (B()C)) (IR) = ntr(€(CB)")

and
O¢ ([trQ]n (B(-)D)) (If) = mtr(£(DB)™).
Finally, using the magic formula of Proposition we have

2
% N T ([trPln (B()C)) e ([2Q)n (B(-)D)) (In) = §<s—r>mmr<<CB>“<DB>m>
EeBl

_ (fT (trP, trQ)) (B,C, D)

with (f‘T(trP, trQ)) = T(s — r)tr(P'(X1X2)Q'(X1X3)). Similar computations lead to (fT(trP, trQ*)) =

Z(r + s)tr(P'(X1X2)Q' (X1 X3)*) and (fT(trP*,trQ*)) = L(s — r)tr(P'(X1X2)*Q'(X1X3)*), and we
extend the formulas to P, ) € C[X] by bilinearity.
Thanks to Proposition [#.3] we know that

1 ~
or(trP,trQ) = 2/0 (FT(R Q)) (thyc(l—t)Tad(l—t)T)dt
1
— T(s— 1) /0 7 [P (bereq—o0)Q (bird s _oyr))] di

T
—(s—1) / 7 [P (beer—e) @ (bed_r))] dt.
0
and the two others cases are treated similarly. O
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