THE COMPLEX-TIME SEGAL-BARGMANN TRANSFORM

BRUCE K. DRIVER, BRIAN C. HALL, AND TODD KEMP

ABSTRACT. We introduce a new form of the Segal-Bargmann transform for a Lie group
K of compact type. We show that the heat kernel (p¢(x))¢>0,zc Kk has a space-time
analytic continuation to a holomorphic function (pc (7, 2))Re >0,z K> Where Kc is
the complexification of K. The new transform is defined by the integral

(Brf)(2) = /K pe(r, k1) f(k)dk, = € Ke.

If s > 0and 7 € D(s,s) (the disk of radius s centered at s), this integral defines a
holomorphic function on K¢ for each f € L2(K, ps). We construct a heat kernel den-
sity ps,- on K¢ such that, for all s, 7 as above, Bs r := BT\L2(K,,)S) is an isometric

isomorphism from L2 (K, ps) onto the space of holomorphic functions in L2 (K¢, ps,r)-
When 7 =t = s, the transform By,; coincides with the one introduced by the second au-
thor for compact groups and extended by the first author to groups of compact type. When
T =1t € (0,2s), the transform Bg,t coincides with the one introduced by the first two
authors.
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1. INTRODUCTION

1.1. The Classical Segal-Bargmann Transform. This paper concerns a generalization
of the Segal-Bargmann transform over compact-type Lie groups, to allow the time param-
eter of the transform to be complex. We begin by briefly discussing the history of the
transform. For t > 0 and d € N, let p; denote the variance-t Gaussian density on R:
pe(z) = (2mt) =42 exp(—|z|?/2t). This is the heat kernel on R%: the solution u of the
heat equation Jyu = %Au with (sufficiently integrable) initial condition f is given in terms
of p; by

u(t,r) = /Rd pe(y) f(y + ) dy. (1.1)

Alternatively using p:(—x) = p:(z) and a change of variables, we have

u(t.a) = D)) = [l =) f0) dy. (12)

R

The function p; admits an explicit entire analytic continuation to C?, which we call
(p¢)c: it is simply the function

d
_ ~d/2 _ETEY —d/2 152
(pe)e(z) = (2mt) ™2 exp (=527 = (2mt) ™2 exp %%;@

If f € Li .(RY) and of sufficiently slow growth, then the integral

(&ﬁ@%=/(mk@—wﬂw@/ (1.3)

Rd
converges and defines an entire holomorphic function on C.

The map f — B.f is equivalent to the Segal-Bargmann transform, invented and
explored by the eponymous authors of [1, 2, 38| |39, 40]. Note that neither Segal nor
Bargmann explicitly connected the transform to the heat kernel, nor did they write the
transform precisely as in (I.3). Nevertheless, their transforms can easily be rewritten in the
form (T.3) by simple changes of variable; cf. [20].

We consider also the heat kernel on C* 2 R2? (with rescaled variance), which we refer
to as fu:

e(z) = (mt) =% exp(—|2[2/1).
(Note that the real, positive function j; on C¢ is not the same as the holomorphic func-
tion (p¢)c.) The main theorem is that B; is an isometric isomorphism from L2(R9, p;)
onto HL?(CY, y;) — the reproducing kernel Hilbert space of holomorphic functions in
L?(C?, p1z). For more information about the classical Segal-Bargmann transform, see, for
example, [20, [24]].
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1.2. The Segal-Bargmann Transform for Lie Groups of Compact Type. In [18], the
second author introduced an analog of the Segal-Bargmann transform on an arbitrary com-
pact Lie group. Then, in [6]], the first author extended the results of [[18] to a Lie group
K of compact type (cf. Section , a class that includes both compact groups and R
The idea of [18] and [6] is the same as in the R? case: the heat kernel pt on K (cf.
and Theorem [3.12) has an entire analytic continuation (p;)c to the complexification K¢
of K (cf. Section 2.I). The transform B; is defined by the group convolution formula

generalizing (T.3):

(Buf)(2) = /K (po)e (k1) (k) d (1.4)

The theorem is that B; is an isometric isomorphism from L?(K, p;) onto the holomorphic
space HL?(Kc, j1;), where ju; is the (time-rescaled) heat kernel on K¢. If K = RY, then
By is precisely the classical Segal-Bargmann transform of Section[I.1]

Later, in [10,/19], the authors made a further generalization related to the time parameter
t. One can use a different time s # ¢ to measure the functions f in the domain, while still
using the analytically continued heat kernel at time ¢ to define the transform, as in (1.4).
The resulting map,

Bgy: LA(K, ps) — HL*(Kc, f1s,1)

is still an isometric isomorphism for an appropriate two-parameter heat kernel density 1 ¢,
provided 0 < ¢ < 2s. Note that the formula for the transform B, ; does not depend on s;
this parameter only indicates the inner product to be used on the domain and range spaces.
In the special case that K = R?, the two-parameter heat kernel density /i ; in the range
is a Gaussian measure with different variances in the real and imaginary directions. (Take

u = 01in (I.17) below.)

Remark 1.1. For a complex manifold M, let H(M) denote the space of holomorphic
functions on M. If i is a measure on M having a strictly positive, continuous density with
respect to the Lebesgue measure in each holomorphic local coordinate system, it is not
hard to show that FH(L?(M, u) := FH(M) N L?(M, 1) is a closed subspace of L?(M, )
and is therefore a Hilbert space. Furthermore, the pointwise evaluation map F' — F(z)
is continuous for each z € M, and the norm of this functional is locally bounded as a
function of z. (See, for example, Theorem 3.2 and Corollary 3.3 in [7]] or Theorem 2.2 in
[20].)

1.3. The Complex-Time Segal-Bargmann Transform. The topic of the present paper
is a new generalization that modifies the transform B, ; as well; in particular, we show
that the time parameter ¢ can also be extended into the complex plane, and there is still an
isomorphism between real and holomorphic L? spaces of associated heat kernel measures.
This generalization is natural and, in a certain sense, a completion of Segal-Bargmann
transform theory, as explained below. (See Theorem 4.2])

Let K be a compact-type Lie group with Lie algebra ¢, and fix an Ad(K)-invariant inner
product (, )¢ on € (cf. Section . This induces a bi-invariant Riemannian metric on K,
and an associated Laplace operator Ag with D(Ag) = C2°(K) (see Definition [3.20),
which is bi-invariant, elliptic, and essentially self-adjoint in L?(K) with respect to any
right Haar measure (see Section for precise statements and proofs of these properties).
There is an associated heat kernel, p; € C*°(K, (0, 00)), satisfying

(e%AKf> (z) :/ pe(k)f(ak)dk  forall f € L*(K)andt > 0. (1.5)
K
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(See Definition [3.22]) The key properties of the heat kernel p, are described in Theorem
3.12/and Corollaries [3.28| and [3.29|
Our first theorem is that the heat kernel can be complexified in both space and time.

Theorem 1.2. Let K be a connected Lie group of compact type, with a given Ad(K)-
invariant inner product on its Lie algebra ¥, and let (p;)1>o be the associated heat kernel.
Let C denote the right half-plane {T = t + iu: t > 0,u € R}. There is a unique
holomorphic function

pc: C4L x Kg—C
such that pc(t, z) = pe(z) forallt > 0and x € K C K.

Theorem [I.2)is proved in Section[5} as part of Theorem[5.13]
Following the pattern described above, for each 7 € C, and “reasonable” function
f: K — C, we would like to define (B, f)(z) to be the analytic continuation of the

function Ry x K > (t,x) — (e22%f)(z) € C. In order to carry out the analytic
continuation, we use the Ad(K)-invariance assumption to rewrite (1.3) as

(325 1) (@) = [ pua™) 10 (1.6)

see Section[3.5]and in particular Corollary [3:29)below. This equation along with Theorem
[I.2] motivates the following notation.

Notation 1.3 (Complex-time Segal-Bargmann transform). For 7 € C4 and z € Kg,
define

(B-) (@)1= [ pelriah DIk forz € Ke (17)
K
for all measurable functions f: K — C satisfying
/ lpc(, k™) f(k)| dk < . (1.8)
K

Further let D(B;) denote the vector space of measurable functions f: K — C such that
(L.8) holds for all z € K¢ and such that B, f € H(Kc).

As defined, D(B;) is a linear subspace of the measurable C-valued functions on K,
and B;: D(B;) — H(Kc) is a linear map. The main theorem of this paper (Theorem
identifies L?-Hilbert subspaces of D(B, ) and H(K¢) which are unitarily equivalent
to one another under the action of B.. To describe the relevant subspaces of H(K¢) we
need a little more notation.

Definition 1.4. Let s > 0 and 7 = t + iu € C. The (s, 7)-Laplacian A\, . on K is the
left-invariant differential operator

d
t\ = t~ ~ ~
DNor =) Ks — 2) X7+ Y7 —uX;Y; (1.9)
j=1

where {X; };l:l is any orthonormal basis of €, and Y; = JX; where J is operation of

multiplication by i on tc = Lie(Kc). Here X is the left-invariant vector field on K¢
whose value at the identity is X.

Remark 1.5. Given s > 0 and 7 = t + iu € C, from (T.9), it is not difficult to show that
the operator A, ; is elliptic if and only if
s—1t/2 —u/2 1

— _t 422
a(s,7) := det w2t —4(2515 t2 —u?) > 0. (1.10)
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This can be written equivalently as

25 >t +u?/t (1.11)
or, more succinctly, as 7 € D(s, s) (the disk of radius s, centered at s). Further notice that
D(s,s) T Cy as s 1 oo.

If one (and hence all) of the conditions in Remark E] hold, then (by Theorems
and below) Ag - with D(Ag ;) = CX(Kc) is essentially self-adjoint on L?(K¢)
(with respect to any right Haar measure), and there exists a heat kernel density p, » €
C*(Kc, (0,00)) such that

(e%&’f) (w) = / pisr(2) f(wz)dz  forall fe L*(Kc).
K¢
We are now prepared to state the main theorem of this paper.

Theorem 1.6 (Complex-time Segal-Bargmann transform). Let K be a connected, compact-
type Lie group. For s > 0 and T € D(s,s), L*(K, ps) C D(B;); i.e., B, f is holomorphic
on K¢ for each f € L*(K,ps). The image of B, on this domain is B. (L*(K, ps)) =
HL?*(Kc, ps,r ). Moreover,
Bs;r = BT|L2(K,pS)

is a unitary isomorphism from L*(K, ps) onto HL?(Kc, s - )-

Theorem[I.6)is proved in Section[5] The 7 = ¢ € R case of Theorem|[I.9|was established
in [[10, Theorem 5.3]. (See also [19, Theorem 2.1].)

Remark 1.7. The condition in [10} |19] for the two-parameter Segal-Bargmann transform
B, + to be a well-defined unitary map was ¢ > 0 and s > ¢/2, or equivalently ¢ € (0, 2s). It
is therefore natural that, in complexifying ¢ to 7, the optimal condition is that 7 € D(s, s),
whose intersection with R is the interval (0, 2s).

In the case that the group K is compact, there is a limiting s — oo variant (Theorem
of Theorem To state this variant, as in [18]], we first introduce a one parameter
family of “K -averaged heat kernels.”

Definition 1.8. Fort > 0, define the K-averaged heat kernel v, on K¢ by

v(z) = / pe(zk)dk  forall z € K¢
K
where dk denotes the Haar probability measure on K.

In fact, one can replace ji;, by us . for any 7 € (s, s) in the above integral, and the
resulting /(-averaged density v; is the same: it only depends on ¢ = Re 7; cf. Lemmai.11
below.

Theorem 1.9 (Large-s limit). Forall s > 0and T =t + iu € D(s, s), we have L*(K) =
L*(K,ps) and L*(Kc, pus,) = L*(Kc,v:) (equalities as sets). Furthermore, for all
f € L*(K) and all F € L*(Kc,v:), we have

51320 ||f||L2(K,pS) = ||fHL2(K)
}g{}o ||F||L2(K@,MS,T) = ||F||L2(KC,Vt)'
It follows that B 7 := Bz |12 gy is a unitary isomorphism from L?(K) onto HL?*(Kc, vy).

This theorem is proved in Section[5.3]| below.



THE COMPLEX-TIME SEGAL-BARGMANN TRANSFORM 6

Remark 1.10. The unitarity of the map B, , was previously established in [14, Prop.
2.3]. Indeed, this unitarity result follows easily from the unitarity of the “C-version”
Segal-Bargmann transform in [18] and the unitarity of the Schrodinger operator e?“4/2
L?(K) — L?*(K). The significance of Theoremis that the unitary map B - is, in a
strong sense, the s — oo limit of the unitary map B .

1.4. An Outline of the Proof. We now give a heuristic proof of the isometricity portion
of Theorem in the Euclidean case K = R, for motivation. The argument is a gener-
alization of the method used in the appendix of [21]]. By (I.7), if we restrict to real time
T=1t> O and look at the transform (B, f)(x) at a point z € RY, we simply have
(Bs,tf)(®) = [ga pe(x —y) f(y) dy; in other words, restricted to real time and K, B, f
is just the heat operator applied to f, B, :f = esh f where A is the standard Laplacian
on R? (cf. (3.18)). Therefore, in general the transform can be described as “apply the heat
operator, then analytically continue in space and time”. But if the function f itself already
possesses a holomorphic extension f¢ to all of C? (e.g., if f is a polynomial), then at least
informally we should have
Bs,'rf = e%Af(Cv

where now A (the sum of squares of the R%-derivatives) is acting on functions on C¢.

Let F' = B, . f; we need to compute \F |2 = FF. Since fc is holomorphic, we have

d d 2 -
%fcza%jfc,andsoAfC:ZJ 1322f(c = 0” fc; similarly Afe = Y7 15922 C:

02 fc. Again, since fc is holomorphic and fc is antiholomorphic, 0% fc = 0 = 3 fcs so
we have

— T A2 i - 792, 752 -

(FF) = (37 fc) (37" fo) = 37139 fo fe. (1.12)

Now, we measure f in L%(R?, p,); setting 2 = 0 in the (additive-form of) (T.5) defining
the heat operator, we can compute

s = [ 2@ dy = (€3172) 0) = (3211cP) 0). (113)
Similarly, we measure F' in L?(C, p; ), meaning

1
1FIeen,, y = (327 FI2) (0): (1.14)

Combining (T.12) and (T.14), and commuting partial derivatives to combine the exponen-
tials, we therefore have

92,752
1BarFla(co .y = (257 557 e?) (0) (115)

Comparing (I.13) with (I.T3), we see that to prove the isometry in Theorem|[T.6] it suffices
to have
sSA = A, +70% +70°.
Expressing the operators 9% and 02 in terms of real partial derivatives, we can then solve
for A, ;; this is how (I.9) arises. In the present Euclidean setting, we have

d
t\ 0% t 0° 0?
A,, = S A AR 1.16
g l(s 2> da3 * 20y3 u@acjayj] (1.16)
As in Remark [1.3] it is easily verified that A, ; is elliptic precisely when T € D(s,s).

Moreover, by a standard Fourier transform argument, one shows e2Bsr f=f*pss
where

par(e) = Cnva) (<2 - SR - ay) )
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where z = z + iy € R? 4+ iR? = C¢, and o := « (s, 7) as in Eq. .

When u = 0, the density j, - becomes a product of a Gaussian in the = variable and a
Gaussian in the y variable, but with typically unequal variances. If w = 0 and s = ¢, the
formula for 1 - reduces to

2
piea(z) = (mt)~%e I/

which is the density for the standard Segal-Bargmann space over C.

For a general Lie group K of compact type, we replace the partial derivatives in the
preceding argument with left-invariant vector fields. The heuristic argument then goes
through unchanged, except that we must remember that left-invariant vector fields do not,
in general, commute. Thus, we must also verify that the particular operators involved in
the calculation do, in fact, commute, allowing us to combine the exponents as above. For
this, we need to use an inner product on the Lie algebra of K that is Ad-invariant; this is
the reason for the assumption that K be of compact type.

Most of this paper is devoted to making the above argument rigorous. The key is to
introduce a dense subspace (consisting of matrix entries; cf. Section [3.3) of the domain
Hilbert space on which integration against the heat kernel can be computed rigorously by
a power series in the relevant Laplacian. This argument can be found in Section [5] with
the necessary background about heat kernel analysis on Lie groups in Section 3] and the
analysis of the heat kernel 15 » and its generator A, ; in Section

The operator A, . was the starting point for the current investigation. It is the Laplacian
for a left-invariant Riemannian metric on K¢ for which the corresponding inner product
on the Lie algebra is invariant under the Adjoint action of K. While the Lie algebra of the
complexified Lie group K¢ does not possess a fully Ad-invariant inner product, it does
possess many inner products that are invariant under the adjoint action of K. These are the
most natural from the perspective of diffusion processes, particularly in high dimension
(cf. [29]]). In fact, there is a natural three (real) parameter family of Ad(K)-invariant inner
products on Lie(K¢) (see (@.0) for the relation to the Segal-Bargmann transform param-
eters s and 7 = ¢ 4 7). In the case that K is simple, this is a complete characterization
of all such invariant inner products; this is the statement of Theorem below. It was this
fact that led the authors backward to discover the complex-time Segal-Bargmann trans-
form, which is therefore a natural completion of the versions of the transform previously
introduced by Segal, Bargmann, and the first two authors of the present paper.

1.5. Motivation. The Segal-Bargmann transform (B, f)(z) is computed by integration
of f against the function

i (z) == pe(r,z712). (1.18)
These functions may be thought of as “coherent states” on K. In the R! case, coherent
states are often defined as minimum uncertainty states, namely those giving equality in
the classic Heisenberg uncertainty principle. There is, however, a stronger form of the
uncertainty principle, due to Schrodinger [37]], which says that

h2
(AxX)* (AxP)? = - + |Covy (X, P)*, (1.19)
where A, X is the uncertainty of the observable X in state y, and
Covy (X, P) = ((XP + PX)/Q)X — <X>x <P>x

is the quantum covariance. (The classic Heisenberg principle omits the covariance term on
the right-hand side of (T.19).)
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States that give equality in (1.19) are Gaussian wave packets, but where the quadratic
term in the exponent can be complex, as follows:

x(x) = Cexp{iaz® — b(x — ¢)* + idx} (1.20)

with a,b,c,d € R and b > 0. This class of states is actually more natural than the usual
ones with a = 0, because the collection of states of the form (I.20) is invariant under the
metaplectic representation; that is, the natural (projective) unitary action of the group of
symplectic linear transformations of R2.

If we specialize the states in to the R? case, we find that they are Gaussian wave
packets, and that if Im 7 # 0 then the quadratic part of the exponent is complex. We see,
then, that allowing the time-parameter in the Segal-Bargmann transform to be complex
amounts to considering a larger and more natural family of coherent states.

In the s — oo version of the transform B ¢+, of Theorem @], the domain Hilbert
space is L?(K). Since e"**/2 is a unitary map of L?(K) to itself, in this case it is possible
to derive the complex-time transform from the real one B ; (denoted as the C-version of
the transform C; in [[18]) by the decomposition ez (tTiw)A — ¢tA/26iul/2 Thig possibility
has been exploited, for example, in the papers [13| [14] of C. Florentino, J. Mourao, and
J. Nunes on the quantization of nonabelian theta functions on SL(n,C) = SU(n)c. The
authors show that these functions arise as the image of certain distributions on SU(n) under
the heat operator, evaluated at a complex time, and use the Segal-Bargmann transform
in the complexification process. These papers, then, show the utility of introducing a
complex time-parameter into the (C-version) Segal-Bargmann transform. The present
paper extends this complex time-parameter to the two-parameter transform.

Meanwhile, the Segal-Bargmann transform for K is related to the study of complex
structures on the cotangent bundle 7*(K). There is a natural one-parameter family of
“adapted complex structures” on T ( K) arising from a general construction of Guillemen—
Stenzel [16, [17] and Lempert—Szdke [31, 42]]. Motivated by ideas of Thiemann [43],
the second author and W. Kirwin in [25] showed that these structures arise from the
“imaginary-time geodesic flow” on 7% (K'). The Segal-Bargmann transform can then be
understood [[11} 12} 22] as a quantum counterpart of the construction in [25].

As observed in [32]), the adapted complex structures on 7* (K') extend to a two-parameter
family, by including both a real and an imaginary part to the time-parameter in the geodesic
flow in [25]. The corresponding quantum construction has been done in [33] and can be
thought of as adding a complex parameter to the C'-version of the Segal-Bargmann trans-
form for K. (Compare work of Kirwin and Wu [30] in the R? case.) The present paper
then extends the complex-time transform to its most natural range, in which the domain
Hilbert space is taken to be L?(K) with respect to a heat kernel measure.

2. COMPACT-TYPE LIE GROUPS AND THEIR COMPLEXIFICATIONS

Let G be a real Lie group. Let e denote the identity element of G; let t : G — G be
the inversion map, t(g) = g~* forall g € G; and forany g € G let Ly, R, : G — G be
the left and right translation by g maps defined by Ly(x) = gz and Ry(x) = xg for all
x € G. We now choose once and for all a right Haar measure A = Ag on G and usually
simply write dx for A(dx) and L?(G) for L? (G, )\). The Lie algebra of G is taken to be

g := T.G and to each X € g we let X denote the unique left-invariant vector field on G
such that )?(e) =X, ie., )N((g) = Ly X forall g € G. As usual, for g € G, Ad, denotes
the endomorphism of g given by Ad, = (Cy)., where Cy = LyR,-1 is the conjugation
map on G. Then Ad: G — GL(g) given by g — Ad, is a Lie group homomorphism. Its
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derivative is ad = Ad,, which is a Lie algebra homomorphism from g to End(g). It is
given explicitly by adx (V) = [X, Y.

2.1. Complex Lie Groups and Complexificiation. Suppose G is a complex Lie group,
so that the Lie algebra g of G is a complex Lie algebra. It is convenient, for reasons that
will be apparent shortly, to write the “multiplication by <" map on g as J : g — g. (Thus,
J? = —1I.) Since g is a complex Lie algebra, the bracket on g is bilinear over C, and in
particular

[JX,Y]=JX,Y] (2.1)
forall XY € g.

For any X € g, the left-invariant vector field X is given by

Y _ i et X
(Xf)g) = dtf(g )t:O (2.2)

for any smooth real- or complex-valued function f on G. We may now appreciate the
utility of the notion J for the “multiplication by ¢” map on g: in general, JX f# iX f
(for example, if f is real valued). On the other hand, a complex-valued function f on G
is holomorphic if and only if the differential of f at each point g € G is a complex-linear
map from Tg(G ) to C. Thus, if f is holomorphic, then for all X € g and g € G, we have

j)?f(g) —iXf(g) (f holomorphic). (2.3)

We note that if f is holomorphic then X f is again holomorphic for all X € g, because
the map g — f(ge'™) is holomorphic for all ¢. Furthermore, for all g € G and X € g, the
maps Ad, : g — gand ady : g — g are complex linear:

Ad, J =JAd, and ady J=Jadx. 2.4)

Let K be a connected real Lie group. We say that a pair (G, ¢) is a complexification
of K if G is a complex Lie group, ¢: K — G is a real Lie group homomorphism, and
the following universal property holds: if H is any complex Lie group and ®: K — H
is a real Lie group homomorphism, there exists a unique holomorphic homomorphism
®¢: G — H through which ¢ factors as & = ®¢ o ¢:

¢
K—@G
N

H
Proposition 2.1. Let K be a connected Lie group with Lie algebra €, and assume that K
is isomorphic to the direct product of a compact group Ko and R? for some non-negative
integer d. Then there exists a complexification of K, and it is unique up to isomorphism; we
refer to it as K. Moreover, K¢ is connected, the homomorphism ¢: K — Kc is injective,

and ¢(K) is a closed subgroup of Kc. The Lie algebra tc of Kc is the complexification of
the Lie algebra of K: tc = ¢ @ C = £ @ J¥. Finally, K¢ is isomorphic to (Kg)c x C4.

This is a standard result; see, for example, [26, XVII Theorem 5.1] and [4, Theorem
4.1, Propositions 8.4 and 8.6].

Remark 2.2. Actually, every connected Lie group K has a unique complexification. (See
Section 6.10 of Chapter III in [3]].) However, in general (if K is not of the special type
in the proposition) the homomorphism ¢ may not be injective and the Lie algebra of the
complexification may not be isomorphic to £ Qg C.
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Example 2.3. The complexification of R™ is C”, with ¢ being the inclusion of R" into
C™. The compact Lie groups SO(n,R), SU(n), and U(n) have the following complexifi-
cations:

SO(n,R)c = SO(n,C), SU(n)c =SL(n,C), U(n)c = GL(n,C).
In each case, the homomorphism ¢ is the standard inclusion of K into K¢.
2.2. Lie Groups of Compact Type.

Definition 2.4. Let G be a Lie group, and let K C G be a Lie subgroup. An inner product
(-,-)g on g is Ad(K)-invariant if, for all X1, X, € gand all k € K,

(Adp X1, AdiX2)g = (X1, X2)g.

If the inner product is Ad(G)-invariant, we simply call it Ad-invariant. A group whose
Lie algebra possesses an Ad-invariant inner product is called compact type.

Every compact Lie group possesses Ad-invariant inner products — simply average any
inner product over the Haar measure on the group — thus explaining the terminology
“compact type”. The simplest examples are closed subgroups of U(n); for any such group
K, the Hilbert-Schmidt inner product (X7, X3) = Tr(X;X5) is Ad-invariant. (In the
case of the simple group SU(n), this is, up to scale, the only Ad-invariant inner product.)

Note that the existence of an Ad-invariant inner product means that there is a basis in
which Ad, is orthogonal for all g; if G is connected, this means det(Ady) = 1 for all g in
this case. It follows (taking g = e*X and taking % ‘ +—o) that adx is skew-symmetric, and
thus that Tr(adx) = 0 in this case.

It turns out that the presence of an Ad-invariant inner product nearly forces the group
to be compact.

Proposition 2.5 ([34], Lemma 7.5). If K is a compact-type Lie group with a specified
Ad-invariant inner product, then K is isometrically isomorphic to a direct product group:
K = Ky x R? for some compact Lie group K and some non-negative integer d.

This result shows that every Lie group of compact type has a nice complexification, as
described in Proposition [2.1]

2.3. The Modular Function. Recall that the modular function, m : G — (0, 00), is the
continuous (in fact smooth) group homomorphism determined by (Ly) A = m(g)A for
all g € G. It is easy to verify that both ¢, A and m\ (where mA denotes the measure
d(mM) := md\) are left-invariant Haar measures on G, and hence ¢, A = C'mA for some
C > 0. Applying ¢, to the equation t, A = CmA using t =1 = 1, 1, (MA) = mo =11, ),
and m - m ot = 1 by the homomorphism property of ¢, one easily deduces that A\ =
12\ = C? ) from which it follows that C' = 1, i.e., 1, A = mA. The above remarks may be
summarized by the following identities:

/f(gx)da::m(g)/f(x)dx VgeG and
el G

| radn= [ f@)m)ds 2.5)

which hold for all f € C, (G).

A Lie group whose modular function is constantly equal to 1 is called unimodular. For
example, compact Lie groups are always unimodular; in fact, m|x = 1 for any compact
subgroup, K C G. This follows from the fact that m(K') has to be a compact subgroup of
(0, 00) and there is only one such subgroup, namely {1}.
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Proposition 2.6. If K is a connected Lie group of compact type, both K and K¢ are
unimodular.

Proof. It is well known that a connected Lie group G is unimodular if and only if Ad,
has determinant one for all g € G. (See, for example, Exercise 26 in Chapter 2 of [44].)
There is, however, a subtlety: even if G happens to be a complex Lie group, so that Ad, is
a complex-linear map on the the Lie algebra, the determinant of Ad, should be taken over
R not C. (After all, the complex structure plays no role in the definition of the modular
function.)

Fix an Ad-invariant inner product on £ and identify £ with R™ using an orthonormal ba-
sis. Then the Adjoint representation of & maps into O(n,R), and actually into SO(n, R),
since K is connected. Thus, Ad, has determinant one for all x € K, showing that K is
unimodular.

Now, since the Adjoint representation of K maps into SO(n, R), the Adjoint represen-
tation of K¢ maps into the complexification of SO(n,R), namely SO(n, C). (That is to
say, the adjoint action of K¢ preserves the complex-bilinear extension of the chosen inner
product on ¢.) It follows that for all g € K¢, the determinant of Ad,, computed over C, is
1. It is then easily verified that the determinant over R of a complex-linear transformation,
viewed as a real linear transformation, is the square of the absolute value of the determi-
nant over C. (Work in a basis over C in which the operator is upper triangular.) Thus, the
determinant of Ad,, computed over R, is also 1, showing that K¢ is unimodular. |

3. HEAT KERNELS ON LIE GROUPS

3.1. Laplacians. We now introduce left-invariant Laplacian operators, which in this con-
text will mean any sum of squares of left-invariant vector fields. The results presented in
this section are well-known; for an excellent presentation of many of them, see [34].

Notation 3.1. 7o each real subspace V' C g equipped with a real inner product -, -),,, let
dy "
Ay = Z Z?
a=1
where dy = dimg V and {Za}iil is an orthonormal basis for (V, (-, -),).

By construction Ay is a left-invariant differential operator on G which (as the next
lemma shows) is well defined, independent of basis.

Remark 3.2. In the case that GG is unimodular and V' = g, the operator Ay is the (nega-
tive) Laplace—Beltrami operator on G with respect to the left-invariant Riemannian metric
induced by the given inner product; cf. 8, Remark 2.2].

Lemma 3.3 (Left-Invariant Laplacians). Continuing the notation above, let { X };lil be
any basis for V, and define q;; := (X;, X;)\, (the Gram matrix). If ¢~ is the matrix
inverse to q, then (as differential operators on C*(G))

IR S
1,7 a

where i, j,a all run over {1,2,...,dy}. As a corollary we see that these expressions
are basis independent, i.e., the operators above are associated purely to the inner product

<'7'>V'
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Proof. 1f we let Ayj := (Z;, X;),,, then

g = (Xi, Xj)y = Y (X0, Zo)y (Ze, X))y,
4

= AgAy =[ATA);
4

from which we easily conclude that Ag~' AT = I. Using this identity, we find
Zqi_jl)}i;(j = Z 6" (Xis Za)y (Xj, 2oy ZaZo
i,j j

= Z qi_leaiAijaZb = Z Aaiqi_le;‘rbZaZb

%,7,a,b %,7,a,b
=2 [AAT],  ZuZy =3 2,
a,b a

as claimed.
O

Notation 3.4. For g € G and any function f: G — C, let Rg fand IA/,] f be the functions
on G defined respectively by

(I%gf) (z) = f(zg) and (ﬁgf) () = f(gx) forall xz €@G.

Note that R, and L, leave C°°(G), C2°(@), and L?(G) invariant, and and 1329 acts as
a unitary operator on L?(G). Moreover L, acts unitarily on L?(G) whenever m(g) = 1
where m is the modular function on G. Since Ay is a linear combination of left-invariant
differential operators, Ay, is left invariant over G: Avﬁg = ﬁgAV on C°°(@G) for all
g € G. On the other hand, Ay need not be right invariant without further assumptions.

Lemma 3.5. Let K be a Lie subgroup of G, let V. C g be an Ad(K)-invariant subspace
and let (-, -), be an Ad(K)-invariant inner product on V. Then Ay is right-K -invariant;
i.e, forallk € K,

Proof. For the desired right invariance, we first note that for any g, € G and Z € g,

-/ d . d

Z(Baf) @)= | (Raf) @)= G| flaeZy)
_ i —1 . tZ N\ _ i zaetrde—12y — (79 -
= il Jwss™ e = ) S )= (29) (ag)

where Z9 = Adgq Z . In other words, we have shown that
Z(Rof) =Py (291).
Thus, if £ € K, we have

dv dy .
AvRef =Y ZIRif = R (ZZ:)2 f (3.2)

a=1 a=1
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As (-, )y, is Ad(K)-invariant, we know that {zFydv, = {Adklea}Zil is still an or-
thonormal basis for (V (-, ), ). By Lemma3.3]

dy N
2(25)2 = Ay,
a=1
and thus (3:2)) shows AvRyf = RipAy f as desired. O

Corollary 3.6. Let K be a Lie subgroup of G, let V' C g be an Ad(K)-invariant subspace

and let (-, -),, be an Ad(K)-invariant inner product on' V. Then [Ay, A] = 0 forall A € ¢.

Proof. Taking k = ?tA in (3.I) and then differentiating the result at ¢ = 0 shows the
desired equality Ay Af = AAy f. O

3.2. Heat Operators and Heat Kernels. We now come to the central objects used in this
paper: heat operators (i.e., heat semigroups) and their integral kernels. The first important
fact is that left-invariant Laplacians are always essentially self-adjoint. If G is unimod-
ular and V' = g, the result follows from the well-known essential self-adjointness of the
Laplacian on a complete Riemannian manifold (e.g., Section 2 of [41]]). If elements of V'
generate g as a Lie algebra, then essential self-adjointness can be proved using methods
of hypoellipticity, as in [27]. We provide a self-contained proof of the general result in
Appendix [A] which expands on the brief outline given in [9 p. 950]. (The details of this
argument were communicated to the first author by L. Gross.)

Theorem 3.7. For any subspace V' C g, the left-invariant Laplacian Ay, with domain
D(Ay) = C(G), is essentially self-adjoint as an unbounded operator on L*(G). More-

over, its closure Ay is non-positive, and the associated heat operators e2®V gre left-
invariant for each t > 0.

Asin Lernma the assumption of Ad(K)-invariance makes ezlv right- K -invariant
as well. To properly prove this (in Corollary [3.9|below), we first need the following tech-
nical functional analysis lemma, which is also used in the proof of Lemma[.TT]

Lemma 3.8. Let 57 be a separable Hilbert space, let A and B be two essentially self-
adjoint non-positive operators on S, and suppose Q: € —  is a bounded operator
such QB C AQ; i.e., Q(D(B)) € D(A) and QB = AQ on D(B). Then Qe'? = e'4Q
forallt > 0.

Proof. 1f f € D(B) and f,, € D(B) such that f,, — f and Bf, — Bf, then Qf, = Qf
and AQf, = QBf, — QBf asn — oco. Therefore it follows that Qf € D(A) and
AQf = QBf forall f € D(B);ie., QB C AQ. So for any A € C we may conclude that
(M —=A)Qf =Q(N — B)f forall f € D(B). If we assume A > 0 and g € /, we may
take f = (A — B)~1g € D(B) in the previous identity to find
(M~ A)Q\ - B)™'g = Qg.

Multiplying this equation by (A — A)~! and using the fact that g was arbitrary shows that
QM — B)~t = (A — A)~1Q or, equivalently,

QU —-N'B)y '=(I-X1A)"'Q forall A>0.
A simple induction argument then shows that

QU —-X'B)y™m=(I-X1tA)™Q forall A > 0. (3.3)
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Now, note that lim,, ,oo(1 — 2)™™ =¢e¥and 0 < (1 — £)™™ < 1 for y < 0; it thus

n
follows from the spectral theorem and the dominated convergence theorem that

—n

5 t -\ " i t -
e'? = strong— lim (I — B) and e = strong— lim <I — A)
n—oo n n—00 n
Therefore, taking A = n/¢t in (3:3) and then letting n — oo shows Qe = ¢*4Q for all
t > 0. This completes the proof for ¢ > 0, and the ¢ = 0 case is immediate. O
Corollary 3.9. If K is a Lie subgroup of G, V C g is an Ad(K)-invariant subspace, and
(-, )y is an Ad(K)-invariant inner product on'V, then [e22V Ry = 0forall k € K and
t>0.

Proof. If Q = Rp and A = B = Ay with D(Ay) = C2(G), then by Lemma
QB = AQ), and Q preserves D(Ay ) in this case. The result now follow by an application
of Lemma[3.8] O

Remark 3.10. We will be careful to always use the explicit closure Ay when applying the
heat operator defined through the spectral theorem for unbounded operators as above. In
later sections, we will often work in a function space (sometimes nearly disjoint from L?)
on which the naive power series definition of esAvf converges for each f (cf. Section
. In that case (and that case only), we use the notation e2Av without the closure.
Notation 3.11. If (-, ) is an inner product on g, let || denote the Riemannian distance
from e to x in G relative to the unique left-invariant Riemannian metric on G which agrees
with (-, ), on T.G.

The next theorem introduces the heat kernel: the integral kernel of e58s. For proofs of
the fundamental properties listed here, we refer the reader to [8, Proposition 3.1, Lemmas
4.2-4.3], ]9, Section 3], and the references therein.

Theorem 3.12. Let (-, -) o be aninner product on g and let Ay be the associated Laplacian
as in Notation with D(Ay) = C(G). Then Ay is an elliptic differential operator
and there is a smooth function (0,00) x G > (t,z) — ptAg (z) € (0,00) so that

e58e :/ pi(z)Rydx V> 0. (3.4)
G
That is to say: forall g € G and f € f € L*(Q),

(5%5) (0= [ 6 @)1(on)da.

g

The function ptA is called the heat kernel. It satisfies the following properties.

A Lo ; . _
(1) The measures {p; ° (z) dx}4~0 are invariant under the inversion map v x — x =

) p,fAg is conservative:
/ ps (z) dz = 1. (3.5)
G

3) {ptA Y150 satisfies the semigroup property:

Ag . ~1\ Ag
ps+t(w)—/pr*‘(xy Yot (y)dy Vs, t>0. (3.6)
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@ (t,z) — ptA” (z) satisfies the heat equation:
1

Bipy (z) = §AgptAg($) for t>0andx € G.

5) {ptA" }t>0 is an approximate identity: for any f € C.(G) and x € G,
tiw [ ey o ) dy=tim [ fanedy=fa). G
10 G tl0 G

(6) (Gaussian heat kernel bounds) There exists v € R such that, for T > 0 and
€ € (0, 1], there is a constant C(T, €) such that, for 0 < s < T and z € G,

pRe(x) < C(T,€)s™ Y exp{—(|z| — vs)?/(1 + €)s}. (3.8)

Moreover, if G is unimodular, these estimates hold with v = 0.
(7) (Exponential integrability) For all & > 0 and compact intervals § C (0, 0),

/ el max p2e () da < oc.
G 563
(8) (Concentration at the identity) For any s1 > 0,

lim e'“"‘z/slptA" (z)dx = 0.

HO Jiz|>1
3.3. The Heat Operator on Matrix Entries. In the case G = R4, it is convenient to
do computations with the heat operator on polynomials. Although these functions are not
in L2(R%), one can naively make sense of 5Bz f as a terminating power series for any
polynomial f. It is then an easy matter to verify that the integral formula for the
heat operator coincides with its Taylor series: if f is a polynomial on R?, then

== L o), 6.9)

n!
n=0

Equation (3.9) is easy to prove directly; the result is also a special case of Proposition 3.1
below.

We will need a counterpart of polynomial functions on a general (compact-type) Lie
group; these are matrix entries, which we define as follows.

Definition 3.13. Let G be a Lie group. Let (7, Vy) be a finite-dimensional complex rep-
resentation of G, and let A € End(V,) be a fixed endomorphism. The associated matrix
entry function fr 4 on G is the function

froa(z) = Tr(w(z)A).
If G is a complex Lie group and the representation w : G — GL(Vy) is holomorphic, then

we refer to fr a as a holomorphic matrix entry. In particular, every holomorphic matrix
entry on a complex Lie group is a holomorphic function.

Remark 3.14. A number of comments on matrix entries are in order.

(1) Although some authors might require 7 to be irreducible in order to call fr a
a matrix entry, we make no irreducibility assumption in our definition. If G is
compact, every finite-dimensional representation of G decomposes as a direct sum
of irreducibles, in which case every matrix entry is a linear combination of matrix
entries for irreducible representations. In general, not every matrix entry (in the
sense of Definition [3.13) will decompose as a sum of matrix entries of irreducible
representations.
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(2) Some authors require a matrix entry to be of the form f(x) = £(7(x)v) for some
v € Vand § € V*. This is a special case of Definition[3.13|with f = fr 4 where
A(w) = &(w)v, i.e., A = £ ® v. The more general matrix entries of Definition
[3.13] are linear combinations of these more restricted “rank-1 type” entries.

(3) Matrix entries are smooth functions on G.

4) If G = R, all polynomials are matrix entries. Indeed: if ¢ is a polynomial of
degree < n, take the representation space V' to be all polynomials p of degree
< n, where 7(z)p = p(- + ). If £&o(p) = p(0) is the evaluation linear functional,
then &o(m(z)q) = g(x), so g is a matrix entry.

(5) Evenif G is complex, we will have reason to consider matrix entries associated to
representations of G that are not holomorphic.

Lemma 3.15. For any Lie group G, the set of matrix entries on G forms a self-adjoint
complex algebra.

Proof. 1t is straightforward to compute that, for A € C, Afr 4 = fr »4, while sums and
products satisfy fr A + fo,B = froo,ae0B and fr A fs.B = fres,AoB- For complex con-
jugation, we must define the complex conjugate of a representation and an endomorphism.
This can be done invariantly, but for our purposes there is no reason not to simply choose
a basis. Given a representation (m, V) of dimension d, choose a complex-linear isomor-
phism ¢: V; — C%, and let [1(z)] = pom(z)op tand [A] = po Aop™t. Asd x d

complex matrices, both [7(z)] and [A] have complex conjugates [7(z)] and [A], defined
entry-wise. Then

- fra(z) = Tr(?f(x)A)i Te([m(2)][A]) = Tr([r ()] [A]). (3.10)

The map [7]: G — GL(C?) given by [x](z) = [ ()] is a representation of G' on C?, and
(3.10) shows that

fra = frga
is also a matrix entry of G. This concludes the proof. O

The algebra of matrix entries is also closed under the action of complex left-invariant
differential operators on G; see Lemma[3.16] A generic complex left-invariant differential
operator on (& has the form £ = P(X, ..., X,4) where {X1,..., X} is a basis for g and
P is a noncommutative complex polynomial in d indeterminates. Note that £ naturally acts
as a linear operator C*°(G, C). If G is a complex Lie group then £ leaves the subspace
H(G) of holomorphic functions on G invariant.

Lemma 3.16. Let {Xy,..., X4} be a basis of g, let P be a noncommutative complex
polynomial in d indeterminates, and let L = P(Xy,..., X4) be a complex left-invariant
differential operator on G. For any representation (7, Vy) of G, define

Ly = P(me(X1),...,m(Xq)) € End(Vy).
Then for any endomorphism A of V.,

Lfﬂ',A = f7r,L,rA~
Proof. Givenany X € gand z € GG, we compute
> d d
Xfra@) = —|  fra(@e™)=—  T(r(z)r(e™)A) = Tr(n(z)m. (X)A)
t=0 t=0

= f7r,7r* (X)A(m) .
The result now follows for monomials P by induction, and then in general by linearity. [



THE COMPLEX-TIME SEGAL-BARGMANN TRANSFORM 17

If £ is any complex left-invariant differential operator as in Lemma/[3.16] we may define
the formal exponential e* acting on matrix entries, by a power series

(oo}

1 n
(ELf‘n',A)(‘T) = Z E'C’ f7r,A
n=0
=Tr <7r(:£) > (L))" A)
n=0
= fretra- (3.11)
In particular, we have a “heat operator” e2s acting on matrix entries f, 4 by
e%Ag fTﬁA = fw,eTC’"/zA fOI‘ all T E C (3‘12)
where
d
Cr =Y m(X;)? € End (V). (3.13)
j=1

Remark 3.17. Let £ and L4 be two complex left-invariant differential operators on G as
in Lemma If £; and £y commute on C*°(G), then by simple finite-dimensional
matrix algebra considerations, e“1e®? = e£17%2 as operators on matrix entries.

Even for 7 = t > 0, we should not confuse (3.12) with the heat operator e22¢ of
Theorem if the Lie group G is not compact, then the matrix entry functions f, 4 are
not in LQ(G), which is where e%2s is defined. Nevertheless, there is a link between these
two “heat operators”: both are given by integration against the heat kernel ptA ?. In the
case of €22, this is part of Theorem in the case of the power-series heat operator on
matrix entries, we have the following result.

Proposition 3.18. Let G be a Lie group, with Lie algebra g with a fixed inner product, and
let ptA ¢ denote the heat kernel of Theorem Then for any matrix entry function fr a
on G,

Lo fraten) dy = (280 £10) (@) = frocoiale) (19

with absolute convergence of the integral. In particular, the integral of fr a against the
heat kernel can be computed as

/pr”(y)fﬂ,A(y) dy = (e%Aﬂfﬂ,A) (€) = fr.etcnrzale). (3.15)

Proof. The proposition is an immediate consequence of Langland’s theorem (cf. |36} The-
orem 2.1]). See also [[18, Lemma 8]. If one assumes it is valid to differentiate under the
integral and to integrate by parts, one can prove the proposition easily; see the proof of [6]
Theorem 2.13]. O

Remark 3.19. If f is a matrix entry on G, then by Lemma|3.15] | f|? is also a matrix entry.
Thus, the absolute convergence of the integral in Proposition tells us that f belongs to
L 2 <G7 P tAB )
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3.4. Heat Kernels and Lie Subgroups. Let us now suppose that K is a proper Lie sub-
group of GG, ¢ := Lie (K) is the Lie algebra of K which we identify with i,¢ C g where
1: K — (G is the inclusion map. For X € £ C g, we continue to let X to be the associated
left invariant vector field on G be as described in (2.2). However, we now also let XK
be the associated left-invariant vector field on K; i.e., XK (k) := Ly« X € TpK for all
k € K. For the rest of this section we suppose that (-, -), is a given (real) inner product on
£

Definition 3.20. Continuing the notation above let Ay be the differential operator acting
on C*(G) described in Notation 3.1\ with V' = £. On the other hand, let Ak denote
the associated Laplacian acting on C™®(K) defined by Ak = S0 (XX)2 where

. a=1
{Xa}i;le is an orthonormal basis for (&, (-, -),).
Explicitly the operators A and A g in Definition [3.20]are given by

dim K

d2
(Bef)(9)= D 25| floe™e) for g€ G, feC(0),
a=1 t=0
dim K d2
(Agv) (k)= Y e v(ke!Xa) for k€ K, ve C®(K).
a=1 t=0

The operators A¢ and A g are not the same; they act on very different spaces. They are,
of course, closely connected, as the following integration-by-parts formula attests.

Lemma 3.21. If K is a closed Lie subgroup of G, v € C*(K), f € C*(G), and g € G,
then

/ (Arcv) (k) f (gh) dk = / o(k) (Aef) (gh) d.
K

K

Proof. Since the translated function K’ 5 k — f(gk) has support equal to KN (Lg—l supp(f )),
and since K is closed, it follows that this support set is compact. Therefore

dim K d2
[ @0 trahae= 3" G| [ o)) dn
K a=1 t=0J K
dimK
= - / v(k)f(gke™ X)) dk
a=1 t=0 v K
dim K

d —tXa
DI I OV ST

- / o(k) (Aef) (gh) d-
K

O

As guaranteed by Theorem Ay = Ae|ce (@) is a self-adjoint operator in L?(G)
and A = Ax \CSC(K) is a self-adjoint operator in L?(K).

Definition 3.22 (The heat kernel on K). Fort > 0, let p~% € C™ (K, (0,00)) be the
heat kernel on K as constructed in Theorem[3.12\with G replaced by K everywhere.
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Notice that the operator A is elliptic and so the construction in Theorem applies.
On the other hand, unless K = G, A¢ acting on C* (G) is not elliptic (or even hypoel-
liptic) and hence we can not apply Theorem [3.12]in order to find a heat kernel density

ptA ¢ on G associated to A¢. In fact, e!2¢/2 is not representable as convolution against a

smooth heat kernel density on G. Nevertheless, in Proposition we will see that ef2¢/2
may still be represented as a convolution operator associated to the measure ptAK (k) dk
(thought of as a measure on G supported on K).

Notation 3.23. For a probability measure v on G, denote T'y, = [, Ro~(dx). If pis
another probability measure on G, let v *x p (the convolution of the measures over G)
denote the new probability measure determined by

[ facew= [ fapdnud. v fec@)
G GxG
Here, [, R, ~(dz) is the unique bounded operator I, on L?(G) with the property that

(J1, Ty fa) L2 Z/G<f1,Rxf2> v(dx)

for all f1, f> in L?(G). The following lemma is straightforward to verify from the defini-
tions.

Lemma 3.24. For any probability measure v on G, I, acts as a bounded operator on
L?(G). Its adjoint is given by

s :/ Ry y(dax).
G

Moreover, I' converts convolution into multiplication: if i is another probability measure
on G, thenI'\I'), =T

Proposition 3.25. If K is a closed Lie subgroup of G and (-,-), is an inner product on
t = Lie(K), then the semigroup {e2®¢},>o on L*(G) may be expressed as

e2Be = / P25 (k) Ry, dk.
K

Proof. Let T, := [, P25 (k) Ry dk. Tt is straightforward to verify that {7} },s0 is a self-
adjoint contraction semigroup. Specifically, the self-adjointness of 7} follows from Point
1 of Theorem [3.12] (applied with G replaced by K), the contractivity of 7} follows from
Point 2 of Theorem [3.12] and the semigroup property follows from Point 3 of Theorem
and Lemma [3.24] The strong continuity of 7; is easily verified on C,(G) and then
follows in general by the contractivity of 7;.

Furthermore, if f € CS°(G), then for each fixed « € G,

GO @ =5 [ o) di
:/K@pth) (k)f(:rk)dk:/K%(AKPtAK)(k)'f(xk)dk

A 1 1
= [ ARG (Aef) (k) dk =3T3 (A0 (2), (3.16)
K
wherein we have used Lemma [3.21]in the fourth equality. Hence it follows that

w _ %Aef(fc) = 2%/0 [To(Aef)(x) — (Aef)(2)] ds
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and therefore

Lif—f 1
|25 - ga

1 t
< o7 [ 1T = Aefl gy ds =0 as £ 40
L2(G) 0

Hence, if A is the self-adjoint generator of the semigroup {77} }+>o acting on L?(G), we
¢

have just shown that %Ag C A and hence %AE C A. By Theorem % is also
self-adjoint and so taking adjoints of the inclusion, Ay C A shows A = 1A;. Thus
A= %Ae, and consequently 7, = e'4 = esle, completing the proof. U

If K is compact, it is automatically closed in G; but if K is compact type but not com-
pact (e.g., K = R¥) then it may not be closed in G. Nevertheless, the result of Proposition
[3.25]still holds in general. We include a proof of this fact below for completeness.

Proposition 3.26 (Stochastic proof of (3.16). Let K be a Lie subgroup of G and (-, -), be
an inner product on ¥ = Lie(K). If f € C°(G) and x € G then

d

G | ot k= [ w3 (Aef) (k) dk

That is, (3.16)) is valid without assuming that K is closed. Therefore, Proposition
holds for general K C G.

Proof. First, note that the only place where the assumption that K C G is closed is used
in the proof of Proposition is in the use of the integration by parts formula of Lemma
[3.21] (which, as proved, requires K to be closed) to deduce (3.16). Hence, the following
proof of (3.16), which does not require K to be closed, suffices to establish Proposition

[3.25]in general.

Let (b;):>0 be a £-valued Brownian motion, (k;);>o be the K -valued Brownian motion,
which is the solution of the stochastic differential equation

dk; = kyodb; with kg =e € K.

Then by Itd’s lemma,

Flak) = 5@ + [ @ d) @k + [ 5 (Bef) (k) ds

Taking expectations of this identity implies that
[ ok dh =B (f(wh) = )+ B [ 5 (Aef) (o) ds
K 0
toTt
— 1)+ [ B[ @) (h)] as

wherein we have used the fact that derivatives of f are bounded to see that |; Ot (Oav. f) (zks)
is an L2-martingale and to justify the use of Fubini’s theorem. Differentiating the last
displayed equation with respect to ¢ then gives the desired result:

d

a4 Kpfw)f(xk)dkEB (Aef) (a:ko} = [ o (aef) (b
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3.5. Heat Kernels under Ad(K)-invariance. In this section we assume that K is a
proper Lie subgroup of G, ¢ := Lie(K) and (-, ), is an inner product on g which is
Ad(K)-invariant. We will further assume that m (k) = 1 for all k € K, where m is the
modular function on G.

Remark 3.27. For our purposes later, G will be equal to K¢ and is therefore unimodular
by Proposition in which case m|x = 1 certainly holds. Moreover, if K is actually
compact (not just compact type), then the condition that the modular function of G equals
1 on K is automatic for any G, as noted just above Proposition [2.6]

Under the above assumptions, e
is K-conjugate invariant.

¢ is a right- K -invariant operator and the heat kernel

Corollary 3.28. Let K C G be a compact type subgroup, and suppose that (-,-)q is
Ad(K)-invariant. Suppose further that the modular function m of G is identically equal
to 1 on K. Then

[e3%5 Ri] =0 and ptA” (kxk™') = ptA”(x) (3.17)
forallt >0,k € K, and x € G.

Proof. The first identity in (3.17) follows from Corollary [3.9 with V' = g. To prove the
i

second identity in (3.17), let f € C.(G) be given. Applying Theorem to Ry.f for
k € K, the first identity in (3.17)) gives

/ ptAg (‘T)Rz]%kfdx = Rk/ ptAg (x)Rxfdx
G G

Both sides of this L2—identity are continuous functions; hence we may evaluate both sides
ate € (G to find

| @)z = [ g (@)fho) e
G G

Making the change of variables x — zk~! on the left and x ~ k~'x on the right, and
using the fact that the modular function is equal to 1 on K, we have

[ k@ de = [ ) (o) do
G

G

forall f € C.(G). It follows that p=¢ (zk~1) = p=¢ (k~'z) forall z € G and k € K; the
result follows by substituting x — kzx. (I

Corollary 3.29. Let K be a compact-type Lie group and fix an Ad(K)-invariant inner
product on t. The heat operator ez8K on L?(K) is then given by the convolution formula

(e%AKf) (z) = /K pe (xk ™) f (k) dk. (3.18)
Proof. From Theorem [3.12] we have
(345 1) (0) = [ s (o) di.

By item (1) of that theorem, the heat kernel measure ptAK (k) dk is invariant under k
k~1; hence the integral is equal to

[ o stk dr
K
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Now make the change of variables k£ — kx; the integral is thus equal to
D (k) f(k™1) dk
P (k) f (k") dk.

Since K is unimodular (Proposition , the further change of variables k +—> k=1 then
shows (via (2:3)) that
@

Finally, by Corollary[3.28, p2% (k=1x) = p2% (xk~1), concluding the proof. O

W+

Sp) @ = [ o) s

The next result, which is the final theorem of this section, regards the interaction of A
and Ag. In the presence of Ad(K)-invariance, these two Laplacians commute, as do their
closures and heat operators. The precise statement and proof follows the second author’s
paper [18| pp. 124-125].

Theorem 3.30. Suppose that K is a compact-type Lie subgroup of G, (-,-), is an inner
product on € = Lie(K) and (-, ) is an Ad(K)-invariant inner product on g. Then
(1) [e28¢,e386] = 0 forall s,t > 0,

(2) ezl %A = %(AH'AQ), and

(3) the heat kernel ptAHA" Sfor Ay + Ay may be expressed as

@) = [ o) o ) a 6.19)
K

= / (k) pRE (k) dk. (3.20)
K

Proof. We take each item in turn.

(1) By Corollary 3.28} [e2%s, R;] = 0 for all k € K, and hence using Proposition

et ct3) = [ebo, [ p2oih) Rean] = [ g 0let S, ) ak .

(2) Since {e22¢},50 and {e225},-( are two commuting (strongly continuous) self-

adjoint contraction semigroups, it follows that T} := es8resla for t > 0 is also
a self-adjoint contraction semigroup. Moreover if f € D(A¢) N D(A,), then

Tf=f _ a2 = f efBef—f 1 i A

k2t . ¥ o~ (Aef+A

P € ; / B ( ef + gf)

ast | 0. Therefore 1 (A¢ + Ag) C £ (Ag+ Ay) C A, where A is the generator
of {Tt}t>0 Hence from Theorem [3.7| (as in the proof of Proposition [3.25)), we
have A = QAE + Ag. Item (2) follows.

(3) Theorem[3.12] Lemma@ and Proposition [3.25] show that the statement of item
(2) is equivalent to

FptAE'FAg)\ - FptAg)\ F AK}\ F(ptAE )\G)*(PtAK)\K) (321)

where A\¢ is the right-invariant Haar measures on G and Ag is the right Haar
measure on K thought of as a measure on G which is supported on K. The
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identity (3.21) is, in turn, equivalent to (3.19) since, for all f € C.(G), we have

/ FA((p22a) * (P2 Ak)) = / Fak) e () p% (k) i d

GxK

- / F(@)p2s (k) pB5 (k) da dk
Gx K

= [ s@ ]| [ ot o war] as

Equation (3.20) follows directly from (3.19) and Corollary [3.28]
t

3.6. An Averaging Theorem. In this section, we prove a regularity property of heat ker-
nels on G associated to Ad(K)-invariant Laplacians, for K C G compact. A version of
this theorem was proved in [18]], in a context that applied to the case G = K¢. We give a
proof here that shows explicitly that the result (which is of independent interest) does not
depend on any complex structure on G, or any special relationship between K and G other
than that the inner product on g is Ad(K)-invariant. Throughout the section, we assume
that K is actually compact, not just compact type.
To begin, we need the following lemma, which can also be found as [34, Lemma 7.4].

Lemma 3.31. Let G be a Lie group with Lie algebra g, and let K C G be a compact Lie
subgroup with Lie algebra t C g. Suppose (-,-) = (, '>g is Ad(K)-invariant (such inner
products always exists by averaging since K is compact), and let &~ C g be the orthogonal
complement of €. Then both £ and ¥+ are invariant subspaces for Ady, for each k € K.

Proof. Since ¢ is the Lie algebra of K, it is automatically invariant under Ady for each
k € K (since K is invariant under conjugation by k € K). Now, let Ad}, denote the adjoint
of the operator Ad;, with respect to the given inner product. For X € £and Y € ¢+,

(Adp(Y), X) = (¥, Adi(X)) =0

since Adg(X) € € This shows that Ad,(Y) € €1, so £t is invariant under Adj, for
each k € K. Since the inner product is Ad(K)-invariant, Ady, is unitary, and so Ad;, =
Ad,j1 = Adj,-1. As this holds for all &£ € K, it follows that ¢ is invariant under Ady, for
each k € K, as desired. O

Notation 3.32. If vi and vy are two positive functions on G and C > 1, let us write
v1 X¢ Vo as short hand for C~ vy < vy < Cg, ie.,

0711)2(@ < wv(z) < Cuy(x) for x € G.

The reader may easily verify that v; <¢ v9 iff v9 < v1, and if v3 is another positive
function on G and K > 1 such that vy <g v3, then v1 X¢og vs.

Theorem 3.33 (Averaging Theorem). Let G be a connected Lie group with Lie algebra
g, and let K be a compact connected Lie subgroup of G. Fix an Ad(K)-invariant inner
product on g, let Ay be the associated Laplacian, and let ptA ? be the associated heat kernel.
Given a probability measure vy on K, let v, : G — (0,00) be the ~y-averaged heat kernel
defined by

() = /K §20 (k) y(dR).
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Then for each t > 0, there is a constant C(t) € (1,00) (see (3:24) below) such that

A, .
"}/t XC(t) pt , Le.,
C(t) ty(z) < ptAE’ (z) < C(t)n(x), forall x € G. (3.22)

Proof. Lett C gdenote the Lie algebra of K. Denote by (-, )4 the given Ad(K)-invariant
inner product on g. Denote the dimensions of G and K as dg and dg respectively. Fix
an orthonormal basis {X71,..., X4, } for g with the property that {X,..., X4, } is an
orthonormal basis for €. Define four operators

dic de Agi=Ap+ At
~ ~ g € 14
A = E ij7 Agr = E ij7 , 1
=1 jmdr A1 Ag = §AE + AeL.

By Theorem all four operators are essentially self-adjoint in L?(G), with C2°(G) as a
common core. The operator A is the Laplacian on G determined by (-, -)4. Also notice
that Ay = %Ae +Aj, and that A{ is the Laplacian associated to the modified inner product
(-, >;3 defined as follows: for X1, X, € tan Y7,Y, € €4,

1
(X1 4 Y1, Xo + Vo) = §<X17X2>g + (Y1,Y2)g.

Using Lemma [3.31} it is straightforward to verify that (-, ) is also Ad(K)-invariant.
Its restriction to € is just % times the original inner product, and %Ag is the Laplacian
associated to this scaled inner product on £ (considered here as an operator on G; cf.
Proposition[3.23)). Thus, by Theorem [3.30]in this context,

pRe(z) = / pRe (k=) pEAF (k) dk forall ¢ > 0,z € G. (3.23)
K
Let
vi(x) = / ptA:‘ (xk™1) dk forall x € G
K
and
lAK 2 lAK -2
C0):= ot w)] v [pinei>w)] (3.24)

1
The constant C(t) is finite and locally bounded in ¢ because the heat kernel p? A (k)isa
continuous positive function of (¢, k) € (0,00) x K; cf. Theorem Using (3.23) and
the bi-invariance of the Haar measure on K, it is readily verified that

,otAg = Jew Vo and vioRL =1 forall k € K.

Hence, for any £ € K, we have both ptA" = oo and ,otAg o Ry xm v o Ry, = vy
Thus
A A
pr * o Rr =g pr °- (3.25)

The result follows now by integrating (3.23) against y(dk). O
Remark 3.34. The constant C'(¢) in Theorem (in (3:24))) depends on the restriction of

the inner product to K. As noted in the proof, C'(¢) is bounded for ¢ in compact subsets of
(0, 00).
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Remark 3.35. Equation (3.23)), used in the proof of Theorem [3.33] is in fact equivalent to
the statement of the theorem. Indeed, (3.23) follows from Eq. with v = ), where
dr is the unit point-mass measure concentrated at k € K. In light of this observation,
Theorem may be interpreted as saying that the heat kernel measure ptAg (z) dx is
“uniformly quasi-invariant” under right multiplication by K. That is,

C(t)*lpfg(xk) < ptAg(m) < C(t)ptA”(xk) forall k € K and z € G.

The K-averaged heat kernel will be used to determine the range of the complex-time
Segal-Bargmann transform in Section[4.3]and it will also play a role in Section [5.3]

4. INVARIANT METRICS AND MEASURES ON K¢

If G is a Lie group and K C G is a compact Lie subgroup with Lie algebra ¢, then
one can produce an Ad(K)-invariant inner product on Lie(G) by averaging any inner
product over the Adjoint representation of K, as above. This raises the question: how
many Ad(K)-invariant inner products does GG possess? We now answer this question in
the case that K is simple (and compact type), and G = K is the complexification of K.

4.1. Invariant Inner Products and Laplacians on K¢. Fix a compact-type Lie group
K, and an Ad(K)-invariant inner product (-, -)¢ on its Lie algebra £. Let K¢ denote the
complexification of K (cf. Section ; in particular ¢ = Lie(K¢) = ¢ @ JE. So every
vector Z € €¢ has a unique decomposition Z = X + JY for X, Y € &

Consider the following three-parameter family of inner products on Kc:

<X1+JY17X2+JY2>a,b,c = a<X17X2>3+b<Y131/2>E+C(<X17Y2>3+<X27Y1>E) (41)

for X1, X5,Y1,Y, € €, where a,b > 0 and ¢® < ab. It is straightforward to verify that the
symmetric bilinear forms in (@.I)) are real inner products on ¢¢ (precisely under the condi-
tions on a, b, ¢ stated below the equation), and are all Ad(K)-invariant. The main theorem
of this section is that, in the case that K is simple, this is a complete characterization of all
Ad(K)-invariant inner products on K¢. First, recall:

Definition 4.1. A Lie group K is called simple if dim K > 2, and the Lie algebra t of K
has no nontrivial ideals.

Theorem 4.2. If K is a simple (or 1-dimensional) compact type real Lie group, then € has
a unique (up to scale) Ad-invariant real inner product (-, -)¢, and all Ad(K)-invariant real
inner products on tc have the form (4.1)).

Remark 4.3. For example, K = SU(n) is simple, with complexification K¢ = SL(n, C).
Hence (4.1) characterizes all Ad(SU(n))-invariant inner products on SL(n,C), where
(X,Y)eum) = Tr(XY*) = —Tr(XY) is the unique (up to scale) Ad-invariant inner
product on su(n). In that case, the family can be written explicitly in terms of the trace as
(A, B)gp,c = %(b + a)Re Tr(AB*) + %Re [(b—a+ 2ic)Tr(AB)]. (4.2)
Extending to U(n) and its complexification GL(n,C), it is easy to compute that all
Ad(U(n))-invariant inner products on gl(n, C) are of the form (4.I) plus one more term,
involving the 1-dimensional subspace spanned by the identity matrix; extending [@.2)), there
is one more term involving Tr(A)Tr(B). In [3, 28] 29], the third author studied the large-n
limits of the diffusion processes on GL(n, C) invariant with respect to the inner products
(, Ya,b,0- Part of the motivation for the present work was the question of whether those were
the largest class of appropriately invariant diffusions; the answer provided by Theorem4.2]
is no, and the associated diffusions will be explored in a future publication.
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Remark 4.4. The first statement of Theorem[4.2] that the Ad-invariant inner product on K
is unique up to scale when K is simple, is well-known; it was proved, for example, in [34}
Lemma 7.6].

We will use Schur’s lemma as a tool in the proof of Theorem[4.2] but this is complicated
by the fact that the inner products in question are real. We must therefore be careful about
how and when we complexify.

Lemma 4.5. If K is a simple (real) Lie group with Lie algebra ¥, then the (real) Adjoint
representation of K on t is irreducible. Moreover, if K is compact type, then the (complex)
Adjoint representation of K on €c is also irreducible.

Proof. TfJ C ¢is an invariant real subspace for Ad(K), then Ad..x (V) € Jforallt € R,
X € ¢, andY € J. Taking the derivative at t = 0 shows that adx (Y") = [X,Y] € J for all
X € tandY € J, which means J C ¢ is an ideal in €. Thus J € {0, £}, yielding the first
statement of the lemma.

Now, [23] Theorem 7.32] states that the simplicity of € implies that ¢ is also simple as
a complex Lie algebra. (The statement given there assumes K is compact, but the proof
only uses the fact that it is compact type.) So, let J C £¢ be an invariant complex subspace
for Ad(K). The same argument above shows that [X, W] € Jforall X € tand W € J.
Any Z € ¢ has the form Z = X + JY for X,Y € ¢, and by (2.1), we therefore have

[ZW]=[X+JY,W]=[X,W]+JY,W]|e€d+Ji=], VZct,Wej

where the final equality follows from the fact that J is a complex subspace. Hence J is a
complex ideal in €¢, and therefore J € {0, ¢c}. This concludes the proof of the second
statement. t

We now prove the algebraic result that constitutes most of the proof of Theorem 4.2

Proposition 4.6. Let K be a simple (or 1-dimensional) real compact-type Lie group, and
fix an Ad-invariant inner product (-,-)¢ on its Lie algebra t. If B: tc X tc — R is an
Ad(K)-invariant symmetric bilinear form, then B has the form @.1)) for some a,b,c € R.

Proof. The result is straightforward when K is 1-dimensional, so we focus on the case
that K is simple. We use the inner product (-, )1,1,0 (cf. (@.I)) as a reference; there is then
some endomorphism M : ¢c — €¢ such that

B(Z,W)={(Z,M(W))11.,0 Y Z,W € tc.
The symmetry of B forces M to be self-adjoint. By Proposition2.1] tc = € ® J¢; we view
this as isomorphic to £ @ £ (and so view the inner product on this space as well). Thus we
can decompose the endomorphism M in block diagonal form
A C }

M:[CT B

4.3)
where A and B are symmetric matrices.

Now, by @I), the Adjoint representation of K commutes with J; it follows that, under
the isomorphism £¢ = ¢ & €, Ady, acts diagonally for all £ € K. Using the fact that both
the inner product (-, )1 1,0 and the bilinear form B are Ady-invariant, it is straightforward
to compute that the matrices A, B, C, and C T all commute with Ady, for each k € K. The
same therefore applies to the complex-linear extensions of these endomorphisms to €c. It
then follows from Lemma and Schur’s lemma that there are constants a, b, c € C with
A=al, B="bl,and C = C" = cI. Since each of the endomorphisms preserves the real
subspace ¢, it follows that a, b, c € R.
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Hence, for Z = X + JY € &, @3) yields M(Z) = (aX +cY) + J(cX +bY). From
the definition of the inner product (-, -)1 1,09, we therefore have
3(X1 + JYl, X2 + JYQ) = <X1 + JYl, an + C}/Q + J(CX2 + bYYQ)>171’0
= (X1,aXs 4 cYa)e + (Y1,cXo + bY2)e
= G<X17X2>f + C<X1) }/2>3 + C<Y13X2>E + b<}/17 }/2>B
= (X1 +JY1,Xo+JY2)apc
concluding the proof. (]
The proof of Theorem .2 now follows quite easily.

Proof of Theorem@.2] Let (-,-)¢ and (-, )} denote two Ad-invariant inner products on K.
We may view the second inner product as a symmetric (degenerate) bilinear form on £¢,
which is Ad(K)-invariant. By Proposition [4.6] it follows that (-,-); = a(-,-)¢ for some
a € R (the other terms in (@I} are 0); the fact that both are inner products forces a > 0.
This proves the uniqueness, up to scale, of the Ad-invariant inner product on K.

Now, any real inner product (-, -) on €c is a symmetric bilinear form on £¢, and so by
Ad(K)-invariance, Proposition 4.6 shows that it has the form 1) for some a,b,c € R.
Since it is an inner product, it follows that the matrix M of @) is positive definite, and
given its block diagonal form, this is equivalent to a, b > 0 and ab—c? > 0. This concludes
the proof. [

We now turn to the Laplacian on £¢ associated to the inner product (@.I). The notation
Ay, for this Laplacian (cf. Section [3.1)) is lacking, as it depends upon the specified inner
product on £¢ without notation to refer to it. Thus, we refer to the Laplacian in this case as
Lo Lemma@ allows us to compute it quickly.

Proposition 4.7. Let L, . denote the Laplacian on C? (K¢) associated to the inner prod-
uct (-, -Yap.c of @I). Fix any basis {X; }?:1 of € orthonormal with respect to the given
Ad(K)-invariant inner product on £, and let Y; = JX ;. Then

d
1 ey o
Lape = 03— ; [bX2 +a¥? - 2cX,7; . 4.4)

Proof. Since tc = £ & JE (cf. Proposition , the set { X, Yj}?:1 is a basis for ¢c. Let
Vaor—1 = Xp and Vo, = Y}, for 1 < k < d, and define ¢;; = (V;, V})qap,c. By Lemma|3.3]

Lape= Y a5 ViVi. (4.5)

We can compute directly from (1)) and the orthonormality of { X }3—1:1 that
(Xiy Xj)ape =005, (Yi,Yi)ape =005, (Xi,Y)ape= (Y, Xj)abc=clij.

It follows that the matrix ¢ is block diagonal with 2 x 2 diagonal blocks all equal to the
matrix B (below). Thus ¢~ is also block diagonal with 2 x 2 diagonal blocks all equal to
B~ (below).

Combining this with @3) yields (#4). O
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To dispense with the cumbersome determinant in the denominator in (4.4)), and match
the parametrization relevant to the Segal-Bargmann transform, we make the following
change of parametrization:

(s, t,u) = ®(a,b,c) := (a+b,2a,2c). (4.6)

ab — 2
It is straightforward to verify that ® is a diffeomorphism
®: {(a,b,c): a,b>0,c* < ab} — {(s,t,u): t > 0,u € R,2s >t +u?/t}

with inverse
4

2st — 12 — u?
referring to the constant o of (I.10), which is positive precisely in range of ®. From here
on, we use the parameters (s, ¢, ) which leads to the notation used in Definition|1.4jof A, -
on K in the introduction. In particular, this means that the Laplacian A, ; corresponds
to the inner product (-, )45 . Where (a,b,c) are given as in @.7). The fact that @ is a
bijections shows that there is a one-to-one correspondence between the Laplacians A, ,
and the inner products (-, -)g p ¢

(a,b,¢) = 7! (s, t,u) = )=1(l,s—L,%) @D

SIS

(%75_ %a

4.2. Invariant Heat Kernels on K and K. Let us now fix notation for the heat kernels
relevant to the Segal-Bargmann transform.

Definition 4.8. Let K be a compact-type Lie group, with a fixed Ad(K)-invariant inner
product. Denote by Ak the associated Laplacian acting on C*°(K); for t > 0, denote
by py = ptAK : K — Ry the associated heat kernel (cf. Theorem applied with G
replaced by K and Ay replaced by Ak ). In addition, for s > 0 and T € D(s, s), denote by
ts,r: Kc — Ry the heat kernel (at time 1) associated to the Laplacian A, ; of Definition
L4

To be clear:

t
ez

/ pi(k) Ry, dE which is an operator on L*(K), 4.8)
K
ezhe = / pi(k) Ry, dE which is an operator on L?(K¢), and

K

e3Ber = / ps.r(2) R. dz which is an operator on L?(K¢). 4.9
K

For the heat operator @]) we could include an additional time parameter (egAS’T )r>0s
but following Definition @] we see that A, ; = A, -, so there is no loss in absorbing
this extra parameter into ones already present.

Following the discussion after (4.7), A - is the Laplacian for an Ad(K)-invariant inner
product. Therefore Corollary applies:

[G%AS’T,R]C] =0
Ns,T(kail) = HS,T(Z)

Also Theorem applies: e8¢ and e22+~ commute for all 7, s, 7.

fork e K, z € Kc¢. (4.10)

Assumption 4.9. For the remainder of this section, we assume K is compact.
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Definition 4.10 (K -averaging). Let P be the K-averaging operator defined on L], .(Kc)
by

P = T'Haar ::/ Ek dka
K
or more explicitly by
(P @)= [ feh) di
K

where dk denotes the Haar probability measure on K. (So K-averaging is y-averaging,
as in Theorem in the case that v is the Haar probability measure on K.)

Since the Haar measure on K is invariant under inversion and the convolution with
itself is still Haar measure, it follows from Lemma that P: L?*(Kc) — L?(Kc)
is an orthogonal projection. The operator P also preserves the subspaces C°°(K¢) and
C*(Kc) and if f € C(K¢) we have Pf(zk) = Pf(z) forallk € K and z € K¢. In
short, R,P = Pforallk € K. If s > O0and 7 = t + iu € D(s, s) we refer to Pps »
as a K-averaged heat kernel on K¢; see Definition[T.8] Recall from Definition [T.§] that
vy = P € C°(Kc, (0,00)) is the K -averaged version of y; ;. The next lemma shows
that v, is also the K -averaged version of i, » whenever Re 7 = ¢.

Lemma 4.11 (K -averaged heat kernels). If s > 0 and 7 =t + iu € D(s, s), then

/ ws,r(zk) dk = (Pps,-) (2) = ni(z)  forall z € Kc.
K

Proof If X € tand f € C°(Kc), then (Pf) (ze™X) = (Pf)(z) for all z € K¢ and
r € R. Differentiating at » = 0 shows that XP f = 0 for any X € £. Using the fact that
X j§~’j = 17])? 4, which follows from the definition Y; = JX; and @ it follows from
Definition [T.4] that

d
t t ~
A, P = §AJEP = P§AJE on C®(Kc), where Aje:= Z;YJ?. 4.11)
j=
For the last equality we used Lemma [3.5|to conclude that [P, A j¢] = 0 on CZ°(Kc). An
application of Lemmawith Q=P A=A, and B = %AJ& gives, Peslie —
e®sr P forall 7 € D (s, s) with Re 7 = t. In particular we may conclude that

eBerPp=eBoitP V1 =t+iuecD(ss) (4.12)
or equivalently that

(Do Pu,w) (i) = (€21 Po,w) 20y YV u,0 € Co(Ke, R). (4.13)
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For the rest of the proof let jis » = P, be the K-average of ys -. We may rewrite
the left-hand-side of (.13) as,

<6AS’7P’U,’UJ>L2(KC) = /K2 MS,T(Q)(PU)(Zg)w(Z) dg dz

— [ hecloegbyu(z) dy dz di
K2xK

— [ ok ot () dg dz di

KZxK

= / s, (gk)v(zg)w(z) dg dz dk

KZxK
— [ prtapooute) dy
K2
This equation with 7 = ¢ also shows the right-hand-side of {.13) is given by

(e Pow) ey = [ oo dy .

K¢

Comparing the last two identities shows, for all v, w € C.(K¢),

| ertatcarez) dgdz = [ nia)oopet:) dgde

C

As C.(Kc) is dense in L?(K¢), we may conclude that for all v € C.(K¢),

/ fis,r (9)v(zg) dg = / vi(g)v(zg)dg forae. z
Kc K

and hence for every z € K¢ as both sides of the previous equation are continuous in z.
Thus, taking z = e, it follows that,

/ fis,7(9)v(g) dg = / vi(g)v(g) dg Vv € Ce(Ke,R).
K¢

Kc

So as above, the density of C.(K¢) in L?(K¢) along with the continuity of both jis , and
vy, allows us to conclude that fi5 - (g) = v;(g) for all g € K. O

Remark 4.12. By Theorem Is,r Xc(s,r) Ve for some constant C'(s, 7). (Recall Nota-
tion @) As a consequence of Lemma@ we also have f1;; <c(11) V. It follows that
Hsr XC(t,6)C(s,7) Mi,ts 1.€., all the densities s 414, With ¢ fixed are equivalent. It is worth
commenting on the constant C(s, 7); it is bounded by the expression (3.24). In this con-
text, we have the Ad(K)-invariant inner product (-, -)q5.c with (a,b,¢) = (4, s — L %)
(cf. @7)) which induces the heat kernel ji5 . The restriction of this inner product to € is

(X1, Xo) = — (X1, Xa)¢,

t
2a
i.e., it is a scalar multiple of the fixed background Ad(K)-invariant inner product on &,

where the scaling factor % = mjiéiuz depends on all three parameters s, ¢, u continu-

ously. The constant in (3:24) is determined by the absolute minimum and maximum values

S,T,

attained by the heat kernel p;’ Kon K corresponding to % this Laplacian (at time 1, since
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{ts, - is the heat kernel for A, ;- at time 1). Let pAK denote the heat kernel on K determined
by the reference metric (-, -)¢. By definition, we have
oK A
pi e pt/ést7t27u2)’

Since the heat kernel ptAK is continuous (in fact smooth) in ¢, cf. Theorem , it follows
that C'(s,7) depends continuously on (s, 7) in the domain 7 € D(s, s) of interest. In
particular, this means that 1 -, (¢ ¢, and v, are all equivalent by constants that are locally
uniformly bounded in (s, 7).

The K-averaged heat kernel, v, will appear in an essential way in Section[5.3] It will
also arise as a technical tool in Section 3] below.

4.3. Two Density Results for Matrix Entries. To show that the complex-time Segal—
Bargmann transform maps onto HL?(Kc, s - ), we require a density result. Recall (Def-
inition [3.13) the notion of a matrix entry on an arbitrary Lie group and the notion of a
holomorphic matrix entry on a complex Lie group. The main result of this section is the
following theorem

Theorem 4.13. Let K be a real Lie group of compact type. For any s > 0, the matrix
entries on K are dense in L*>(K, ps). If s > 0 and 7 € D(s,s), then the holomorphic
matrix entries on K¢ are dense in HL?(Kc, ps - )-

Proof. We consider first the case that K = R? and K¢ = C?. Then p, is a Gaussian
measure on K. Since every polynomial on R? is a matrix entry, we may appeal to the
classical result that polynomials are dense in L? of Gaussian measures on R?. (For a proof
of a more general result, see [[10, Theorem 3.6].) On the complex side, every holomor-
phic polynomial is a holomorphic matrix entry, and the measure /5, on C? is Gaussian.
Thus, by [10, Proposition 3.5], matrix entries are dense in J{L2((Cd, s.~). (Note that, in
general, the measure ps ~ is not invariant under multiplication by ¢ and monomials of
different degrees are not necessarily orthogonal. Thus the proof of density of holomorphic
polynomials in [1, Section 1b] does not apply.)

We consider next the case that K is compact. In that case, the heat kernel density ps; on
K is bounded and bounded away from zero for each fixed s > 0. Thus, the Hilbert space
L?(K, ps) is the same as the Hilbert space L2(K), with a different but equivalent norm.
Hence, the density of matrix entries in L2(K, ps) follows from the Peter-Weyl theorem.
On the complex side, we appeal to the averaging result in Theorem [3.33] which tells us
that the Hilbert space HL?(Kc, s, ) is the same as the Hilbert space HL? (K¢, 1), with
a different but equivalent norm. Thus, it suffices to establish the density of matrix entries
in HL?(Kc, v;); this claim follows verbatim from the proof of the “onto” part of Theorem
2 in [[18, Section 8]; we give a very brief outline of the idea of this proof at the end of this
section below.

We consider finally the case of a general compact-type group K. Recall (Proposition
that K is isometrically isomorphic to Ky x R for some compact Lie group K and
some d > 0. Thus, the heat kernel measure ps on K factors as a product of the heat
kernel measures p? on K and p! on R?. Now, a standard result from measure theory tells
us that there is a unitary map U from L?(Kj, p%) @ L*(R%, p!) onto L%(K, ps) uniquely
determined by the requirement that U (f; ® fa2)(z1,22) = fi(x1)f2(22). If f1 and fo are
matrix entries on Ky and R?, respectively, then f (1) fa(w2) is a matrix entry on K (by
an argument very similar to the proof of Lemma [3.15). Using the density results for K
and for R and the unitary map U, we can easily show that linear combinations of matrix
entries of this sort (which are again matrix entries) are dense in L?(K, py).
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On the complex side, recall (Proposition that K¢ is isomorphic to (Ky)c X ce.
If we restrict our Ad-invariant inner product on £ to the Lie algebras of K, and of R<,
these restrictions will also be Ad-invariant. We may then construct left-invariant metrics
on (Ky)c and C¢ by the same procedure as for K¢. In that case, it is easily verified that
the isomorphism K¢ 2 (Ko)c x C¢ is isometric. Thus, the heat kernel measure 15, on
K is a product of the associated heat kernel measures /12’7 on (Ko)c and ,u;T on C%.

Then, as on the real side, we have a unitary map V from L*((Ko)c, u2 )@ L*(C?, . )
onto L?(Kc, s ). According to the Appendix of [19], the restriction of V' to the tensor
product of the two HL? spaces maps onto HL?(Kc, ps ). (It is easy to see that V maps
the tensor product of the two HL? spaces into HL?*(Kc, pis +); it requires some small
argument to show that it maps onto.) Thus, as on the real side, the density result for K¢
reduces to the previously established results for (Kg)c and for C¢. g

For the convenience of the reader, we briefly outline the proof of the density of holo-
morphic matrix entries in HL?(Kc, ), in the case that K is compact. The proof is similar
in spirit to the proof of the density of polynomials in the classical Segal-Bargmann space
over C% in [} Section 1b]. Consider a fixed function F in J{Lz(K@, V). By the Peter—
Weyl theorem, the restriction of F' to K can be expanded in a “Fourier series,” that is, a
series in terms of matrix entries for irreducible representations of K:

Flx =) fra.

for some endomorphisms A, on the (complex) representation spaces. By the universal
property of the complexification, each representation 7 of K has a holomorphic extension
to a holomorphc representation 7¢ of K¢; thus, the matrix entry fr 4. has a holomorphic
extension fr. a, to Kc.

Now, a fairly elementary argument shows that the resulting holomorphically extended
Fourier series converges to F' uniformly on compact subsets of K¢:

F= Z freA,- (4.14)

Let E,, be a nested sequence of K -bi-invariant compact sets with union equal to K¢. The
K-invariance of the measure v; implies that the functions fr. 4, are orthogonal, not just
in L?(Kc, ;) but also in L?(E,,v;). Orthogonality and uniform convergence over E,,
tells us that
2 2
1F 12y ey = S frecn |2 -
s

Letting n tend to infinity and using monotone convergence, we obtain

2 2
”FHL?(KC,W) = Z | fre,Ax ||L2(K(C,Vt) :

It follows that the (orthogonal) series in (@.14) converges not only pointwise, but also in

L2 (K(c, Vt)~

5. THE SEGAL-BARGMANN TRANSFORM

We analyze the complex-time Segal-Bargmann transform for a connected Lie group of
compact type in two stages. In the first stage, we consider a transform M, defined on ma-
trix entries using a power-series definition of the heat operator. Using the strategy outlined
in Section[T.4along with density results established in Section[d.3] we show that M/, maps
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a dense subspace of L?(K, ps) isometrically onto a dense subspace of HL?(Kc, fis ).
Thus, M., extends to a unitary map M, of L?(K, ps) onto HL?(Kc, s r)-

In the second stage, we show that the heat kernel p;(x) on K has a holomorphic exten-
sion in both ¢ and z, denoted pc(-,-). We then prove that the unitary map M , may be
computed by “convolution” with the holomorphically extended heat kernel. That is to say,

(.o )(2) = [ pelr k™ f) di
K
forall s > 0, f € L%(K, ps), 7 € D(s,5),and z € Kc.
The advantage of the two-stage approach to the proof is that we can use the unitary
map M , to establish the existence of the holomorphic extension of the heat kernel, thus
avoiding the representation-theoretic estimates used in [18].

5.1. Constructing a Unitary Map. As usual, we work on a connected Lie group K of
compact type, with a fixed Ad(K)-invariant inner product on its Lie algebra £. Accord-
ing to Theorem the space of matrix entries is dense in L?(K, p,) and the space of
holomorphic matrix entries is dense in HL?(Kc, fis.7)-

We now define a transform M/, directly by its action on matrix entries. Let f; 4 be
a matrix entry on K acting on a complex vector space V. By the universal property of
complexifications, the representation 7 extends uniquely to a holomorphic representation
mc of K¢ on V. Hence, the matrix entry f; 4 has an analytic continuation as well,

(fTr,A)C(g> = TI‘(ﬂ'(C(g)A) = fﬂ'C,A(g)7 g€ Kc.

Definition 5.1. For 7 € C_, define M, on matrix entries on K as
T >, (1/2)" n
Mofen = 5% (Frale = | 5 T2 A

n=0 ’ C

Note that, by B.T1), eZ¢(f 4) is again a matrix entry, and thus has a holomorphic
extension. We can therefore write the action of M on matrix entries more explicitly as

MTfTr,A = f

TC,e

rCrg g (5.1)

5.1.1. Complex Vector Fields and Commutation Relations. We would now like to emulate
the proof of the Segal-Bargmann isometry for the R? case outlined in Section To
that end, we must introduce the complex vector fields generalizing the complex derivatives
0/0z; and 0/0%; in the Euclidean context.

Definition 5.2. Let G be a complex Lie group with Lie algebra g and let X be an element
of g. The holomorphic and antiholomorphic vector fields associated to X are complex
vector fields Ox and Ox on G defined by

8X:%<)?—ij)v(> and éxz%@ﬂ'j)?). (5.2)

In the special case G = C%, if X = §/0x; then dx = 0/dz; and Ox = 0/9%;. (The
reader is warned, therefore, that the notation is somewhat counterintuitive when compared
to the Euclidean context.) By (2.3)), if X € g and F is holomorphic on G then

OxF=XF, 0xF=0 (5.3)
oxF =0, OxF = XF. (5.4)
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Lemma 5.3. If X,V € g, then
oy, JX] = ilov, X],  and  [dy,JX] = ~i[dv, X].
Proof. By @I), for any Wl, W2 € g, [JWl, WQ] = J[Wh WQ} = [Wl, JWQ] and there-
fore by the definition of the Lie bracket,
[TW1, W) = [JWy, Wa] = J[Wy, Wa] = [Wy, JWa] = [Wh, TWWs).
We can then compute from the definition that
— 1~ @ — = l—~ — = l—~ =~ = S
[Ov,JX] = §[V —iJV, JX] = §[JV —iJJV, X] = i[JV—H‘V,X] = i[Oy, X].
The calculation for Oy is similar. O

We now specialize to the case G = K¢ for a compact-type Lie group K.

Definition 5.4. Fix an orthonormal basis {X1, ..., X4} for £, and let 0; := Ox; as in
(B-2). Then set
d d
#?=>0;, and =)0 (5.5)
j=1 j=1

A routine calculation shows that the operators 9 and 02 are well-defined, independent
of the choice of orthonormal basis.

Lemma 5.5. Forall f € C*°(K¢)and allk € K,

D*(foRy)=(0°f)o Ry,  and  O0*(foRp) = (9*f) o Ry. (5.6)
The proof of Lemmal5.5]is very similar to the proof of Lemma[3.3] and is left to the reader.

This brings us to the main commutator result of this section.
Proposition 5.6. For any A € {¢,
0% A = (0% 4] =

Proof. As any A € ¢ has the foom A = V 4+ JW for some V, W € ¢, it suffices by
linearity to prove that 92 and 9% commute with V' and JV for any V € £ . For the former
statement, apply Lemma with & = e'V, and differentiate at ¢ = 0 to yield the result.

For the second statement, we employ Lemma [5.3]and compute as follows.
d d

(02, V] = 3 (0305, V) = Y (95105, TV] + [0, TV105 )

j=1 j=1
d ~ ~
=iy (9300,,V] + [0 )_zZaa V] = i[0%, V]
j=1
and we already showed that [6?, 17] = 0. A similar calculation proves the result for 2. [
Corollary 5.7. The operators 02, 9%, Ag, and A 7 all mutually commute.

Proof. Since Ag and A, ; are linear combinations of squares of left-invariant vector fields
on K¢, Proposition [5.6{ shows that they both commute with 92 and 92 Similarly, letting
Y; = JXj, since 82 and 82 are linear combinations of X 2 Y2 and X Y = Y X (cf.
@D) the commutator [82 0?] = 0 also follows from Proposmon E Finally, A¢ =
Z, X 7 with X; € €, while A . is the Laplacian associated to an Ad(K)-invariant inner
product on £¢; it follows from Corollary [3.6|that A¢ and A, - commute. (]
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Remark 5.8. The fact that [0?, %] = 0 holds quite generally. Indeed, on any complex
manifold, if Z =}, aj(z)aizj and W = Z: ; bj(z)a%j are two holomorphic vector fields,
than a simple computation shows that [Z, W] = 0.

5.1.2. The Transform M., and the Isomorphism M ;. The usefulness of the 9% and 9?
operators and the commutation result in Corollary in the present context lies in the
following result.

Lemma 5.9. Let s > 0and 7 € D(s, s). Let A, ; denote the K¢ Laplacian of Definition
and let Ay denote the Laplacian of K acting on C*°(Kc¢) as usual. Then

sAg = A+ + 0% + 702
where all operators appearing in this identity are mutually commuting.

Proof. Fix an orthonormal basis {X7,..., Xy} of £ For ease of reading, let Y; = JX;.
To begin, we compute that, for each j,

- 1,5 = 1,5 .= 1,50 =
O+ 07 = 16 - iY;)? + 71X +iY;)% = 5(X]? -V}, (5.7)

_ 1 ~ ~ -~
0F — 3; = 1(X; —iY))* — (X +Y))* = ~iXY; (5.8)

where we have used the fact that [)N( s 17]] =0 (cf. @.1))).
Now, let 7 = t + 2u. Then for each j,
t

707 + 707 = t(07 + 07) + (97 — 93) = §(Xf —Y}) +uX;Y;.
Thus, we have
t\ =y te -~ = -
Ks — 2) X7+ §Yf —uX;Y;| + 707 + 707 = sX;. (5.9)
Summing on j proves the lemma. O

We can now prove that M is a bijection from the space of matrix entries on K to the
space of holomorphic matrix entries on K¢, isometric from L?(K, p) into L?(Kc, fis 7 )-

Theorem 5.10. Let f be a matrix entry function on K. Then for s > 0 and 7 € D(s, s),

M- fllL2 (ke pe ) = 12 (5 p0)- (5.10)

Moreover, every holomorphic matrix entry F on K¢ has the form F = M. f for some
matrix entry f on K.

The proof of follows the strategy outlined in Section using left-invariant
vector fields in place of the partial derivatives in the Euclidean case. A key step in the
argument requires us to combine exponentials, which is possible only if the operators in
the exponent commute. It is at this point that we use the commutativity result in Corollary

Proof. Let FF = M, f. The matrix entry f on K has a holomorphic extension f¢ to K.
Now, A is a left-invariant differential operator on K¢, and this operator—being a sum
of squares of left-invariant vector fields—preserves the space of holomorphic functions.
Thus, we have that ((A¢)"f)c = (A¢)"(fc) for all n > 0. It follows that F' may be
computed as F' = e78¢/2( fc). Since fc is holomorphic, we may use (5.3) to rewrite this

relation as i
F=e 92 (fo).
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It is then straightforward, using (5.3)) and (3.4), to see that
[FI? = e /2eT 2 fo o).

Thus, using Proposition [3.18] we may compute the norm of F as
VP IR ) = (272IF 1) (€)

_ (6A5'7/26T62/26?52/2(fcfc)) (e). (5.11)

By the commutativity result in Corollary [5.7 and Remark [3.17] we may combine the
exponents in the last expression in (5.11). Note that there are no domain issues to worry
about here: All the exponentials in (5.11) are defined by power series and since fc fc is
a matrix entry (cf. Lemma [3.13), all exponentials are acting in a fixed finite-dimensional
subspace of functions on K¢. Using Lemma([5.9] (5.11) therefore becomes

11122 (e ) = (€22 ) (e) = (22 ) e).

The last equality holds because e belongs to K and A is a sum of squares of left-invariant
vector fields associated to elements of ¢. Using Proposition[3.18|again, we finally conclude
that

IFNZ 2 (e ) = ||f||2Lz(K,ps)
establishing (5.10).
Suppose now that F' is a holomorphic matrix entry on Kc; thatis, F' = f. 4 for some
finite-dimensional holomorphic representation 7¢ of K¢. Then F| x = fr,a, where 7 is
the restriction of 7¢ to K. We may then define

f:eigAe(Fb():f z

Te 2 Cr A

asin (3.12). Then f is a matrix entry and we have, using (3.12) again, M, f = (eZ2¢ f)c =
F. ([l

Theorem S.11. The map M, has a unique continuous extension to L?(K, ps), denoted
M s -, and this extension is a unitary map from L*(K, ps) onto HL?*(Kc, s - ).

Proof. Theorem mtells us that M, is defined on a dense subspace of L?(K, ps). Since
M. is isometric, the bounded linear transformation theorem (e.g., Theorem 1.7 in [35])
tells us that M, has a unique continuous extension to a map M&T of L?(K,ps) into
HL?*(Kc, pus,.)- This extension is easily seen to be isometric, and since (by Theorem
[A.13]again) the image of M. is dense, the extension is actually a unitary map. (]

For a general f € L?(K, ps), the value of M, may be computed by approximating f
by a sequence f, of matrix entries and setting

Ms,‘rf = nhﬁnéo M‘rfn (5.12)

(The bounded linear transformation theorem guarantees that the limit exists and that the
value of M , is independent of the choice of approximating sequence.) Now, is
not a very convenient way to computing. In the next section, we will seek a direct way
of computing M&T, which will also demonstrate that MSJ coincides with the way we
defined the complex-time Segal-Bargmann transform in the introduction; cf. (T.7). A first

step in that direction is proving that (M . f)(z) is holomorphic in both 7 and z.

Lemma 5.12. Fix s > 0. For each f € L*(K, ps), the function (1,2) — (Ms.f)(2) isa
holomorphic function on D(s, s) x K.
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Proof. If f = fr a is a matrix entry, then

(MS,TfW,A)(Z) = (MTf-n—,A)(Z) = Tr(ﬂc(g)eTCﬂ'/zA)

which is easily seen to depend holomorphically on 7 and z.

We then approximate an arbitrary f € L?(K, ps) by a sequence f,, of matrix entries.
Then M, f,, = M, f, will converge to M, f in HL?(Kc, s ). It is well known that
the evaluation map F' — F(z) on HL?(Kc, s ) is a bounded linear functional; this is
due to the ubiquitous pointwise L? estimates in this holomorphic space (cf. [[Z, 20]). We
claim that we can actually find locally uniform bounds on this functional. That is to say:
for each precompact open subset U of K¢ and r € (0, s), there exists C = C(r,U) < oo
such that, for all 7 € D(s,r) and F € HL?(Kc, s ),

sup [F(z)] < € U) 1l (5.13)

Kc,ps,7) "

Assuming this result for the moment, we can conclude that the convergence of (M , f»,)(2)
to (M - f)(2) is locally uniform jointly in (7, z), and since each function in the sequence
is holomorphic, it follows that the limit (M, f)(2) is jointly holomorphic in (7, z) as
claimed.

To establish the bound in (5.13)), we observe that the norm of the pointwise evaluation
functional can be estimated in terms of lower bounds on the density p . For example,
[7, Theorem 3.6] shows (in our context) that, for any precompact neighborhood V' of the

identity e, there is a constant C'(V') so that, for all holomorphic F' and z € K,

cv)
|F(Z)| < infUEV \/m||F”L2(KC,us,T)'
The constant C (V') is determined only by the holomorphic structure of the group (given
by averaging a symmetrized bump function on V, applying the Cauchy integral formula);
hence, C (V) is independent of s and 7. Hence, it suffices to show that i, -(z) is bounded
strictly above 0 locally uniformly in 7 and z.

The group, K¢, factors as (Kg)c x C? as in Proposition and the heat kernel p, -
also factors over this product. On the C? side, there is an explicit formula for 15 ,(2)
(given in (I.17)) which is manifestly bounded away from zero locally in both T and .
Thus, it suffices to assume that K is compact, which we do from now on.

Denote t = Re7. From the averaging Theorem [3.33] and Lemma [4.T1] we see that
there is a strictly positive constant C’(s, ) such that pis ; =<cr(s,r) fit,:; Mmoreover, as
detailed in Remark [4.12] the constant C’(s, 7) is a continuous function of (s, 7). Note that
Pt = ptA b1 is the heat kernel for a single metric (cf. and the remark following it)
and by Theorem it follows that i (2) = ptAl’1 (z) is a continuous positive function
of (t,2) € (0,00) x K¢. In particular, z1; ,(z) is bounded strictly away from 0 for (¢, z) in
compact subsets of (0,00) x K¢. It follows from the continuity of the function (s, 7) —
C’(s, T) that the same holds true for 1, - (2), establishing and completing the proof.

O

5.2. The Analytic Continuation of the Heat Kernel. In this section, we show that the
unitary map M : L*(K, ps) — HL*(Kc, j1s,-) constructed in Sectionmay be com-
puted as a “convolution” against a holomorphic extension of the heat kernel p; on K. The
following theorem makes this precise.

Theorem 5.13. Let K be a compact-type Lie group.
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(1) There exists a unique holomorphic function pc : Cy x K¢ — C such that for
t > 0and x € K we have

pe(t,z) = pe(x).
(2) If s> 0and T € D(s, s), then for each z € K¢, the function

~1
. pc (T, zz™1)

ps(x)
belongs to L2(K,7ps).

(3) The unitary map M ; ; may be computed as
(o)) = [ pelr. k™ f0) d

K
forall f € L*(K,ps) and all z € Kc.

Since .
_ T, zk~
pe(ry k) (k) dk = P2 1) ya
S

it follows by the Cauchy—Schwarz inequality and Theorem [5.13([2) that the function k& —
pc (7, zk~1) f(k) is integrable. Using the decomposition of K as Ky x RY, where Ky is
compact (Proposition [2.3]), we may easily reduce the general case to the compact case and
the Euclidean case, which we now address separately.

5.2.1. The Compact Case. Itis possible to construct the holomorphic extension of the heat
kernel on K using the method of [[18] Section 4], which is based on a term-by-term analytic
continuation of the expansion of the heat kernel in terms of characters. Indeed, replacing
t by ¢t + tu in the heat kernel makes no change to the (absolute) convergence estimates
in [18]]. (The time-parameter occurs only linearly in the exponent there, so the absolute
value of each term would be independent of u.) On the other hand, the argument in [18]]
requires detailed knowledge of the representation theory of /. We present here a different
argument (similar to the proof of Corollary 4.6 in [6]) that uses the unitary map M , of
Theorem[5.11]to construct the desired analytic continuation.

Lemma 5.14. [f K is compact, s > 0,0 < t < 2s, and M s, are the unitary maps as in
Theorem then for any f € L?(K, ps),

(Msif) (x) = (prx f) (z) = /Kpt(xk_l)f(k) dkVx e K C Ke. (5.14)

(Note: for K compact, L* (K) = L*(K, p;) independent of s > 0 and hence M+ f does
not really depend on s.)

Proof. Recall from Eq. (5.1) that
Ms,tf‘rr,A = Mthr,A = fﬂ-

c,etCmc/2 4
and so
(Ms,tfﬂ',A) |K = fﬂ_cyetCﬂC/Z.A‘K = fﬂ—’[etcw/zA].

By Proposition[3.18] if « € K, then

frercnran (@) = /K pr(E) (k) di
- /K pr (k™) fr a(K) dk = (py % 1) (2)
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This suffices to complete the proof as matrix entries are dense in L? (K') and both L? (K) >
f = (Msuf) () € Cand L*(K) > f — (pt* f) () € C are continuous lin-
ear functionals on L? (K for each fixed z € K. The first assertion holds since M , :
L*(K,ps) — HL*(Kc, j1s,) is unitary and pointwise evaluation on HL?(Kc, s ) is
continuous and the second follows by Holder’s inequality. (I

Proof of Theorem[5.13)in the compact group case. We begin with point (I)): the space-time
analytic continuation of the heat kernel. Let 0 < § < r < oo, and consider the vertically
symmetric rectangle Us,, = {7 € C4: d < Re7 < r, |Im7| < r}. Let0 < € < 4, and
fix s > 0 large enough that Us . — ¢ C D(s, s). The function p, is continuous and hence in
L*(K, ps). We then define pc: Us,. x K¢ — C by

pe(T, z) = (MSA’T,Epe) (2). (5.15)
By Lemmal5.12] pc is analytic in both variables so long as 7—e € (s, s); in particular, pc
is analytic on Us , x K¢. For the moment, it appears a priori that the value of pc depends
on s and e.
Now consider the restriction of pc to (¢, z) € (Us,» NR) x K. By lemmal5.14|and the
semigroup property of the heat kernel (Theorem 3.12)3)),
pe(t,x) = (Msi—cpe) (2) = (pi—c * pe) (x) = pi(a) Vo € K. (5.16)
Thus, pc is a holomorphic extension of the heat kernel p;(x) in ¢ and . Analytic continu-
ation from K to K¢ is unique (cf. [44, Lemma 4.11.13]), and also from Us . "R to Us,,- by
elementary complex analysis. In particular, since p;(z) does not depend on s or €, neither
does the function pc.
Thus, for each rectangle Us ., there is a unique analytic continuation of the heat kernel to
a holomorphic function pc on Us . x K¢. Let d,, and 7, be sequences with d,, | 0 and r,, T
oo, let U,, = Us,, r,,, and let pi be the analytic continuation of p;(z) to U,,. The rectangles
Uy, are nested with union C_ ; since pg and p agree on (Upam NR) x K, uniqueness of
analytic continuation shows that they agree on their common domain U,,r,, X Kc. Thus,
there is a globally defined holomorphic function pc whose value in U,, x Kc is p¢, and
thus restricts to p(z) on (U, NR) x K;ergo pc(t,x) = pi(z) fort > 0and x € K, as
desired. Uniqueness again follows from [44, Lemma 4.11.13]. This establishes point (T).
Point (Z) is immediate since K is compact and the function in question is continuous.
For point (3)), we first note that, by Lemma (M, f)(2) is holomorphic in 7 and
z. Meanwhile, since pc (7, zk™!) is holomorphic in 7 and z for each fixed k € K, we
may use Fubini’s theorem and Morera’s theorem to verify that [} pc(7, zk™1) f(k) dx is
also holomorphic in 7 and z. Since both sides of the desired equality are holomorphic
in 7 and z, it suffices by uniqueness of analytic continuation to verify the result when
7 =1t € (0,2s) and z = z belongs to K. Using Lemmaand the defining property of
pc, the desired equality thus becomes

(3% 1)) = [ k)10
which is true by Corollary This concludes the proof. O

5.2.2. The Euclidean Case. The heat kernel p, on R? is explicitly known to be the Gauss-
ian density mentioned in the introduction:

)

R = (2 —d/2 I
ps(x) = (2ms)" " exp { — =~
and the density s -(2) in this case has been described in (I.17) in the introduction.
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Proof of Theorem in the Euclidean case. For point (I), the desired holomorphic ex-
tension is given by

pc(T, z) == ( 2777)_dexp (—2—:) (5.17)

where z - z = 25:1 ZJQ and where /277 is defined by the standard branch of the square
root (with branch cut along the negative real axis).

Point (2) of the theorem is an elementary computation. Using additive notation for the
group operation, we need to verify that

2
/Rd Wps(m)dx<oo (5.18)

for all z € C?, provided that s > 0 and 7 € (s, s) (or, equivalently, provided that
a > 0; cf. (I.I0)). Equation (5.18) is a Gaussian integral whose computation is tedious
but straightforward. (The integral factors into separate integrals over each copy of R,
which may then be evaluated in a computer algebra system.) We record the result here: if
z=¢+inand T = t + iu, then

/ Wps@) di = (ja) o (P + 5P + 50

(5.19)
where, as in (1.10), a = (2st — 2 — u?) /4.
For point (3), we must show that (M , f)(z) may be computed as
(M. f)(z) = /d pc(r,z — ) f(x) dx (5.20)
R

for all f € L2(R? p,). If f is a polynomial (and thus a matrix entry) and 7 € R and
z € RY, - 5.20)) follows from Propositionn 3.18| Furthermore, when f is a polynomial, both
sides of (5.20) are holomorphic in 7 and z, so the result continues to hold when 7 € C_
and z € (Cd Now, both sides of (5.20 - ) depend continuously on f € L2?(R%, p,)—the
left-hand side by the unitarity of M . and the continuity of pointwise evaluation, and the
right-hand side by the fact that pc (¢, 2 — x) is square-integrable in x. Thus, we may pass
to the limit starting from polynomials to obtain the result for all f € L2?(R<, p,), thus
completing the proof of Theoremin the R? case. (]

We note that, by (5.19), we have bounds on the value of (M , f)(z) in terms of the L2
norm of f. Since M s~ maps isometrically onto FL?(C?, yu, . ), these bounds translate
into pointwise bounds in HL?(C?, s ) as follows:

t/2
Pl < (7Y e (i + 520+ ) 1Pl
(5.21)

where 11, - is given as in (T.T7). Note that the bounds on | F(z)|? are, up to a constant, just
the reciprocal of the density yi5 .. This is typical behavior for H{L? spaces over C? with
respect to a Gaussian measure.

5.3. The s — oo Limit. Throughout this section, we assume that the compact-type group
K is actually compact and we normalize the Haar measure dk on K to be a probability
measure. Recall that 1, € C*° (K¢, (0, 00)) is the K -averaged heat kernel measure as in
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Definition [I.8 which, by Lemma .11} also satisfies,
v(z) = / Ws o (zk)dk for s >0, T=t+1iucD(s,s), andz € Kc.  (5.22)
K

We will use the following well-known result for the heat kernel measure on a compact
Lie group at large time.

Lemma 5.15. If K is a compact Lie group, the heat kernel ps converges to the constant 1
uniformly over K (exponentially fast) as s — oo.

For completeness, we include a complete proof of Lemma [5.15]in Appendix [B] (The
proof given there works essentially unchanged for compact Riemannian manifolds.)

Corollary 5.16. Let K be a compact Lie group. Then for each s > 0, there are positive
constants Bs and s such that, for all T =t + iu € D(s, s),

Bsve(2) < prs,r(2) < vove(2) (5.23)

for all z € K¢. Furthermore, the constants may be chosen so that s — 1 and vs — 1 as
§ — 0o with T fixed.

Proof. By a small modification of the proof of Theorem [3.33] we have the following for-
mula for g -

hor(2) = /K s (2K )P (K) d:,

for any sg € (0,s) and 7 € D(sg, s0) D D(s,s). (Write A ; = (s — 50)A¢ + Ay, - and
then follow the proof of Theorem [3.33|up to (3.23).) If we fix such an s, then (5.23)) holds
with 8, = infrcx ps—s, (k) and vs = supyc g ps—s, (k). With that choice of 3, and ~,,
Lemma[5.15]tells us that 3, and 7, tend to 1 as s tends to infinity. a

With these results in hand, we may now prove Theorem[I.9] describing the large-s limit
of the transform B ..

Proof of Theorem[1.9) Since K is compact, the function p, is bounded and bounded away
from zero, showing that L?(K) = L?(K,ps) as sets. The equality of L?(Kc,v;) and
L?(Kc, ps,-) as sets follows from Corollary The claimed convergence of norms
then follows easily from Lemma and the fact that the constants 35 and ~y, in Corollary
[5.16| may be chosen to converge to 1 as s tends to infinity. The equalities of the various
Hilbert spaces as sets and the convergence of the norms allows us to deduce the unitarity
of By~ from the unitarity of the maps B; . O

APPENDIX A. ESSENTIAL SELF-ADJOINTNESS OF THE LAPLACIAN

This section provides a self-contained proof that, on any Lie group, any “sum of squares”
Laplacian is essentially self-adjoint, with C2°(G) as a core. This proof is adapted from
notes due to L. Gross.

Let GG be a real Lie group with Lie algebra g, on which we fix an inner product through-
out. Let { X }§:1 be a collection of left-invariant vector fields on G, and define

k
Lo:=)Y X}
j=1

acting on C*(G) and let L := Lo|c(c), i-e., L = Lo on D(L) := C°(G). Further let A
denote a right-invariant Haar measure on G.
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Theorem A.1. The second-order differential operator L is essentially self-adjoint as an
unbounded operator on L?(G, \) with domain C>°(G).

It is important to note that we do not assume that the vector fields {X; }?:1 span g,
nor that they generate g as a Lie algebra. Thus, Ly is not necessarily elliptic or even
hypoelliptic. Thus, proofs that rely on hypoellipticity, such as the one in [27], do not apply
in this setting.

Before giving the proof we will need a little notation and a few preparatory results.

Notation A.2. Foru € C°(G) and f € L*(G), define the convolution of u and f by

(us f) (z) = /G u(zy™)F (y) Mdy). (A1)

We will also let
a(z) = u(z")

which should not be confused with the notation E for the left-invariant vector field deter-
mined by an element £ € g.

Proposition A.3. Forall f,g € L?(G,\) and X € g, the following results hold.
(1) Ifu € C(Q), thenu x f € L*(G,\) and

s £l < ( Ll mcu) £l

where m is the modular function of G.
) (ux*f,9)2ax = (f,U*g)r2(a ) forallu € CF(G).
() X(uv) =ux(Xv)forallue C®(G)andv € C=(G).
4) ()?u,v)Lz(Gy)\) = —(u,)?v)Lg(G’A) forallu € C*(G) and v € C*(G).
(5) There exist u,, € C2°(G, R) such that u,, * - — I strongly on L*(G, \).

Proof. In the following argument, we will use the right invariance of Haar measure, the
definition of convolution in (A.I]), and the left invariance of X without further mention.
Using the definition of the modular function, ||g o LT||§ = m(z) ||g||§ for all z € G.
Therefore,

[ ey D15 ) ) M) = [ 1u(w)] L5 el Ada) M)
G? G2

< /G (@) [z - 19 © Lall2 A(dz)
< /G ()] v/m(@) Adz) - | £l - llgll>

This proves item (1) as a consequence of the converse to Holder’s inequality. It also justifies
the use of Fubini’s theorem used to prove item (2):

(s g} e = [ ulay™)f(0() Mda) M)

= /.. F@)alyz=1)g(x) Mdx) Ady) = (f, @ g) 2(c.)-
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For items (3) and (4), we have
=~ d

X = —
(u*v)(x) 7

L)
dt

/ u (2ey 1) v(y) Mdy)
t=0J G

/ u(zy v (ye'™) A(dy) = u = Xv
t=0JG

and

4
dt
d ~

— / u(z)v (ze™ ) A(dz) = —(u, Xv) 12,2
dt|,_, Ja

For item (5) we apply the usual approximate identity sequence arguments to any sequence
of functions {u,},—; C C°(G,[0,00)) with the following properties: 1) [ u, d\ =1
for all n and 2) supp(u,) | {e} asn — oc. O
Lemma A4. For f € C°(G)ND(L*), L*f = Lof and moreover C*°(G) N D(L*) is
core for L*.

Proof. If f € C°(G)ND(L*) and v € C°(G), then by the definition of L* and repeated
use of Proposition[A23]

/ u (ze"™) v(z) A(dz)
t=0JG

<XU» U>L2(G,,\) =

(L™ f,v)r2(an) = (s Lv)r2any = (Lo fsv) L2 (a,n)-
Since v € C2°(G) is arbitrary, it follows that L* f = Lq f.
Now suppose that f € D(L*) and that u,v € C°(G). Then @ *x v € C°(G) and
therefore
<u * L*f, v>L2(G,)\) = <L>kf7 U * U>L2(G,A) = <f, L(ﬁ * U)>L2(G,A)
== <f7 U * LU>L2(G’)\) = <u * f, L'U>L2(G,)\)~
It follows from this equation that u * f € D(L*) and that

L*(ux f) =ux* L*f forallu € C°(G). (A2)

Now choose u,, as in Proposition[A.3(5). Since each u,, * f € C°°(G)ND(L*), the lemma

follows from (A22). O

Notation A.5. The tensor D" f(x) € (g®™)* of n"-order derivatives of f at x is defined
by

(D"f) @) 618 @ &) = (&...&f) (@) (A3)

where §; € g for 1 < j < n, and the inner product is the standard one induced by the
inner product on g.

Let us now recall from [8, Lemma 3.6] that there exists h,, € C°(G, [0, 1]) such that
h., is increasing, h;t ({1}) T G as n 1 0o, and sup,, sup,c |D¥hn(z)| < oo for any
k € N where D*h,, is as defined in (A.3).

Lemma A.6. If f is a real-valued function in C*>°(G) N D(L*), then
k
| S an =~ Hrscen (A4
j=1

For any f in C*°(G) N D(L*), the function )N(]f belongs to L*(G, \) for all j.
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Proof. Let f be areal-valued element of C*°(G) N D(L*). For any h € C°(G, [0, 00)),
we have

k k
;/Gh(x)(Xjf) A(dx) —;/G[h(x)(Xjf)f+(th)(Xjf)ﬂd/\

- [ ha)wnrar- Ly~ [ EmE;()an
- 2j:1 AR

1
= —(hL"f, )2 + 5/G(Lh)f2 dA. (A.5)

Now replace h in the above identity by h,, as in [8, Lemma 3.6], so in particular h,, T 1
asn — oo and Lh,, — 0 boundedly. We now use the monotone convergence theorem on
the left-hand side of and the dominated convergence theorem on both terms on the
right-hand side to verify (A:4). It follows that X ;1 belongs to L?(G, \) for each j.

Now, since the domain of L is invariant under complex conjugation and since L com-
mutes with complex conjugation, the domains of both L and L* are invariant under com-
plex conjugation. Thus, if f € C°°(G) N D(L*), the real and imaginary parts, f; and fa,
of f are also in C*°(G) N D(L*). Equation then shows that X; f, and X f, are in
L2(G, \), so that X f is also in L2(G, \). 0

Proof of Theorem[A.1} Let L denote the closure of L. By Proposition each X is skew
symmetric on C2°(G) and as a consequence L is symmetric on C2°(G). Thatis L C L*
and therefore L C L* = L". So it remains only to show L* C L, or equivalently that
C°(G) is a core for L*.

Using Lemma|[A.4] it suffices to prove the following: For every f € C>°(G) N D(L*),
there exists f,, € C2°(G) such that f, converges to f in the L*-graph norm. Choose
0 < hy, <1 with h,, € C°(G) as in [8l Lemma 3.6] and let f,,(z) = h,(z)f(x). Then
fn € C~(G) and f,, — fin L? since h,, T 1. Moreover,

k
Lfn = (Lhn)f + ha(L* ) + 23 (X;hn) (X, f) (A.6)
j=1

and Lh,, — 0 boundedly by [8, Lemma 3.6]. The first two terms on the right-hand side of
therefore together converge to L* f. Now, Lemmatells us that each X ; f belongs
to L*(G, X). Since also X;h,, — 0 pointwise and boundedly, dominated convergence tells
us that the third term on the right-hand side of (A.6) converges to zero in L?(G, \). Thus
Lf, — L*f in L*(G, \), concluding the proof. O

APPENDIX B. UNIFORM CONVERGENCE OF p; — 1 AS s = o0
Theorem B.1. Let \; be the first nonzero eigenvalue of —A i /2. Then for every € > 0,

63)\1/2

C. := supmax |p,(z) — 1 < 0. (B.1)
>c TEK

s>e

In particular, ||ps — 1| o (k) < C.e=M/2 forall s > e.

Proof. The Laplacian Ak for K has discrete, nonpositive spectrum, with zero being an
eigenvalue of multiplicity 1 with the corresponding eigenfunction ¢y = 1 (as we are using
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normalized Haar measure on K). Denote the eigenvalues by —\,, (so that \,, are > 0), and
arrange them so that
O0=X <A <A< A3---,

with A, — oo as n — oo. Let ¢, be the corresponding L?-normalized eigenfunctions,
chosen to be real-valued. (See [45] Exercise 16, p. 254] and [15} Section 1.6].) Since, for
any s > 0,

[ pr@ont) o = (55126, (0) = 20
K
we conclude (using ¢y = 1) that the eigenfunction expansion of p; — 1 is given by

ps(x) —1= Z ‘Pn(e)e_sM/Q‘Pn(f)a

n=1
where the sum is convergent in L?(K).
Convolving this identity with p; then gives the pointwise identity

pst1(z) =1 =((ps — 1) xp1)(z) = /K(ps(y) —Vpi(zy™) dy.
Hence by the Cauchy—Schwarz inequality,
2 2 2 _on,
s (@) = 1P S K- llps = UTagey = K- Y leale)” e
n=1

where
12
K:/K|m(xy YI” dy = pa(e) < oc.

Combing these results shows
e max|po i1 () = 1 < pa(e) D pn(e)| e, (B.2)
n=1

Let m = min{n € N: X, > A1} and then define § := A\ /\,, < 1 so that \; =
dAm < 6\, and hence A\, — A; > (1 — §) A, for all n > m. Therefore, for s > 1,

0o m—1 0o

2 _—s n= _ 2 2 _—s n—
S lon(@P e = 3 o, @F + 3 fpn(e)f e
n=1 n=1

n=m

m—1 0o
<D len(@F + D leale)?em 70

n n=m

—_

m—
2 2

< len(@) + llpr—s — Uiz k-

n=1

This estimate combined with shows the constant C. as in (B.I)) is finite when € = 2.

This is sufficient to show C. < oo in general because (s,z) — |ps(x) — 1]e**1/2 is

continuous and hence bounded on [e, 2] x K. O

Acknowledgments. This project began as the result of a conversation between the third
author and Thierry Lévy at Oberwolfach in June, 2015, regarding the idea of classifying
all Ad(U(n))-invariant inner products on GL(n) (and studying their large-n limits). This
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“twisted Segal-Bargmann transform” extending the one in [10] and [19]].
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