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Abstract

We study the (two-parameter) Segal-Bargmann transform Bi\ft on the unitary group U(N), for large N.
Acting on matrix valued functions that are equivariant under the adjoint action of the group, the transform has
a meaningful limit B, ; as N — oo, which can be identified as an operator on the space of complex Laurent
polynomials. We introduce the space of trace Laurent polynomials, and use it to give effective computational
methods to determine the action of the heat operator, and thus the Segal-Bargmann transform. We prove
several concentration of measure and limit theorems, giving a direct connection from the finite-dimensional
transform Bé\)’t to its limit B, ;. We characterize the operator B, ; through its inverse action on the standard
polynomial basis. Finally, we show that, in the case s = ¢, the limit transform By ; is the free unitary Segal—
Bargmann transform ¢ introduced by Biane.
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1 Introduction

The Segal-Bargmann transform (also known in the physics literature as the Bargmann transform or Coherent
State transform) is a unitary isomorphism from L? to holomorphic L?. It was originally introduced by Segal

(28] 29] and Bargmann [1} 2], as a map
Sp: DRV, ) = HL2(CY A7)

where 7} is the standard Gaussian heat kernel measure (- )"/2 exp(—£|x|?) dx on RY, and HL? denotes the
subspace of square-integrable holomorphic functions. The transform S; is given by convolution with the heat
kernel, followed by analytic continuation.

In [17]], the second author introduced an analog of the Segal-Bargmann transform for any compact Lie group
K. The transform maps functions on K to holomorphic functions on the complexification K¢ of K. We will
be particularly interested in the case K = U(N), where the complexification is K¢ = GL(N,C). The “B;”

version of the transform, which is the one most relevant to the present paper, is a unitary map
By : L2(K7 Pt) - }CLQ(K(C’ Mt)

where p; and p; are suitable heat kernel measures on K and K¢, based at the identity. Mirroring the Euclidean
case, the transform itself is defined as follows:

Bif = (e3¢ f)c (1.1)

where e22K is the time-t (forward) heat operator on K and (- )c denotes analytic continuation from K to K¢.
More generally, given two positive numbers s and ¢ with s > ¢/2, there is a two-parameter Segal-Bargmann
transform, introduced by the first two authors in [18]):

Bgy: L*(K, ps) — HL*(Kc, pisi),



where p ¢+ is another heat kernel measure on K¢. The transform B, ; is given by the same formula @) as By;
only the definition of the inner products on the domain and range spaces depends on the additional parameter s.
The original transform B; coincides with By ;.

Since the classical Segal-Bargmann transform for Euclidean spaces admits an infinite dimensional version
[30Q], it is natural to attempt to construct an infinite dimensional limit of the transform for compact Lie groups.
One successful approach to such a limit is found in the paper [20] of the second author and A. N. Sengupta, in
which they develop a version of the Segal-Bargmann transform for the path group with values in a compact Lie
group K. The paper [20] is an extension of the work of L. Gross and P. Malliavin [15] and reflects the origins of
the generalized Segal-Bargmann transform for compact Lie groups in the work of Gross [14]].

A different approach to an infinite dimensional limit is to consider the transform on a nested family of compact
Lie groups, such as U(N) for N = 1,2, 3, ... To define the transform on U (/N'), one must choose an Ad-invariant
inner-product on the Lie algebra u(N') of U(N): letting M (C) denote the space of all N x N complex matrices,
u(N) ={X € My(C): X* = —X}. The most obvious approach to the N — oo limit would be to use on
each u(NV) a fixed (i.e. N-independent) multiple of the Hilbert—-Schmidt norm. Work of M. Gordina [12} [13]],
however, showed that this approach does not work, because the target Hilbert space becomes undefined in the
limit. Indeed, Gordina showed that, with the metrics normalized the this way, in the large- N limit all nonconstant
holomorphic functions on GL(N, C) have infinite norm with respect to the heat kernel measure fi;.

An alternative approach to the N — oo limit of the Segal-Bargmann transform on U(N), suggested by
Philippe Biane [4]], is to scale the Hilbert-Schmidt norm on u(N) by an N-dependent constant. Specifically,
Biane proposed to use on u(IV) the norm | - ||,y given by

N
XI5y = NTr (X*X) = N Y [ Xul*. (1.2)
jk=1

In the first part of [4], this scaling was used to successfully carry out a large- N limit of the Lie algebra version
of the transform. Taking the underlying space to be the Lie algebra u(/N) rather than the group U(N), he
considered a vector-valued version of the classical Euclidean Segal-Bargmann transform S} acting on functions
u(N) — My(C). Specifically, if P(z) =Y _,_,ana™ is a single-variable polynomial, it gives rise to a function
Py :u(N) — Mpy(C) in the usual way:

Py(X) =aoly + ) _anX" € My(C). (1.3)
k=1

The transformed functions S;¥ Py have a limit (in an appropriate sense; cf. ) which can be thought of as a
one-variable polynomial function P?: R — R. This defines a unitary transformation .%#*: P + P! [4, Theorem
3] on the limiting L? closure of polynomials with respect to the limit heat kernel measure—in this context
Wigner’s semicircle law.

Remark 1.1. The results of [4, Section 1] are formulated in terms of the large-N limit of S{¥ on the space
Zn = tu(N) of Hermitian N x N matrices, which is of course equivalent to the formulation above. It also
deals more generally with the class of functional calculus functions on £} ; cf. Section We will restrict our
attention almost exclusively to the space of Laurent polynomial functions, that are dense in functional calculus.
Section 2] also discusses equivariant functions: an extension of functional calculus which forms a natural domain
for the Segal-Bargmann transform, and subsumes all other function spaces discussed in this paper.

Biane proceeded in [4] to construct a “large-N limit U () Segal-Bargmann transform” ¢, not by taking
this limit directly, but instead developing a free probabilistic version of the Malliavin calculus techniques used
by Gross and Malliavin [15] to derive the properties of B; from an infinite dimensional version of S;. This
laid the foundation for the modern theory of free Malliavin calculus and free stochastic differential equations,



subsequently studied in [3} |6, 21] and many other papers, and was groundbreaking in many respects. Biane
conjectured that his transform ¢* is the direct N — oo limit of the Segal-Bargmann transforms B} on U(N),
and suggested that this could be proved using the methods of stochastic analysis, but left the details of such
an argument out of [4] (see the Remark on page 263). One of the main motivations for the present paper is to
prove that this connection indeed holds: we will show directly that B;¥ (defined with the metric given in ),
boosted to act on Laurent polynomial functions U(N) — My(C), converges to 4* as N — oo. Our methods
and ideas are very different from those Biane suggested, however; they are analytic and geometric, rather than
probabilistic. Moreover, we find the large-/NV limit of the two-parameter Segal-Bargmann transform Bé\ft, and
this generalization is essential to our proof that lim Bt]ﬁ =@t

Remark 1.2. 1t should be noted that, shortly before the present paper was completed, the preprint [16] by Cébron
Guillaume appeared, addressing (in the special case s = t) some of the same questions we answer presently. On
the one hand, there are some similar ideas in our paper and Guillaume’s. In our Lemma[I.19)and Theorem [T.20]
for example, we identify the action of the Laplacian in terms of a sum of two operators, one of which is of order
1/N?Z; this result is conceptually very similar to [16, Lemma 4.1], although expressed in a different framework.
On the other hand, our method for connecting the large- N limit of the Segal-Bargmann transform to the work of
Biane is completely different from that of [16]. Guillaume works within an extension of the circular system in
which [4]] constructs the transform, and shows that the leading term in his Lemma 4.1 is the generator of Biane’s
transform %%, We, by contrast, do not use free probability at all. Instead, we derive a polynomial generating
function for the limiting transform and show that this generating function coincides with the generating function

for ¢*; cf. Theorem

In [4, Section 1], Biane considered the Segal-Bargmann transform S} acting on matrix-valued function on
the Lie algebra u(NV). The result of applying S}V to a single-variable polynomial function—that is, the type of
function in —is typically not a single-variable polynomial function on My (C). Nevertheless, [4, Theorem
2] asserts that, for each single-variable polynomial P, there is a unique single-variable polynomial P’ such that

. N "
J\}gnoo HSt Py — [P ]NHLQ(MN((C)KH/%MN((C)) =0, (1.4)

Biane’s transform .% is then the map sending P to P!.

In the present paper, we establish a similar result for the transform B;¥ on the unitary group U (), extended
to act on functions with values in My (C). In the group case, it is natural to consider single-variable Laurent
polynomial functions; that is, linear combinations of matrix-valued functions of the form U — U k where k is a
(possibly negative) integer. As in the Lie algebra case, B;¥ does not map single-variable Laurent polynomials on
U(N) to single-variable Laurent polynomials on GL(N, C). Rather, applying B}Y to a single-variable Laurent
polynomial gives a trace Laurent polynomial.

Definition 1.3. Ler G C My (C) be a matrix group. Let n € N and let P be a polynomial in 2(n+ 1) commuting
variables. Denote by Py : G — My(C) the function

Pn(A) = P(A, A7 tr(A), tr(A7Y), o tr(A™), tr(A™™) Iy, AeG

where tr(A) = %Tr (A) is the normalized trace, and I is the identity matrix. Any such function on G is
called a trace Laurent polynomial function. In the special case n = 0, P € Clu,u™!] is a single-variable
Laurent polynomial, and Py is referred to as a single-variable Laurent polynomial function G — My (C).
(In particular, single-variable Laurent polynomial functions on G form a subspace of trace Laurent polynomial
functions on G.)

The I in the definition of Py is added to emphasize that, even if P is “scalar” (i.e. does not depend on the A
and A~ variables), Py is still My (C)-valued (in this case a scalar function times Iy).

The Segal-Bargmann transform of any single-variable Laurent polynomial function on U(N) is a trace Lau-
rent polynomial function. What’s more, this class is invariant under the transform:

4



Proposition 1.4. Let s,t > 0 with s > t/2. The Segal-Bargmann transform Bé\ft (cf. Definition maps trace
Laurent polynomial functions on U(N) to trace Laurent polynomial functions on GL(N, C).

The proof of Proposition can be found on page 25| For example, let P(u) = u?; we calculate in Example
[3.5|below that, for all Z € GL(N,C),

sinh(t/N)

(Bé\jtPN)(Z) = e ! |cosh(t/N)Z? —t N

Ztr(Z)] (1.5)

= e 2% —tZtrZ) 4+ O (&) :
where the O(1/N?) means the left- and right-hand-sides differ by O(1/N?)-scalar-multiples of Z? and ZtrZ.
This suggests we identify the large- N limit of the Segal-Bargmann transform acting on U > U? as the formal
trace polynomial e~![Z% — tZtr Z]; ignoring the unknown domain of the variable Z, it appears the result is still
not a genuine polynomial. This highlights the second aspect of the limit that comes into play: in fact, we will
see that the trace term tr(Z) concentrates on its mean e ~(*~Y)/2 in the spaces L?(GL(N, C), (12 My (C)); cf.

Theorem|1.26] Setting (B ;P)(z) = e *(2% — te~(571/22), we therefore have

1
HBé\jtPN - [BS’tP]NH%2(GL(N,(C),[A£t;MN(C)) = O <]V2> . (16)

This procedure works in general: given any Laurent polynomial P, there is a unique holomorphic Laurent poly-
nomial B, ; P so that Bé\{tPN — B+ P in the sense of li This is our Main Theorem.

Main Theorem. Let s,t > 0 with s > t/2. There is an invertible operator By, on the space of Laurent
polynomials in a single variable such that, for any Laurent polynomial P,

1
N 2 _
||Bs,tPN - [Bs’tP]N||L2(GL(N,(C),,LL§Y,5;MN((C)) =0 <]\]—2> , and

_ _ 1
I(B2e) ™ Py = By PIv 2w pvainey) = © (N?) '

A formula for B, ; may be found in Deﬁnition In the special case s = t, By ; coincides with the free unitary
Segal-Bargmann transform 4* from [4)].

We prove this as Theorems[1.30] [1.29] and [I.31] stated on page[I1]
Thus, the proper way to take the large-/N limit of Bgt is to first take the limit of the coefficients of the

resultant trace Laurent polynomial function, and then let the trace terms concentrate on their means to produce
a genuine single-variable Laurent polynomial. This is how we define the large- N limit of the (two-parameter)
Segal-Bargmann transform on U (V).

A crucial result underlying many of our theorems is a “limiting partial product rule” for the action of the
Laplacian Ay for U(N) (with metric scaled as in ) on trace Laurent polynomial functions. Let P, () be
as in Definition at least one of which (say @) is scalar-valued. Then, when applying Ay to the product
Qn Py, the Leibniz product rule holds modulo an error term of order 1/N?: there is a fixed polynomial R,
determined by P and @), such that

1
Avw)(PNQN) = (Aun)PN)@N + Prn(Aun)@n) + 12 By (1.7)

Thus, in the large- NV limit, Ay ) behaves essentially like a first-order differential operator; we make this precise

in Theorem This property allows us to recursively determine the limit action of the heat operator ezBuw)
and thus the Segal-Bargmann transform; cf. Section[5.1] It also gives an elegant framework to prove (and, more
importantly, explain) the concentration of measure phenomenon that is essential to our main results.

The remainder of this introduction is devoted to precise statements of the definitions and theorems of this

paper.



1.1 Laplacian and Segal-Bargmann Transform on U (V)

Throughout this paper, N is a positive integer. In Definitions [I.5] [I.6] and[1.8] V" stands for any normed compex
vector space; we will shortly deal exclusively with the case V' = My (C), but equipped with a different norm

from || - [[y(vy in (1.2).

Definition 1.5. Let G C My(C) be a matrix Lie group with Lie algebra g C My (C). For X € g, the associated
left-invariant derivative in the direction X is the operator Ox : C*°(G; V) — C>*(G; V') given by

d

(0xF)(A) = 5

F(Aet),  Aecq. (1.8)
t=0

Definition 1.6. Let S be an orthonormal basis for u(N) (with norm || - ||y given in ). The Laplacian
Ay (ny on C*(U(N); V) is the operator

Ay = ) 0% (1.9)
Xepn

which is independent of the choice of orthonormal basis By. Fort > 0, the heat operator is 22U, The heat
kernel measure p}" is determined by

/ ) (@U) = (52 f) (In),  f € CUNY), (1.10)
U(N)

where Iy is the identity matrix in My (C). We will sometimes write E,v (f) to mean / f(@) pN(dU).
U(N)
Let s,t > 0 with s > t/2. Define the operator Aé\{t on C*°(GL(N,C);V) by

t t
AN, = <5_2> > 0+ > o (1.11)

Xepn X€eBN
The measure Mi«\,]t on GL(N,C) is determined by
| rayuaa = (4 f) (), f € CUGLIN.C), (112
GL(N,C)
We will sometimes write E v (f) to mean / F(U) ps(dU).
ot GL(N,C)

Remark 1.77. (1) When s = t, Aﬁ,\ft = %AG L(N,C)» and the measure u,{\;ﬁ is therefore the heat kernel measure
on GL(N,C) (at % the usual time). On the other hand, A{YO
between the two heat kernels.

— N .
| ey = Buv)- Thus, AT interpolates

(2) Since Ay and Aé\ft are elliptic operators, the semigroups 380 and e24% can be defined using heat
equations. For our purposes, where the functions f will be trace polynomial functions, it suffices to expand
52U and e24% as power series. This is discussed in Appendixk

(3) The formula (I.12)) extends beyond compactly-supported functions; in particular, it also holds for any
scalar-valued trace Laurent polynomial function f in variables A, A* € GL(N,C). This follows from
Langland’s Theorem cf. [24, Theorem 2.1 (p. 152)]. Appendix [A]gives a concise sketch of the heat kernel
results we need in this paper.



Definition 1.8. Fix s, ¢ > 0 with s > t/2. The scalar unitary Segal-Bargmann transform
By LAU(N), pi') = HLY(GL(N,C), ufly)
is defined by
BNf = (e%AUmf)
’ C

where (- )¢ denotes analytic continuation from U(N) to its complexification GL(N,C). It is an isometric iso-
morphism of these spaces; cf. [|7, 10, 17, 18} 120)].
We let Bé\ft act on V -valued functions componentwise; that is, the boosted transform

BY,®1y: L*(U(N),pY) @ V.= HL*(GL(N,C), ul,) @ V
is also an isometric isomorphism. (All tensor products are over C.) As usual, we identify
LAU(N),p)sV) 2 LAU(N),p )@V and  HL*(GL(N,C), uy; V) = HL*(GL(N, C), ) ® V,

where the induced norms of the V -valued functions F' are

1Py = [ IP@IR o (@0) 113
U(N)

)

1 2 crove) o) = /GL( IH(A)|[3 pl(dA). (1.14)
Henceforth, we will let V.= My (C), equipped with the inner-product

1 *
1Al () = 77 Tr (A47) = ZIAMP (1.15)
],k 1

Notation: Bé\ft refers to the boosted unitary Segal-Bargmann transform B é\’[t ® L pry (c) with this choice of norm
on My(C).

Remark 1.9. We are free to use any normed space for the boosted Segal-Bargmann transform, as long as it is the
same space for values of the functions in the domain and in the range of Bé\ft. We will not use the norm || - ||,
from (1.2)); rather, we use the scaling of (I.15). As we will see, this joint scaling of the two norms is the unique
choice that give a meaningful large- N limit for the Segal-Bargmann transform (cf. Remark [3.4).

Remark 1.10. Equations (I.I0) and (I.12) in conjunction with Remark [I.7(3) give an easy way to compute
L?-norms with respect to the heat kernel measures. In particular, (1.12)) and (1.14) yield

HFH%Z(GL(N,(C) pNv) = (62 StHFHMN((C))(IN) (1.16)
for any trace Laurent polynomial function F'.

1.2 Trace Laurent Polynomials and Intertwining Operators

To properly treat trace Laurent polynomial functions over U (N) and GL(N, C) (cf. Definition[I.3)), the following
polynomial spaces are useful.



Definition 1.11. Throughout this paper, we let u and v = {vn}nez)\ [0y = {V+1,V+2, ...} denote commuting
indeterminates. Define

P2 =Clu,u™, PV = Clv], P =2 @ P° = Clu,u!;v]. (1.17)
Thus, & consists of all finite linear combinations of monomials

ukov Ulill gfngFon n>0, ko€Z, kj €N for je€Z)\{0}.

n n

Denote by 2%+ = C[u] the polynomials in u, and 2V~ = Clu=1] © C the polynomials in u=" with constant
term 0, so that 21 = L+ @ 1~
The trace degree of a monomial in & is

deg (u vklv eh -~vf§"vﬁ;ﬁ> = |ko| + Z |71k;. (1.18)
1<jI1<n

More generally, the trace degree of any element of & is the maximum of the trace degrees of its monomial terms.
Forn > 0, denote by &2, C &P the subspace of polynomials of trace degree < n.:

P, ={P € P: degP < n}. (1.19)

Note that 2y, is finite dimensional, 2y, C Clu,u™";v41, ..., V4], and P = U,5g Pn. Define 2, P, and
pLE similarly.

Let G C Mn(C) be a matrix group. Restating Definition in the present language, a trace Laurent
polynomial function on G is any function of the form

Pyn(A) = P(A;tr(A), tr(A7 Y, tr(A%),tr(472),.. ) Iy  AeqG (1.20)
for some P € &.

Remark 1.12. (1) The first variable in P on the right-hand-side of (1.20) is a Laurent polynomial variable,
meaning that A may be have positive or negative powers. The standard notation for this might be to write
P(A, A=Y tr(A), tr(A~1), .. ) Iy, but this might suggest that u and u~! are independent variables, so we
avoid this.

(2) For Definitions [[.3]and [I.T1] it doesn’t matter whether we use the trace Tr or the normalized trace tr. It
will be convenient to use tr later, so we fix this convention now.

(3) It is important to note that, for any finite IV, there will be many distinct elements P € &2 that induce the
same trace Laurent polynomial function on G, i.e. there will be P # @ with Py = (. Nevertheless, it is
true that if Py = Qn for sufficiently large N, then P = Q; cf. Proposition[2.10]

(4) The trace degree reflects the nature of the variables vi1,v1o,... in &2 as stand-ins for traces of powers
of a matrix variable. Informally, the trace degree of P € & is the total degree of Py (A), counting all
instances of A inside and outside traces.

Definition 1.13. The tracing map T: &2 — 2° is the linear operator given as follows: if P € 2° and
k € Z\ {0}, then
Tk P(v)) = v P(v). (1.21)

An element P € 2 isin 2° if and only if T(P) = P.



Remark 1.14. The operator T intertwines the normalized trace on matrix-valued functions on My (C):

[T(P)]ny =tro Py (1.22)
as can be easily verified.
Definition 1.15. Let A4 denote the positive part and negative part operators

Aih@—),@i@)@o

given by
00 00 00 —1
(3 ) = Sbu a3 ) = 3 vtat azy
k=—o0 k=0 k=—o00 k=—o00
Note that A+ + A_ = idp, while Ay — A_ = sgn is the signum operator, where sgn(u") = sgn(n)u”, and

sgn(n) = n/|n| when n # 0 and sgn(0) = 1.

The next results show that the Laplacian Ay () of (I.9), when acting on trace Laurent polynomial functions
over U(N), lifts to a linear operator D on &?. Moreover, the structure of this operator illucidates the limit
prodecure that will allow us to identify the limit Segal-Bargmann transform.

Definition 1.16. Define the following operators on &. For k € Z, let M.y denote the multiplication operator,
and define:

) )
Ni=u—(Ap —A_ No = k|vg—— N=No+N 1.24
1= up-(Ay ), 0= ‘”’“avk’ o+ N1, (1.24)
|k|>1
> ) — )
Y=y, Yy = ;vkumaumukm - k;oo vRtA - M A (1.25)
[e'e) k—1 8 —2 —1 6
2=2p =2 => D gvivej | 5= D | D dveve—s | 5 (1.26)
- 8vk . @vk
k=2 \j=1 k=—oc0 \j=k+1
0? w1 0
L= vy i ———— + 2 ) kuFtl 1.27
Z J UkJrj c%javk + Z Y (%kau ( )
FINES! |k[>1

Example 1.17. The operator N is the trace degree operator: for P € &
N(P) = (deg P)P.

The operator N is a first-order pseudo-differential operator; but it is not a genuine differential operator because
we do not treat u and v~ ! as independent variables. By contrast, we do treat v, and v_j, as independent, and so
Ny is a first-order differential operator.

Example 1.18. The first order pseudo-differential operator Y appears somewhat mysterious; we illustrate its

action here.

e Y annihilates 2°; more generally, for P € & and Q € 2°, Y(PQ) = Y(P) - Q. It therefore suffices to
understand the action of Y on 221.



e Y, annihilates 21T . The reader can calculate that

n—1

Ywu) =Y (u") = Z(n — k)vopu*, n>0
k=1
—1

—Yu") =Y_(u") = Z (n — k)vpu™*, n < 0.

k=n+1
Lemma 1.19. LetN,Y,2,L: P — 2 be given as in Definition[1.16] Define

D=-N-22-2Y (1.28)

1 1

The operators Dy, D, and L preserve trace degree (1.18)), and commute with the tracing map T )

The proof of Lemma|[I.19]can be found on page 23]
The next theorem shows that Ay lifts to the operator Dy on &. Hence, itis a O(1/N 2)-perturbation of
D, which behaves in many respects like a first-order differential operator.

Theorem 1.20 (Intertwining Formula). For any P € &,
Ay Px = [DnP]n. (1.30)

The proof of Theorem [1.20|can be found on page
Remark 1.21. A similar intertwining formula holds for the operator A; ;; cf. Theorem [3.13on page 29

The following easy corollary to Theorem [1.20]is of both computational and conceptual importance.
Corollary 1.22. Let P € & and Q € P°. Then
D(PQ) = (DP)Q + P(DQ). (1.31)

Thus, for any t € R,
e%D(PQ) = e2Pp . e22Q. (1.32)
The proof of Corollary can be found on page

Remark 1.23. Eq. (I.31)) and Theorem [I.20| prove the partial product rule of (I.7). Indeed, it is easy to work out
that the polynomial R in (1.7) is
R= £(P)Q + PL(Q) — £(PQ).

1.3 Limit Theorems

We now turn to the limit as N — oo. Since the Segal-Bargmann transform is (analytic continuation of) the heat
operator exp(%AU( N))» the intertwining Theorem suggests the limit Segal-Bargmann transform ought to be
given in terms of the semigroup exp(%fD). This is only half the story, however. As N — oo, each trace Laurent
polynomial function concentrates on a single-variable Laurent polynomial function, described by the following
map.

Definition 1.24. For s € R, the evaluation map 7,: &2 — P! is defined to be
(meP)(u) = (e7300+29) P(u, 1)

where 1 = (1,1,...). Since Ny and and Z are first-order differential operators, w4 is an algebra homomorphism.
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Remark 1.25. Note that N7 and Y annihilate 22°; thus, for Q € Z22°, we have —(Ny+22)Q = DQ, and therefore
the constant 7@ is given by 7,Q = <65®Q> (1). In particular, define

vi(s) = ms(vg). keZ (1.33)

Note that, since the coefficients of the differential operators Ny and Z are real, the constants v(s) are real.
What’s more, it follows from the structure of Ny and Z that v_(s) = v4(s). In Lemma[5.4] we show that |1 (s)]
is exponentially bounded in k for all s € R.

The following concentration of measure results underly our main limit theorems.

Theorem 1.26. Let s,t > 0, with s > t/2. If P € &, then the following hold:
9 1
128 = s PIn 2o pvsninio = O v (1.34)

1
2
1PN = [ms—e PIN I oo,y naw (o)) = ©O <N2> : (1.35)

The proof of Theorem [I.26|can be found on page [32]

Remark 1.27. Taking P(u,v) = vy, so that Py (U) = tr(U*), (1.33)) and (1.34) show, in particular, that v (s) =
im0 E vtr((- )¥) when s > 0. These limiting expected values, in turn, were explicitly calculated in [3}
Lemma 3]:

e, 2 s7 k
=e 2% (=1t , k> 0. 1.36
vp(s) =e A (-1) <], . 1) > (1.36)

They are the (trace) moments of the free unitary Brownian motion. There is a probability measure v on the unit
circle T such that vy (s) = [ &¥v(d€) for k € Z; we will refer to this measure as the free unitary Brownian
motion distribution. The measure v; is characterized in [4}, Prop. 10].

Because of Theorem s concentration of traces, although in general e2Pp ¢ PLis (evenif P € 1),
the corresponding trace Laurent polynomial function [e%DP] N is close, in LQ(MéYt)-sense, to a single-variable
Laurent polynomial function on GL(N, C). In the limit, this will produce an operator on &1, This finally brings
us to the limit Segal-Bargmann transform.

Definition 1.28. For s,t > 0 with s > t/2, the free unitary Segal-Bargmann transform B ;: Pt — Plis
given by

t
Bs,t = Tlg—t C exp <2®> .

The inverse free unitary Segal-Bargmann transform H, ;: 22! — 21 is defined as

t
H,; = ms0exp (—29) .

. . t _t . .
Without the evaluation maps, the two operators e3? and e~ 27 are, of course, inverse to each other. In fact, this

is true with the evaluations as well, justifying the terminology in Definition (1.28
Theorem 1.29. For s,t > 0 with s > % B, and H, ; are invertible operators on 2L inverse to each other:

The proof of Theorem1.29|can be found on page
Following is the motivating theorem of this paper: the free unitary Segal-Bargmann transform of Definition
is the limit of the unitary Segal-Bargmann transform on U (V) of Deﬁnition as N — oo.
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Theorem 1.30. Let s,t > 0 with s > % Let f € 2" be a single-variable Laurent polynomial. Then By f is
the limit ofBé\jt ~ in HL}(GL(N,C), Né\,[ﬁ Mn (C)) in the following sense:

1
||Bé\7fth - [Bs’tf]NHiz(GL(N,C),,LLQ’t;MN((C)) = O <]V2> s (137)

and Hy f is the limit of (BY,) ™" fx in L*(U(N), pY'; My (C)) in the following sense:

_ 1
1B~ v = Hs e fIN 20 ) o sviwic)) = O <Ng> - (1.38)

The proof of Theorem [I.30|can be found on page

Finally, we explicitly describe the action of the transform, through its inverse Hj ;, via the generating function
of its inverse action on monomials. In the special case s = ¢, we show this aligns with the free Gross-Malliavin
approach pioneered by Biane in [4].

Theorem 1.31. Let s,t > 0 with s > t/2, let k > 1, and let p;* = Hg (- )*) (so that B, (p;")(2) = 2F).
Then the power series
7t k
(s, t,u,2) = ) pp(u)z
k>1
converges for all sufficiently small |u| and |z|. This generating function is determined by the implicit formula

1 142

s1+z\ —1
(s, t,u, 262(8715)1*2) = <1 — uze? 1JIZ) —1. (1.39)

In the special case s = t, this yields the generating function corresponding to the transform 4* of [4, Proposition
13] Thus, Bt,t = gt'

The proof of Theorem|1.31|can be found on page

2 Equivariant Functions and Trace Laurent Polynomials

In this section, we consider function spaces over U(NN) and GL(N, C) that are very natural domains for the
Segal-Bargmann transform and its inverse.

Definition 2.1. Let G C My(C) be a matrix group. A function F: G — My(C) is called equivariant if
F(BAB™Y) = BF(A)B~! forall A, B € G (i.e. it is equivariant under the adjoint action of G).

The set of equivariant functions is a C-algebra. It contains all trace Laurent polynomial functions (1.20)), as
can be easily verified. This shows that the equivariant subspaces

LAUN), N My(C))eq and  HIA(GL(N, C), ully: My (C))eq,

are non-trivial. The main results of this section, Theorem and show that Bé\ft maps L2(p)eq onto
U-CLQ(MéYt)eq (extending Proposition , and that trace Laurent polynomials are dense in these equivariant L?-
spaces. We conclude this section with Theorem showing that the map &2 — LQ(péV )eq given by P — Py
is one-to-one on each subspace &7, for all sufficiently large N.

We begin with a brief discussion of functional calculus, another subspace of the L?-equivariant space, which
featured prominently in [4]].
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2.1 Functional Calculus

Definition 2.2. Let T denote the unit circle in C. For every measurable function f : T — C, let fx be the unique
Sfunction mapping U(N) into M (C) with the property that

A1 f()
fN 14 V—l -V V—l
AN f()‘N)

forallV.e U(N)andall \y, ..., \n € T. The function fy is called the functional calculus function associated
to the function f. The space of those functional calculus functions that are in L>(U(N), p¥'; M (C)) is called
the functional calculus subspace.

It is easy to check that f(U) is well defined, independent of the choice of diagonalization. If, for example,
f is the function given by f()\) = e*, then fx(U) = eV, computed by the usual power series. If f happens to
be a single-variable Laurent polynomial, then fy is a single-variable Laurent polynomial function, in the sense
of Definition thus our notation fy for both is consistent. (By comparison: in [4]], the functional calculus
function fy is denoted 9?’ .) Trace polynomials are not, in general, functional calculus functions. For example,
the function F(U) = Utr(U) is not a functional calculus function on U(N), except when N = 1. Indeed, if
N >2and U(N) 5 U = diag(\1, A2), the (1, 1)-entry of the diagonal matrix UtrU is (A1 + A2) A1, which is
not a function of A\; alone. This violates Definition Functional calculus functions are equivariant.

Since A(f) = fU(N) tr(fn(U)) p¥ (dU) defines a positive linear functional on C(T) with A(1) = 1, by the

Riesz Representation Theorem [25, Theorem 2.14] there is a probability measure v/ on T such that

/ (D) p (dU) = A(f) = / f© VN ), fec) @1
U(N) T

(Theorem shows, in particular, that ¥ converges weakly to v,; cf. Remark |1.27l) For any function f on
T, one can easily verify from Deﬁnitionthat [1£12In(U) = fn(U)fn(U)*; hence, by the density of C(T) in
L*(T,vN), (2.1) shows that

1NN 2wy o snane )y = Il L2ermy - (22)

It follows that the functional calculus subspace is a closed subspace of L?(p¥ )eq> and contains the single-variable
Laurent polynomial functions as a dense subspace. That this density result extends to trace Laurent polynomials
in the full space L2(pY)eq is Theorembelow.

If F' is a holomorphic function on C*, there is a unique holomorphic function Fy : GL(N;C) — My(C)
which satisfies

A F(\)
Fy | A Al =4 AL
Ay F(\v)

for every A € GL(N,C) and all A1,..., Ay € C*; indeed, Fl is given by the same Laurent series expansion
as F', applied to the matrix variable. We call such a function a holomorphic functional calculus function on
GL(N,C). As shows, the boosted Segal-Bargmann transform Bé\jt does not, in general, map functional cal-
culus functions on U (N) to holomorphic functional calculus functions on GL(N, C). Nevertheless, [4] suggests
that in the large-N limit, Bé\{t ought to map functional calculus functions to holomorphic functional calculus
functions (at least in the s = ¢ case), mirroring the limit theorem that holds for the Lie-algebra version S}V of
the transform; cf. [4, Theorem 2]. Since single-variable Laurent polynomial functions are dense in the functional
calculus subspace, Theorem[1.30] can be interpreted as a rigorous version of this idea.
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2.2 Results on Equivariant Functions

Theorem 2.3. Let s,t > 0 with s > t/2. The Segal-Bargmann transform Bé\{t maps L2(U(N), p; Mn(C))eq
isometrically onto HL*(GL(N, C), pl'y; My (C))eq.

We begin with the following lemma.

Lemma 2.4. Let G C My(C) be a group. For any function F': G — My (C), define
Cy(F)(A) =V IFRWvAvV—hy, V,A€QG. (2.3)
Let s,t > 0 with s > t/2. Then for all F € L*(U(N), ps; Mn(C)) and V € U(N),
BY,(CyF) = Cy (B, F). (2.4)

Proof. Since Ay is bi-invariant, it commutes with the left- and right- actions of the group; hence it, and

therefore the semigroup ezfuw ), commute with the adjoint action Ady (U) = VUV ! on functions: for any
V eU(N)
320 (F o (Ady)) = <e%AU<N>F> o Ady. 2.5)

Conjugating both sides of (2.5) by V! in the range of F' (which commutes with the heat operator), it follows
that
Cy(ez2v F) = e2Bvw) (CyF), Ve U(N). (2.6)

Uniqueness of analytic continuation now proves (2.4) from (2.6)). O
Theorem [2.3] now follows by analytically continuing (2.4) in the V' variable.

Proof of Theorem2.3} Let F € L*(U(N), pY; My(C)) be equivariant; thus CyyF = F for all V € U(N).
Then shows that C’V(Bé\ftF) - BQQF = (0 foreach V' € U(N). Since BQ;F is holomorphic, it follows
by uniqueness of analytic continuation that the function A — C4(BY,F) — BY,F = 0 for A € GL(N,C);
thus, Bé\jtF is equivariant under GL(N, C), as required. An entirely analogous argument applies to the inverse

transform, establishing the proposition. O

Let us remark here on an intuitive approach to the concentration of measure results in Section |4 If Uy is a
random matrix sampled from the distribution p¥ on U(N), its (random) eigenvalues converge to their (deter-
ministic) mean as N — oo. To be precise: if )\JIV Y ,)\% are the eigenvalues of Uy, the empirical eigenvalue

measure
1 N
~N __
v, = — g O\~
t N L= 4
J=1
N N

converges weakly in probability to the measure v4. (The mean of the random measure v;' is the measure v;
of (2.I) which converges weakly to v4; cf. Remark The stronger statement that the convergence is in
probability, not just in expectation, follows from the variance estimates in [23, Proposition 6.2], for example.)

The conjugacy classes in the group U (V) are in one-to-one correspondence with the (symmetrized) list of
eigenvalues. Each such list is, in turn, determined by its emprical measure 7}¥. The convergence of the random
eigenvalues of U to a deterministic limit therefore suggests that the heat kernel measure p;¥ concentrates its mass
on a single conjugacy class as N — oo. The following proposition therefore offers some insight into Theorem
[I.26] (that trace Laurent polynomials concentrate on single-variable Laurent polynomials). Indeed, on a fixed
conjugacy class, any equivariant function is given by a polynomial.
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Proposition 2.5. Ler G C My (C) be a group, and let C be a conjugacy classe in G. If F: G — My(C) is
equivariant, then there exists a single-variable polynomial Pc such that F(A) = Po(A) forall A € C.

Proof. Fix a point Ag in C, and let A; commute with Ag. Then since F' is equivariant,
AT F(Ag)Ar = F(AT AgAy) = F(A)

which shows that F'(Ay) commutes with any such A;: that is, F'(Ag) € {Ap}” is in the double commutant of
Ag. A classical theorem in linear algebra (see, for example, [22]] for a short proof) then asserts that there is a
single-variable polynomial Py, such that F'(Ag) = P(Ap). Every other point in the conjugacy class C' is of
the form A = BAgB~! for some B € G. Since applying a polynomial function to a matrix commutes with
conjugation, we have

F(A) = F(BAyB™) = BF(Ag)B™! = BP4,(Ao)B™" = Pa,(BAyB™') = Py, (A)

which shows that the map Ay — Pj, is constant for Ay € C, so relabel P4, = Pc. Thus, the identity
F(A) = Pc(A) holds forall A € C. O

Remark 2.6. Propositionhas the at-first-surprising consequence that the equivariant function F/(4) = A1 is
equal to a polynomial (not a Laurent polynomial) on any given conjugacy class. This can be seen as a consequence
of the Cayley-Hamilton Theorem; cf. Section Indeed, let pa(N\) = det(Any — A) be the characteristic
polynomail of A; then p4(A) = 0. This shows there are coefficients cj (determined by A) so that Zi\;o e AF =
0. Since cg = (—1)~ det(A), if A is invertible we can therefore factor out A from the k& > 1 terms and solve for
A~" as a polynomial in A. The above proof shows that this A-dependent polynomial is, in fact, uniform over the
whole conjugacy class.

2.3 Density of Trace Laurent Polynomials

Conceptually, equivariant functions are a natural arena for the Segal-Bargmann transform in the large- N limit.
Computationally, it will be convenient to work on the subclass of trace Laurent polynomials; cf. (1.20). In fact,
trace Laurent polynomials are dense in L2(U(N), p'; My (C))eq- Thus, understanding the action of Bé\ft on this
class tells the full story.

Theorem 2.7. For s > 0, the space of trace Laurent polynomials is dense in L?>(U(N ), pY; My (C))eq-
We begin by proving that equivariant functions whose entries are polynomials in U and U™ are dense.

Lemma 2.8. Every equivariant function F € L>(U(N), p¥; M N(C))eq can be approximated by a sequence of
equivariant matrix-valued functions F,,, where each entry of F,,(U) is a polynomial in the entries of U and their
conjugates.

Proof. By the Stone—Weierstrass Theorem and the density of continuous functions in L2, any f € L?(pY) can
be approximated by scalar-valued polynomial functions of the entries of the U (V) variable and their conjugates.
Applying this result to the components of the matrix-valued function F', we see that there is a sequence P, of
polynomials in the entries of U and their conjugates such that

1Pn = Fll 2@ (ny,pnmy ) — 0- (2.7)

Now, consider again the conjugation action Cy, of (2.3). It is easy to verify that this action preserves the space of
homogeneous polynomials of degree m in the entries Uy, and their conjugates. Thus, the averaged function

Fu(U) = / Cy () (U) dV
U(N)
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is still a polynomial in the entries of U and their conjugates; and F), is evidently equivariant. Therefore Cy (F') =
F foreach V€ U(N), and so

Fu(U) - F(U) = / Cy(P)(U)dV — F(U) = / Cv(P,) — Co(F)(U) dV.
U(N) U(N)

It follows from (2.7) (with an application of Minkowski’s inequality and the dominated convergence theorem)
that F, approximates I in L2(U(N), pY; My(C)) as claimed. O

Proof of Theorem[2.7] We will show that each of the functions F;, in Lemma [2.8] is actually a trace Laurent
polynomial. Suppose, then, that F' is equivariant and that each entry of F'(U) is a polynomial in the entries
of U and their conjugates. Let T'(IN) C U (V) denote the diagonal subgroup. By the spectral theorem, any
U € U(N) has a unitary diagonalization U = VAV ~! for some A € T(N). The equivariance of F' then gives
that F(U) = F(VAV 1) = VF(A)V L. In particular, any equivariant function F is completely determined by
its restriction F|T( nyto the diagonal subgroup.

Because F' is equivariant, by the same argument used in the proof of Proposition F(U) € {U}" for
each U. Let U € T(N) be in the dense subset of matrices with all eigenvalues distinct; then {U}’ is the set
of all diagonal matrices, and so F'(U) commutes with all diagonal matrices, meaning that F'(U) is diagonal.
By the initial assumption on F, all entries of F'(U) are polynomials in the entries and their conjugates; hence,
since the off-diagonal entries are 0 on a dense set, F'(U) is diagonal for all U € T'(NNV), and its diagonal entries
are polynomials in the diagonal entries Aq,..., Ay of U and their conjugates. Since this holds true on a dense
set of U € T'(N), it holds true on all of T'(N). Of course, for U € T(IN) the diagonal entries of U satisfy
Aj = 1/)j. Thus, each of the diagonal entries of Flpny (U) is a Laurent polynomial g(Ay, ..., Ay) in the
Aj’s. The symmetric group Xy is a subgroup of U(NV), so since F'|yy is equivariant under U(N), it is also
equivariant under X y. Hence each of the (matrix-valued) polynomials q is equivariant under the action of >y on
the diagonal entries.

Taking k be be larger than the largest negative degree of any variable in ¢, and setting r(\1,...,Ay) =
(A1---An)¥q(M1, ..., An), 7 is also equivariant under the action of ¥ . We can then express

Flpgy (U) = A+ An) Fr(An, - An) = det(U) r(Ar, -, An).

Since the diagonal entries of r(A1,...\y) are equivariant under permutations, the first entry of » must be in-
variant under permutations of the remaining N — 1 variables. This means that the first entry of r is a linear
combination of terms of the form )\‘{35(/\2, ..., An), where ¢ ranges from O up to the degree d of r and sy is a
symmetric polynomial in N — 1 variables. By equivariance under X, it now follows that, for 1 < 7 < N, the
jth diagonal component of 7 itself must be a linear combination of terms of the form

{Afw(xl,...,ij,...m);ogzgd,1gjgN}.

It is well-known that every symmetric polynomial in N —1 variables A1, ..., Ay_1 is a polynomial in power-sums
pe(A1, ..., An—1) with 0 < ¢ < N — 1, where, for any integer ¢,

ey A1) = AN A (2.8)

(This result was known at least to Newton. For a proof, see [26, Theorem 4.3.7].) Furthermore, any power sum in
N — 1 variables can be written as a linear combination of power sums of N variables along with the monomials
)\5; for example

N

N
o= ) -
j J

Jj=2 =1
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Thus, the first entry of r is actually a polynomial in power-sums of all IV variables and in A\; with the remaining
entries of r then being determined by equivariance with respect to permutations.
Suppose now that r is the permutation-equivariant polynomial whose jth entry is

154

¢
)\go ()\/161_|_..._|_)\’]“\}) 1...()\Ifl\f_|_,”+)\’]€\;u>
Then r is nothing but the restriction to 7'(IV) of the trace polynomial
R(U) = UZOTr(U"?l)fl .. ’I‘I-(Uk’M)é]M.

Meanwhile, by the above-quoted result, the symmetric polynomial (A1 )2 --- Ay )* can be expressed as a poly-
nomial in the power-sums of the A;’s. Taking the complex-conjugate of this result, we see that det(U*)* can be
expressed as a scalar trace polynomial in U*; thus U + (det U*)*R(U) is a trace Laurent polynomial. Hence
F'|(ny is the restriction of the trace Laurent polynomial function U + (det U “YER(U), and the result follows
since F" is determined by F'| . O

2.4 Asymptotic Uniquness of Trace Laurent Polynomial Representations

The Cayley—Hamilton theorem asserts that, for any matrix A € My (C), it holds that p4(A) = 0 where p4(\) =
det(Ay — A) is the characteristic polynomial of A. In fact, the coefficients of the characteristic polynomial
p4 are all scalar trace polynomial functions of A: this follows from the Newton identities. In fact, using the
operators M.y and A of Definition there is an explicit formula for p 4. Let

ha(\) = exp <— Z mi\mTr (Am>> .
m=1

Then for A € My (C), pa(X) = (ALMy~nha)(A). (See the Wikipedia entry for the Cayley-Hamilton theorem.)
Thus, the expression p4(A) is a(n N-dependent) trace polynomial in A, and the Cayley—Hamilton theorem
asserts that this trace polynomial function vanishes identically on My (C). We illustrate this result in the case
N =2,

Example 2.9. For all A € M>(C), the Cayley—Hamilton Theorem asserts that

A? — Tr(A)A + det(A)I, = 0. 2.9)
In the 2 x 2 case, however, it is easily seen that
det(A) = %(Tr(A)Q — Tr(A2)). (2.10)
Substituting into (2.9) and expressing things in terms of the normalized trace gives
A? — 2Atr(A) + 2tr(A)2Ly — tr(AH I, = 0

for all A € My(C). In particular, if P € £ denotes the nonzero polynomial P(u;v) = u? — 2uv; + 2v? — v,
then Py: U(2) — M>(C) is the zero function. Note, however, that Py is not the zero function on U(N) for
N > 2, since the minimal polynomial of a generic element of U(N) has degree N. This demonstrates the
following theorem.

Theorem 2.10. Let P € &2 \ {0}. Then for all sufficiently large N, the trace Laurent polynomial function Py
is not identically zero on U(N). In particular, if P,Q € & are such that Py = Q for all sufficiently large N,
then P = Q).
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In order to prove Theorem [2.10] the following lemma (from the theory of symmetric functions) is useful. The
corresponding statement for symmetric polynomials (rather than Laurent polynomials) is a standard result. The
Laurent polynomial case must be known, but is well hidden in the literature.

Lemma 2.11. If N > 2n, then the power sums py(\1, - .., An) (cf. (2.8)) with 0 < |k| < n are algebraically
independent elements of the ring of rational function in N variables.

Proof. Let e; denote the jth elementary symmetric polynomial in /N variables, that is, the sum of all products

of exactly j of the N variables. Then the power sums p1,...,p, can be expressed as linear combinations
of the functions ey, ...,e,. Thus, it suffices to prove the independence of the functions ej(A1,..., Ay) and
ej(Afl, ... ,)\j\,l) for 1 < 57 < n. We may easily see, however, that
_ _ GN,'(Al )\N)
e;(ATH LAY = D )
]( 1 N) eN(/\l,...,)\N)

In the case NV = 2n, we need to establish the independence of the functions ey, . .., ex/o and eN/Q/eN, ey
en—1/en, which follows easily from the known indepence of ey, ..., e, cf. [26, Theorem 4.3.7]. In the case
N > 2n, if we had an algebraic relation among the functions e;(Aq, ..., Ax) and ej()\l_l, ceey )‘z_vl) for 1 <
7 < n, we could clear ey from the denominator to obtain an algebraic relation among the functions ey, ..., ey,
eN—1,---,eN—_n and ey, which is impossible. O

We now proceed with the scalar version of Theorem [2.10
Lemma 2.12. Let Q € 2%\ {0}, and let N > 2n. Then Q is not identically zero on U(N).

Proof. Let Q € 2%\ {0}; then Qy is a trace Laurent polynomial, which also defines a holomorphic function
on GL(N,C). By uniqueness of analytic continuation, if @y = 0 on U(N), then Qn = 0 on GL(N,C). To
prove the lemma, it therefore suffices to find A € GL(N, C) with Qn(A) # 0. Actually, we will find a diagonal
matrix A € GL(N,C) with Qn(A) # 0.

For clarity, we write out the polynomial () in terms of its coefficients:

— J1seesd i1, J1 in,J
Q(vl,v,l,... ,’Un,U,n) = E a’h,...,i: CU U ..'Unnv_”n.

Consider any diagonal matrix diag(\1, ..., Ay) in GL(N, C); for convenience, denote A = (A1,...,Ax). Then
tr(A*) = pr(\) (the power sum of (2.8)), and so

Qn(diag(\) = > al I py (A p_y (W) pa(N) " pon ()7 (2.11)
i15es in
J1seees In

By Lemma the power sums p1(A),p—1(A), ..., pn(N), P—n(X) are algebraically independent since A\ =
(M,...,Ax) and N > 2n. Since ) # 0, some of the coefficients aﬁ::"’q” in (2.11) are # 0. It follows that

cyin

QN (diag(A)) is not identically 0, as desired. O

This finally brings us to Theorem [2.10]

Proof of Theorem We write P(u; v) as a sum of positive and negative powers of u, multiplied by polynomi-
als in v, where at least one of these coefficients polynomials is nonzero. Let us multiply Py (U) by U* for some
large k, so that all the untraced powers of U in U¥ Py (U) are non-negative. Let £ be the highest untraced power
of U occurring in the expression for U* Py (U). Choose N large enough so that N > ¢ and so that (Lemma
the coefficient ¢ of U in Py (U) is not identically zero. Then ¢ is nonzero on a nonempty open subset of U (V).
This set contains a matrix Uy whose minimal polynomial has degree N > ¢. When we evaluate Py (U)), the
result will be a linear combination of powers of Uy with the coefficient of Ug being nonzero. Since the minimal
polynomial of Uj has degree N > ¢, the value of Py (Up) is not zero. O
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3 The Laplacian and Heat Operator on Trace Laurent Polynomials

This section is devoted to a complete description of the action of the Laplacian Ag;( ) on trace Laurent polyno-
mial functions, and its corresponding lift to Dy on the space &; cf. Theorem[1.20] We begin by proving “magic
formulas” expressing certain quadratic matrix sums in simple forms. We use these to give derivative formulas that
allow for the routine computation of Ay () Py for any trace Laurent polynomial function Py, and we then use
these to prove the intertwining formula of Theorem [[.20[ We conclude by proving a more general intertwining
formula (Theorem for the action of Aé\ft on trace polynomial functions over GL(N, C); in this latter case,
we deal more generally with trace Laurent polynomials in A and A* as this will be of use in Section 4]

3.1 Magic Formulas
We define an inner-product on My (C) by

(X,Y) = NTr (Y*X) = Ntr(Y*X). (3.1)

Restricted to the Lie algebra u(N) (consisting of all skew-Hermitian matrices in My (C)), (-, -) is real-valued;
it is the polarized inner product corresponding to the norm || - || of (I.2). (This is not to be confused with the
polarized inner-product corresponding to the norm | - || a7, of (I.13).)

The main result of this section, which underlies all computations throughout this paper, is the following list
of “magic formulas”.

Proposition 3.1. Let 5y be any orthonormal basis for u(N') with respect to the inner-product in . Then we
have the following “magic” formulas: for any A, B € My(C),

Z X2 = Iy, (3.2)
Xepn
> XAX = —tr(A)ly, (3.3)
XeBn
1
> tr(XA)X = —a (3.4)
XebBn
> (X A)te(XB) = —%tr(AB). (3.5)
XeBN

Remark 3.2. Eq. (3.2)) is the A = Iy special-case of (3.3)); similarly, (3.3) follows from (3.4) by multiplying by
B and taking tr. We separate them out as distinct formulas for convenience in repeated use below.

Proof. If B is a basis for the real vector space u(N), it is also a basis for the complex vector space My (C) =
u(N)@iu(N). Furthermore, if 5 is (real) orthonormal in u( V) with respect to the (restricted real) inner product
in (3.1)), then Sy is (complex) orthonormal in My (C) with respect to the (complex) inner-product in .
Thus, let Sy be any orthonormal basis for M. ~(C) with respect to , and consider the linear map @ :
Mp(C) — Mpy(C) given by
P(A)= > X'AX.
Xefn

A routine calculation shows that ® is independent of the choice of orthonormal basis. We compute ® by using

the basis
_ 1 N
By = {E } 3.6)
VN
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where Ejj, is the N x N matrix with a 1 in the (j, k)-entry and zeros elsewhere. Writing things out in terms of
indices shows that, for any A € My (C), we have

N N
N-[@A)]wm= | > EjAEj| = Y OudjnAnoSiodkm = Y Aoodtm,

Ji.k=1 7,k,m,0=1

Im

which says that

@(A) = %TI‘(A)IN = tr(A)IN.

The basis-independence of ¢ allows us to replace by any real orthonormal basis Sy of u(/N) (which, as
noted above, is also a complex orthonormal basis for My (C)). The elements X € [y are skew-Hermitian, and
thus we obtain
D XAX = —®(A) = —tx(A)],
XeBN

which is (3.3).

Meanwhile, if we multiply both sides of by —N? and recall that each X is skew, we see that is
equivalent to the assertion that

A= Nu(X*A)X = ) (A X)X.
Xebn XeBNn
But this identity is just the expansion of A in the orthornormal basis Sy for My (C). Finally, as we have already
remarked, (3.2) and (3.5) follow from (3.3)) and (3.4), respectively. O
3.2 Derivative Formulas
Theorem 3.3. Let m,n € N. Let y denote an orthonormal basis for u(N), and let X € . The following

hold true:

n

oxU"=> UIXU" I,  n=0 (3.7)
j=1
0 . .
oxU"=— > UIXU", n<0 (3.8)
j=n+1
oxtr(U™) =n-tr (XU"), n ez (3.9)
n—1 ‘ A
ApnU" = —nU" = 2129 Yy jUte(U™7),  n>0 (3.10)
j=1
ApnU" =nU" + 21,<_o Z JUItr(U™9), n<0 (3.11)
Jj=n+1
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n—1

Apnytr(U™) = —ntr(U") — 21,59 Y jtr(U7) (U™ ), n >0 (3.12)
j=1

Apnytr(U™) = nte(U™) + 2Lp< o Y jtr(U7)r(U"7),  n<0 (3.13)

j=n+1

mn
D oxU™ - oxtr(U™) = —FU"W, n,m € Z (3.14)

Xepn
n mn n+m
D oxtr(U™) - Oxtr(U™) = — Nzt @), nmez (3.15)
XeBn

These formulas are valid for all matrices U € My (C); we will normally use them for U € U(N).

Proof. By the product rule, for n > 0

d n
oxU" = —| (Ue)" =) vixun
XUt =) UeT) >
7j=1
which proves (3.7). Similalry, for m > 0
d m—1
aXU—m - ( —tXU U™ JXU (m—73)

dt|,_g —

7=0

and letting n = —m proves (3.8)). Taking traces of (3.7) and (3.8) then gives (3.9) after using tr(AB) = tr(BA)
repeatedly. Making use of magic formulas (32) and @) we then have, forn > 0

k J
n —~ =
ApU" =21pz2 Y. Y U. TX..UX. LU+Y N UL UXTL U
1<j<k<n X€BN J=1 XeBn
= 2Lpsy Y U DU —nUn,

1<j<k<n

A little index gymnastics then reduces this last expression to the result in (3.10). An entirely analogous compu-

tation proves (3.11). Equations (3.12) and (3.13) result from taking traces of (3.10) and (3.T1)), since the linear

functional tr commutes with Ay (. Finally, from @ and @ when m > 0

> (OxU™)(0xU™) =n Y inXUm’jtr(XU”)

X€BN XeBn j=1

=n > Zm:Uftr(XU”)XUWJ‘

X€By j=1

m
n Z - -5 mn +
j=1

An analogous computation for m < 0 yields the same result, proving (3.14)); and taking the trace of this formula

gives (3:19). O
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Remark 3.4. Eq. shows that the identity function id(U) = U on U(N) satisfies Ay yyid = —id. It
follows, for example, that all of the coordinate functions U — Uy, are eigenfunctions of Ay with eigenvalue
—1, independent of n. This independence suggests that we are, in fact, using the “correct” scaling of the metric
on U(N), which in turn determines the scaling of Ay(y). If we used the unscaled Hilbert-Schmidt norm on
u(N), the function id would be an eigenvector for the Laplacian with eigenvalue —N; that scaling would not
bode well for an infinite dimensional limit of any quantities involving the Laplacian.

To illustrate how Theorem may be used, we proceed to determine the action of the heat operator e28um)
on the polynomial Py (U) = U?.

Example 3.5. Equation (3.10) shows that Ay U? = —2U% — 2UtrU. In order to calculate Ay vy (UtrU), we
use the definition li of Agy() and the product rule twice. For each X' € u(N),

0% (UtrU) = dx [(OxU) - trU + U - (9xtxU)] = (0% U) - trU + 2(dxU)(dxtrU) + U - 9% txU.

Summing over X € u(N) and using (3.10), (3.12)), and (3.14) then shows that

2 2
Ay (UttU) = (=U) - trU — WW 42U - (—trU) = —WW —2UtrU.

Thus, setting Py (U) = U? and Qn(U) = Utr(U), we have
AynyPn = —2Py — 2Qn, (3.16)

2
Ayn@n = _WPN —2QnN. (3.17)

When N > 1, the span of the two functions Py, Q) is a 2-dimensional subspace of C*°(U(N)) (when N = 1,
Py = @n). Equations (3.16)—(3.17) show that this subspace is invariant under the action of Ay (), which is
represented there by the matrix

DN:[:; _2_/52].

The exponentiated matrix e2DN js easily computed (cf. [[19, Chapter 2, Exercises 6,7]) as

Dy —t cosh(t/N)  —1/Nsinh(t/N)
- —N sinh(¢/N) cosh(t/N)

It follows immediately (reading off from the first column of this matrix) that
e220m) Py = ¢~ cosh (t/N) Py — e ' Nsinh(t/N)Qn

as claimed in (I.5).

Any trace Laurent polynomial function Py on U(N) is contained in a finite-dimensional subspace of matrix-
valued functions that is invariant under Ay (y; this is the content of Lemma below. Thus, the computation

¢ . L : .
of ex2U() Py for any trace Laurent polynomial Py reduces to exponentiating a matrix of finite size.

3.3 Intertwining Formulas I

Recall the operators T, N, Z, Y, and £ from Definitions and Before we prove that their composite D y
(1.29) intertwines Ay, we first prove Lemma
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Proof of Lemma[l.19] The reader may readily verify that N, Z4, Y4, and £ all preserve trace degree. What’s
more, it is elementaty to calculate that [T, N] = 0, while

2:T =72+ +Y4], YT =0.

Hence, it follows that D = —N — 2(Z +Y) = —N — 2(Z4 + Y4) + 2(Z- + Y_) commutes with T. Since
Dy =D - ﬁﬁ (cf. ), we are left only to prove that [T, L] = 0. This is also straightforward to compute;
instead, we offer an alternative proof. From (1.22)), we see that, for any P € &2,

[TDN(P)]n = tr(Ayny)Pn) = Ay tr(Py) = [DNT(P)]N-
That is: ([T, Dn]|P)n = 0. It follows, using the fact that [T, D] = 0, that
([T, £]P)y = ([T,N*(Dy — D)|P) , = N* ([T, Dn]P)y =0, forall N. (3.18)

If the polynomial [T, £] P is not identically 0, (3.18)) is in direct contradiction to Proposition Thus, for each
P e 2,[T,L|P = 0, which proves the result. O

We now proceed to prove Theorem [I.20] (the intertwining formula). The following notation will be useful.

Notation 3.6. Forn € Z and A € My(C) let W, (A) = A", Vo (A) = tr(A"), and V(A) = {Va(A)} 1
(Technically we should write VN for V,, and W~ for W,,, but we omit this extra index since the meaning should
be clear from the context.) With this notation we have Py (U) = P(U,V(U))Iy for P € 2.

Proof of Theorem For convenience, we explicitly restate the desired formula as follows:
1
Ay Py = [(—N — 22 —-2Y — NQL> P] . (3.19)
N

Fix n € Z \ {0}, and let P(u,v) = u"q(v) where ¢ € 2°; thus Py = W, - ¢(V). For X € u(N), by the
product rule we have
IxPn = 0x [Wy - q(V)] = 0x Wy, - ¢(V) + Wy, - 9xq(V)

and therefore

ApvyPv= Y 0%xPxv= > [0xWu q(V)+20xW, - Oxq(V) + Wy - 0%q(V)]
Xebn Xepn

= (ApnyWa) - q(V) +2 Z OxWhy - Oxq(V) + Wy - (Aywya(V)) . (3.20)
XeBN

Using (3.14) and the chain rule, the middle term in (3.20) can be written as

> OxWa-Oxq(V)= > 0xWn- > <a(qu> (V) - 0xVj

X€By X€By k|>1
0
= Z Z OxW, - 0OxVy <GQ) (V)
Uk
k|>1 \XeBn
nk 0 1 0
= Z (—NQWan) (80(1> (V) = N2 Z kWi <8U€I) (V). (.21
k|>1 k [k|>1 F
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Notice that n W, = Wii1 - nWy1 = Wiy [a%u”] > and so lb may be written in the form

82
> OxWa-0xq(V) = N > ku kﬂauav P| . (3.22)
XeBy k[>1 Pl

For the last term in (3.20)), we again use the chain and product rules repeatedly to find

ki1 N
Y (2w zvit Y (A2 ) v oxvpoxv). 623
(%k Xk 8vj8vk XY X VkJ: '

Summing this equation on X € (B, (3.15) shows that the the second sum in (3.23) simplifies to

2
Z Z < ’U](?’Uk ) (V)- (8X‘/})(8Xvk) = —ﬁ Z AL <(‘91;j(‘)1),€q> (V). (3.24)

XeBN [j],|k[21 7]:[k[=1

For the first sum in ( , we break up the sum over positive and negative terms, and use (3.12)) and (3.13)) to see
that

k—1

[ 0 .
> < ) )X V= ((%Q> (V) | =kVi =200 Y jViViey
XeBN [k|>1 k=1 k j=1
-1 -1
0 .
+ Y (mﬂ) (V) [ BVe+ 2Lecn D VWi
k=—o0 j=k+1

which is equal to

- X 1% () V)

|k|>1

00 k—1 —1
Z Z . 8 Z . 0
k=2 \j=1

k=—oco \j=k+1

Combining (3.23)-(3.23) we see that the final term in (3.20)) is

1 . 0?
W, - AU(N)(J(V) = —[NoP]n — 2[ZP]n — N2 Z Jk”jJrka
131, 1k[>1
and combining this with (3.20) and (3.22) gives
1
AynyPrn = (ApnyWa) - ¢(V) — [(No +2Z + N2L> P] N (3.26)

where (3.22)) and (3.24) are the terms responsible for £. To address the first term in (3.26)), we treat the cases
n > 0 and n < 0 separately. When n > 0, (3.10) gives

n—1

(ApyWn) - q(V) = —=nW, - q(V) = 2122 > jW;Vi_jq(V).
j=1

24



The first term is — [u-u"q(v)] . and the second is (reindexing k = n — j)

n—1
-2 [Z Ukun_kQ(V)] = 2[4+ Pln
N

k=1

from Example An analogous computation in the case n < 0, using (3.11]), shows that in this case

0
AyyWa - q(V) = [uaP] +2[Y_Ply.
u IN

Combining these with (3.26)) concludes the proof. O
We now prove Corollary [I.22]

Proof of Corollary For convenience, we restate (1.31)): the desired property is
D(PQ) = (DP)Q + P(DQ), Pez, Qe P

Recall from Definition and Lemma that D = —N — 2Y — 22 = —(Np + 2Y) — (N1 + 22), where N;
and Z are first order differential operators on &2, while Ny and Y annihilate 2?9 and satisfy

No(PQ) = (NoP)Q, Y(PQ) = (YP)Q, Pe2, Qe P

Hence
(No +29)(PQ) = [(No + 29) P]Q = [(No + 2Y) P]Q + P[(No + 24)Q)].

Since N7 + 2% satisfies the product rule on & in general, this proves (1.31)); (1.32) follows thence from the
standard power series argument. O

S

We conclude this section with the proof of Proposition |1.4
Lemma 3.7. Forn > 0, let P € &,. Then fort € R, esON p € P,.

Proof. Lemma [1.19] gives that D preserves trace degree, and thus &7, is an invariant subspace for Dy. The
result follows. O

Proof of Proposition[I.4} Any trace Laurent polynomial function on U (V) has the form Py for some P € 2.
Let n = deg(P), so that P € &7,,. Theorem shows that, for ¢ € R,

t t
e?AU(l‘UPN = [eEDNP}N
D A : . .
and Lemma asserts that e2” NP € . Hence, e27U(™) Py is a trace Laurent polynomial function on

U(N). Since Bé\jtPN is the analytic continuation of this trace Laurent polynomial function to GL(N, C) (which
is therefore given by the same formula), the result is proved. O
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3.4 Intertwining Formulas II

This section is devoted to proving an intertwining formula for GL(N, C) (cf. Theorem which is analogous
to the intertwining formula for U (V) in Theorem This result is only needed in order to prove concentration
of measures on GL(N, C) (Eq. of Theorem[1.26) and hence we do not need as much detailed information
about the operators involved. On the other, hand we will now have to consider scalar trace Laurent polynomials
in both A and A*, which complicates the notation somewhat.

Notation 3.8. For n € N, let (2, denote the set of functions (words) e: {1,...,n} — {£1,+x}. Fore € Q,,
we denote |¢| = n. Set Q = J,, Q.. We define the word polynomial space % as

W =C [{Ue}seﬂ}
the space of polynomials in the indeterminates {v. }..q. Of frequent use will be the words

|7] times |k| times

e k) = (B1,.. . £1,%x, ..., £%) € Q) (3.27)

where we use +1 in the first slots if j > 0 and —1 if j < 0, and similarly we use +x in the last slots if k > 0 and
—xifk <O.

Notation 3.9. For e € Q,, and A € GL(N,C) we define A° = A1 A®2 ... A° where AT* = A* and A™* =
(A7t = (A=Y)*. Given P € #, we let Py : GL(N,C) — C be the function

where
V(A4) = {Va(A): e € 2}

and

Vo(A) = tr(A°) = tr (AT A%2 ... A% .

The notation V here collides with Notation but there should be no confusion as to which is being used. As

in that case, we should technically write V. = V¥ and V = V¥, but we suppress the N throughout. Also, in
terms of Notation note that V,;, 0y(A4) = tr(A*) = Vi(A), while Ve, (A) = tr((A*)F) = Vi(A4*). Ttis
therefore natural to think of 22 as included in %, in the following way.

Notation 3.10. We can identify 2° as a subalgebra of W in two ways: v,1*: P° < W, with . linear and *
conjugate linear, are determined by

L(Vk) = Ve(k,0) (V) = Ve(0,k)- (3.28)
The inclusions v and * intertwine with the evaluation maps as follows: for Q € 2°,
L(@)]n(A) =@n(4)  [F(Q)n(A) = @n(A)". (3.29)
The trace degree on 22 extends consistently to the larger space #/.
Definition 3.11. The trace degree of a monomial [ [, vfj € W is given by
m m
deg | TTver | =" Ihsllel;
j=1

=1
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and the trace degree of any element in W is the highest trace degree of any of its monomial terms. Since
le(k,0)| = |e(0, k)| = k, we have
deg 1(Q) = deg™(Q) = deg @ (3.30)
for Q € P°. Note, moreover, that deg(RS) = deg(R) + deg(S) for R, S € #'. Finally, for n € N we set
Wp={P €W :deg(P) <n}.
Note that Wy, is finite dimensional, W, C C[{ve}cj<p), and W = U, W

We now proceed to describe the action of AL, on functions on U(N) or GL(N, C) of the form Ry for some
R € W recall from (I.11) that

Aé\’t—(s—) TP
Xepn XE/J’N

where [y is an orthonormal basis for u(N).

Theorem 3.12. Fix s,t € R. There are collections {qf’t: €€ Q} and {r:’g: g,0 € Q} in W with the following
properties:

(1) foreache € Q, qg’t is a certain finite sum of monomials of trace degree || such that

ANV = [N = V), (3.31)

(2) fore, 6 € Q, r’ 6 is a certain finite sum of monomials of trace degree || + |0| such that

(S_D S (0xVa) (OxVa) + 5 D0 (B V) (0uxVa) = 5 Sty = 2gri (V). 332)

XeBN XeBn

Please note that the polynomials ¢" and rj’g do not depend on N. The 1/N? in |i comes from the magic
formula (3.4), as we will see in the proof.

Proof. Fix ¢ € Q, and let n = |¢|. Let Sx denote an orthonormal basis for u(N), and let 1 = [ while
f— =ifBn. Forany £ € u(N) @ iu(N) = gl(N,C) = My(C), we make the following conventions:

(A&t = Ag, (AE)™t = —eA™ T, (A&)* = A%, (A)™* = —A*e™, (3.33)

Note that, for £ € (4, £ = F£. In the proof to follow, we do not precisely track all of the signs, and so +
denotes a sign that may be different in different terms and on different sides of an equation. Thus, we have

(3 V) ( Ztr (AS1A%2 (AT ... A°")
and 50
A)= f:tr (A1 A= . (A)T .. A™) (3.34)
+2 ) tr(ATIAT (AT (AT LA, (3.35)
1<j<k<n
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We must now sum over { € (4. It follows from magic formula (3.2)) and convention (3.33) that each term in

(3:34) simplifies to

Dt (ATIAT L (AG)T AT = et (ATAT AT AT = £VL(A).
§EB+

To be clear: the 4 on the right varies with j and whether the sum is over 8 or S_. Summing each of these terms
over 1 < j < n shows that (3.34) summed over 54 is

DD (ATAT (AT AT = na(e)Ve(A) (3.36)
§eB =1
for some 14 (¢) € Z. For the terms in (3.35), applying (3.33]) shows that
tr (AT A2 . (AE)T .. (AE)™ ..  A%) = Ltr(AkEATIREATTH) (3.37)

é . . . . . O 1 2 _ . .
where {¢ j’k}e:(m’z are certain substrings of €, whose concatenation is all of e: €, €5 €7, = €. Applying magic

formula (3.3)) to (3:37) gives

3 tr(ATREATIREATH) = (AR AT )br( AT ) = (A )tr(AT)
£€B+

where £, = €3, %, . Note that |¢; x| + |¢] .| = |¢|. Hence, the sum in (3.35) summed over 4 is equal to

) 1
Do H(ATE(ATE) = Y EV (A (A). (338)
1<j<k<n 1<j<k<n
Hence, if we define
& =ni(Ev+2 Y +oe 0 (3.39)
1<) <k<le] ”

which have homogeneous trace degree ||, then (3.34)-(3.38]) show that

t t
7t j— -
q —<5—2>(J§r+2q€

satisfies (3.31), proving item (1) of the theorem.
For item (2), fix 0 € © and let m = |0|. We calculate for each £ € My (C)

(02 (ANOEVS)(A) = D0 tr(A7 A o (A5 - A7) - tr(AM A% - (Ag)P - %)
j=1 k=1

again making use of convention (3.33). Using the cyclic property of the trace, we can write the terms in this sum
in the form o) “
j k
+tr(EA5 " )tr(€A%)

where £() is a certain cyclic permutation of ¢, and 6) is a certain cyclic permutation of §. Summing over
¢ € B4+ and using magic formula (3.3)), we then have

S OV ANV A) = 13 3D tr(a™ 47) = 5™ S 050 (4). (3.40)

£eBb+ j=1k=1 j=1 k=1
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Since 1) §(*) has length || + |6|, the # elements

lel - 19]

@s = Z Z T k) (3.41)

j=1k=1

have homogeneous trace degree || + |d|, and (3.40) therefore shows that
t t _
Tz:g = <S — 2> T;:5 + 57“&6 (342)
satisfies (3.32), proving item (2) of the theorem. O

Theorem 3.13 (Intertwining Formual II). Fix s,t € R. Let {q;f’t: €€ Q} and {r?g: g,0 € Q} be the polyno-
mials from Theorem [3.12| and define

~ 1 0 ~ 1 . 02
Dot =15 qu”t% and Loy = > T (3.43)
eeN) € €,0€9) € g

which are first and second order differential operators on #" which preserve trace degree. Then for all N € N

and P €¢ W/,

1 ~ 1~
§A§YtPN = [DS,tP + NQLS,tP} : (3.44)
N

Remark 3.14. Definition of Agt is stated for s, > 0 and s > ¢/2; it is only in this regime that the operator
Aﬁ,\ft is negative-definite and the tools of heat kernel analysis apply. The operator itself is well-defined-for any
s,t € R, however, and it will be convenient to utilize this in some of what follows.

Proof. By the chain rule, if £ € My (C) then

OFPy = 0 Kgi) (V)- 8§Vg:|

eeN

=Y (B mervr X (o) v e (00)

from which it follows that

oP
N _ N
APy = Z <8v5> (V) - Ag Ve

eeN

82
t 2 (61)5;;5) (V) <S - ;) POLAATATEED SICABICAS

£,0€Q £ep §€ip
Combining this equation with the results of Theorem [3.12|completes the proof. O
We record one further intertwining formula that will be useful in the proofs of Theorems[I.26]and [T.30

Lemma 3.15. There exists a sequilinear (conjugate linear in the second variable) form B : P x & — W such
that, for all P,Q € 2, we have deg (B(P,(Q)) = deg(P) + deg(Q) and

[B(P,Q)In(A) = [Py (A)Qn(A)]  forall A€ GL(N,C).
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Proof. By sesquilinearity, it suffices to define B on P,Q € £ of the form P(u,v) = u*p(v) and Q(u,v) =
u’q(v) for k, £ € Z and p,q € 2°. We compute, for A € GL(N, C), that

tr[Py (A)Qn (A)] = tr[APpn (A) AN (4)*] = tr(APA)py (A)gn (A)*
= [Ve(r,0) In (A)[e(p)In (A) [ (@)] v (A)

by (3.29), where (k, ¢) is defined in (3.27). Thus, we take Z: & x & — #  to be the unique sesquilinear form
such that, for p, g € 29,

B(ukpa UEQ) = ws(k,f)L(p)L*(Q)'
This is trace degree additive by (3.30). This concludes the proof. O

4 Limit Theorems

In this section, we prove that the heat kernel measures pY on U(N) and ,u?ft on GL(N,C) each concentrate
all their mass in such a way that the space of trace Laurent polynomial functions collapses onto the space of
single variable Laurent polynomial functions. To motivate this, consider the scalar-valued case: if Q € £?°, then
Theorem [I.20l shows that

(@ = 4 00] = [70] 40 ().

where the second equality will be made precise in Lemma below. Evaluating (4.1)) at Iy and using (1.10)
shows that

E,n(QN) = (6%AU(N’QN) (In) = (G‘%@Q) (1)+0 (;) :

where Q(1) = Q(1,1,1,...) is the evaluation of () at all variables = 1. Thus, from Definition and Remark

1.25) limpy 00 E v (QNn) = 7sQ. At the same time, the restriction of D to 22° is —(Np + 22) (cf. Definition
D

1.16)), which is a first-order differential operator. Thus, e2? is an algebra homomorphism on 22, and so

[e%DQQ]N - ([e%DQL\)Q' 4.2)

If @ has real coefficients, then Q? = |Q|?, and (1.10) together with (4.1)) applied to Q2 and (4.2)) evaluated at 1

show that
2 1
=0 (m) :

Thus, the random variables )y concentrate on their limit mean 7,(), summably fast. Section[4.1]fleshes out this
argument in the general case; Sections 4.2] and [4.3| then use these ideas to prove Theorems and [[.29]

Varpg(QN)z/ IQN(U)\Qpiv(dU)—‘/ Qn(U) pi(dU)
U(N) U(N)

4.1 Concentration of Measures

We begin with an abstract result that will be the gist of all our concentration of measure theorems.

Lemma 4.1. Let V be a finite dimensional normed C-space and supposed that D and L are two operators on' V.
Then there exists a constant C = C(D, L, || - |[v) < oo such that

[ePF<E — Pl guqqy < Clel forall e[ < 1, @
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where || - ||gna(v) is the operator norm on V. It follows that if ¢ € V* is a linear functional, then
p(ePTta) — p(ePz)| < Cllgllv-llzllviel, z eV, [ <1, 4.4)
where || - ||y~ is the dual norm on V*.

Proof. Using the well known differential of the exponential map (see for example [11, Theorem 1.5.3, p. 23],
[19, Theorem 3.5, p. 70], or [27, Lemma 3.4, p. 35]),

1
A Dysi _ DL / o~ H(D+sL) [ JH(D+sL) gy
dS 0

1
= / 6(17t)(D+SL)Let(D+SL)dt7
0

we may write

€ 1
ePrel _ D — / ieD“Lds = /6 {/ e(lt)(D+SL)Let(D+SL)dt] ds.
o ds 0 LJo

Crude bounds now show

lel [ 1
D+eL _ D 1—t)(D+sL) 7 t(D+sL
e - ¢ HEnd(V) S/O [/0 He( DB LHDe )‘
Proving (4.3); (4.4) follows immediately. O

The next lemma identifies the evaluation functional ms_; in terms of the operator D s,t5 it demonstrates the
way in which Lemma [.T| will be used throughout the remainder of this section. Recall the evaluation map 7, of
Definition|1.24] and the inclusion maps ¢, t*: #?° < # of Notation

Lemma 4.2. Let s,t > 0 with s > t/2. Let @S,t be given as in . Then, for any Q € P°,

dt|ds < C(D,L,]| - .
oy ] 45 = €Ol

[ (@Q))(1) = T Q. (4.5)
Proof. If f: GL(N,C) — My/(C) is holomorphic, then 0;x f = i0x f for all X € u(N'), which then implies
t t
Wil = (5 5) 5 Hi-g 5 K= -0 8um1.
Xepn XeBn

Since the scalar trace Laurent polynomial function @y is holomorphic, it follows that
e2 A Q= e3DAUM Q. (4.6)

Using intertwining formulas (3.29) and (3.44) on the left-hand-side of (4.6) and intertwining formula (I.30) on
the right-hand-side, we have

[Pt @)] = gy = ey = [ohi-0msg]

N N’

and evaluating both sides at Iy and using Dy =D — ﬁﬁ (cf. Lemma , we have

(Pt Eu(@) (1) = (2070075 9Q) (1), (4.7

Let n = deg(Q). The linear functional ¢(R) = R(1) is in continuous on &2 and %#,, and hence Lemma
allows us to take the limit as N — oo in {.7), yielding

(P u@) (1) = (2777Q) (1. (438)
Finally, since Q € 22°, the left-hand-side of (4.8)) is 7,_;Q; cf. Remark This concludes the proof. O
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Remark 4.3. (1) A similar calculation shows that ( sty (Q)) (1) = 7ms4(Q).

. 1g . . .
(2) Properly speaking, the “heat operator” e2(5=DAvW) jp |D is only defined when s > t. However, since
@ is a trace Laurent polynomial function, this expression can be made sense of as a convergent power-
series, and the intertwining formulas still apply.

We now proceed with the proof of Theorem

Proof of Theorem[1.26] We begin with the proof of (1.35). By the triangle inequality, it suffices to prove the
theorem for polynomails of the form P(u,v) = u*Q(v) for k € Z and Q € 2" scalar. Therefore

P(u,v) — ms_P(u,v) = u*[Q(v) — ms_1Q] = u*Rs_4(v)
where Rs_; = Q@ — ms—4Q. Note that 75_; Rs_; = 0. Now, for A € GL(N, C),

1Pn (A) = (ms P)n(A) 131y = tr(AY[Rome] v (A)[ Rt (A4)*A™)
(AP A Ry v (A)[Ro—i] v (A)". (4.9)

Thus
I[PIn(A) = (me—t P)N(A) 131y = [0y t(Rs—t)t* (Ro—t)IN (A) (4.10)

where, in the case k = 0, we interpret v (o) = 1. We calculate the L2 (uY, 't)-norm of P — ms 4P = uF Ry
using (I.10). Thus, using the intertwining formula (3.44) and (4.10), we have

1 AN
1Py — (s P)N 172y = €25 (1PN — (ms—eP) w131y ) (In)
- *
_ (eDS‘tJ’_NQLé’t (Ve (Ro—t)t (Rs_t))> (1). @.11)

Now, let n = deg @ = deg Rs_;. Using the linear functional p(R) = R(1) on #5,,, Lemma.1| then yields

‘(ei”ﬁzs’t (vg(k,k)b(Rs_t)b*(Rs—t))) (1) - (65“ (e k) L (Rs—t) " ) ‘ = <N2> - (4.12)

But, since Dy ; is a first-order differential operator acting on #5,,, e?

have

st is an algebra homomorphism, and we

eDs,t (U k. k)L(Rs—t)L*(R ) — e eis ty* (Rs—t) =0 (4.13)

since D, 1 (Rs—t) = ms—tRs—¢y = 0 by LemmaM Thus 1-| 3) prove l
Note that Ay () = %As o: thus taking ¢ = 0 in 2 and restrlctlng the functlon to U(IN) also proves

(T.34), concluding the proof. O

4.2 Proof of Main Limit Theorem 1.30]
Proof of Theorem Let f € 221; then by the intertwining formula (1.30)),
e280 fiy = [e3PN ],

where Dy is defined in (1.29)).
The function on the right is a trace Laurent polynomial function of U € U(N) (with no U*s), and therefore
its analytic continuation to GL(N, C) is given by the same trace polynomial function in A € GL(N, C). Thus

BYfn)(A) = [e2?¥ f]n(4), A€ GL(N,C).
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Hence , ,
IBYfv — B fInl 2y = N3 fln = ot 0 €2 Il 2, -

By the triangle inequality, the last quantity is
t t
< le2® flv = [e2® FInll 2uy,y + €2 Fln = s 0 €2® Flnll 2. (4.14)

The second term in (#.14)) is O(1/N) by (1.35) (Theorem [1.26). Thus, to complete the proof of (1.37), it suffices
to show that

N2
for each f € 21 = Clu,u™!]. Letn = deg f,let B : & x & — ¥ be the sesquilinear form in Lemma
and let R™Y) = e3PV f — e3P f. Then by (1.16) and (3.44), the left side of (4.15) is given by

t t 1
||[€§DNf]N — [eEDf]NH%Q(Hgt) =0 () (4.15)

D1+ Lo
NEM N1 2y, = €25 (B, ) = (75525 BRO, M) (1), @.16)
Using the linear functional p(P) = P(1) on #4, and any norm || - ||, , Lemma4.1|ensures there is a constant

C (depending on n, s, t but not on N) such that
Dt LT 5 C
)(eDs,t+N2Ls,tB(R(N),R(N))) (1) o <€D5’t'B(R(N),R(N))> (1)‘ < m”B(R(N (N))H///2 4.17)
Let ¢)(P) = (eisvtP> (1), another linear functional on #5,,; then

(P BR™, RM)) (1)) < W15 BEN, By,
This, in conjunction with (#.16) and (#.17), shows that

Ry < (10050 + 2 ) IBER™. R @18)
Since B : &, x L, — Wy is sesquilinear with finite dimensional domain and range, it is bounded with any
choice of norms; in particular, given any norm || - || 2, on &7, there is a constant C (depending on n but not V)
so that

IB(P, Q)llnz, < C'Pl2,Qllz,  forall P,Q € Py.
Together with (#.18), this yields

e
Ry < € (190 + 5z ) 1RV, (@.19)

Finally, Lemma[4.T] gives
tip__1 o t 1
RO, = [eH2 55 = 32, = 0 (5
which proves (4.15). (In fact it shows this term is O(1/N%); however, since the square of the second term in
(4.14) is O(1/N?), this faster convergence doesn’t improve matters.)
The proof of li is similar: the restriction of (Bé\ft)_l fn to U(N) is simply e~ zuw) fn, and a similar
triangle inequality argument now using (1.34) shows that it suffices to prove

t t 1
e flv = [e72® fInll72(,n) = O <N2> ' 420

The argument now proceeds identically to above, by redefining R("N) With the substitution ¢ — —t, and taking
all norms with the substitution (s, ) + (s,0) in all formulas from (4.16)) onward. O

33



4.3 Limit Norms and the Proof of Theorems

We begin by proving that the transforms B ; and H ; are invertible on 21, (This will be subsumed by Theorem
11.29] but it will be useful to have this fact in the proof.)

Lemma 4.4. B, ; and H ; are invertible operators on 32% for each n > 0, and hence on & 1

Proof. Consider e*2? restricted to 2. Expanding as power-series, a straightforward induction using the forms

of the composite operators N, Z, and Y shows that there exist qfC e 2Y with

n—1
eFa Py = oty 4 Z gt (v)u®,
k=0
0
e3Py — et3tyn + Z qi(v)uk.
k=—n+1

. t - . :
This shows that 2 preserves 25" and 22~ @ C. Incorporating the evaluation maps 75 or m5_¢, we find that
n 1
By (u™), Hy (') € 2™ + 2,

Consider, then, the standard basis {1, u!, ..., u"} of DL it follows that, in this basis, BS,t\g,H and Hsﬂf\g&,u

. oy . k -
are upper-triangular, with diagonal entries e¥2* for 0 < k < n. Thus the restrictions of Bs; and H, to

24" are invertible. A similar argument shows the invertibility on 22", thus yielding the result on &,. Since
Pl =\, 2., the proof is complete. O

We now introduce two seminorms on .

Definition 4.5. Let s,t > 0 with s > t/2. For each N, define the seminorms || - ||s x and || - ||**Y on 2 by
[Plls,n = 1PNl L2 (v, o s My () (4.21)
k) 7N —_—
1P = 1Pl L2 v,y b w0 (4.22)

In fact, for any n > 0 and sufficiently large N, seminorms (4.21)) and (#.22) are actually norms when restricted
to Z,,. Indeed, if || P||s v = 0 then Py = 0in L2(U(N), p'; My(C)), and since Py is a smooth function and
oY has a strictly positive density, this means Py is identically 0. By Proposition when N is sufficiently
large (relative to n) it follows that P = 0.

For P € &2, define

1P]ls = Jim [Pl v (4.23)

[P = lim [Pl (4.24)
— 00

These are also seminorms on &, but they are not norms on all of &2, or even on &, for any n > 1. However,
restricted to single-variable Laurent polynomials 7", they are in fact norms. To prove this, we look to the free
unitary Brownian motion distribution vg; cf. Remark The measure v, is the weak limit of V;N of (which
exists by the Lévy continuity theorem). In [4] Proposition 10, p. 270], it is shown that v is absolutely continuous
with respect to Lebesgue measure on T, with a continuous density that is strictly positive in a neighborhood of
1 € T; we will need this result (in particular the fact that supp(vs) is not a finite set) in the following.

Lemma 4.6. The seminorms and are norms on the subspace P C P of single-variable Laurent
polynomials.
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Proof. We begin with norm (4.23). Identify the Laurent polynomial P € £?! as a trigonometric polynomial
function Pr on the unit circle T. Then (2.2) shows that

[ Plls,n = 1PNl 203,080 ©)) = 1Pl 20,00y
Thus, since I/év — v,

I1P|ls = A}gnoo 1Prll 2wy = 1Prll 22 (r,0,)- (4.25)

Since the support of v is infinite, shows that seminorm is indeed a norm on 2!,

For seminorm (4.24), we will utilize the isometry property of the finite dimensional Segal-Bargmann trans-
form B?ft. Fix Q € 21; then there is some finite n for which Q € £!. By Lemma there is a unique Laurent
polynomial P € &} so that Bs;(P) = Q. Thus

1QIP* = 1By PII** = lim_[BsePl|™™.
— 00

By Theorem [I.30]and (#.22)) we have

li B, P
NgnooH s

AN N
R ]\}gnoo H [Bs,tP]N”LQ(GL(N,(C)JL?;;MN(C))
and by the isometry property of the Segal-Bargmann transform, we therefore have
7t — 3 —
1QI* = lm [Pl 2w vy, pinw () = I1P1ls-
Thus, if [|Q[|** = 0 then || P||s = 0, so Q = By (0) = 0. This concludes the proof. O

Remark 4.7. Eq. shows that norm is just an L2-norm, with respect to a well-understood measure.
Norm is, at present, much more mysterious. In [4], a great deal of work is spent trying to understand this
norm in the case s = . It can, in that case, be identified as the norm of a certain reproducing kernel Hilbert
space, built out of holomorphic functions on a bounded region ¥; C C\ {0} that has no obvious symmetries,
and which becomes non-simply-connected when ¢ > 4. Understanding the norm (4.24)) in general is a goal for
future research of the present authors.

This leads us to the proof of Theorem [I.29]
Proof of Theorem[I.29 Fix P € 97!, and consider the Laurent polynomial B, ;H; ;P € 271. By definition
1B Ho P — P> = lim ||By,H,, P — P||*""
N—00
= A}gnoo |I[Bs,HsP]n — PN‘|L2(Hé\{t)' (4.26)
The triangle inequality yields
B Het Pl — Pyl 2.y, < IBseHs e Py = B Ha e Plv ]l o, + B st Ply — Pullzar,).

Applying (1.37) with f = H, ;P shows that the first term is O(1/NV). For the second term, we use the isometry
property of the Segal-Bargmann transform: since Py is a single-variable (i.e. holomorphic) Laurent polynomial,
it is in the range of B?jt, and so

B Ply = Pl g2,y = 1B (HatPly = (BS) ™ Py) [l 200,

- 1
= It Ply = (B) ™ P2,y = O (N) ,

by (1.38). Hence, the quantity in the limit on the right-hand-side of is O(1/N), so its limit is 0. We
therefore have |B;H, P — P|*' = 0. Lemma shows that || - || is a norm on 22!, and so it follows
that B, ;H, ;P — P = 0. Hence, since B,; and H;; are known to be invertible (Lemma @, it follows that
H,; = ng as desired. ]
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S The Free Unitary Segal-Bargmann Transform

In this final section, we identify the limit Segal-Bargmann transform B ;, which has been constructed (Definition
1.28)) as a linear operator on the space Z?! of single-variable Laurent polynomials. We will characterize the Biane
polynomials for By 4

Pt =Ho () =me0e (), kez (5.1)
defined so that
B.:(p")(2) = 2"

when s > ¢/2 > 0. We call them Biane polynomials since, as we will prove, they match the polynomials that
Biane introduced in [4, Lemma 18] to characterize the free unitary Segal-Bargmann transform ¢, in the specal
case s = t. There is classical motivation to understand these polynomials. Consider the 1-dimensional classical

Segal-Bargmann transform S}. Since polynomials are dense in the Gaussian L2-spaces forming the domain and

image of S}, its action is completely determined by the polynomials Hy(t,-) satusfying S} (Hy(t,-))(z) = 2~

In this case, since the measure 73/2 is rotationally-invariant, the monomails z — 2* are orthogonal, and since

S} is an isometry, it follows that Hy(t,-) are the orthogonal polynomials of the Gaussian measure ;: the
Hermite polynomials of (variance t/2). Hence, the Biane polynomials are the unitary version of the Hermite
polynomials. We will determine the generating function II of these polynomials; cf. (I.39). In the case s = t,
this precisely matches the generating function in [4, Lemma 18]; in this way, we verify that our limit Segal—
Bargmann transform is the aforementioned free unitary Segal-Bargmann transform ¢°.

Before proceeding, we make an observation. It is immediate from the form of the operators N, Z, and Y in
Definition[I.16]that D = —N — 2Z — 2Y satisfies

D(u*) = (:D( : )k) W), kez.

Expanding e3P asa power series shows that the semigroup also commutes with the reciprocal map, and apply-
ing the algebra homomorphism 74 then shows that

p‘ii,(u) = pi’t(u_l), keZ. (5.2)

Note also that D preserves the subspaces 21+ @ 220, and hence pZ’t(u) is a polynomial in u for k£ > 0, while
p,‘?t(u) is a polynomial in u~! for k < 0. Hence, since pg’t = 1, it will suffice to identify pZ’t only for k > 1.

5.1 Biane Polynomials and Differential Recursion
It will be convenient to look at the related family of “unprojected” polynomials.
Definition 5.1. Fort € Rand k € N, define B, € & and C}, € 29 by
Bi(u,v)=e 2t 524k and  CL(v) = T(BL)(v), (5.3)
where T is the tracing map of. For s € R, define by(s,t, -) € 2 and ci(s,t) € C by
b(s,t,u) = ms(BE)(u) and cr(s,t) = ms(Ch). (5.4)
Note, by and the linearity of s, that

bi(s,t,u) = e~ 2ot (u). (5.5)
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It is useful to note the following alternative expression for cy (s, t). From (5.3),
+ _ky _tp Kk _ky _tp
Ci(v)=e 2T (e 27u") =e 2'e 27y (5.6)
since T commutes with D. Thus, from Definition [1.24] and Remark[1.25]

= e_gtuk(s —t). 5.7

cx(s,t) = e_gtﬂs(e_%pvk) = e 5! (6%(8—09%) )
v=

The main computational tool that will lead to the identification of the Biane polynomials pi’t is the following
recursion.

Proposition 5.2. Let s,t € R, u € C, and k > 1. Let c(s,t) and by(s,t,u) be given as in Definiton[5.1} Then

k—1

t
cx(s,t) = vg(s) + Z / MCh—m (S, T)Cm (s, T) dr, k>2 (5.8)
m=1 0
with c1(s,t) = vi(s); and
k—1 t
bi(s,t,u) = uf + Z / MCk—m (8, T)bm (s, T,u) dr, k>2 (5.9)
m=1"0

with by(s,t,u) = u.
Proof. First note that BY(u; v) = u* and C?(u;v) = vy, by definition, and thus bg(s,0,u) = ms(u”) = u”,
while ¢k (s,0) = ms(vk) = vi(s) by (1.33). For k = 1, we have
Bli(u) = e ze sPu=u
because Du = —u. For k > 2,

iB;; - ie—g(kwa)uk _ _le—g(kw))(k + D),

dt 2

Recall (1.28) that D = —N — 22 — 2Y. Eq. (1.24) shows that N(u*) = ku"; (1.26) shows that Z annihilates u";
and Example works out that Y (u*) = > =1 (k— b= =S mum™ ey, Thus

m
k—1 k—1
(k+ D)(u¥) = ku® — ku® — 2 Z mu" gy, = —2 Z mu" vg_p,.
m=1 m=1
Hence
d ky 1D - L - tp
%Bk =¢ 2% 2 Z mu™v_y, | =72 Z me 27 (u™vg_p). (5.10)
m=1 m=1

We now use the partial homomorphism property of (1.32) at time —¢, which yields (since vj_,,, € ZY) that
2P (W) = (e 72 Pum) (e ). (5.11)
Now, Vg, = T(uF~™), and by Lemma T and D commute. We may rewrite (5.11) as

3D (W) = (e 22u™)T (e~ 2Pubm) (5.12)



Eq. (5.3) gives

e 2P )M =¢%iBl and Tl :D( ) = TMOL
Thus, (5.10) and (5.12) combine to give
d B m
£B}; =e 2! 1me?tB,tne et Z mCj._,. B (5.13)
m—

Integrating both sides of li from O to ¢, and using the initial condition BZ(U; v) = uF, gives

k—1 t
=uf 4+ m/ Cr_,.Br dr. (5.14)
m=1 0

The tracing map 7 is linear, and commutes with the integral (easily verified since all terms are polynomials);
moreover, if C € 29, then T(CB) = CT(B). Thus

Ci=7(BL) = )+ Z / (Ci_, By dr = v, + Z / Cr_nCr, dr. (5.15)

Finally, the evaluation map 75 is an algebra homomorphism, and (as with J) commutes with the integral; applying
s to (5.14) and (5.13)) yields the desired equations and (5.9), concluding the proof. O

Remark 5.3. By changing the index m +— k — m in and averaging the results, we may alternatively state

the recursion for ¢;, as
k—1
k

¢
ck(s,t) = vg(s) + 3 Z /0 Ch—m (8, T)em(s, T) dT. (5.16)

m=1

A transformation of this form is not possible for the by (s, ¢, u) recursion, however.

5.2 Exponential Growth Bounds

In Section we will study the generating functions of the quantities v (s), cx(s,t), and bg(s,t,u). As such,
we will need a priori exponential growth bounds.

Lemma 5.4. For s,t € Rand k > 2,

k
()] < Croa (L4 [E)*te72",  and (5.17)
len(s,t)] < Crq(1+ |s — t])FLe 2, (5.18)
where C), = %4-1 (2kk) are the Catalan numbers.

Remark 5.5. When t > 0, vy(t) is the kth moment of the probability measure 4 on the unit circle T, and we

therefore have the much better bound |vk(t)| < 1; similarly, if s > ¢, |ck(s,t)| < e 3t Ttis necessary to have
a priori bounds for negative t and s — t as well, however. While (5.17) is by no means sharp, the known exact
formula (1.36) for v (t) shows that, when ¢ < 0, v (t) does grown exponentially with k (at least for small |¢]).

In the proof of Lemma@ we will use the well-known fact that the Catalan numbers satisfy Segner’s recur-
rence relation

k
Ce=) CniCim, k=1

m=1
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Proof. Taking s = 0 in (5.16), and noting that v (0) = 1 for all k, we have

k t
R(0,8) =1+ = Z / cm (0, T)cp—m (0, 7) dr, k> 2. (5.19)
2 0
We claim that
lce(0,)] < Crq (L4 [t)*Y, k>1. (5.20)
Since ¢1(0,t) = 1 = C1, we proceed by induction. Let k£ > 2, and assume that (5.20) holds below level k; then

(5-19) yields
[¢] k=1
|Ck(0t‘<1+ / Zcm 1Ckm1(1+7—)k ZdT

k
=gy (et = 1) ;cm_lck_m_l

k _ _
=l ggopC t ) Cry < Gy (14 [)F (5.21)

wherein we have used 5 k; 77Ck—1 > 1 for all k > 2. This completes the induction argument, proving .
holds. Now, taking s = 0 in @ yields

e (0,1) = e~ 5ty (—t) (5.22)

meaning that v () = e 3le, (0, —t), and this together with li proves . Then, using (5.7)) once more,
(5.T7) implies that

len(s,t)] = e 2 (s — t)] < e 2le 267D L Oy (1 + |s — ¢)F?

which prove (5.18). O

Remark 5.6. Equations (5.19) and |D together yield a recursion for the coefficients o (t) = e%tyk(t) =
ek (0, —t):
p L e
a®)=1-5 3 [ en(r)orn(r)dr (5.23)
m=170

This same recursion was derived in [4, Lemma 11], using free stochastic calculus, with v (s) being identified as
the limit moments of the free unitary Brownian motion distribution. It is interesting that we can derive it directly
from derivative formulas on the unitary group.

Lemma 5.7. Let s,t > 0 and u € C. For k > 2, the bi(s,t,u) of satisfy
bk (s, t,u)| < [5(1 4+ 8) (14 )] ul* (5.24)

Proof. Since by (s,t,u) = u, (5.24) holds for £k = 1. We proceed by induction, assuming (5.24) holds below
level k. Then (5.9) gives us

k—1 t
by (s, 1, )| < \u]k—i-Z/ i (5,7 b, 7 )| - (5.25)
m=1 0
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The Catalan number C, is < 4% (in fact it is ~ 4% /k3/2, /7). Note that, for s,t > 0, 14 |s —t| < (1+s)(1+1).
Hence (5.18) implies that |cy (s, )| < [4(1+ s)(1 + )], Thus (5.25) and the inductive hypothesis give us, for
k> 2,

k—1 +
b (s, t, )| g\u|k+z/0 mA(1 + s)(1+ )™ 51+ ) (1 + 7)) HulF dr
m=1

t k—1
= [ul® + Jul® - (1 + s)H/ 1+ 2dr- Y mah-mtgml (5.26)
0

m=1
Summing the geometric series, we may estimate

k—1
5k—1 o 4k—1 < Z m4k—m—15m—1 < (ki _ 1)5]6—1.

m=1
Substituting this into (5.26) we have

1 k-1

i (5,8, )| < [ul® + [u]* (14 5)*72[(1+ )" - = > makmmoimed
m=1

o 5k’—1 o 4k—1

gyu|k<1—(1+s) —

) + 5511 + )P 21 + ) )P
<[5(1+5)(1+ )] |ul*

l_4k:—1

where we have used that 1 + s > 1 and sl =1 > 1 for k > 2. This concludes the inductive proof. OJ

5.3 Holomorphic PDE

The double recursion of Proposition [5.2] can be written in the form of coupled holomorphic PDEs for the gener-
ating functions of ¢y (s, t) and bg(s,t, u).

Definition 5.8. Let s,t € R. For z € C, define

o0

¢s(tv Z) = Z Ck(S, t)zk

k=1
Additionally, for u € C define

o

P>U(t, 2) = Z bi(s,t,u)zr.

k=1
By (5.18) and the Catalan bound C), < 4F, the power series z + 1°(t,2) is convergent whenever |z| <
e*/2JA(1 4 |s — t|); similarly, by (5.24), the power series z — ¢*%(t,z) is convergent whenever s, > 0

and |z| < [5(1 + s)(1 + t)|u|]~t. Hence, ¥*(t, -) and ¢*%(¢, - ) are holomorphic in a small disk (with radius
that depends continuously on s, ¢ > 0). Note that, by (5.5),

(s, t,u,z) = pZ’t(u)zk = Zegtbk(s,t,u)zk = ¢>"(t, e%z). (5.27)
k>1 k>1

So, identifying ¢*" (¢, z) will also identify the sought-after generating function I1(s, ¢, u, z).
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Proposition 5.9. For fixed s > 0, the functions R 3 t — ¢%(t, z) and Ry > t — ¢>"(t, 2) are differentiable for
all sufficiently small |z| and |u|. Their derivatives are given by

8 s _ S 6 k 8 EX) - Q
5% (t,z)—;atck(s,t)z and 5 (t,2) kza k(s t,u)z

Proof. From l , %cl(s, t) = 0, while for k£ > 2 we have

k—1
0
ack(svt) = kmz_lck—m(svt)cm(sa t).
Hence, from (5 -i 8]) and the Catalan bound C}, <
9 - k, —%s k
—cr(s,8)] <D mlcg—m(s,t)|[em(s,t)] < (k= 1)4Fe 25(1 4 |s — t)
ot —

for k > 2. 1t follows that ) .~ %ck(s,t)zk converges to an analytic function of z on the domain |z| <
¢*/2J4(1 + |s — t|). Integrating this series term-by-term over the interval [0, t] shows that it is the derivative of
Y5(t, z), as claimed. A completely analogous argument applies to ¢ (¢, z). O

We will shortly write down coupled PDEs satisfies by ¢° and ¢*“. First, we remark on their initial conditions.
From Proposition[5.2] we have

ck(s,0) = v(s) and bi(s,0,u) = u¥.

Thus
P*(0,2) =Y vi(s)zh, (5.28)
k>1
¢ (0,2) =Y _ul l—uz (5.29)
k>1

It will be convenient to express 1°(0, z) in terms of the shifted coefficients g (s) = ess v(s) considered in
Remark 5.6l Define
= or(s)2F =¢*(0,e22). (5.30)

k>1

Note that, since v4(0) = 1 for all k, 0(0,2) = 1=

—z°

Proposition 5.10. For s,t > 0and |z| and |u| sufficiently small, the functions o, 1)°, and ¢>* satisfy the following
holomorphic PDEs:

do do z
% = _ZQ$7 Q(O> Z) = 1— Z’ (531)
W = a(;i , 9(0,2) = ofs, e 32), (532
a¢s,u s 8¢S U cu uz
5 21 ¢%(0,2) = T—us (5.33)
Remark 5.11. (1) PDE (5.31)) was proved in [3, Lemma 1], using the recursion (5.23). We reprove it here, as

a special case of (5.32).
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(2) The requirement that s,# > 0 is only needed to verify the exponential growth bounds of the coefficients
bi(s,t,u); cf. Lemmal5.7, Lemma|5.4] on the other hand, is valid for all s, ¢ € R, and so (5.31)) and (5.32] -
are valid for s,t € R.

Proof. First, Remark [5.6/and (5.22)) show that () = ¢ (0, —t), and hence o(t, z) = ¥°(—t, z). Hence, (5.31)
follows immediately from (5.32). Now, Proposition yields that ¢%(t, z) is differentiable in ¢, and so by
Proposition [5.2]

9 ) 9 oo k—1
En *(t,z) = &ck s,t) z Z Z MCm (S, t)Cr—m(s, t) (5.34)
k=2m=1
On the other hand, ¥%(t, z) is analytlc in z, and
8 o0 o0
za—¢s(t, z) = ch(s,t) : zgzk = Z ke (s, t)2",
k=1 k=1
and so
s 9 - k1 S ko
2% (t, z)ggb (t,z) = Z Cky (8, 8)2"L - Z kack, (s, t)z
k)1:1 ko=1
= Z Z kack, (s,t)ck, (s, t).
kq+ko=Fk
kq,kg>1

Reindexing the internal sum and comparing with (5.34) proves (5.32)). The proof of (5.33) is entirely analogous.
O]

5.4 Generating Function

We now proceed to prove the implicit formula (1.39), by solving the coupled PDEs (5.31)—(5.33). We do this
essentially by the method of characteristics. These quasilinear PDEs have a fairly simple form; as a result, the
characteristic curves are the same as the level curves in this case. As we will see, all three equations have the
same level curves.

Lemma 5.12. Fix sg > 0 and wy € C with |wo| < [4(1 + s¢)] . Consider the exponential curve

w(s) = wp e2Owo)s,

Then s — (s, w(s)) is constant. In particular, o(s,w(s)) = (0, wo) for all s € [0, s¢).

Proof. Lernmashows that e§s|yk(s)| < [4(1 + s)]¥; thus o(s, w) = ¥, (e2w) = D k1 egsyk(s)wk con-
verges to an analytic function of w for |w| < [4(1 + s)]~!. Thus, since s + [4(1 + s)]~! is decreasing, o(s, w)
is differentiable in s and analytic in w for |w| < [4(1 + s0)]"' and 0 < s < so. Since 4(1 + sg) > 1, the

initial condition o(0,w) = 1% is also analytic on this domain. Thus, subject to these constraints, we can simply

differentiate. To avoid confusion, we denote (s, w) = %(s, w) and ¢'(s,w) = g—i(s, w).

L o5, w(s)) = s, w(s)) + (5, w(s)) () (5.35)
We now use (5.31), which asserts that §(s, w) = —wo(s, w)o (s, w); hence
o(s, w(s)) = —w(s)o(s, w(s)) ¢'(s, w(s)).
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Plugging this into (5.33)) yields

%9(87 w(s)) = ¢'(s, w(s)) [-w(s)o(s, w(s)) + W(s)] . (5.36)

Note that w satisfies the ODE

Substituting this into (5.35)) yields

d
25205 w(s)) = &/(s, w(s))w(s) [0(0, wo) — o(s, w(s))] (5.37)
0(s,w(s))[s=0 = 0(0, wp).
We now easily see that o (s, w(s)) = 0(0,wp) = 11_”2)0 is indeed the (unique) solution to this this ODE. O

Corollary 5.13. Subject to the constraints on s,w in Lemma the function (0, w) = po(s,e” zw) is
constant along the curves s — e3w(s) = woele@wo)+31s . Note that

0(0,wp) + 3 = T2~ + 5 = 1T,
Thus, for all sufficiently small w and s,
s 1ltw
P¥(0,we2T—w) = v(0,w) = p(0,w) = ——. (5.38)
Differentiation shows that the function w we%%%j is strictly increasing for all w € R (provided s < 4);
and in general for all w > 0 for all s; hence, (5.38) actually uniquely determines °(0, z) for z (by analytic
continuation) when s < 4; moreoever, by the inverse function theorem, it is analytic in z.

Following the idea of Lemma [5.12] we now show that the level-curves of the functions ¢)* and ¢*" are also
exponentials.

Lemma 5.14. For zy € C, consider the exponential curve
z(t) = zge ¥ (020,
Then for zy and t sufficiently small, t — °(t,z(t)) and t — ¢*>"(t,z(t)) are constant. In particular,
(1 a(0) = 60, 20), and (t,2(1)) = 6°(0, 20).

Proof. To improve readability, through this proof we suppress the parameters s, v and simply write ¢*"(t, z) =
¢(t, z) and °(t, z) = ¥ (t, z). As per the discussion following Definition [5.8] these functions are differentiable
in ¢ and analytic in z for sufficiently small z. As in the proof of Lemma , we set Y(t,z) = %w(t, z), and

Y'(t,z) = %w(t, z), and similarly with ¢ and ¢'. Differentiating, we have
d .
S0t 2(t) = Pt 2(8)) + ¢'(¢, 2(1))2(1)

%¢(t72(t)) = (t,2(1)) + ¢/ (t, 2(1))2(t)-

43



PDEs (5.32) and (5.33) say ¥(t, z) = zi)(t, )¢/ (t, z) and $(t, z) = 23)(t, )¢/ (t, z), and so
Dt 2(8)) = [t (0, 2(1)) + 5(0)] 9/ (0, 2(1)) (539)
9 o(t,2(0)) = [ty (t.2(0)) + 2(0) & (1, 2(1) (5.40)
As in the proof of Lemma[5.12] we note that z satisfies the ODE
a(t) — 209 (0, 20)e ¥ **)" = —(0, z0)a(t).

Substituting this into (5.39) and (5.40) yields

%w(t’ z(t)) = [¢(t,2(t)) — ¥(0, 20)] 2(t)¢' (t, z(t)) (5.41)
%cb(t,Z(t)) = [1h(t, 2(t)) — ¥(0, 20)] 2(t)¢' (£, 2()). (5.42)

The initial condition for (5.41) is ¢ (¢,z(t))],_y = (0, 20), and it follows immediately that (¢, z(¢)) = (0, 20)
is the unique solution of thlS ODE. Hence, (5.42) reduces to the equation %qﬁ(t, z(t)) = 0, and since its initial
condition is ¢(t,z(t))],_, = ¢(0, 20), it follows that ¢(t,z(t)) = ¢(0, zo) as well. O

This brings us to the proof of (I.39). First, Lemma|[5.14] together with the initial condition in (5.33), yields

Gt ze VO — oo = W L (5.43)

1—wuz 1—wuz

Next, Corollary describes (s, z) — 1°(0, z) in terms of its level curves; (5.38)) states that

s 14w w

P*(0,we21= w)—Q(O,w)zl_w. (5.44)
Sosetz = we%%; then 1| and 1' say
S w _1
Gt e Towtwe s 10w ) = ¢ou(t, eV (00 = <1—uwe§i) ~1 (5.45)
Finally, note that
—w . 1lldw 1
l-w = 21-w 2
and so (5.43) may be written in the form
§ (1, eFwed D) = (1 - uwet 1+”)71 ~1. (5.46)
Finally, recall (5.27)), which (in this language) says that
(s, t,u,¢) = " (£, €2¢). (547)

Setting ¢ = we%(sft)%, lb and li combine to yield
S w _1 w
(1 - uw65%> — 1= ¢>"(t, e3wez (0TS w) = gbs’“(t,e%C) =TII(s,t,u, ()

which is precisely the statement of (T.39).
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5.5 Proof of Theorem B =9)

We are now in a position to complete the proof of Theorem [I.3T} modulo a small error in [4].

Remark 5.15. In [4, Lemma 18], there is a typographical error that is propagated through the remainder of that
t 142
paper. In the second line of the proof of that lemma, the function ¢(¢,-) should be the inverse of z +— ze21-=

rather than the inverse of z — ﬁe%(lﬂz) as stated. That ¢(t,-) has this different form follows from [4,

Lemma 11], which defines the kernel function x(¢, z) (formula 4.2.2.a) implicitly by K(t2) =1 o Sn(t2)

k(t,z)+1 e2
Wt z) = % yields the result. Hence, the correct generating function for the Biane polynomials in [4]] is
“1.39

the one in . The presence of this error, and the tracking of its source, were confirmed by Philippe Biane in
a private communication on October 27, 2011.

= z; then

Proof of Theorem[1.31] By the density of trigonometric polynomials in L?(T, v;) for any measure vy, the trans-
form ¢" is determined by its action on Laurent polynomial functions. Hence, to verify that B, ; = ¢, it suffices
to verify that (¢')~! agrees with H;; on monomials z > 2* for k € Z. Eq. is consistent with [4, Lemma
18], and so it suffices to prove this result for £ > 1. Eq. verifies that the Biane polynomials p}i’t for Hy
have the same generating function as the Biane polynomials of ¢* (cf. Remark , and this concludes the
proof. O

A Heat Kernel Measures on Lie Groups

Suppose that G is a connected Lie group and f3 is a basis for Lie (G). Then A = ) 3 83( is a left-invariant
non-positive elliptic differential operator which is essentially self adjoint on C2° () as an operator on L? (G, dg)
where dg is a right Haar measure on G. Associated to the contraction semigroup {etA/ 2} ¢~ 1s a convolution
semigroup of probability (heat kernel) densities {h;},- . In more detail, Ry x G > (t,9) — hi(g) € Ry isa
smooth function such that

1
&ght(g) = §Aht(g) fort >0

and

tim [ F(g)hu(s)dg = fic) foral f € C.(G).
G

10

(Throughout, e = 14.) Basic properties of these heat kernels are summarized in [8, Proposition 3.1] and [9,
Section 3.]. For an exhaustive treatment of heat kernels on Lie groups see [24] and [31]]. For our present purposes,
we need to know that, if G = U(N) or G = GL(N, C) (and so h; is the density of p; or 11, ¢, respectively), then
1
!

- (;)n (A"f) () forall t > 0 (A1)

/G F(g)hi(g)dg =3

oo
n=0

whenever f is a trace Laurent polynomial. This result can be seen as a consequence of Langland’s theorem,; see,
for example, [24, Theorem 2.1 (p. 152)]. As itis a bit heavy to get to Langland’s theorem in Robinson we will,
for the reader’s convenience, sketch a proof of (A.I)); see Theorem below. For the rest of this section let d
denote the left-invariant metric on G such that {Ox } 5 is an orthonormal frame on G and set |g| = d(e, g).
Also let us use the abbreviation h;(f) for [, f(g)h(g) dg.

Lemma A.1. Suppose f: [0,T] x G — C is a C? function such that |h(t, g)| < CeCl! for some C < oo, where
h is any of the functions f, Oy f, or Ox f for any X € Lie(A), or Af. Then

Oche (f(t,°)) = Iy <atf(tv )+ %Af(t, )) fort € (0,T] (A.2)
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and

lim Ay (f(t’ )) = f(07 ) (A.3)

10

Proof. Let{h,} C C (G, |0, 1]) be smooth cutoff functions as in [8, Lemma 3.6] and set f,,(¢, g) = hn(9) f (¢, g).
Then it is easy to verify that it is now permissible to differentiate past the integrals and perform the required in-
tegration by parts in order to show that

d

) = (9560 + 347

Let F(t,-) = 0, f(t,) + 3Af(t,") and

Falt ) = falt, ) + 3 ATa(t,)

= Pt Yo+ 76 )AR, + 3 Ox (1, )oxha,
Xep

From the properties of h,, and the assumed bounds on f, given € € (0,7") there exist C' < oo independent of n
such that

sup |Fn(t7.g) - F(tag)| < l\g\zncec‘gl'
e<t<T

It then follows by the standard heat kernel bounds (see for example [31] or [24} page 286]) that
sup |ht (Fi(t, ) — he (F(t,-))] = 0asn — oo.
e<t<T

Hence we may conclude that % [h¢(f(%,-))] exists and
d d

7 (e (f(6))] = Tim o [hy (fu(t, )

= hy <8tfn(t, ) + %Afn(t, )> fore <t<T

which proves (A.2)). To prove (A.3) we start with the estimate
(706 = 50,01 = | [ 17660 - 10,0 m(s) o
< [ 15t - £0.0l (o) dy
G

< 8(e,t) +C eCWhy(y) dy
ly|>e

where

d(e, 1) —/|< £t y) = f(0,e)[ he(y) dy < sup [f(t,y) — f(0,e)].

ly|<e

From [8, Lemma 4.3] modified in a trivial way from its original form where € was take to be 1, we know that

lim sup/ eWh,(y)dy = 0forall e > 0and ¢ < oo.
tl0 ly|>e

Therefore, we conclude that

limsup |k (f(t,-)) — f(0,e)| < limsupd(e,t) =+ 0ase 0
£10 t40

as claimed. O
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Theorem A.2. Suppose now that G = U(N) or G = GL(N,C) and Py is a trace Laurent polynomial function
on G. Then forT > 0,

N1 /T\"
hr(Py) = <Zn' (2> A"PN> (I). (A.4)
n=0 "
Proof. FixT > 0,and for 0 <t < T let
1 (T—t\" .,
f(t"):Zﬁ <2) A" Py
n=0

where the sum is convergent as A is a bounded operator on the finite dimensional subspace of trace Laurent
polynomials of trace degree deg P or less. Moreover, f(t,-) is again a trace Laurent polynomial with time
dependent coefficients and f satisfies

Ouf(t, ) + %Af(t, ) = 0 with f(T,-) = Py.

From Lemmal[A.T|we may now conclude,

(N = (20510 + 3450.9) =0

Therefore t — hy (f(t,)) is constant for ¢ > 0 and hence, using Lemmal[A.1] again,

e (Py) = e (T, ) = lim be (£(8,)) = £(0.1) = (Z;j, (%) A%) (0.
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