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Abstract

We study dilated holomorphic L? space of Gaussian measures over C", denoted Hj , with variance

scaling parameter o > 0. The duality relations (3} ., )* = 3,/ , hold with ]l) + ﬁ = 1, but not isometrically.
We identify the sharp lower constant comparing the norms on J}, , and (9{1’,‘701)*, and provide upper and
lower bounds on the sharp upper constant. We prove several suggestive partial results on the sharpness of the
upper constant. One of these partial results leads to a sharp bound on each Taylor coefficient of a function in
the Fock space for n = 1.

Contents

1__Intr 1 1

2 The Sharp Lower Constant| 4
[2.1 A Relationship Between the Norm, the Dual Norm, and the Projection 7| . . . . . .. .. ... 6
[2.2° Proof of Theorem|1.2]Using Lemmal2.4| . . . . . . ... ... ... ... . ... ... 8

[3 The Strictness of Holder’s Inequality and a Lower Bound for the Sharp Upper Constant] 9
T TheselalTheomemll L

4 Monomials and the Ratio R, (g, ) | 13

[ The Conjectured Sharp Constant and Quadratic Exponentials| 17

1 Introduction

This paper is concerned with the holomorphic L? spaces associated to Gaussian measures on C". In the case
p = 2, such spaces are often called Segal-Bargmann spaces [3]] or Fock spaces [9]. They are core examples in the
theory of holomorphic reproducing kernel Hilbert spaces, with connections to quantum field theory, stochastic
analysis, and beyond. The scaling of duality between these holomorphic LP-spaces is still not fully understood;
this paper presents some new sharp results, and new puzzles about these dual norms.
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To fix notation, let &« > 0, n € N, and let v/} denote the following Gaussian probability measure on C":
n
Ta(dz) = (£)" e N az),
T

where A" is the Lebesgue measure on C". The spaces considered in this paper are of the form LY () for
1 < p < oo and some « > 0, the subspaces of the full LP(v]})-spaces consisting of holomorphic functions. These
are Banach spaces in the usual L”-norm. However, as discovered by Sjogren [[/] and proved as [2, Proposition
1.5], in this scaling, with % + 1% = 1 asusual, L2 (y) and L”'(v?) are not dual to each other when p # 2. It
was shown by Janson, Peetre, and Rochberg [4] that the correct scaling requires the parameter « to dilate with p.
That is, we define the dilated holomorphic LP space as

9{2@ = Lhol('yap/Q) {f € Hol(C"): /‘f —al |2 /2‘ A (dz) < oo} (1.1)

1/p
Mmﬂzwwm@z</MWM@ﬂ) | (12)

Similarly, if A € (3} )" is a bounded linear functional, denote its dual norm by

with norm

[A(g)]
A , a = A n )k = sup  —e (13)
I Hp, | H(U{p,a) gen \{0} 9lp,o

(We de-emphasize the n-dependence of the norms || - ||, and || - [|3 ; it will always be clear from context.) It
was shown in [4]] that TH" and TH" are dual spaces for 1 < p < oco. One of the two main theorems of the

present authors’ paper [2] was the followmg estimate on the sharp constants of comparison for the dual norms.

Theorem 1.1 (Theorem 1.2 in [2]). Let 1 < p < 0o, and i ? = 1. Define the constant C, by

1 1
(%ZQEEJE? (1.4)
Letn € Nand a > 0. Define (f, g)o an fgdyi. Then for any h € 3, ,
12l < N1¢ Bhallpe < Cﬁllhllpaa- (1.5)

Presently, we are interested in the sharpness of the inequalities in (I.5]). In fact, the first inequality is sharp,
and this yields a new concise proof of a pointwise bound for the space 3(;, .

Theorem 1.2. Let 1 < p < oo, I% + ]% =1 and o > 0. Then

I Mallp.a

in = 1.
hestr, 0} ||Allpia
1t follows that, for any z € C", and any g € 3},
(3 2
l9()] < €2 [lgllp.a (1.6)

Remark 1.3. The bound (1.6) is well-known; it can be found, for example, as [9, Theorem 2.8]. In fact, it is
common to define a supremum norm on holomorphic functions g as

a2
Iglloc,a = sup g(z)e” 2",
zeCn

in which case (1.6) can be elegantly rewritten as ||g||so,0 < ||g/p,o for 1 < p < oo.
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That the first inequality in (1.3)) should hold sharply is natural to expect from the method of proof given in
[2]. Indeed, it is instructive to write (L.5) in the alternate form proven in our first paper. Note that {3 , is a
closed subspace of L?(y7); let P : LQ(%) — H3 , denote the orthogonal projection. In fact, P is an integral
operator that is bounded from Lp( /2 5) to Hp o forall 1 < p < oo, as was originally shown in [4]. Denote by
1Py lp—p = |1 P52 LP(78) = Hp o || In [2, Lemma 1.18], we proved that

1 1
m”hup’,a < @Hhh)a\l;a < [[Allpa- (1.7)

The 1/ C in the middle term comes from the global geometry underlying these spaces. Note from (L.T) that

3 o can be though of as consisting of “holomorphic sections™: functions F' of the form F'(z) = f(z)e —al?/2
for some holomorphic f; the integrability condition for containment in 3 , is then simply that ' € LP(C", A").
The factor 1/C}} then arises from the constants relating the norms || - ||« and || - [|q to the LP(C", \")- and

g (C", A™)-norms, yielding p'/? and p/ L/P' factors from the normalization coefficients of the measures o /2 and
yap/ /2 The first inequality in (I.7) then simplifies due to the first main theorem [2, Theorem 1.1], which states
that || P}||,—p = Cp. The sharpness of the first inequality in (I.5) is indicative of the fact that the orthogonal
projection Py controls the geometry of the spaces H) .

In this context, the second inequality in (I.7), and hence in (1.3), is simply Holder’s inequality. In the
larger spaces LP(C™, \") and LP (C", \™) where the section spaces H o live, Holder’s inequality is, of course,
sharp: if ' € LP(C", \"), then the function G = |F|P~2F is in LP' (C",\") and |G|, = IF|[Z7", so that
(F,G) = ||F|lp = |F|lp||G||,»- However, the function G is typically not a holomorphic section, and so it is not
a surprise that the same saturation argument fails in the spaces 3} . In fact, we can say more.

1, 1 _
Theorem 1.4. Let 1 < p < oo, p # 2, 5 + = Landa > 0. Ifg € J{Z,a and h € %an are non-zero, then
(g B)al < CYllgllpallhllp,q- (1.8)

Theorem [I.4] asserts that Holder’s inequality is a strict inequality in the Segal-Bargmann spaces. It is a priori
possible that the inequality is nevertheless saturated by a sequence in J(;; , x HJ, ,, but we believe this is not the
case. Indeed, we conjecture that the second inequality in (I.5]) is not sharp To the question of the sharp constant,
we prove the following.

Theorem 1.5. Let 1 < p < oo, zlo + ;% =1LneNanda>0. Forg € I, andh € j{gﬂa nonzero, define

(g, h)al
Rpalg, h) = 7= —
9llp.allPllpa
Then
cr/2 < sup sup  Rpalg,h) <Gy (1.9)

9€Hp o \{0} hed, \{0}

We can exhibit sequences in J; , x 9{2’; that saturate (T.8) with C}, /2 in place of C, as will be demonstrated
in the proof of Theorem|[I.3] (cf -) indeed, such a saturating sequence can be built from monomials. If the

same bound could be shown to hold not only for monomials but all holomorphic polynomials, this would prove
the sharpness of the C "/2_bound in general (since holomorphic polynomials are dense in 3}, ). This conjecture
seems to be quite difficult to prove. The final major results of this paper are two partial results in this direction,
summarized as follows.

Theorem 1.6. Let 1 < p < oo, n € N, and a > 0. Let M"™ denote the space of holomorphic monomials on C".
Then

sup sup Rpq(g,h) = Cg/Q.
gEHD \ {0} heMr



That is: restricting one variable of R, , to run through monomials, but letting the other run freely over 3
yields the conjectured global maximum.

Theorem [I.6] is proved as a corollary to Theorem [.4] below, which has its own independently interesting
corollaries. In particular, we have the following result:

Corollary 1.7. Let 1 <p < ocoand a > 0. Let f € 3{;, ., and with the Taylor series ) - apz". Then for any
j € NU{0}, we have

o0
a2 lpa < D ar?®|| = lIfllpas
k=0 pa
and
)"
laj| < ,2—1/p||f P (1.10)
r (% + 1)

In either inequality above, we have equality if and only if f(z) is a constant multiple of 2.

Corollary [1.7]is proven as Corollary A non-sharp bound (but one independent of j) akin to (1.10) can
be found in [9, Ch. 2, Ex. 18], and a growth condition on Taylor coefficients can be found as Corollary 5 in [].
We believe that the sharp estimate of (I.10) is new. Finally, we prove the following partial result: restricting to
Gaussian-like functions in J—C},’ o, yields the desired maximum.

Theorem 1.8. Let G, denote the space of quadratic exponential functions in }Ci o (cf- (5.3)). Then

sup R, a(g,h) =+/Cp.

g,h€Ga

Given the Gaussian nature of the spaces szlm, it is very natural to expect the maximum of R,, ,, to be achieved

on “Gaussian” functions, in light of [5], for example. Theorem I.§]is proved as Theorem|[5.2] below.

2 The Sharp Lower Constant

Our overall goal in this section is to prove Theorem [I.2] To prove this theorem and others in the paper, many
integrals involving Gaussian and exponential functions will be calculated. Often the details of these calculations
will be omitted, but are based on the following formula (cf. [6]):

Lemma 2.1. Let A be a complex symmetric matrix, v a vector in R*, and let (+,-) denote the standard inner
product on RF. Define the function f(x) = exp(—(x, Az) + 2(v,z)). Then f € L*(R¥) if and only if R(A) is
positive definite, and in this case,

A k)2 A1
/ o~ (@ AT F2(0,2) g L(0.A7 1) .1
RF det(A)
Theorem[1.2] has two claims: first, that
SRl
Il )

mn
hestr, A0} [|B[lpa

and the infimum is achieved on functions of the form A% (w) = e®®:2) for any z € C". Secondly, for any z € C",
and any g € H?

p7a’

o 2
19(2)| < €2l g|lpa (2.3)
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and the above equation is sharp.

As we stated in the introduction, (2.3) is well-known. In fact one can use it to prove the first part of the
Theorem|[I.2] To see how, we first record a fact (first proved in [4]) that will be useful in the following arguments
as well. The projection P”: L?(47) — H, o 1s given by the integral operator

(Pi)) = [ eovlg(w)1i(du) = (g, k) .4

where for any z € C" we define the function A as
he (w) = e,

Since polynomials are dense in L?(7"), we may extend this integral operator to act densely on any space in

which polynomials are dense. The first main theorem of [2] shows that P is, in fact, bounded on Lp(vgp /2),
with image in ;) ,. Now, any holomorphic polynomial g over C" is in Hy , and so Py g = g; since holomorphic
polynomials are dense in H, ., it therefore follows that

(P2g)(z) = (g,hT)a = 9(2), for all 2e€C" gely,. (2.5)

Remark 2.2. Since H;, , C Lp(fygp /2), it might seem more natural to expect that the reproducing formula for

functions in 3 , should involve the reproducing kernel h3? / 2(w) = ¢2 (%) This would be true if the inner
product used was (-, -) o /2; it is a remarkable and useful fact that, using the fixed inner product (-, -), for all 3} ,
spaces gives a consistent reproducing kernel for all of them.

Now we can state the following lemma:
Lemma 2.3. Let 1 < p < oo. If holds for all g € 3, , and z € C", then holds.
Proof. Assume (2.3) holds for all g € 3(} . Note that by (L.5) we know that
in 7H<"h>a”;’a >1 (2.6)
het, Moy [llpa
Assume that (2.3) holds for functions g in 3} ,. For any fixed = € C", the functional (-, h¢), is pointwise
evaluation at z, cf. (2.3)). Thus, by (2.3]), we know that
I3 hall < e85
However, one can easily calculate using Lemma [2.1] that
[

proving that [[(-, A$) |5 o < [|h$]ly.a- Thus, by (2.6) we have proven (2.2) and shown that this infimum is
achieved at each h, as desired. U

Note that Lemma actually proves Theorem since (2.3) is known to hold for all g € 3} , and z € C";
it is often referred to as Bargmann’s inequality. However, we have an alternate proof of Theorem I.2]that proves
the result independently of the a priori truth of (2.3). That is, without assuming (2.3)) is true, we can prove both
(2.2) and (2.3)). This proof is based on the following lemma:

Lemma24. Letn € N, a > 0,and 1 < p < oo with % + 1% =1. Leth € J{Z, o Then
Shelll,=CF inf ||f|ly
(s Mallp.a = Cp fep;lh” 3,0

Furthermore, there exists a function f € P, 'h where the infimum is achieved.

The rest of this section is devoted to proving the Lemma [2.4] and using it to prove Theorem[1.2]



2.1 A Relationship Between the Norm, the Dual Norm, and the Projection P

Before we prove Lemma , we need some preliminary results. While we refer to the mapping P : LP ('ygp /2) —
Hp o as a “projection,” 1t is of course not a true orthogonal projection for p # 2 as in this case Hj, , is not a
Hilbert space. However, it acts like a projection in the following ways (as proven in [4]): P is the identity on

elements in 307 , (this was actually shown in (2.5)) and P is “self-adjoint” in the following sense:
(Pltg.h)a = (g, Pah)a forall (g.h) € LP(73) x L¥ (73). @7

As we alluded to in the Introduction, to prove a statement about the spaces J(;, , it can be useful to prove an
analogous statement in a corresponding Lebesgue measure setting. Indeed, the differing measures of 'ygp /2 and
fygp, /2 preclude us from using some basic results of duality in LP spaces. To remove this complication, we define

amapping g, , - LP(vy,, ) — LP(C™ \") as

(@) = (B2)"7 e84 (2),

It is easy to check that gy, , is an isometric isomorphism. Furthermore, define the set S} , as the image of 3} ,
under g;; , above. That is,

Spa = 1F | Fllpr < 00, 2+ F(z)e%‘z|2 is holomorphic}

where || F||, » is the LP(C", \") norm of F. The space 87 , is the set of so-called “holomorphic sections”

p7a
mentioned in the introduction. Using the isomorphism g;; , one can see that (S} ,)* = 8y o as identified using

the usual Lebesgue integral pairing (G, H)x = [, GH d\".
Define a new operator Q7 : LP(C™, \") — LP(C"™, \") as
—1
QZ = gZ,an (gg,a) :

Note that (J7; does not actually depend on p. Indeed, g, only depends on p through multiplication by p-
dependent constant. From this fact, it is easy to see that

Qo = ga,ngg;’é,
justifying the notation. By definition, the following diagram commutes:

n
gp,a

Lp(’Yap/Q) - Lp((cn, )\n)

P&“‘i J{QQ

n n
B
p,x gn Sp,a
p,x

Denote by ||Q7||,—p the norm of Q)7 as an operator on L”(C"™, A") and || P}||—, the norm of P} as an operator
on LP (721; /2). Since g, , and its inverse are isometric, it is not difficult to show that P7 and (), share many
similar properties. Specifically,

L. HQZ”p%p - HPng—w

2. Qy, is the identity on 8 , and maps onto 87 , for 1 < p < oo, and

3. Qn is “self-adjoint” in the sense of (Z.7) in the pairing (G, H)\ = [, GH d\".
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To precisely state the third fact above, we write
(QMG,H)) = (G,QLH)x for all (G,H) € LP(C",\") x Lp,((C", A™). (2.8)

We can now state and prove a result analogous to Lemma @] for the space of holomorphic sections. Below
| - H(g;a)* denotes the dual norm of 8 ,.

Lemma 2.5. Let H € SZ/ o Then

¢ H)allsp y» = if ||

/ A-
re@u)-ta

Furthermore, there exists some F € (Q7)~'H C LV (C", A") such that

inf Fllx = |[E|., .
Fe(Qg)*lHH Hp)\ | Hp)\

Proof of Lemma Let H € SZ/ ., be arbitrary. We prove the first equation of the lemma by showing that

H no)* < inf Fll, d 2.9
||( ) ))\H(Sp’a) >~ F€(13)71H|| ||p A, an (2.9)
¢ H)allsn e 2 L - [l (2.10)

We first prove (2.9). Let F' € (Q")~'H be arbitrary. Then

G, H G,QLF aG, F G, F
Il = sup LG (G@EN ) (@G PHl G F)
’ Gesp , 1Glp.A Gesy 1Glp.A Gesy ., 1GlpA Gesy 1Glp.x

C o LR

< = [|F ]|y a-
cerr(cr ) Gllpa !

Since F' € (Q")~!H was arbitrary, we have proven (2.9).
To prove (2.10), define the linear functional A : 87 , — C as

A(G) = (G, H),.

Note that [(-, H)al|(sz )+ = [[All, so that A is bounded. By the Hahn-Banach theorem there is a linear functional

/S : LP(C™, \") — C that extends A without increasing its norm. As A € (L?(C", \))*, there exists a function
F e LV (C", A") such that ) )
AG) = (G, F)x.

First note that for any G € LP(C", \") we have
(G, QaF)x = (QaG, )y = MQRG) = MQ2G) = (4G, H)x = (G, H)y,
proving F' € (Q")~'H. Then

X ‘(Gv F)A‘ - .
1o Eallsn - =1Al= sup === =||Fllyx> inf |Gy,
(55.) cerrcr ) |Gllpa P Ge(Qy)'H P

proving (2.10). Combining (2.9) and the preceding inequality, we see that ||F||, x = infaen)-—1a |Gllp s
completing the lemma. O

We can now provide a proof for Lemma[2.4}



Proof of Lemma([2.4] For g € LP (g, /2) and h € LV (Vo /2), a straightforward calculation reveals that

(9, P)a = Cp (809 8y o)A 2.11)

Note that the constant C}) pops up above since we are combining two different isometries: g, , and gg, o A
straightforward combination of (2.11)) and Lemma [2.5|completes the proof. O

Remark 2.6. Before moving on to a proof of Theorem[I.2] we note here that we can use Lemma [2.4]to rederive
(T.5). That is, the inequality
1Pllpa < 1€ Mallpa < ClIRlya-

Let i € 3} , be arbitrary. For the first inequality, note that for any f € (PM)~1h
1]

pha
P || f|
HP&ZHP’—W’

- (2.12)

Thus,

e
oo < inf || flya-
||P£||p’~>p’ fEP(;th ”p,a

Also, h € P;'h, so that
inf = |[fllpa < [1Allpia-
eP, " h

Putting these inequalities together gives us

Hth’a .
—=— < inf || fllya < P|lya-
Pl = semns 117 = [l

Using Lemma and the fact that || P}[|y -,y = C} (from [2]) in the above equation gives us

Hth’,a < ||<'7h>04||;,a
cr = Cyp

< [|Allpa-
Multiplying the above by C}' gives us a proof of (T.3).

2.2 Proof of Theorem [1.2|Using Lemma 2.4]

We are now ready to prove Theorem [I.2] We first prove

1> Mallp,a

=1 (2.13)
hestr, o} |Allpa

and that this infimum is achieved. Note that by the proof of (I.3) in Remark [2.6] to prove equality in (2.13) it
suffices to show that there exists some i € 3} , and f € (P)~1h such that there is equality in (2.12). That is

Hh‘p’a
Mpre _ gy 2.14
ar =Wl @14)

Let f(z) = (%)p/n e 2, then P"f = 1 = hg (the z = 0 case of the function h%(w) = ew:2). A
straightforward computation shows that h = h§ and f satisfy (2.14). This proves (2.13).



Now, using (2.5)), we have (g, h)a = g(0). We just showed that ||{-, ho)all} o = [[h0llp:,a, Which means that
the following inequality is sharp:

90) < gy forall g e, 2.15)

Let z € C" be arbitrary. Let g € J( , be arbitrary. Define a new function g.(w) = g(z + w)e~*wH22) Note
that g, is holomorphic and

ap " — X\ WT2Z,2 —Q w2 n
la:z = (52)" [ lae +wpemator=a peentvl2 xn(au)
— (O‘p)n/ lg(y)e~ W) pe—aply=2/2 \n(qy))

2m n

= o [ ol (52)" e N ) = e gl < oo

proving that g, € 3 ,. Applying (2.15) to g, yields the inequality

|9(2)| < e/ || for all g € 32, (2.16)

A straightforward calculation shows that the inequality (2.16)) is an equality when g = hZ, proving the inequality
sharp. The sharpness of (2.16) proves that ||(-, h$)all; , = ecl=?/2 = |h$]|p.a» proving the infimum @2.13)) is
achieved at each h$ and completing the proof of Theorem

3 The Strictness of Holder’s Inequality and a Lower Bound for the Sharp Up-
per Constant

As Theorem[I.2]is proven, we know that the left-hand inequality of (I.3) is sharp. For the remainder of the paper,
we will consider the right-hand inequality, that is

1 Mallp.a < CyllAlpa- (3.1

As we stated in the introduction, we do not know whether (3.1)) is sharp, but Theorems [I.4} [1.5] [I.6] and [1.§]
suggest that it is not sharp. We presently prove Theorems[I.4]and[1.5]

3.1 The Proof of Theorem 1.4

Here will prove that Holder’s inequality is not sharp in the Segal-Bargmann spaces. Let 1 < p < oo, p # 2,

€ Hjo»and b € 3, |, neither identically 0. We will proceed by contradiction. That is, suppose that g and h

glve equality in Holder S 1nequa11ty (modified by the constant C};' to account for the scaling of the spaces 3} ).
Thus,

(g.h)al < / 9(2)R(2)| 12 (d) (32)

" / Jemel /2| ()¢ 2] An(d2)
C?’L

(%)
)" < Je ol A”(dz)>1/p ( /C (e A"(dz))l/p/ (3.3)
)

n 2r \ ¥
< > (pa> Hg”“’(%p/z)”h”LP’(m//Q)

191120 Gy 1Pl 55, 2y = 105 Bl

IN

7T
(Od
™
con
P



proving that both (3.2) and (3.3) are actually equalities. For equality in (3.3]), we must have
lg(z)e= 2P = gr|h(z)e 2P

for some 3 > 0. Rearranging the above gives us

/ o '—p)
l9(2)] = Blh(z)P/Pe 5 (3.4
For (3.2) to be an equality, we must have
9(2)h(z) = ™ [(2), (3.5)

where 6y € [0,2n] and f is a nonnegative real-valued function. By replacing g(z) with 3~ le™"0g(2), we
preserve holomorphicity and the finiteness of the || - ||, o-norm. Thus, without loss of generality, we may assume
that ¢ = 3 = 1, and replace Equations (3.4) and (3.5) with

// 7C¥(P,—P) |Z|2
l9(2)| = [h(2)[P/Pe 2 (3.6)
and

g(z)h(z) = f(z), where f is non-negative real-valued. 3.7)

Since g, h are holomorphic and not identically 0, they are each non-zero on an open dense subset of C"; thus,
there is an open set U where neither g nor h vanishes. Then g/h is holomorphic on U, and

9(2) _9(x)h(z) _ [(2)
2

h(z)  |h(2)]2  |h(2)? >0 for zeUl.

Thus, g/h is a positive holomorphic function, and so it is equal to a positive constant ¢ on U. Equation then
shows that

a(p’—p) ‘z|2

h(z)| = |n(z) P re "5

p

Solving for |h(z)| above and raising each side to the £

gives

power (which is possible as p # 2 and thus p # p’)

1
|h(2)| = cre2l?? ¢ =c?'/r-t,

Fix any point z = (z1,...,2,) € U; then there is some disk D C C such that {((, 22,...,2,): ( € D} C U.
Thus the function hy(¢) = h((, 22, .. ., z,) is holomorphic and non-vanishing on D, and we have

|h1(Q)] = cre3 (S22t ]zn]?)

The function hy(() = cflefg(|Z2‘2+"'+|Zn‘2)h1(C) is therefore holomorphic and non-vanishing on D, and
|ha(Q)| = e2/<I” Tt follows that /; has a holomorphic logarithm ¢ on D, so

2P = |hy(¢)] = 19 = ™9, ;e D.

As exp is one-to-one on R, it follows that R/(¢) = §[¢ |2 for ¢ € D. This is impossible, since / is holomorphic,
but ¢ — §|¢|? is not harmonic. This concludes the proof.

10



3.2 The Proof of Theorem
As in the Introduction, define R, (g, h) as

(9, Mal

Rpalg,h) = ————-.
! 191lp,al1P |0

Note that the sharp constant for (3.1)) is equal to SUDgegn \{0} SUPhedr, \{0} Rp.a(g, h), hence our interest in
o o ’
this ratio. Theorem [I.5]concerns bounds on this ratio; namely that (1.9)), reproduced below, holds:

Cg/2 < sup sup Rp,a (9,h) < Cg
g€ty \ {0} hear, \(0}

There are many ways to prove the right-hand side of (I.9). In particular, we can rewrite Theorem[I.4]in terms
of Rp (g, k) to say that forany g € H} , and h € 3, | we have

Rpalg, h) < Cy.

By the above, we have
sup sup  Rpalg, h) <Cp. (3.8)
9€HE MO} hed, \{0}
Thus, we need only prove the left-hand inequality of (I.9). To that end, we will consider the case where g and
h are monomials. Note that (by the rotational invariance of ') distinct monomials are orthogonal, so we will

consider only g = h. For k1, ..., k, € N, define the gi, 1, %, (2) = zfl 252 ...z Note that
ap\" _ 2 2 2
Hgkhkz,...,kn”g,a = (%) /C |z1]k1p|z2|k2p...\zn|k"pe (ap/2)(|z1 17 +]22]?+...+|2n| )A”(dz)

_(en\'T Pk o—(ap/2)|24]? )
= (2ﬂ_) H[C]Z]]pfe PIETEIT N(dz;)
Jj=1
= H”gijp,oz
j=1

where g5, : C — C is given by gi(z) = 2*. Note, then, that
n
R Gk kns G o) H p.a(Gk;s Gk, )- 3.9

Hence, to prove the left-hand side of (I.9), it suffices to show that

sup Rp.o (g, gr) = C’;/z. (3.10)
keN
As usual, denote the Gamma function I'(z) as

I'(2) —/ t*~ e tdt, R(z) > 0.
0

Then, using polar coordinates, we have

l9kllp,0 = /Izlkpe(“p/2>|z2>\ ap / / rkpe=(op/2)1% g5y
S1
:(ap)/ (r2)ke/2pe=(@p/ 2 gy
0
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Using the substitution u = <27 yields

gkl = / (k)22 @D (o)

0
2 kp/2 00 2 kp/2
= () / uFP2 ey, = () T(kp/2 +1).
ap 0 ap
Thus, we have
‘<gk’7gk>a‘ ”ngga
Rp,a (ks gr) = = :
P lgkllp.allgrllpe — lgkllp.allgrllya
(e L(k+1) 3.11)
£)  Tlkp/2+ )Ty /2 + )P |

Using the Gamma function relation I'(z 4+ 1) = 2I'(z), it is convenient to express this ratio as

T(k+1) k T'(k)

D(kp/2 + V)VPT(kp' /2 + 1)UY — (kp/2)/p(kp/ /2)/7" T(kp/2)VPT (kp' /2)1/7
_ I'(k)
= N e 2 o1

To properly analyze this expression, we will use a precise form of Stirling’s approximation for the Gamma
function: for any z € C with R(z) > 0,

S(z) =In (\/Z (z)zr(z)> _ /Ooo Wdt. (3.13)

See, for example, [1}, (6.1.50)]. Thus, we can express the Gamma function precisely as
T(2) = V2272 532, (3.14)

With this in hand, together with (3.11)) and (3.12), we have the following expression for Ry, o (gx, gx)-

k/2
4> L (kp/2) VT (k! [2)177

pp’
o (2

/ 'k
JQp,oc(gk:vgk) == Cp . <pp ( )
>k/2 V2rkkE— 5 Stk —k
(\/27r(kp/2)kp/2*%eS(kp/2)*kp/2>1/p <\/27r(kp//2)kp'/2*%eS(kp//Q)fkp’/2>

1/p'

o (7" K S~ (hkp/2)~ 15y 2
p 4 (k-p/Q)k/Q—l/Qp(kp//2>k:/2—1/2p’
— 2. es(k)—%s(kpﬂ)—ﬁs(kp//?)
e .

Thus, to prove (3.10) and thus Theorem[I.5] it suffices to prove the following proposition.

Proposition 3.1. Foranyp € (1,00) \ {2} and any k € N,
1 1
S(k) — ES(k:p/Q) — HS(kp’/Q) < 0.

Moreover, the limit of this expression as k — oo is 0.

12



Proof. Denote the integrand of S(x) as s(¢, x):

2 arctan(t/x)
(o) = =y

Note that s € C°°((0, 00)?); the first two x derivatives are as follows:

0s 1 2t 9%s T 4t

—(t = — —(t = .
83:( ) 12 + g2 e2mt — 1’ (9x2( ) (t2 + 22)2 2™t — 1

Thus, for each ¢t > 0, z — s(t, ) is strictly convex on (0, c0). In particular, since %D + z% = 1land }10, }% €(0,1),
and since p # p/, we have

lap 1 xp 1 p 1 xp’
ta)=s(t,—L4+-"2) <= <t,—) s (6,22,
s(t, x) s( p2+p’2) ps 5 +p/s 5

Since t — s(t, x) is strictly positive, upon integration this inequality remains strict, and so

o > 1 xp > 1 xp’ 1 1
S(z :/ s(t,x dt</ fs(t,—> dt—|—/ s(t, dt = =S(xp/2) + —S(xp'/2).
(0= | sthaydi< [ os (5 s (15 S S(ap/2) + 5 S(ar[2)
Taking x = k € N proves the first statement of the proposition.

For the second statement, it suffices to show that lim,_,~, S(z) = 0. As computed above, %(t, x) < 0,
and so x — s(t,z) is decreasing; in particular, for z > 1 the integrand is < %ﬁl{”, which is an L'(0, 00)
function. Since lim,_,~, arctan(t/x) = 0 for each fixed ¢, it follows from the Dominated Convergence Theorem

that lim,_, o, S(x) = 0, completing the proof. O

Remark 3.2. (1) Note, from (3.13)), the statement lim,_,~, S(z) = 0 is (up to a logarithm) precisely the usual
statement of Stirling’s approximation:

r
1= lim (7@ = lim °®),
T €

We include the Dominated Convergence Theorem proof above just for completeness.

(2) The above computations are only valid for £ > 0. However, it is easy to check that R, (g0, 90) = 1 <
C;/Q, since go = 1.

Thus, we have completed the proof of Theorem @ Let us also note, for use in the next section, that
Proposition 3. 1] actually shows that, for each k € N,

Rp.a(gi gr) < Cp/%. (3.15)

4 Monomials and the Ratio R, ,(g, h)

Equation (3.13) suggests that Cj, /2 i actually the supremum of the ratio R, (g, ). One way to prove that this
would be to show that the ratio R,, , is maximized in some sense on monomials. In this section we will prove a
partial result in this vein (Theorem [4.4)) which has two interesting corollaries. We begin by stating a result that
will be useful in what follows.

Lemmad4.l. Letl <p<oocanda>0.Iff € f]'f; then the Taylor series of f centered at O converges to f in

the LP (fyclyp /2) norm.

7&’
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The above result is well-known. For example, it can be found as [9, Ex. 5, Ch. 2]. We next define a nonlinear
operator Gy, (h) that will be central in proving Theorem the main result of this section. Let 1 < p < oo.
For h € Lp(yzp/z), define G, (h) as

_ _ p_ 2
Gy a(M)(2) = [h(z)P"*h(z)e G DI, 4.1

First we note that, if . € LP (v, /2), then Gy, ,(h) € LP (4

Tap! /2)

pha = <<2p> )P |h(z) e (51 |2> ap|2dz>1/p'
- (&) < > [ e ()" e trar)
- (5)"

In fact, the function G;a(h) has been designed to have the property that

1Gpa(h)]

(e

2 n
(h, G (1)) = (p) 12 = ColAlp el G (W)l 42)

That is, it gives equality in Holder’s inequality (up to the scale constants required by the dilated Gaussian mea-
sures). Furthermore, for all g € L¥' (Vo /2) we have

I{h, ¢)al = CthHp,aHng’,a <= g is a constant multiple of G}, , (h). 4.3)

By Theorem G} o(h) cannot be holomorphic if A is holomorphic, nonconstant, and p # 2, but we can
consider its projection into holomorphic space:

Lemma 4.2. Let1 < p < oo, >0, andn € N. Forall f,h € H; ,\{0}, we have

[, Pa(Ghalh))al _ [$h Pa(Gp.a(h)))al
1/ llp.a B 1R

and equality is achieved if and only if f is a constant multiple of h.

, “4.4)

P,

Proof. Assuming the premise of the lemma and using Holder’s inequality, we have

, PG (h)))a LG o (h))a
4 PEGaltel W Chalal _ om0
7l £l
10 G )al [ PG ()l
e Flloa

where in the second line we used (4.2)). This proves the first part of the lemma. For the second part, note that by
(#.3) we have equality above if and only if f is a constant multiple of G}, (G} ,(h)). However,

G;’,a(GZ,a(h))(z) = |Gzya(h)(z)’p’,2Gn (h)(z )670‘(%*1”2\2
= |h(z)|P D@ =2Hp=2) 5 (0 /—1)(p—2)+(p'_2))|z\2h(z) — h(2),

as(p—1)(p' —2)+(p—-2)=p'—1)(p—2)+ (p — 2) = 0. Thus, we have equality in @4) if and only if f
is a constant multiple of h. O

14



Let Ng = NU {0}. For & > 0, n € N, and a multi-index j = (j1, j2, ..., Jn) € N{, define the function v ;

as
alil .
VY5.a(2) = TZ‘] for z e C", (4.5)
j!
where we use the standard notations |j| = ji + jo + ... 4 jn, j! = j1lj2! - ... - juland 2 = 201222

The set {1/Jj,a}jeNg is an orthonormal basis in H3 . These functions also have the interesting property that
P} (Gp.a(15,4)) is a multiple of ;.

Lemma 4.3. Let 1 < p < 0o, @« > 0, and n € N. For each multi-index j = (j1,j2,-..,jn) € N{j, the function

V.o defined in (4.3)) satisfies

lilp/24n 1 i
2) [T TUrp/2+1) Wi (4.6)

PIGE  (th.) = ( o

p

In particular, there exists a constant Kj p, o, such that
Pan (% a) = J D, ozZ'] 4.7

Proof. First note we have for any j € Ny

PrGy o (5,0)(2) = PRGy (wazk> P”HG (Vjal2r)) HPaG (Wjpalzr)).

Thus, the general result will follow if we prove the lemma for n = 1. To that end, fix a nonnegative integer
j. Using the self-adjointness of P! as well as the fact that P! is the identity on J—Czl,’ o, We have for any other
nonnegative integer k:

<P Gl w w > k/2+P 1)j/2+1 / | |] p—2) j _ﬂ‘2|2d
i) Uk = — z ) 2 z
TV k!l j!

_ k/2+(P 1)j/2+1 TJ(P*1)+’“+16*%T2 (/% ei(jk)9d9> .
Tr\/ﬂw/j!jfl 0 0

_ <2apj/2+1 i dr) »
V! 0

) Jjp/2+1 1

By Lemma the Taylor series of the exponential function converges in L” (fyip /2), and so we use (4.8) to
compute

NP D (ip/2 4+ 1
> M%’a(?j)’

PG o (V0)(2) = Y (PAG) o (h0), Yha),, Yk <z>:(
o~ p,x ]Oé a~'p,a 2, ) fre’ a fre? TP
pard Vit

p
proving (@.6). Equation (&.7) follows from as 24 is a constant multiple of ;.4 O

We now can prove our partial result on the ratio R, ,, taking on maximal values on monomials:

15



Theorem 4.4. Let 1 < p < 0o, a > 0, and n € N. For any f € Hj ,\{0} and multi-index j € N", we have

‘<f7 Zj)&’ < ’<zj7zj>a|

Hpr,a N ||ZjH1f>7cv7

(4.9)

or, equivalently, . o
Rpalf,2) < Rpal2, 2). (4.10)

Furthermore, both inequalities (4.9) and (@.10) are sharp and are equality if and only if f(z) is a constant
multiple of 2.

Proof. Assume the premise of the theorem. First note that (4.9) and {.10) are equivalent, as (@.10) is just (4.9)
with both sides of the inequality divided by ||29||,/ . Thus, to prove the rest of the lemma, it suffices to consider
only (@.9). To that end, we apply Lemma to the functions f and 95 4:

48, P2 Oyl el _ |5 PG a5l _ 1 PG alisallel

£ 1lp,a B [¥5,allp.a 12|,
By Lemma dividing both sides of the inequality above by Kj, o yields (.9). Note that by Lemma [4.2] we
have equality in (4.11)) if and only if f is a constant multiple of v; o, which is equivalent to f(z) being a constant
multiple of 2, as desired. 0

Remark 4.5. By symmetry of R, ., Theorem also implies that, for any fixed 1 < p < 0o, &« > 0, n € N, and
j € N, we have forall g € 37, |

:Rp,oz(zja g) < "Rp,oc(zj7 Zj)'

Theorem4.4)is a weak form of the fully conjectured theorem: that sup; ; R), o (f,9) =Cy /2 (or equivalently

sups , Rpa(f,9) < Cp /2). Indeed, Sectioncomputes that R, o (24, 23) < Cp/? for all j (and that Cj/? is the
limit as j — o0), and so we have shown that

Rpa(f,2) < C/? forall je N. 4.12)

Thus, restricting one of the variables in R,, ., to range through the space of monomials 21 gives the global max-
imum result, proving Theorem [I.6] This is, of course, a far cry from the desired theorem, but it is suggestive.
We also have two interesting corollaries from Theorem The first holds for all finite complex dimensions n,
while the second focuses on Taylor coefficients when n = 1. Both corollaries involve “projecting” a function
onto monomials. More specifically, fix a complex dimension n. For any multi-index j € N”, define the map
Pjq : H2, — Span{zI} C H2! , as
Pj,a(f) = <f7 ¢j,a>a¢j,a-

By Hélder’s inequality, this mapping is continuous. Heuristically, P; ,(h) is “projecting” h onto the j** mono-
mial. The corollary below gives us more reason to call P , a “projection,” despite the lack of a Hilbert space
structure to the space Hy .

Corollary 4.6. Let 1 < p < oo, @ > 0, and n € N. The mapping Pj o, : 37 , — 3}, has norm 1. That is, if
feH,, then

p?a’

||<fa wj,Oz)awj,a”p,oz < Hf”p,a‘ (4-13)

Furthermore, we have equality if and only if f(2) is a constant multiple of 2.
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Proof. Assume the premise of the corollary. If f is the zero function, then the result follows. So assume f is not
the O function. As )5 , is a scalar multiple of 2J, by Theorem we have

’<fa wj,a>a’ < |<¢j,a’wj,a>a| _ 1
||f”p,0c N ij,a”p,a Hzpj,anpa
Multiplying the above by ||1)5,a|/p,a || f|lp.« yields @.13). The equality condition again follows from the equality
condition in Theorem ]

Now we can use Corollary {f.6|to prove another corollary on Taylor coefficients in the case where n = 1.

Corollary 4.7. Let 1 < p < ooand a > 0. Let f € 5'61177& and with the Taylor series f(z) = > ;- aipz". Then
for any j € Ny,

laj2 ||pa < Zakz = [|£llps (4.14)
p,a
and
()’
jaj| < —2—— || fllp.o- (4.15)
r(%+1)

In either inequality above, we have equality if and only if f(z) is a constant multiple of 2.

Proof. Assume the premise of the corollary. We first prove (4.14). By Lemma the Taylor series of f(z)
converges in norm, and so for any fixed j € N, we have (using w as the integration variable here)

<f7 ¢j o a% a = <Z apw 7¢], > wj,a(z) = aj <wj7wj,a(w)>awj,a(z) = ajzj- (4.16)

Inequality (4.14) as well as the equality statement now follows from Corollary 4.6 and (4.16). To prove (&.15),

first note that
1/p
. B . ap) —ap |2
J _ Jp 5 1217 g
[l = (12 (52) e F¥a:)

, 1
2 \7?/% 1 sap o\IP/2 _ap o /e
— (—r) e 2" aprdr
ap 2

2

ap

(
-
G

Thus dividing @14) by ||27||p.« yields @.I3), proving the corollary. O

)

jp/2 0 1/p
) / ump/Qe_“du>
0

il

2
) Tz,

5 The Conjectured Sharp Constant and Quadratic Exponentials

Let M = {2V : N is a nonnegative integer}. We previously showed in (3.15) that, for dimension n = 1,

sup Rp.a(g,h) = /Cp.

g,heM
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To strengthen our evidence for /C), being the sharp constant for n = 1 we will prove a similar equality over a
larger family of functions that is more natural to the problem’s setting. To that end, we consider functions ¢ in
the family

§= {ep(z) :p(z)isa polynomial} .

These functions are holomorphic but not generally in J-C;,l)’a. In particular, if g(z) = eP(*) € H} - then by (2.16)

the function ®(P(2))=2I=1*/2 is bounded on C by ||g|| p,a» implying that the degree of p(z) must be no larger than
2. In fact, if p(2) is quadratic, then its leading coefficient must satisfy a certain inequality, as proven in the next
lemma:

Lemma 5.1. Let a > 0 and a, ¢ € C, and define g(z) = exp (aaz + $¢2?). If 1 < p < oo, then f(z) € TH;’a if
and only if |c| < 1. In this case, we have

Igllpa = —————— exp QM
P (1= |ef?) /2 2 1—|c? ‘

o L2 .
Proof. Define g(z) = e(@@2+5¢2%) for some constants a,c € C. Define a matrix A and a vector v as

1—R(e) %)]7 U:[%(“)].

A:[ S() 1+ R() ~S(a)

Note that A is positive definite <= 1 — R(c) > 0and 1 — R(c)? = F(c)2 >0 <= |c2 <1 <= || < 1.
Now we have

lglpa = / eloastget)p (S =gz — (TF) / (=P Az)+2(Foa)) gy,
P C 2m 27 R2

By Lemma the above integral converges if and only if A is positive definite which holds if and only if |¢| < 1,
proving the first part of the lemma. Assuming |c| < 1, we have

« « 1
ngg,a = (ap) /1‘@2 e(_(x’TpAz)"'Q(Tp”@))dx = ———eXp <%U7A*1U> ) (5.1)

2 V1|l 2

One can compute the inner product (v, A~1v) as

_ 1 1+R() —(c) R(a) |la|* + R(ca?)
A 1 — _ Cx B T 2
(0, 47) = T @) =S(@)] [ ~3(e)  1-R()] [-S(a) 1= | 62
Substituting (5.2) into (5.1)) and taking p** roots gives the desired result. ]

In light of the above lemma, we define a subset G, of G as the appropriate quadratic exponential functions
Sa=9NHy, = {exp <aaz + %022> ca,c€C,le] < 1} . (5.3)

We chose p = 2in 3_{3@ above, but note that by Lemma and the discussion that preceded it, G, = G N ﬂ{;",a
forany 1 < p < co. We can now state the main theorem of this section.

Theorem 5.2. Let G, be defined as in (5.3) and let 1 < p < oo. Then

sup Rpal(g,h) = /C).

9,h€8a
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The function R, , is a “Gaussian kernel”: it is defined on an LP x ¥ space with a Gaussian weight. It does
not quite fit the conditions of [S|] (which asserts that, in a similar setup, Gaussian kernels have only Gaussian
maximizers), but given that landmark paper it is very natural to think that the maximum should occur on quadratic
exponential functions in this case as well. Thus, Theorem [5.2] provides more highly suggestive evidence that
maximum really is y/Cy, at least in the n = 1 dimensional case.

We will break the proof of Theorem into multiple lemmas. We begin by computing the ratio R, (g, )
for functions g, h € G,:

Lemma 5.3. Let g, h € G, be arbitrary with g(z) = exp (aaz + $cz?) and h(z) = exp (abz + $dz?). Then

Rp.alg,h) =
) . 5.4

2ab 4 ad + b2c B la|? 4 a%c B b2 + b2d
1—cd L—le>  1-|d?

(1 — [P — |d*)'/¥ a
— —R
\/ 11— cd| P2

Proof. We first compute |(g, h),|. This computation here is very similar although a bit more complicated to the
proof of Lemma(5.1] Define a matrix B and a vector w as

B:[Q(chd) ic+id]’ :Laan]'

—ic+id 24 (c+d) (a —Db)
As ||, |d| < 1itis easy to see that B has a positive definite real part. One can compute that
<g7 h)a = a/ 67(1’%Bz)+2(%w’x)dx = 2 — 1 76%(11),3_1111)'
TR \/det(B) \/1 —cd

We compute (w, B_lw) as

_ 8ab + 4a?d + 4b2¢c _ 2ab + a?d + b2c

(w, B~ 'w) — — (5.5)
4(1 — cd) 1—cd
Combining (5.5)) and (5.5) with Lemma[5.1| we have
(9, Mol
Rp,alg,h) TSRS,
! 19llp.cllAllpr 0
= e)e(1 — a2y s [ @ 2ab+ a*d +b%c  |a|* +a’c  |b]* +b?d
N 11— cd] P12 1—cd 1=z 1-JdP | )’
completing the proof. O

The next step is to understand the exponential term in (3.4)) and to show that it is never greater than 1. To that
end, we have the following lemma:

Lemma 5.4. Fix b, c,d € C where |c| < 1 and |d| < 1. Define the function f : R*> — R as

2(z +iy)b+ (x +iy)?d + 0% |z + iyl + (x +iy)%e  |b> +b2d
flay) =g | 2E T Wb+ (@ +iy) _lerigft @rife B+ 56
1—cd 1—c] 1 —|d|
Then f has a unique critical point (xq, yo) that satisfies
b(d — b(1 —cd
zo + iy = 22— T Zed) (5.7)

1—|dJ?

Furthermore, sup , g2 f(z,y) = f(zo,y0) = 0.
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Proof. We will prove this lemma using calculus. First we compute the partial derivatives of f:

af - [Qb—i— 2(x +iy)d 20+ zy)c} 2z
Ox 1—cd 1 —cf? 1—|c[*’
af R [Qib—i— 2i(z +-iy)d  2i(x + iy)c] 2%
Ay 1—cd 1—cf? 1— |c|?
S {2b+ 2(x —tiy)a C2(z+ iy)c] 2%
1—cd 1—|ef? 1—cf?

‘We can rewrite the above as

0 0 b —iy)d —1 ]
£ of +(z—iy)d (z—iy)et (@ +iy) (5.8)
dr Oy 1—v¢cd 1—|c|?
Suppose that (xg, yo) is a critical point. We then can set the above equation to 0 and solve for b, yielding
p — (@0 —iyo)(c—d) + (20 +iyo)(1 —cd) (5.9)
1— ||
Using one can verify that (5.7) holds. Furthermore, one can rewrite (5.7)) as
j b b+ bd
0— (zo + 1yo) + bc + (5.10)

l—cd  1—1d>

Setting equal to 0, conjugating, and multiplying the result by xq + iyo, as well as multiplying (5.10) by b
yield the two equations

(w0 + iyo)b + (zo +iyo)%d  (xo + iyo)?C + |20 + iyo|?

0 = - - ,
1—cd 1—[ef?
0 (xo + iyo)5+526 B |b]? +5d
1—cd 1—|df? -

Adding the two equations above yields f(xo,yo) = 0. To complete the proof, we need to show that f takes on a
global maximum at (x¢, o). To that end, we compute the Hessian of f(z,y). First note that from (5.8)) we have

1o (0f  Of\ _ d l+c
202 \ 0z Oy l—2ed 1-—]|c]?

19 (of [ Of\ _ . —d  1-c
2oy \az oy) — "\I-ed 1—|P

Thus, the Hessian matrix H of f at any point (z, y) is given by

d 1+c Cx d c

T—cd — 1-|2) > \i—ed ~ 1]

H=4 Cx d c R —d 1—c G.1D)

S\T—ed ~ 1o T—ed ~ 1|2

Thus, to show that f(xg,yo) is a global maximum, it suffices to show that H is negative definite. Let /11 be the
(1,1) entry of H, and define a function g : D — R (where D = {z € C: |z| < 1}) as

z 1+e¢
g(z)_%<1—cz_ 1—]c|2>'
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Note that h1; = 4¢g(d). As g is the real part of a holomorphic function, it is harmonic and thus takes its maximum
and minimum values on 0D, that is, the unit circle. By assumption d is in the interior of I, so we must have

1 .
Zhn =g(d) < max g(e"). (5.12)
oe[—m,x]

One can compute that

d . gy d 1 l+ec\ o f. e _a e
79 = g% (7=~ 1o5) =* (=) = (=)

Thus, we have a critical point of g(e?) exactly when & (%) = 0, which is equivalent to

6—2’9

. et - 1 . . . . ctl
Using the fact that ‘ (a2 | = () er—g WEcan solve the above equation to find two critical points: ==
and % As the circle 0D is closed, the maximum of g must occur on one of these points and the minimum on
the other. A straightforward calculation yields

c+1 _0 c—1Y\ 2
IN\1+e) " 79\1=%) " 1|

hi = 4g(d) <4 max ]g(eie) =0. (5.13)
e|—m,m

Hence, from (5.12)) we have

Next we show that det(H) is positive. To that end, one can compute that

1 1 \? d c
= det(H) = - -
g dettH) <1—|c\2> ‘1—cd 1— |2

As |d| < 1, by the Maximum Modulus Principle, we thus have

2

0

2

et (H) > (1_1|62) R P (5.14)
Note that for any real number 6, we have

e c 2 1 2| it ¢ | 1 2

‘1 —ee? 1—[eP| <1 - c|2) e —c| <1 - !cl2> |
Plugging the above into yields
2 i0 2
et (H) > <1_1‘c’2> e | _0‘6’2 _o. (5.15)

By (5.13) and (5.13), the matrix H is negative definite, as desired. O

Now we are in a position to prove Theorem
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Proof of Theorem By Lemmas[5.3|and [5.4] we have

1 — lel2)Y/p(1 = |d|2)1/7
sup Rpa(g,h) = sup R,a(g,h) = sup (1= |ef*) r( = 14%) . (5.16)
g,h€5a 9,h€54 ¢, deC,c|,|d|<1 ‘1 — Cd’
Note that, by the reverse triangle inequality, for |c|, |d| < 1 we have
(I [e)VPp — )P (1 —]el?)P(1 — |d]*)'¥
i < 1= ]cl[d]
Hence, we have
1 — 12 1/p 1 — 2 1/p’
sup Rpalg,h) = sup \/( =) ML=y ) (5.17)
g,h€Gq z,y€[0,1) 1- zy
Fix z € [0, 1) and consider the function h,(y) : [0,1) — [0, 00) as
1 — 22 1/p(1 — 42 1/p’
hx(y)z( )1 Q=y)? (5.18)
Then h,, is differentiable and
()L )Py ) (2P
) P2y*(1 — zy)? 2y? '
Thus, yq is a critical point of h, if and only if
2 2
2 = 2(y) y — J (5.19)

T2 (-2 -0

It is easy to see that (0) = 0, (1) = 1, and that 2’(y) > 0 (the fact that p’ > 1 is important here). Thus, z(y)
is an invertible function that maps [0, 1] onto [0, 1]. Hence, h, has exactly one critical point y, and y, satisfies
BG.19). If ¥’ < yg, then 2(y’) < = which implies 2, (y') > 0. Similarly, if ¢’ > y,, then h/,(y") < 0, proving that
Y 1s a local maximum for h,. Since y, is a unique critical point, it must be a global maximum for h,. Also, by
the invertibility of z(y), for every y € [0, 1), there exists a unique = € [0, 1) for which y = y, (namely, z(y)).
Thus, we can rewrite as

sup Rpa(g,h) = sup Vhe(yz) = sup +/ha (v)- (5.20)
9,h€5a P z€[0,1) y€[0,1) ®)

A computation shows that
haty () = = ((F)° = 2 =)y P(2 = p)y* + ) 27, (5.21)

Note that, while hx(y) (y) is not formally defined at y = 1, it can be continuously extended to 1. In fact, define
g:10,1] — [0,00) as
1 _
9(y) = ?((p’)Q — 2= (2 -+ ),

and note that g is continuous on [0, 1] and differentiable on (0, 1). Fory € (0, 1),
2y /_ /_ o/ i
g = 7@~ @)@ =P+ )P >,

/
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proving that g is increasing on its domain. Hence, combining equations (5.20) and (5.21) we have

sup Rpal(g,h) = sup /hyu)(y) = sup v/g(y) = g(1)
9,h€5a ye(0,1) y€[0,1]
()2 = @=-p))Vr(2—p)+p) 2
p
completing the proof. O
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