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Abstract

We prove an intrinsic equivalence between strong hypercontractivity and a strong logarithmic
Sobolev inequality for the cone of logarithmically subharmonic (LSH) functions. We introduce a
new large class of measures, Euclidean regular and exponential type, in addition to all compactly-supported
measures, for which this equivalence holds. We prove a Sobolev density theorem through LSH functions, and
use it to prove the equivalence of and for such log-subharmonic functions.
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1 Introduction

In this paper we study strong versions of logarithmic Sobolev inequalities and strong hypercontractiv-
ity in the real spaces R™ and for logarithmically subharmonic (LSH) functions, continuing our research
published in [12] and solving the conjecture on the equivalence between and formulated in [12}
Remark 5.11]. The main difficulty to overcome, as already noticed by Gross and Grothaus in [[17], was efficient
approximating of (logarithmically) subharmonic functions.

If v is a probability measure, the entropy functional Ent,, relative to x, defined on all sufficiently integrable

positive test functions g, is
Ent,(9) = /gln <g> du
lgllx

where [|g|l1 = [lgllz1(u)- (When [|g[l1 = 1, so g is a probability density, this gives the relative entropy of the
density g to the measure u.) The logarithmic Sobolev inequality is an energy-entropy functional inequality: a
measure 1 on R™ (or more generally on a Riemannian manifold) satisfies a log Sobolev inequality if, for some
constant ¢ > 0 and for all sufficiently smooth positive test functions f,

Ent,(f?%) < c/|Vf|2du. (LSID)

Making the substitution g = f? gives the equivalent form Ent,(g) < % [|Vg|*/gdpu, the integral on the
right defining the Fisher information of g relative to . In this form, the inequality was first discovered for
the standard normal law g on R by Stam in [30]. It was rediscovered and named by Gross in [[15], where he
proved it for standard Gaussian measures on R™ with sharp constant ¢ = 2. Over the past four decades, it
has become an enormously powerful tool making fundamental contributions to geometry and global analysis
[2, 31141 150 16l 8L 9% (10} 221 241 [277]], statistical physics [19} 132} 133} 34], mixing times of Markov chains [[7, 11} [18]],
concentration of measure and optimal transport [23} 25, 31], random matrix theory [} 26, 35], and many others.

Gross discovered the log Sobolev inequality through his work in constructive quantum field theory, particu-
larly relating to Nelson’s hypercontractivity estimates [29]. In fact, Gross showed in [15]] that the log Sobolev
inequality is equivalent to hypercontractivity. Later, in [20} 21], Janson discovered a stronger form of
hypercontractivity that holds for holomorphic test functions.

Theorem 1.1 (Janson [20]). If p is the standard Gaussian measure on C", and 0 < p < q < oo, then for all
holomorphic functions f € LP(C™, p), ||f(e™")lq < Ifllp fort > 31n L fort < 31In L, the dilated function
f(e7t+)is notin LI(C", i) in general.

Remark 1.2. Nelson’s hypercontractivity estimates [29] involve the semigroup e *4#, where A, is the Dirichlet
form operator for the measure p: [ |V f 2du = [ FA.f dp. If du = pdz has a smooth density p, integration by
parts shows that A, = —A—(Vp/p)-V, and so when applied to holomorphic (hence harmonic) functions, e tAu
is the flow of the vector field Vp/p. For the standard Gaussian measure, this is just the coordinate vector field z,
the infinitesimal generator of dilations E f (z) = = -V f(x), also known as the Euler operator. The perspective of
this paper, like its predecessor [12], is that the strong hypercontractivity theorem is essentially about the dilation
semigroup f — f(e~t-), independent of the underlying measure.

Janson’s strong hypercontractivity differs from Nelson’s hypercontractivity in two important ways: first, the
time-to-contraction is smaller, %ln% as opposed to the larger Nelson time %ln Z%}, and second, the theorem
applies even in the regime 0 < p,q < 1 where the L? “norms” are badly-behaved. Nevertheless, in [16],



Gross showed that Janson’s theorem is also a consequence of the same log Sobolev inequality (LSI); moreover,
he generalized this implication considerably to complex manifolds (equipped with sufficiently nice measures).
The reverse implication, however, was not established: the proof requires (LSI) to hold for non-holomorphic
functions (in particular of the form | f ]”/ 2). We refer the reader to [12] for an extensive list of recent literature on
strong hypercontractivity in the holomorphic category, and related ideas (notably reverse hypercontractivity) in
the subharmonic category.

The aim of the present paper is to prove an intrinsic equivalence of strong hypercontractivity and a log
Sobolev inequality. The starting point is a generalization of Theorem [[.1| beyond the holomorphic category. A
function on R" is log-subharmonic (LSH for short) if In | f| is subharmonic; holomorphic functions are prime
examples. In [12], we proved that Theorem [I.1] holds in the larger class LSH, for the Gaussian measure and
several others. We also established a weak connection to a strong log Sobolev inequality.

Definition 1.3. A measure p on R" satisfies a strong logarithmic Sobolev inequality if there is a constant ¢ > 0
so that, for non-negative g € LSH sufficiently smooth and integrable,

Ent,(g) < % / Egdy. (sLSI)

Inequality could be written equivalently in the form Ent,,(f?) < ¢ [ fEf du; we will use it in L!-
form throughout. In [12], we showed the strong log Sobolev inequality holds for the standard Gaussian measure
on R™, with constant ¢ = 1 (half the constant from (LSI)), and conjectured that is equivalent in greater
generality to the following form of Janson’s strong hypercontractivity.

Definition 1.4. A measure p on R” satisfies the property of strong hypercontractivity if there is a constant
¢ > 0so that, for 0 < p < ¢ < oo and for every f € LP(u) N LSH, we have

1F e < W llruy i 0<r < (p/q)> (sHC)

Remark 1.5. The statement in Deﬁnitionis given in multiplicative notation rather than additive, with r» = e~

scaling the variable. It would appear more convenient to use the constant c instead of 5 in (sLSI) and (sHC). We
choose to normalize with § for historical reasons: Gross’s equivalence of the log Sobolev inequality and Nelson’s
hypercontractivity equates c in (LSI) to § scaling the time to contraction.

Notation 1.6. For a function f on R™ and r € [0, 1], f, denotes the function f,.(z) = f(rz).

1.1 Main Results

In [12]], we showed that (sHC)) implies (sLSI) in the special case that the measure p is compactly supported. Our
first result is the converse.

Theorem 1.7. Let 1 be a compactly supported measure on R™. Suppose that y satisfies for all sufficiently
smooth functions g € LSH(R"™). Then p satisfies for all functions f € LSH(R™).

Remark 1.8. We emphasize here that the domains in the equivalence consist of log-subharmonic functions a
priori defined on all of R, not just on the support of . Indeed, the dilation semigroup is not well-defined if this
is not satisfied. In fact, it is not hard to see that this result extends to log-subharmonic functions defined on any
star-shaped open region containing the support of .



Theorem and its converse have non-trivial applications: for example, Proposition [[12, Proposition 4.2]
implies that holds true for any compactly supported symmetric measure on R, with constant ¢ < 2.
Nevertheless, it excludes the standard players in log Sobolev inequalities, most notably Gaussian measures. In
[12, Theorem 5.8], we proved directly that holds true for the standard Gaussian measure on R™, with best
constant ¢ = 1. This was proved directly from (LSI), and relied heavily on the precise form of the Gaussian
measure; a direct connection to strong hypercontractivity (also proved for the Gaussian measure in [[12, Theorem
3.2]) was not provided. That connection, for a wide class of measures, is the present goal.

The technicalities involved in establishing the equivalence of and are challenging because of
the rigidity of the class LSH: standard cut-off approximations needed to use integrability arguments in the proof
are unavailable for subharmonic functions. To amend this, we use a fundamentally different approximation
technique: the dilated convolution introduced in [13} [17], and developed in Section below. In [13], the
authors provided a local condition on the density of 4 under which this operation is bounded on LP () (amounting
to a bound on the Jacobian derivative of the translation and dilation). Here we present alternative conditions,
which require little in terms of the local behavior of the measure (they are essentially growth conditions near
infinity) and achieve the same effect.

Definition 1.9. Let p > 0 and let  be a positive measure on R” with density p. Say that u (or p) is Euclidean
exponential type p if p(x) > 0 for all = and if the following two conditions hold:

sup sup |alc\pM <oo forany a>1,s8>0 (1.1)
T |y|<s p(x)
sup sup plaz) < oo forsome € > 0. 1.2)

T 1<a<l+e p(l‘)

If 1 is Euclidean exponential type 0, we say it is Euclidean regular.

The terminology derives from the fact that conditions (I.1) and (I.2) insist that the Euclidean group acts on
p in a controlled manner; exponential type refers to the growth condition involving |z|P (indeed, for p > 0 the
measure must have tails that decay faster than any polynomial to be Euclidean exponential type p). For any
probability measure . with strictly positive density p, denote fora > 1 and p,s > 0

_ plaz +y)
Ch(a,s) = CP(a,s) = sup sup |z’ ———=.

1.3
’ WP @) (-

Then the condition that x is Euclidean exponential type p is precisely that C},(a, s) < oo for each a > 1 and
s > 0, and C})(a,0) is uniformly bounded for a close to 1. It is clear from the definition that C};(a, s) is an
increasing function of s. Moreover, if u is Euclidean exponential type ¢ then it is Euclidean exponential type p
for any p < ¢. For convenience, we will often write C, for Cg.

Example 1.10. On R, the densities (1 + z2)~ for a > % are Euclidean regular. On R™ the densities e~l*
with a, ¢ > 0 are Euclidean exponential type p for all p > 0.

More examples and properties that prove the Euclidean regular measures form a rich class are given in Appendix
In order to justify the implication (sL.SI) = (sHC) in the fully general (non-compactly-supported) case, we
will insist on a further regularity property of the density p.

Definition 1.11. We say that u (or p) is exponentially sub-additive if for all z € R there exists A € R" such
that for all £ € R"

p(a)p(t) < e p(0)p( + 1).
Let o > 0. We say that p is a-subhomogeneous if for all ¢ > 0

p(cy) < p(y)=". (1.4)



Example 1.12. It is easy to check that the densities e ~*|" are exponentially sub-additive for 0 < a < 1 (then
A = 0) and for a = 2 (then A = —2x). All the densities e~clzl®, a,c > 0 are evidently a-subhomogeneous, with

equality in (T.4).

The purpose of introducing these classes of measures (notably Euclidean regularity) at present is its utility in
proving a density theorem for an appropriate class of Sobolev-type spaces that we now proceed to define. These
spaces, denoted L%, (1), are exactly the domains of functions for which the strong log Sobolev inequality makes
sense.

Definition 1.13. Let 1 be a measure on R™, and let p > 0. Define the Sobolev space L%,(1) to consist of those
continuously differentiable (C'!) functions f € LP(u) for which Ef € LP(p). It is a normed space in the norm

F Ao+ IEfllp-

Remark 1.14. The space L%, (1) is generally not complete; its completion (for smooth 1) is the space of weakly
differentiable functions f € LP(u) satisfying E'f € LP(u). To be precise: Ef(x) = 37, zju;(z), where u; is

the function (posited to exist) satisfying
—/8jcpfd:t:/<pujdx

for any ¢ € C2°(R"™), where dz denotes Lebesgue measure. We will not have occasion to need the completeness
of this space in its norm; it will be more convenient to have Sobolev functions that are already at least C', and so
so we restrict the definition thus.

Standard techniques, involving approximation by C'2° functions, show that L%, is dense in L? for reasonable
measures. However, our goals here involve approximation of log-subharmonic functions, and the usual cut-off
approximations fail to preserve subharmonicity. An alternative approach is to use a convolution approximate
identity procedure, as is readily available for Lebesgue measure. The problem is that, for a given bump function
©, the operation f — f x ¢ is typically unbounded on LP () when p is not Lebesgue measure. Indeed, for L? of
Gaussian measure, even the translation f — f( - +y) is unbounded if y # 0. The problem is that the convolution
can shift mass in from near infinity. One might hope to dilate this extra mass back out near infinity, to preserve
p-integrability; thus the dilated convolution f — (f * ¢),.. Section shows that this operation behaves well in
L? spaces of Euclidean regular measures; it also preserves the cone LSH.

The main technical theorem of this paper is the following smoothing procedure for LSH functions, i.e.
Sobolev density theorem, which is of its own independent interest.

Theorem 1.15. Let p € (0,00), and let p be a Euclidean exponential type p probability measure on R™. Then
the cone C>° N LSH N LY, () is dense in the cone LSH N LP (). More precisely: let f € LSH N LP(u). Then
there exists a sequence of functions f, € C°° N LSH N LY. (u) that converges to f in LF ().

Using Theorem [[.15] we will prove the equivalence of (sLSI) and (sHC), the first implication in a nominally
weaker form that we now explain.

Definition 1.16. Let y be a probability measure on R”, and let 0 < p < ¢ < oco. Denote by LSH,, (1) the
closure of L%, () N LSH in L%, (1) N LSH, with respect to the Sobolev norm f + || f|l, + || Ef]|, of the space
L% (). Define the space
LSHES (1) = | LSHE ()
a>p

with the closure being taken in L, (p).



For any probability measure, there is a common dense subspace (L°°) for all the full L?-spaces, ¢ > 0, and so
the closure of L7 in L? is all of LP for p < g; the standard proof uses cut-offs that do not respect subharmonicity,
and indeed, there are no non-constant bounded subharmonic functions. In [[16]], Gross showed that, under certain
conditions on a measure 4 on a complex manifold (in terms of its Dirichlet form operator d*d), in the presence
of a full log Sobolev inequality (LSI), there is a common dense subspace for all holomorphic L? spaces of . In
the present context of logarithmically-subharmonic functions, no such technology is known, and we will content
ourselves with the spaces LSHP< (). We will consider the nature of these spaces in a future publication. A
natural conjecture is that, for sufficiently nice measures p1, LSHY, (1) = LSH N LY, ().

This brings us to our main theorem: the equivalence of and for logarithmically subharmonic
functions. Since slightly different hypotheses on the involved measures are required for the two directions of
the equivalence, we state them separately. Moreover, because of some delicate issues with the =
implication, we give two versions: one that requires the same conditions as the reverse implication but gives
a slightly weaker form of strong hypercontractivity (b), and one that proves full strong hypercontractivity for
exponentially subadditive and subhomogeneous measures (a).

Theorem 1.17. Let 1 be an O(n)-invariant probability measure on R™.

1. (a) Let yy be Euclidean exponential type p for all p > 1, exponentially subadditive, and a-subhomogeneous
for some o > 0. If p satisfies the strong log Sobolev inequality for all functions in LSH N
W), with constant ¢ = =, then y satisfies strong hypercontractivity (sHC): for 0 < p < q < o0
L, ith 2 th ' h jvity (sH 0<p<
and f € LSH L (), || fellg < [Ifllp for 0 < v < (p/q)2

(b) If i is of Euclidean exponential type p for all p > 1 and holds for all functions in Uq>1 LSHN
L%(p), then p satisfies partial strong hypercontractivity on each space LSH N L% (1), qo > 1, i.e.
the inequality

I llgery < NF1s a(r) = r72/° (1.5)
from Proposition|1.19 holds for all functions f € LSH N L% (p) and r € [, 1].

2/¢cH
qO/C

2. If p is Euclidean exponential type p for some p > 1, and if | satisfies in the above sense, then p
satisfies the strong log Sobolev inequality (sLSI):

&
Entu(g) < 5 / Egdp

forall g € LSH}.

Remark 1.18. 1. The global assumption of rotational-invariance in Theorem is actually quite natural in
this situation. The functional g — [ Egdp on the right-hand-side of our strong log Sobolev inequality
is not generally positive, since the operator F is not generally self-adjoint in L?(1); however, when f is
rotationally-invariant, this functional is positive on the cone LSH, as pointed out in [[12, Proposition 5.1].

2. In Theorem[I.T7(1) we state the implication =—> (sHC) assuming the strong log Sobolev inequality
holds for all functions in LSHN L} (11), which is the natural domain for which this inequality makes
sense. In fact, our proof below actually shows the implication supposing holds on the nominally
smaller space LSH};, and then the domains for are the same in both parts of Theorem m

We emphasize that Theorem [1.17|is intrinsic. While the two directions of the theorem require slightly different
assumptions on the applicable measures, the implications between and both stay within the cone
LSH of log-subharmonic functions. This is the main benefit of extending Janson’s strong hypercontractivity
theorem from holomorphic functions to this larger class, and restricting the log-Sobolev inequality to it: here, the
two are precisely equivalent.



1.2 Alternative Formulation of sHC

The following equivalent characterization of strong hypercontractivity will be useful in what follows.

2/c

Proposition 1.19. Fix ¢ > 0 and let q(r) denote the function q(r) = r~°/°. A measure | satisfies strong

hypercontractivity if and only if for each function f € L'(u) N LSH,
1 frllgy < [IfllL and | fells < [[fllr,  for r e (0,1].
For the proof, it is useful to note that the class LSH is closed under f +— f? for any p > 0.

(p/q)*/* = 1. More generally, by (sHC), || f-|l; < ||f]l1 whenever 0 < r < (1/¢)/?; i.e. whenever ¢ < r~%/¢
q(r). In particular, it follows that || f;[[4-) < || f]l1 as claimed.

Proof. First, suppose (sHC) holds with constant ¢. The case p = ¢ = 1 yields || f.|1 < || f][1 for 0 < r <

Conversely, suppose the above conditions hold true. Fix ¢ > p > 0 and let f € LP(u) N LSH. Then f? €
L' (1)NLSH, and so by assumption we have [|(f?),[|4¢y < [|f?]|1 for 0 < < 1. Since (f7), = (f,)?, it follows

c/2

immediately that ”fTHZq(r) < ||f||b. Setting ¢ = p - ¢(r) and solving for r, we have r = r(p, ¢) = (p/q)“/?, and

so we have proved the equality case of (sHC). Finally, suppose that 7' < 7(p,q) = (p/q)*/?; then there is s €
(0, 1] so that ' = s - r(p, q). Dilations form a multiplicative semigroup, so f,» = ( fr(p,q))s- We have just proved
that f,(, ) € L% and hence (f,(,q))?is in L' (u). Therefore, by assumption, |[[(f,p.q)Ysllt < [[(fr(p.g))?ll1:
unwinding this yields

HfT’Hg = H(fr(p,q))ng = H[(fr(p,q))s]qu = H[(fr(p,q))q]sHl < H(fr(p,q))q”l = ”fr(p,q)”g < Hf”g
by the equality case, thus proving (sHC). O

Remark 1.20. In fact, (sHC) implies the putatively stronger statement that r > || f-[|¢(,) is non-decreasing on
[0, 1]; however, the weaker form presented above is generally easier to work with.

1.3 Convolution property

We will use the convolution operation to prove the Sobolev density theorem at the heart of this paper, as well as
Theorem We begin by showing that this operation preserves the cone LSH.

Lemma 1.21. Let f € LSH. Let ¢ > 0 be a C° test function. Then f x ¢ € LSH N C*°.

Proof. Since f € LSH, f > 0 and In f is subharmonic. In particular, In f is upper semi-continuous and locally
bounded above, and so the same holds for f. Thus f is locally bounded and measurable; thus f * ¢ defines an
LllOC N C* function. We must show it is LSH.

Any subharmonic function is the decreasing limit of a sequence of C'*° subharmonic functions, cf. [28|
Appendix 1, Proposition 1.15]. Applying this to In f, there is a sequence f,, € LSH N C° such that f,, | f. Let
In = fn+ %; SO g, is strictly positive, and g, | f. Since @ is > 0, it follows from the Monotone Convergence
Theorem that g,, * ¢ | f * o pointwise.

Now, (gn * ©)(2) = [gn gn(® — w)p(w) dw. Since translation and positive dilation preserve the cone LSH,
the function  — g, (z —w)y(w) is continuous and LSH for each w. Moreover, the function w +— g, (r —w)p(w)
is continuous and bounded. Finally, for small 7, supj;_z|<, gn(t — W)p(w) < [[]loo SUP|y < |z]4r+s In(t) Where
s = sup{|n|: n € supp ¢}, and this is bounded uniformly in w. It follows from [12, Lemma 2.4] that g,, * ¢ is
LSH. (The statement of that lemma apparently requires the supremum to be uniform in x as well, but this is an
overstatement; as the proof of the lemma clearly shows, only uniformity in w is required).

Thus, f * @ is the decreasing limit of strictly positive LSH functions g, * . Applying the Monotone Conver-
gence Theorem to integrals of In(g, * ) about spheres now shows that In( f * ¢) is subharmonic, so f* ¢ € LSH
as claimed. O



1.4 Compactly Supported Measures

This section is devoted to the proof of Theorem It follows the now-standard Gross proof of such equivalence:
differentiating hypercontractivity at the critical time yields the log Sobolev inequality, and vice versa. The tech-
nical issues related to differentiating under the integral can be dealt with fairly easily in the case of a compactly
supported measure; the remainder of this paper develops techniques for handling measures with non-compact
support. The forward direction of the theorem, that implies for compactly supported measures, is
[12, Theorem 5.2], so we will only include the proof of the reverse direction here.

Proof of Theorem[l.7} By assumption, (sLSI) holds for sufficiently smooth and integrable functions; here we
interpret that precisely to mean Ent,(g) < § [ Egdu forall g € C(R™) for Which both sides are finite. Fix
f € LY(u)NLSHNC®!. Utilizing Proposition 1. 19|, we must consider the function o (r ) = |l frllqr) where q( )=

r=2/e Let B(r) = a(r)40) = [ f(rz)?") p(dz) and set B, (r) = f(rz)2") sothat B(r) = [ B.(r) ). Then,

q(r)
f(rz)
Since ¢/(r) = —2q(r), and since z - V f(rz) = 2(Ef),(z) = 2E(f)(z), we have

887“ InB,(r) = ¢'(r)In f(rz) + z-Vf(rz).

£ Balr) = 2 Fua) 1 I £ ()1 + () o) (B o), (1.6

Fix 0 < € < 1. As f is C', the function (of z) on the right-hand-side of (1.6) is uniformly bounded for r € (e, 1]
and = € suppyu (due to compactness). The Dominated Convergence Theorem thus allows differentiation under
the integral, and so

0
)= [ 5:8) nlda). 1.7
Thus, since a(r) = B(r)/4(") and B(r) > 0, it follows that o is C'* on (e, 1] and the chain rule yields
ron a(r) 2 re ,
) = B e [P mB0) + 58] (18)

From and (1.7), the quantity in brackets is
a(r) ar) g 4 "¢ 2 pa() 1y pa) 4 Lo pa—1
fr dﬂln fr d:u—’—i _7.](.7‘ lnfr +7q(7a)f'r Ef?" dﬂ
— [ 5 du-1n / £ dp [ 15w 510 dy e a(r)§ [ 1207 B, d
— _ Ent, (f10) /E £10) dp, (1.9)
where the equality in the last term follows from the chain rule.
Since f € C, it is bounded on the compact set suppy, and so are all of its dilations f,.. Hence, both terms
in (I.9) are finite, and so by the assumption of the theorem, this term is > 0. From (I.8), we therefore have
a/(r) > 0 for all » > e. Since this is true for each € > 0, it holds true for » € (0,1]. This verifies the first

inequality in Proposition [I.I9] For the second, we use precisely the same argument to justify differentiating
under the integral to find

HfrHl /8 fr(@ /Efr ) > —Ent W(fr) >0



by the assumption of . This concludes the proof for f € C.

Now, if f € L'(u) N LSH, we consider a smooth approximate identity sequence . The inequalities in
Proposition hold for f * ¢ by the first part of the proof and Lemma Note by simple change of
variables that (f % ¢ ), = fr * (r"¢g)r, and that (r"¢y), is also an approximate identity sequence. The function
f, is LSH, so it is upper semi-continuous and consequently locally bounded. Thus f, € L") and (f * op),
converges to f, in L"), This concludes the proof. O

2 Density results through LSH functions

This section is devoted to the approximation procedures we develop for smoothing LSH functions in LP space
of Euclidean regular measure, and in particular to the proof of Theorem For a companion discussion of
various closure properties of the class of Euclidean regular measures (testifying to the reasonably large size of
this class), see the Appendix.

2.1 Continuity of the Dilated Convolution

One easy consequence of Definition[I.9]is that the operation f ~— f, is bounded on L”.

Lemma 2.1. Let j1 be a Euclidean regular probability measure, let p > 0, and let r € (0, 1). Then

n 1
1 frll Lo < 777 CL (£,0) w £l e ()

Proof. We simply change variables © = rx and use Definition[I.9

[ 15:@Putdn) = [15aPota)de = [ 1@Ps(a/r) dz <7 (2,0) [ 7@l

Remark 2.2. By condition (1.2)) of Definition[1.9] the constant in Lemma 2.1]is uniformly bounded for r € (e, 1]
for any € > 0; that is, there is a uniform (independent of r) constant C; so that, for 7 € (e, 1], || frllzr() <

CG”fHLP(,u)'

O]

The next proposition shows that, under the assumptions of Definition [I.9] the dilated convolution operation
is indeed bounded on LP. As usual, the conjugate exponent p’ to p € [1, 00) is defined by % + ]% =1

Proposition 2.3. Let ;1 be a Euclidean regular probability measure on R". Let p € [1,00), and let p € CZ° be
a test function. Then the dilated convolution operation f — (f * ), is bounded on LP(u) for each r € (0, 1).
Precisely, if K = suppy and s = sup{|w|; w € K}, then

1(f * @)rllog < 77 PCu(E, )P VOl E) Pl Lot 1) 11l o
where C,, is the constant defined in ([I.3).

Proof. Denote by K the support of (. By definition,

Il = [ ][ sa=eway

We immediately estimate the internal integral using Holder’s inequality:

[ st ietias] < [ 1500 9Py el g,

9

’ p(x) dzx.




which is finite since the first integral is the pth power of the LP-norm of f restricted to the compact set rz — K.
(Note that Euclidean regularity of p implies that p is equivalent to Lebesgue measure on compact sets.) Hence,

ICf = el o < Nl |f(rz — y)[Pdy p(z) da. 2.1)
(1) LY(K) Jon [i
We apply Fubini’s theorem to the double integral, which is therefore equal to
n u+y
[ [ st —wpodsdy= [ [ swps (5 dudy @2

where we have made the change of variables © = rx — y in the internal integral. By assumption, p is Euclidean
regular, and so we have

p(%U+%y) Cu(5,2)plu), yeK. (2.3)
where s = sup{|w|; w € K}. Substituting (2.3) into (2.2)), we see that (2.1) yields
I 50l < 7" Culths DVOIUR) el ) [ £ @Pol0

This completes the proof. 0

Remark 2.4. The explicit constant in Proposition appears to depend strongly on the support set of ¢, but it
does not. Indeed, it is easy to check that the standard rescaling of a test function, ¢®(x) = s "p(z/s), which
preserves total mass, also preserves the ¢-dependent quantity above; to be precise, Vol(suppy?) ||¢® H’;p, &) does
not vary with s. In addition, the constant C,,(1/r, s/r) is well-behaved as s shrinks (indeed, it only decreases).
It is for this reason that the proposition allows us to use the dilated convolution operation with an approximate

identity sequence in what follows.

The use of Proposition [2.3]is that it allows us to approximate an L function by smoother L” functions, along
a path through LSH functions. To prove this, we first require the following continuity lemma.

Lemma 2.5. Let y be a Euclidean regular probability measure, and let v € (0,1). Then for any f € LP(u), the
map Ty: R™ — LP(u) given by [T¢(y)|(x) = fr(x — y) is continuous.

Proof. First note that, by the change of variables v = rox — 7y,

7100 = [ Vo =)o) de = [ 1F@)Pp (bu+y) du

and the latter is bounded above by r~"C,, (L, |y]) || f||%, )» showing that the range of T is truly in L” (p) for

y € R™. Now, fix e > 0 and let ¢ € C,(R"™) be such that Hf Yllru) < e Let (yr)72, be a sequence in R"
with limit yg. Then

1T (i) — Ty (yo)ll ey < 1T¢(yr) — T (i)l ey + 1T (wr) — T (o)l ey + 1T (vo) — T (yo) e ()

The first and last terms are simply Ty ¢(yx) (with k = 0 for the last term), and so we have just proved that

T s i)lle gy < 7 PCo (2 k) 2 10 = Fllege < 7 ™PC (2, ykl) P e.

Moreover, there is a constant s so that |y,| < s for all &, and since C,,(a, s) is an increasing function of s, it
follows that

n 1
T4 (yk) — Tr(yo)ll Loy < 1T (yi) — T (yo) Loy + 2r~/PC (L, 5) P

For each z, (T (yx)(z) — Ty(yo)(x) = (re — ryx) — ¥(rz — ryo) converges to 0 since ry, — 7yo and 9
is continuous. In addition, v, is compactly supported and continuous, so it is uniformly bounded. Since p is a
probability measure, it now follows that || Ty (yx) — T2 (y0)[|Lr(s) — 0 as yx — Yo, and the lemma follows by
letting € | 0. O
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Corollary 2.6. Let ;1 be a Euclidean regular probability measure, and let r € (0,1). Then for any f € LP(p),
and py, an approximate identity sequence (), € C2°(R™) with [ ¢p(z) dz = 1 and suppyy, | {0}),

Ifr % or — fellp(y =0 as k— oo,

Proof. Fix e > 0andlett € C.(R") be such that || f —||1r(,) < €. We estimate this in the following (standard)
manner:

| fr % ok — frHLP(,u) < |[(fr —r) * (PkHLp(u) + |9 * o — erLl’(u) + (|t — fr”Lp(u)- (2.4)

By Lemma [2.1|applied to f — v,we have || f; — v ||p(n) < r~"?C.,(1/r,0)"/Pe, and from condition 1' of
Definition |1.9|this is a uniformly bounded constant times € for  away from 0. Also, note that

foxar@) = [ 5@ -yt dy = [ fro =)ty dy = [ o = wntu/r) dus
that is to say, fr * ¢ = r~"(f * P )r, where we set o = ()1 /- Hence,

1 =) # @llingny = 71 =) % el o
<G, (2, %) Vol (supp@h) VBl 1 gy - 1 — 6o

by Proposition where 53, = sup{|w|; w € suppyy}. Since C,(1/r, ?) is increasing in s, this constant is
uniformly bounded as & — oo. What’s more, cf. Remark the product Vol(supp@r) /P || Pxl| 1 (rmy can also
be made constant with k (for example by choosing ¢ (x) = k" (kx) for some fixed unit mass C2° test-function
). The result is that both the first and last terms in (2.4)) are uniformly small as £k — oo. Thus, we need only
show that 1, * ¢ — 1, in LP (). The quantity in question is the pth root of

/ ‘ [ e =ty dy = @

i) = [ ] [ ota=n - w@lawa| wiw. e

where we have used the fact that ¢, is a probability density; here K} denotes the support of . Since ¥, is
bounded, we may make the blunt estimate that the quantity in (2.3)) is

/Kk er(y) dy

Since 1), is continuous and K}, is compact, there is a point y; € K} such that the supremum is achieved at yy:
Supyef, |Ur(z —y) — ()P = [t (z — yx) — ¥r(2)|P. As k — oo, the support K, of ¢y, shrinks to {0}, and
so yx — 0. The function |¢,(z — yr) — ¢, ()P is continuous in x, and so converges to 0 pointwise as y; — 0.
It therefore follows from the dominated convergence theorem that ||¢, * @r — 9r||p(,) — 0, completing the
proof. O

u(dz) = / sup [ ( — ) -t (2)|P ().

yeKy

< / sup 1 (& — ) — o) P

yeK

We will now use Proposition [2.3|and Corollary [2.6|to prove our main approximation theorem: that L. (p) is
dense in LP(u) through log-subharmonic functions.
2.2 The Proof of Theorem [1.15

Proof of Theorem|[I.15] The basic idea of the proof is as follows: approximate a function f € LSH N LP(u)
by (f * ¢)., and let ¢ run through an approximate identity sequence and r tend to 1. We show that the dilated
convolution (f * ¢), is in C° N LSH N L, (1), and that these may be used to approximate f in LP-sense.

11



Part 1: (f * )y isin C°° NLSHN L (). Let o € C°(R™) be a non-negative test function. Lemma shows
that f % is C'°° and LSH. It is elementary to verify that the cone C°° N LSH is invariant under dilations g — g,;
hence the dilated convolution (f * ¢), is C* and LSH. For fixed » < 1, Proposition [2.3|shows that (f * ¢), is
in LP(u), since f € LP(u). We must now apply the differential operator £. Note that (f * ¢), is C°°, and so

El(f * @))(2) = - V[(f * o)) () = / rz -V (rz — y) () dy.

Decomposing rxz = (rz — y) + y, we break this up as two terms

E[(f *¢)rl(zx) = /(m —y) - Ve (rz —y)f(y) dy + /y -Veo(rz —y) f(y) dy. (2.6)

The first term is just (f * E¢),(x), and since E is also C2°(R™), Proposition [2.3| bounds the LP-norm of this
term by the LP-norm of f. Hence, it suffices to show that the second term in defines an LP(u)-function of
x. We now proceed analogously to the proof of Proposition [2.3] Changing variables u = ra — y for fixed z in
the internal integral and then using Holder’s inequality,

J.

—/n /K(m;—u)-Vgo(u)f(rx—u)du

<[ ([ re=upista—wpad) (] \Vso(u)\p’dyf/plpm)da

where K = suppyp. Note that ||Vl|,; < oo is a constant independent of f. So we must consider the double
integral, to which we apply Fubini’s theorem,

[ ([ = abtsta—wpan) pwyae = [ ([ o= ablstee —wtoteyac) an

Now we change variables v = rx — w for fixed w in the internal integral, to achieve

[ ([ s (S5) rrae) au o)

Finally, we utilize the assumption that p is exponential type p, and so there is a constant C'(p,r, K) so that
[v|Pp(¥E%) < C(p,r, K)p(u) for u € K. Hence the integral in (2.7) is bounded above by C(p,, K)r~"Vol(K)
times the finite norm [ | f|? dp, which demonstrates that E[(f * ¢),] is in LP(u).

p

| v Vels - 1wy ple)ds

! p(x) dx

Part 2: (f % @), approximates f in LP(u). Let ¢, be an approximate identity sequence. Note by simple change
of variables that (f * k), = fr * (r"¢k)r, and that (r"¢y), is also an approximate identity sequence. Since
fr € LP(p), by Lemma[2.1] it follows from Corollary 2.6|that (f * ¢y ), — fr, k — oo, in LP(1). We must now
show that f,, — fin LP(u) as r 1 1. For this purpose, once again fix ¢ > 0 and choose a ¢ € C.(R") so that

If = ¥llpr(u) < € Then

”f - f?"HLP(,u) < Hf - w‘|LP(u) + W - ¢THLP(/L) + er - fr”Lp(u)‘ (2.8)

The first term is < €, and changing variables the last term is
I = Sl = [ 6(r0) = Fr)Pola)do = [ o) = F@)Pplu/r) du
<, (10) [ 10 7 dn

12



Here we have used the fact that . is Euclidean regular. Note that, by condition (1.2) of Definition[I.9] the constant
appearing here is uniformly bounded by, say, C, for r € (%, 1]. Thence, the last term in (2.8) is bounded above
by C''/Pe and is also uniformly small. Finally, the middle term tends to 0 as 7 1 1 since 1, — 1) pointwise and
the integrand is uniformly bounded. Letting € tend to 0 completes the proof. O

case that the measure p is rotationally-invariant).

3 The Intrinsic Equivalence of (sLSI) and (sHC)

In this section, we prove Theorem|1.17} if a measure p is sufficiently Euclidean regular (satisfying the conditions
of Definition[I.9), and if s is invariant under rotations, then p satisfies a strong log-Sobolev inequality precisely
when it satisfies strong hypercontractivity. It will be useful to fix the following notation.

Notation 3.1. Let ¢ > 0 be a fixed constant, let 1z be a measure on R”, and let f be a function on R™.
1. Forr € (0,1], let ¢ = ¢(r) denote the function
q(r) =r=%°.
Note that ¢ € C*°(0, 1], is decreasing, and ¢(1) = 1.

2. Define a function oy, : (0, 1] — [0, 00) by

1/q(r)
g0 (7) = el = ( JIE u(d:v)) |

When the function f and measure y are clear from context, we denote oy, = .

First we deal with the implication (sHC) = (sLSID).

3.1 (sHC) = (sLSI)
We begin with the following general statement.

Lemma 3.2. Suppose i is a Euclidean regular probability measure. Let qo > 1, and let f > 0 be in L9 (p) N
CH(R™). Let € € (0,1), and suppose there are q. > 1 and functions hy, ho € Li(p) such that for all v € (e, 1],

|f(ra)1 @ log f(ra)| < ha(z),  |f(ra) DT Ef(re)| < ha(e)  a.s.[z]. 3.1)
Then for r € (e, 1] the functions fﬂ(T) € L% () and the function o = oy, is differentiable on (e, 1] with
2 —al(r T T T T
o (r) = = [ folls 2 |1 £ 150 1og 11 267) / f () log f(ra)"™) u(dx)

crq(r)
(3.2)

+

U [ a0 ra) )|

Remark 3.3. Note that (1/¢(r))%/?> = r. Hence, if f € LSH and y satisfies the strong hypercontractivity
property of (with p = 1) we have a(r) < ||f|1 = «(1) for » € (0,1]. The conditions of Lemma 3.2]
guarantee that « is differentiable; hence, we essentially have that o/(1) > 0. Equation shows that o/(r) is
closely related to the expression in for the function f;! (T), and indeed this is our method for proving the
equivalence of the logarithmic Sobolev inequality and strong hypercontractivity in what follows.

13



Proof. Set B(r,x) = f(rz)?"), so that a(r = [ B(r,x) u(dzx). Note, B(r,z) = f.(z)2").

First we show that if f(rz)4(") log f(r:c) L9 () then, in fact, £ is also in L% (u), and so B(r,-) €
L'(p) for all 7 € (e, 1). The idea is simple: the logarithm cannot significantly improve the function f (rz)?(").
Rigorously, we fix r € (e, 1], we choose 0 < § < 1 and we define

D= {z €R": |f(z) — 1] < 6}

The logarithm log f(r) is bounded away from 0 on D¢, while the function 1p(x)f(rz)?") is bounded, so it is
in L% () on D. We have

F10) Z 1 a0 41, pa0)
and there exists ¢ > 0 such that ¢1 pe f4) < \fﬁ(r) log fr| < hy. Thus fﬂ(r) € LI (p).

Since f € C' and strictly positive, we can check quickly that 3(-, x) is as well; using the fact that ¢'(r) =
—%r_2/c_1 = —C%q(r), and that %f(m’) = LEf(rz), logarithmic differentiation yields

0 2
S20(r) = 4(r) [~ 2 )0 S70) + L (70 B )| 63)
From the hypotheses of the Lemma, we therefore have

’;6(7«,3;)‘ < Q(:) [ihﬂx) + hQ(ﬂfﬂ

for almost every z € R™, for r € (€¢/,1]. As ¢(r)/r is uniformly bounded on (€', 1], we see that |%5(r, x)| is
uniformly bounded above by an L!(p) function. It now follows from the Lebesgue differentiation theorem that
= [ B(r,z) p(dz) is differentiable on a neighborhood of 1, and

d
q(?‘
dr / —B(r,x) p(dx)

(3.4)
1 _
== 240r) [ £ o f(ra) (o) + (v [ Fr0)10 B () ).
Consequently «(r) is differentiable in a neighborhood of 1. Again using logarithmic differentiation,
d d [ 1
) — el q(r)
/(1) = alr) - oga(r) = a(r) 5 | s loga(r®)]

and again using the fact that ¢'(r) = —Z¢(r),

d 1 2 1 d

q(r)| _ q(r) 4, = —q(r) 2 q(r)
- [ oy losatr) ] o 8™+ () o la(r)®]
_ a(m™ 7) a) 4 4 [ e)
e 2 0(r)™loga(r)® + 7 [a(r)]

Combining with (3.4), we therefore have

oy = T2 (" /

_ “ ™ q(r) 1
/(1) = M| 2 loga(r) £ log £ () ()
3.5)
2 / f(m)‘f(”—lEf(m)u(dm)]

Simplifying , and using the definition a(r) = || f; [l 4(r)» yields , proving the lemma. O
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We therefore seek conditions on a function f (and on the measure ;) which guarantee the hypotheses of
Lemma 3.2 (specifically the existence of the Lebesgue dominating functions /1 and hs). Naturally, we will work
with LSH functions f. We will also make the fairly strong assumption that y is rotationally-invariant.

Notation 3.4. Let f: R” — R be locally-bounded. Denote by f the spherical average of f. That is, with 9
denoting Haar measure on the group O(n) of rotations of R",

- / Fuz) 9(du).
O(n)

If 4 is rotationally-invariant, then [ fdu = [ f dy for any f € L'(p). As such, we can immediately weaken the
integrability conditions of Lemma [3.2]as follows.

Lemma 3.5. Suppose i is a Euclidean regular probability measure that is invariant under rotations of R™. Let
qo > land let f > 0 be in L (u). Denote by f1, f2: (0,1] x R™ — R the functions

filrz) = fra)1log f(ra),  fo(r,z) = f(ra) D Ef(ra). (3.6)

Fix e € (0,1), and suppose that there exist functions hy, hy € L'(u) such that, for r € (e, 1], | f;(r, )| < hj(x)
for almost every z, j = 1,2. (Here f;(r,) refers to the rotational average of f;(r,-), as per Notation ) Then
the conclusion of Lemma stands: the function o = o, is differentiable on (e, 1], and its derivative is given

by (B:2).

Proof Following the proof of Lemma 3.2} only a few modifications are required. Defining /3 (r,x) as above,
a(r = [ B(r,z) p(dzx); since p is rotatlonally invariant, this is equal to [ 3(r, ) ju(dz) where J refers to
the rotatlonal average of 5 in the variable x. Evidently B (r,-)is p- mtegrable for sufficiently large < 1 (since 3
is). To use the Lebesgue differentiation technique, we must verify that -2 Br B(r x) exists for almost every x and is
uniformly bounded by an L' (1) dominator. Note that 3(r, x) is locally-bounded in  for each r, and so for fixed
x it is easy to verify that indeed

0 0
Eﬂ(r, x) = /O(n) a,@(r, uzx) 9(du).

Using (3.3), we then have

2~rm =q(r 2 ruz)?") log f(rux ! ruz) M E f (ru u
5eA) =ate) [ (=2 s o o) + L f (e B ) ) o)

cr

That is, using ll %B(r, x) =q(r) [—l 1(r,z) + %fg(r m)} Hence, from the assumptions of this lemma,

0 > r) |2
et < 20 2no) + h2<x>}
and so, since g(r)/r is uniformly bounded for r € (1, 1], it follows that a(r)4(") = [ B(r, ) p(dz) is differen-

tiable near 1, with derivative given by

/a (r,2) p(dz) = q(r [—/flr:c (dz) + /erx dm]

Now using the rotational-invariance of p again, these integrals are the same as the corresponding non-rotated
integrands [ f;(r, z) p(dzx), yielding the same result as (3.4). The remainder of the proof follows the proof of
Lemma 3.2]identically. O
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Remark 3.6. The point of Lemma|3.5]— that it is sufficient to find uniform Lebesgue dominators for the rotational
averages of the terms in (3.1) — is actually quite powerful for us. While a generic subharmonic function in
dimension > 2 may not have good global properties, a rotationally-invariant subharmonic function does, as the
next proposition demonstrates. We will exploit this kind of behavior to produce the necessary bounds to verify
the conditions of Lemma [3.5]and prove the differentiability of the norm.

Proposition 3.7. Let f: R" — R be subharmonic and locally-bounded. Then f is also subharmonic; moreover,
for fixed x € R"™, r — f(rzx) is an increasing function of v € [0, 1].

Proof. Fix u € O(n). Since f is locally-bounded, subharmonicity means that fB(x n (t)dt > f(x) for every
x € R", r € (0,00). Changing variables, we have

dt = g — p |
]i . f(ut) dt i.3<x,r)f(t) t 7{3 o Ft)dt > flux)

Hence, f ou is subharmonic for each u € O(n). The local-boundedness of f means that the function u — f(ux)
is uniformly bounded in L!(O(n), ¥) for z in a compact set, and hence it follows that f is subharmonic.

Hence f is a rotationally-invariant subharmonic function. Fix 2 € R" and r € [0,1]. Then rz is in the ball

B(0, |]), and since f is subharmonic, the maximum principle (cf. [14, Prop. 7.7.7]) asserts that f(rz) is no
larger than the maximum of f on dB(0, |z|). But f is constantly equal to f(x) on dB(0,|x|) by rotational-
invariance, and so f (ra) < f (x), proving the proposition. O

Proposition 3.7 makes it quite easy to provide a uniform Lebesgue dominating function for the function f; in
Lemma

Proposition 3.8. Suppose i is a rotationally-invariant probability measure on R™. Let qo > 1, and let f > 0 be
subharmonic and in L% (u). Define fi as in .' fi(r,x) = f(rz)?") log f(rx). Set gi(x) = f(x)%, and set
hi=g1+1;ie hi(z) =1+ fO(n) f(ux)® 9(du). Then hy € L'(i1) and there is an € € (0,1) and a constant

C > 0 so that for all v € (e, 1], | f1(r, )| < Chy(z) for almost every x.

Remark 3.9. By the rotational-invariance of yi, [hidp = [gidp+1= [grdu+1= [fOdp+1 < oo,
and so A1 is a uniform L' () dominator verifying the first condition of Lemma

Proof. Choose some small 6 € (0,1). First note from simple calculus that, for u > 1, u “9logu < . Now,
choose € € (0, 1) so that g(€) < go — 0; then ¢(r) < go — 0 for r € (e, 1]. Consequently, if f(y) > 1, we have
1
0.< f(y)" log f(y) < f(y)™ " log f(y) < —<F(y)™-
On the other hand, for 0 < u < 1, \uqm logu| < %(T) < % (again by simple calculus). Thus, since f > 0, in
total we have

1 1 1
£ og f)] < S max { ™1} < L) 41 6.
Set C = L. With y = rz, the left-hand-side of (3.7) is precisely fi(r,z). Averaging over O(n) and

recalling that gl( ) = f(y)%, we have
|[fi(r,2)| < Clgi(rz) +1].

Recall that if ¢ is convex and f is subharmonic then ¢ o f is also subharmonic. Thus, since o > 1 and f
is subharmonic, g¢; is also subharmonic, and hence from Proposition 3.7} gi(rz) < gi(x). This proves the
proposition. O
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We must now bound the second term fQ(r, -) uniformly for r in a neighborhood of 1. The following Lemma is
useful in this regard.

Lemma 3.10. Let k be a C* non-negative subharmonic rotationally-invariant function. Then for x € R" and
€ (0,1], . .
Ek(rz) < r* "Ek(z). (3.8)

Proof. First, note that it suffices to assume k is in fact C*°. Indeed, for more general k, let ¢ be a rotationally-
invariant non-negative compactly-supported bump function, and replace k with k * . By Lemma . this
function is subharmonic and C'*°; it is also rotationally-invariant. If we proceed to prove (3.8) for this molliﬁed
function, we may then take an approximate identity sequence of . Now, since k € C1, 0; (kxp) = (05 k) % for
7 = 1...n, and the functions 8jl~€ are continuous and locally bounded. Hence, we may choose the approximate
identity sequence so that the derivatives converge pointwise (or even uniformly on compact sets), which shows
that both sides of (3.8]) converge appropriately. Henceforth, we assume kis C°°.

Since k is rotationally-invariant, there is a function A [0, 00) — R so that k( ) = h(|x|). The Laplacian of
k can then be expressed in terms of derivatives of h; the result is

Ak(z) = K (|2]) + (n — 1)@

Hence, since k is subharmonic and smooth, it follows that for ¢ > 0,

W (|z]). (3.9)

th"(t) + (n—1)R'(t) > 0. (3.10)
One can also check that, in this case, Ek(z) = |21/ (|z[). Now, define F(r) = r"2Ek(rz) = v 2r|z| b (r|z]).
Then F' is smooth on (0, 00) and F'(1) = |z|h/(|z|) = Ek(z). We differentiate, yielding
d
F'(r) = [o]r" W (rl2]) = J2|(n = Dr" 2R (rle]) + |2l 0" (r2]) |2
= |a|r" 2 [rla|h" (r|z]) + (n — DR (rlz])] -

Equation (3.10) with ¢ = r|z| now yields that F'(r) > 0 for » > 0. Hence, F(r) < F(1) for r < 1. This is
precisely the statement of the lemma. O

Proposition 3.11. Let qo > 1 and let i be a rotationally-invariant probability measure on R™ Let f > 0
be subharmonic, C', and in L (u). Define fo as in : fo(r,z) = frz) M -1Ef(rz). Set g3(z) =
(f(x)®=L + 1)|Ef(x)|, and set hy = G3. Then there is an ¢ € (0,1) and a constant C > 0 so that for all
r € (e,1], | fo(r, z)| < Cha(x) for almost every x; moreover, hy € L' (p).

Proof. Fix € € (0,1) small enough that ¢(r) < qo for all » € (e, 1]. Define go(r,y) = f()4" 1 Ef(y). and
note that fo(r, z) is given by the dilation fo(r,x) = g2(r,rx). Since E is a first-order differential operator, we
can quickly check that

—=E(f1)(y).

q(r)
We now average both sides over O(n). Set k = f") which is C', and let u € O(n). Then we have the
following calculus identity:

E(kou)(y)=y-V(kou)(y) =y-u' Vk(uy) = (uy) - Vk(uy) = (Ek)(uy).

For fixed y the function u — (Ek)(uy) is uniformly bounded and so we integrate both sides to yield

ga(r,y) =

F(y) :/0( (8) ) 9 :/E(k:ou) 9(du) E/k:ou E(R)(y).
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In other words, ga(r,y) = ﬁE( J;!? ))(y). As in the proof of Proposition the function k& = fa() is
subharmonic, and rotationally invariant. Hence, we employ Lemma [3.10]and have

j b k(r LTQ_” k(z) = ¥ "o (r, x
ga(r,rz) = q(r)Ek( ) < ) Ek(x) ga(r, ).

2—n ;

Since 7~ " is uniformly bounded for r € (e, 1], it now suffices to find a uniform dominator for ga(r, ).

We therefore make the estimates: since g(r) < gp we have

l92(r,)| = f ()N Ef(2)| < max{f(2)" "7 1} Ef(x)| < max{f(z)®"", 1}|Ef(x)]

f@)®=t +1) |Ef()].

<
<
That is to say, |g2(r, z)| < g3(x) for r € (e, 1]. Hence,

|g~2(7“, l’)’ =

/ g2(ryux) 9(du)| < / |g2 (r, uz)| ¥(du) < / g3(ux) I(du) = gs(x) = ha(x),
O(n) O(n) O(n)

thus proving the estimate.

As usual, by rotational invariance of p, [ g3 dp = [ g3 dp, and so to show hy € L' () we need only verify that
g3 € L*(p). To that end, we break up g3(z) = f(z)® ' Ef(x)| + |Ef(z)|. By assumption, f € L% (x) and so
|Ef| € L9%(u); as p is a finite measure, this means that |[E f| € L'(12) and hence the second term is integrable.
For the first term, we use Holder’s inequality:

/ FOTHEf dp < fO g 1B fllao = 1715 1EF -

Both terms are finite since f € L% (u), and hence g3 € L' (1), proving the proposition. O
Combining Lemma |3.5|and Propositions and [3.11} we therefore have the following.

Theorem 3.12. Let qo > 1 and let u be a probability measure of Euclidean type qo, that is invariant under
rotations of R™. Suppose that p satisfies strong hypercontractivity of with constant ¢ > 0. Let f €
LY () N LSH. Then the strong log-Sobolev inequality, , holds for f:

[ rogsdn— [ gauiog [ ran< [ Efdp.

Proof. Under the conditions stated above, the results of the preceding section show that the function o = ay,, is
differentiable on (¢, 1] for some ¢’ € (0, 1). Since p satisfies strong hypercontractivity, Proposition shows
that the function « is non-decreasing on (0, 1]. It therefore follows that o/(r) > 0 for r € (€', 1] (here /(1)
denotes the left-derivative). Hence, from we have, for r € (¢, 1],

cq(r _
||fr||gg:§ 10g ||f7~||3§:; — /f(rx)‘I(T) log f(rx)Q(T) 'u(dx) + é)/f(rx)q(r) 1Ef(7“.7}) u(dx) > 0.
At r = 1, this reduces precisely to (sLSI), proving the result. 0
Theorem implies part of Theorem Indeed, let g € LSH}E< and let (f) be a sequence of functions
(sLSI

converging to g in L}E () and such that (SLSI) holds for each f. Then, by the definition of the norm of the
Sobolev space L1;(1), we have

/fkd,u—>/fdu and /Efkd,u—>/Efdu.
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There exists a subsequence fjs tending to f almost surely. We apply the Dominated Convergence Theorem to the
sequence [ fis log fw1ys,<1y dp and Fatou’s Lemma to the sequence [ filog fw1gs,>1y dp. The inequality
for f follows.

We now turn to part[T]of Theorem [[.17] We will need the following refinement of Propositions [3.8]and 3.11]
The proofs are the same, paying more attention to L?-integrability, ¢ > 1, and to the precise value of e.

Corollary 3.13. Propositions and|3.11| hold for any € = 21/0 + 6 < 1, with § > 0. For any fixed € of this

dp
form, the majorizing functions hy, hy belong to L(u) for some q > 1.

3.2 (sLSI) = (sHC)

We utilize many of the results in the previous section in the same manner they were stated; we therefore outline
this direction more briefly.

First we prove the part 1(b) of Theorem Fix some gy > 1, and let g € LSH N L% (i). We proceed
as in the proof of Theorem In order to justify differentiating under the integral, we use Lemma and
Propositions [3.8] and [3.T1] with Corollary [3.13] Using Fatou’s Lemma, we obtain the strong hypercontractivity
inequalities from Proposition1.19|for g € LSHN L% (x) and r € [qz%, 1].

In the next step of the proof we show that the partial strong hypé)rcontractivity inequalities from Proposition
hold for h € LSH N LY(y) for any ¢ > 1 and r € [-3-,1]. By Theorem , there exists a sequence

2/
(gx) € LSHN L% (1) converging to kv in L9(p), so also in L (). By passing to a subsequence, we may suppose
that g, converge to h almost surely; thus (g ), converge to h, almost surely for any r € (0, 1]. Fatou’s Lemma
then implies that ||A.[|4-) < [|h[]1. Itis in this step of the proof that the hypothesis of p-Euclidean exponential
type of p for every p > 1 is essential. Thence, we obtain part 1(b) of Theorem|[I.17]

In order to prove the part 1(a) of Theorem [1.17| we first prove the following property of exponentially sub-
additive and a-subhomogeneous measures /i

feLp)NLSH = 910 € LY (), q(r) =r"a. (.11)

The property of exponential sub-additivity of y allows us to show that if f € L'(x) N LSH then the function
p(x)f(z) is bounded by a multiple of || f||;. (We profit from the fact that the product e~ (4% f(*+?) is LSH, so
also subharmonic. We use the fact that g(0) < [ gdpu for any subharmonic function). Next, it is easy to show

that the a-subhomogeneity of 11 together with the boundedness of pf implies that f2") € L ().
Now, as in the proof of 1(a), we suppose that g € LSH N L% (1) for some gy > 1. We obtain partial (sHC)

inequalities for r € [g, 2/ “, 1], but the property allows us to iterate the proof procedure and to get partial
(sHC) inequalities for r € [(¢2)~%/¢, 1]. By induction, the (SHC) inequalities hold on any segment [(¢3")~2/¢, 1],
soon (0, 1].

Finally, we eliminate the Lz hypothesis precisely as in the proof of 1(a): consider f € L'(x) N LSH. Let
a < 1. Then f* € Li(,u) N LSH. By the previous step, the inequalities from Proposition ﬁho]d for f«.
Now let @ ,* 1. By the Monotone Convergence Theorem applied on the domain {f > 1} and the Dominated
Convergence Theorem applied on the domain {f < 1} we get the same inequalities for f. This completes the
proof of part|l|of Theorem

A Properties of Euclidean regular measures
In this brief appendix, we show several closure properties of the class of Euclidean regular measures (of any

given exponential type p € [0, 00)): it is closed under bounded perturbations, convex combinations, product, and
convolution. Throughout, we use p; (2 = 1, 2) to stand for such measures, and p; to stand for their densities.
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Proposition A.1. Let p1 and ps be positive measures on R™, and suppose 1 is Euclidean exponential type
p € [0,00). If there are constants C, D > 0 such that Cpy < po < Duy, then pg is also Euclidean exponential

type p.

Proof. The assumption is that C'p; < pa < Dpy. Let € > 0 be such that sup; ., 1, 021 (a,0) < co. Then for

any such a,
p2(ax) _ Dpi(ax) _ D
< < =" (a,0
p2(z) = Cpi(z) ~— C n(®0)

for all z; thus CSQ(a, 0) < %Cgl (@,0), and 50 SUP; qc14¢ CSQ(a, 0) < co. Similarly, for z,y € R™ and a > 1,

p2(azx +y) Dpi(ax+y) D
zfP———= < 2| ————= < =57 (a,
210550 < ap PR ) < Do (el
and so Ch, (a,s) < £C5 (a, s) < cc. O

Proposition A.2. Let pi; and 1 be Euclidean regular measures of exponential type p € [0, 00). Foranyt € [0, 1],
w= (1 —1t)u1 + tue is Euclidean exponential type p.

Proof. Let € > 0 be such that supy -, C’Si(a, 0) < oo fori = 1,2. Let p be the density of x. Then for any
x € R",

plaz) = (1 = )pr(az) + tpa(az) < (1— Y, (a,0)p1 (2) +C2, (a, 0)pa(x)
< 10[18@({021 (a,0), ng (a,0)}p(x)

0 0 0 . . . . .
and so Cj(a,0) < max{C} (a,0),C},(a,0)} is uniformly bounded for 1 < a < 1 + ¢, as required. Similarly,
forz,y € R"anda > 1,

[z[Pplaz +y) < (1 =)z pi(az +y) + tlz[Pp2az +y) < (1 =1)CF (a, [y])pr(x) + tCE,(a, [y]) pa()
< max{C7, (a,|y]), CF, (a, [y]) } p(x)
which shows that C%(a, s) < max{C5, (a,s),Ch,(a,s)} < oo fora >1and s > 0. O

Proposition A.3. Let p € [0,00), let 11 be a Euclidean exponential type p measure on R™, and let Let s be a
Euclidean exponential type p measure on R™2. Then the product measure 1 ® s is Euclidean exponential type
p on RM+n2,

Proof. Fori = 1,2 let p; be the density of y;; then 1 ® uo has density p; ® po(x1,x2) = p1(x1)p2(x2). Fix
€ > 0 so that sup; .1, Ch,(0,a) < oo for i = 1, 2. Then, letting x = (x1, z2),

p1 @ pa(ax) = pi(az1)pa(azz) < Cp (a,0) pi(a1) - Cp,(a,0) pa(w2)

0
and so Cp1®p2

x,y € RmT"2 and q > 1,

(a,0) < C’gl(a,O) . 022 (a,0), meaning sup; <1, CY

oi@ps (@, 0) < oo. Similarly, for fixed

x[Pp1 @ pa(ax +y) = (Jz1] + [22])Pp1(az1 + y1)pa(awz + y2).
By elementary calculus, (|z1| + |22])P < 2P~ (|21 |P + |22/P), and so we have

x[Pp1 ® palax +y) < 22 Hay [Ppr(azy + y1) - pa(aza + y2) + 207 pr(azy + 1) - |22l p2(aza + y2).
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For the first term, we have |z1[Pp1(az1 + y1) < C5, (a,|y1|)p1(21) while pa(azs + y2) < 022 (a, |y2|); for the
second term, we have p1(az1 +y1) < C3 (a, [y1])p1(z1) while |22]P pa(aza + y2) < Cp,(a, [y2]). If [y < s
then |y;| < s fori = 1, 2. All together, this shows that

P

o ps (@, 8) < op—1 [C’p (a, S)CSQ(CL, s)+ Cgl(a, s)Ch, (a, s)]

p1

which is finite since both p;, p2 are Euclidean exponential type p (and hence also Euclidean regular). This proves
the proposition. O

Proposition A.4. Let (11 and gy be positive measures on R", each of Euclidean exponential type p € [0, 00).
Then 1 * uo is Euclidean exponential type p.

Proof. Let p; be the density of p;. By assumption, fori = 1,2 C%i(a, s) < oo fora > 1 and s > 0, and there is
€ > 0 such that sup; , .14 Cj.(a,0) < oo, cf. (1.3). Then fora > 1 and z € R"

p1 * p2(ax) = /pl(aaz —u)p2(u) du = a"/pl (ax — av)pa2(av) dv.
By definition, p;(a(x —v)) < 021 (a,0)p1(x — v) and p2(av) < CSQ(a, 0)p2(v) for all z, v. Thus

p1 * p2(ax) < a"Cgl(a,O) : CSQ (a,0) /pl(x —v)p2(v)dv = a"Cgl(a, 0) - 022(a,0)p1 * pa(x).

It follows that CY ,  (a,0) < a”CS1 (a,0) - 022 (a,0), and hence

p1%p2
sup Cgl*pz (a,0) < (1+€)" sup CSI (a,0)- sup CSQ(CL, 0) < o0 (A1)
1<a<l+e 1<a<l+e 1<a<l+e

as required. Similarly, for z,y € R" and a > 1,
[P p1 * p2(az +y) = !w\p/m(aw +y —u)p2(u) du = a" / [z|Pp1(a(z — v) + y)p2(av) do.
Note (by elementary calculus) that |z|P < 2P~!(|z — v|P + |v|P), and so
[5lp1 * palaz +) < 2 1a" [ [ e = vPpr(ate —v) + westav)du+ [ prlate = o) + y)loPp(av) o).
In the first term, we have |z — v[Pp1(a(z — v) +y) < Ch, (a, |y|)p1(x — v) and p2(av) < CSQ(a, 0), and so
[ 12 = v pr(ate =) + wpatav) du < O (alol) - €3,(0,0) pr # o)
In the second term, we have p1 (a(z —v) +y) < C3 (a,|y])p1(z — v) and |v|Pp(av) < CF,(a,0), and so
[ prtate =)+ p)lePplav) do < B, (a.lul) - €3, (0.0 pr = ).
All together, for any s > |y|, this gives

c? . (a,s) < 2P~ g™ [C’gl (a,s) - ng(a, 0) + 021 (a,s)-CP, (a, 0)] (A2)

p1*p2

which is finite since both p; and ps are Euclidean exponential type p (and thus also Euclidean regular). Equations

(A.1)) and (A.2) prove the proposition. O
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