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Abstract

We introduce a two-parameter family of diffusion processes (Bﬂ\fs(t))tzo, r,s > 0, on the general linear
group GL y that are Brownian motions with respect to certain natural metrics on the group. At the same time,
we introduce a two-parameter family of free Itd processes (b, s(t)):>0 in a faithful, tracial TV *-probability
space, and we prove that the process (B, (t))¢>0 converges to (by.s(t)):>0 in noncommutative distribution as
N — oo for each r, s > 0. The processes (by. s(t)):>0 interpolate between the free unitary Brownian motion
when (r, s) = (1,0), and the free multiplicative Brownian motion when r = s = ; we thus resolve the open
problem of convergence of the Brownian motion on GIL  posed by Philippe Biane in 1997.
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1 Introduction

1.1 Main Theorems and Discussion

Let My denote the space of N x [N complex matrices, and let GILy denoted the Lie group of invertible matrices
in M. In this paper, we will address the behavior of Brownian motion on this group as N — oo. In fact, we
introduce a two-parameter family Bﬂ}; of diffusion processes that are all left-invariant Brownian motions with
respect to a family of metrics on GL  (achieved by scaling the inner product by independent factors r, s > 0 on
the real and imaginary parts of the Lie algebra); see Definitions[I.3]and [I.5] The canonical Brownian motion on

GLy coincides with BY , , while the degenerate case B{VO is Brownian motion on the unitary group Uy.
212 ’
Our main concern is with the large-/V limit of the finite-dimensional (noncommutative) distributions of these

(r, s)-Brownian motions. To be precise: the classical distribution of the stochastic process BQ; is a measure on
paths taking values in GLLy, and it is very difficult to make sense of a large-V limit of such objects (though
attempts have been made in the analogous case of U -valued processes, cf. [11, [12]). Motivated instead by
random matrix theory and free probability, we study statistics of the process that live in an N-independent space.
For a single random matrix ensemble X = X7 taking values in the normal matrices in My, the standard
object of study is the empirical spectral distribution: the random probability measure on C that places equal
weights at the eigenvalues of the matrix. This measure is captured by its (random) trace moments: random
variables of the form {tr(X*X*™): k,m € N}, where tr = 4Tt is the normalized trace on My and X* is
the adjoint (conjugate transpose) of X. For a collection X7, ..., X, of random matrix ensembles that do not
generally commute, the natural analog is the noncommutative distribution: the collection of all random variables
tr(f(X1, X7, ..., Xpn, X;)) for all noncommutative polynomials f in the matrices and their adjoints.

The main theorem of this paper is the identification of the large-/V limit of the noncommutative distribution
of any finite collection of instances of the Brownian motion B%(tl), e qu\fs(tn). In the limit, one does not
find the distribution of a diffusion, or any (classical) It process at all. Rather, the limit is a free It6 process b, g,
which we refer to as a free multiplicative (r, s)-Brownian motion; see Definition (Sections and give
brief recollections of the basics of free probability and free stochastic analysis, with some references to more in
depth treatments.) That is: the limit of Bfn\fs is identified as a one-parameter family of operators {b, s(t)}+>0 in
a tracial noncommutative probability space (.27, 7), whose finite-dimensional noncommutative distributions are
precisely the large-N limits of those of Bf«YS. As is standard in noncommutative probability, we refer to this as
convergence of the process (as this is the strongest notion of convergence that makes sense for noncommutative
stochastic processes whose distributions are not measures on a fixed path space).

Theorem 1.1. Forr,s > 0, let B,],\IS be an (r, s)-Brownian motion on GLy, and let b, s be a free multiplicative
(r, s)-Brownian motion. Then (Bﬁ\fs(t))tzo on GLy converges, as a noncommutative stochastic process, to
(br.s(t))t>0 as N — oco. More precisely: ifn € Nand f is any noncommutative polynomial in 2n indeterminates,
then for any ty,...,t, >0,

Etr [f(BﬁYS(tl), Bﬁ;(tl)*? ce B%(tn), Bﬁ(tn)*)]

1.1

= T[f(br,s(tl)a br,s(tl)*a LR br,s(tn)a br,s(tn)*)] +0 <]\1[2> . ( )

Theorem is proved in Section [5] It answers a question left by Biane in [2]. The main result of that
paper was the analogous statement of Theorem |1.1|for the canonical Brownian motion U” on the unitary group
Up. In that paper, Biane introduced the free unitary Brownian motion for the first time; it has now become
a standard tool used in free probability theory (see [7], [28]], and many others). Biane’s proof had two main
steps: first establishing the convergence for a fixed time ¢ > 0, and then using group properties resepcted by the
process and its limit (namely independent multiplicative increments) together with complementary asymptotic
freeness results to extend the convergence to all finite-dimensional distributions. Since a single instance U™ (t)



of the unitary Brownian motion is a unitary (hence normal) matrix, the spectral theorem is available. Thus the
noncommutative distribution becomes the empirical spectral distribution ¢, whose limit is then computed via a
careful analysis of the characters of irreducible representation of Uy. See Definition[I.7]for a closed formula for
the limiting moments of this distribution; these moments will come into play in the present analysis as well.

Our proof is similarly broken into two parts, first establishing the convergence for a fixed ¢, and then lever-
aging more general asymptotic freeness results (cf. Section [2.3)) to extend to convergence of the process. For a
single ¢, the story is quite different. The process Bﬁ\; is almost surely never normal (cf. Proposition , and so
the empirical spectral distribution of Bf,\fs (t) has no simple connection to the noncommutative distribution of the
process (it is not even a continuous function of the moments in the limit). In [2, p. 19], Biane states “It is very
likely that the process (I';);cr .~ (Which is our process BﬁYs withr = s = %) “is the limit in distribution. .. of
the Brownian motion with values in GLLy...but we have not proved this.” He goes on to list a partial result,
showing that the convergence holds for a single time ¢t > 0 for the self-adjoint process I';I';, which, he states,
can be computed following the same general outline as his analysis of the heat kernel on U but using the spher-
ical functions for the pair (GLx,Uy) in the place of the characters of Uy . It is possible that a more involved
representation theoretic approach like this might yield a proof of our Theorem [I.1]for a single time ¢, but such a
proof has not appeared in the literature in the 17 years since this question was posed.

Our approach is more geometric, using a structure theorem for the Laplacian on GLy proved in the author’s
earlier joint paper [9]], and associated concentration of heat kernel measure results from that paper. (A similar
approach was indepednently developed by Guillaume Cébron in [S, Theorem 4.6], and is used there to give a
somewhat different proof of the special case of Theorem [I.1] for a single time ¢ > 0 and for the canonical case
r=3s= %.) These ideas go back to earlier papers by Eric Rains [22] and Ambar Sengupta [25]. To give a
little more detail presently: for a single time ¢ > 0, we compare the left- and right-hand sides of (I.I)) using
stochastic calculus. Each can be represented as a stochastic integral involving noncommutative polynomials of
lower order (thanks to the linearity of the diffusion and drift coefficients in (1.3))), and the proof proceeds by a
careful induction using the following key concentration of measure result, which is another main theorem of the
present paper.

Theorem 1.2. Letn € N, t1,...,t, > 0, and let B%,’sN(tl), e ,BﬁgN(tn) be independent copies of the Brownian
motion Bﬂ\{s() at these times. These operators possess a limit joint distribution, and, for any noncommutative
polynomials in 2n indeterminates, there is a constant C' = C(r, s,t1,...,tn, f,g) such that

Cov[te(f(Br¥ (1), Brd (b)), tr(g(Br¥ (1), - B (ta)"))] < %

Theorem[1.2]is proved in Section[3] It is a multivariate extension of the technology in [9, Sections 3 & 4].

(1.2)

1.2 Definitions, Notation, and Auxiliary Results

To motivate our interest in the diffusions B,],\fs (formally defined below), let us briefly discuss the complexity of

the Lie group GLL as compared to Uy. The Lie algebra Lie(GLy) = glyy = My possesses no Ad(GLy )-
invariant inner product (as it is not of compact type, cf. [15]). However, GIL is the complexification of Uy,
which in particular gives the decomposition of its Lie algebra gly, = uy @ iuy, where uy = Lie(Uy ) consists
of skew-Hermitian matrices.

The standard inner product on uy is (£,7) = —Tr(&n), which is Ad(Uy)-invariant. It extends to the
real Hilbert-Schmidt inner product ({,7) = RTr({n*) on gly which, while not Ad(GL y)-invariant, remains
invariant under conjugation by Uy . It is surely not the only such Ad(U y)-invariant inner product on gly. The
simplest generalization is given by scaling the inner product independently on the two part of the decomposition
gly = uy @ iuy. This is closely related to the two-parameter Segal-Bargmann transform of Driver and Hall (cf.
[8]) whose large-N limit is the topic of [9], and is the real motivation for the present discussion. Let us define
the inner products now.



Definition 1.3. Let r, s > 0. Define the real inner product (-, ), s on gly by

. ) 1 1
(&1 +in1, & +ing)), = — NIr(6&) — _NTe(mnz), &, &2,m,7m2 € uy. (1.3)

That is: (-, >7{VS makes Uy and 1uy orthogonal, and its restrictions to these two orthocomplementary subspaces
are positive scalar multiples of the Hilbert-Schmidt inner product.

Remark 1.4. The inner product (-, ),{V . may alternatively be written in the form

1/1 1 1/1 1
A BN = -+ = | NRTr(AB*) + = | = — = | NRTr(AB).
(B =5 (54 1) NRTABY) 4 5 (5 - 1) VRTH(AB)
We scale with N'Tr in order to produce a meaningful limit as N — oco. That is must scale opposite to the trace
tr = %Tr used to define the limit moments is a consequence of the fact that, in general, the Laplacian scales
opposite to the metric.

Any real inner product on gl gives rise to a left-invariant Riemannian metric on GLj, and hence to a
left-invariant Laplacian and associated diffusion process: the Brownian motion.

Definition 1.5. Let r,s > 0. Let Ai\fs denote the Laplace-Beltrami operator on G associated to the left-
invariant Riemannian metric induced by the inner product (-, >£Vs (cf. 2.8)). The diffusion process Bi\; (t) on
GLy, started at BY,(0) = Iy, with generator %Ai\;, is called an (r, s)-Brownian motion on GLy. Fix a

probability space (), %, P) from which the random matrices Bfn};(t) are sampled, and denote & = fQ -dP.

Theoremucharacterizes the large-/V limit of Bfffs (t) as a noncommutative stochastic process. To do so, we
introduce the following free stochastic processes (for a discussion of free stochastic calculus, see Section [2.2)).

Definition 1.6. Fix r,s > 0. Let (<7, 7) be a W*-probability space that contains two freely independent free
semicircular Brownian motions x and y. Fort > 0, let

wes(t) = iv/Fa(t) + V5 y(b). (1.4)

The free multiplicative Brownian motion of parameters r, s, denoted b, s, is the unique solution to the following
free stochastic differential equation:
1

db,. s(t) = by s(t) dw, s(t) — i(r —8)bs(t)dt, brs(0) =1. (1.5)

1
o
motion (the large-N limit of the appropriately scaled Brownian motion on the Lie algebra My, cf. [26]), more
commonly denoted Z;. In this case, setting I'y = b1 1 (¢), (1.5)) reduces to
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Note that, when r = s = £, w; (t) = == (iz(t) + y(t)) which is the variance-normalized circular Brownian

dly =T,dZ,, To=1, (1.6)

which is the left-invariant version of the free multiplicative Brownian motion referenced in [2, 3]]. We may also
consider the degenerate case (r,s) = (1,0). Let u(t) = by o(t); then (1.5) becomes
1
du(t) = iu(t) dz(t) — iu(t) dt, u(0) =1 (1.7)
which is the free SDE for the (left) free unitary Brownian motion, introduced in [2].
In order to prove Theorem 1.1, we need to describe more concretely the noncommutative distribution of b;. ;
to that end, we introduce the following indispensable constants, which are (extensions) of the moment of the free
unitary Brownian motion.



Definition 1.7. For eacht € R, there exists a unique probability measure v, on C* = C\ {0} with the following
properties. Fort > 0, v, is supported in the unit circle U; for t < 0, v; is compactly supported in Ry = (0, 00);
and vy = 61. In all cases, vy is determined by its moments: vy(t) = 1 and, forn € Z \ {0},

[n|—1 k
_ [ . _lnl (=t)" k- Inl
vp(t) = /* u" vy(du) = e 2! I;:O T!n\k L <k+ 1>. (1.8)

The existence of the measure was proved in [[1]] for £ < 0 and in [2] for ¢ > 0. In the latter case, it is the a.s.
limit of the empirical spectral distribution of the free unitary Brownian motion; in the former case, it has a similar
description in terms of a positive free diffusion process sometimes called multiplicative Brownian motion.

The two parts of the proof of Theorem [I.1](convergence for a single ¢, and then asymptotic freeness of incre-
ments to extend to multiple ) rely on the following auxiliary results. They are fairly straightforward computations
using the Itd formula, and their proofs are outlined in Section ]

Proposition 1.8. Letr,s,t > 0 and n € N. Then

7 [brs(0)"] = 7 [brs (£)™"] = vn((r — $)1), (1.9)
T [(brs(t) by s(1)*)"] = vy (—4st), (1.10)
T [b,,,s(t)zbm(t)*Q] = e 4 4st(1 4 st)eBsTE, (L.11)

Equations (I.9) and (1.10)) were proved in the author’s paper [16, Theorems 1.3 & 1.5]. They are included here
to show how they can be derived more directly from the limit process b, 4(t); the final steps of the calculations
are in Corollaries 4.5] and 4.8] Equation (L.IT) is needed in the proof of Proposition [[.10] below. In particular,
comparing and shows that b, ;(7) is never normal if , s, ¢ > 0, as holds for finite N as well.

Remark 1.9. Proposition below shows the unsurprising fact that BﬁYs is non normal for all £ > 0 (with
probability 1), since the submanifold of normal matrices is of codimension > 1 and is therefore a polar set for
the diffusion Bffs. One might hope to be able to prove this directly using Itd’s formula, but the best one can do
in that framework is a calculation akin to (I.10) and (I.TT])) which shows the weaker statement that for each fixed
t>0, Bﬂ\fs(t) is a.s. non-normal.

Finally, we will use the fact that the free stochastic process (b, s(t))¢>0 inherits all of the invariant properties
from B}, (t) that qualify it as a Brownian motion.

Proposition 1.10. Forr,s > 0 and N € N, the GLL Brownian motion (Bfn\fs(t))tzo has independent, stationary
multiplicative increments. If N > 2, then, with probability 1, Bﬁs(t) is not a normal matrix for any t > 0.

For r,s > 0, the free multiplicative Brownian motion (by s(t))i>0 is invertible for all t > 0, and has freely
independent, stationary multiplicative increments. If s > 0, then b, 4(t) is not a normal operator for any t > 0.

Remark 1.11. A simple time change argument shows that if s = 0, then b, ¢ is unitary, and u(t) = b,o(¢/r) is a
free unitary Brownian motion for any » > 0. The same applies to B,],YO, which we define (in this degenerate case)
as the solution to the SDE (2.1T)) below.

2 Background

In this section, we briefly outline the technology needed to prove the results in this paper: stochastic calculus for
matrix-valued It6 processes (particularly for invertible random matrices), the corresponding stochastic calculus
in the free probability setting, and the notion of asymptotic freeness that ties the two together.



2.1 Stochastic Calculus on GL y

Let GG be a connected Lie group, with Lie algebra g. For £ € g, the associated left-invariant vector field on G is
denoted O:

(0 f) (9) flgexp(t8)), [ e C¥(G). 2.1)

t=0

Tt

Let (-, -) be a real inner product on g, and let 3 be an orthonormal basis for (g, (-, -)). Then the Laplace-Beltrami
operator on G for the Riemannian metric induced by (-, -) is

Ag = Z 0z, (2.2)
¢ep

which does not depend on the particular orthonormal basis used.

If G C My is alinear Lie group, then the Brownian motion on G (the diffusion process with generator %Ag)
may be constructed as the solution to a stochastic differential equation. Fix an orthonormal basis S for g, and let
W (t) denote the following Wiener process in g:

W(t) = We(t)€,
ceB

where {W¢: £ € B} are i.i.d. standard R-valued Brownian motions. Then the Brownian motion B(t) is deter-
mined by the Stratonovich SDE

dB(t) = B(t) o dW(t),  W(0) = Iy. 2.3)

While convenient for proving geometric invariance, the Stratonovich form is less well-adapted to computation.
We can convert (2.3)) to It6 form. The result, due to McKean [18| p. 116], is

dB(t) = B(t) dW (t) + %B(t) Y &) dt,  B(0)=1Iy. (2.4)
€ep

See, also, [13]].
Let us specialize to the case of interest, with G = GLx and gl equipped with an Ady, -invariant inner
product (-, )2, of li To clarify: let (-, -),,, denote the following real inner product on uy:

<§v 77>uN = —th"(@?) (25)

Then the inner product (-, ),{Vs on gly = uy @ iuy is given by

, . 1 1
(E1 4 im1, & +in2)), = ;<£17£2>u1\; + g<"71a 2y - (2.6)
It is straightforward to check that, if 5y is an orthonormal basis for uy with respect to (-, )y, then
M= {Vre e pnyu{Vsic: €€ pr} @.7)

is an orthonormal basis for gl with respect to (-, -) ﬁ\fs. Equation (2.2)) and a straightforward application of the
chain rule in (2.1)) then shows that the Laplace-Beltrami operator is

AV, = (rdf + s0). (2.8)
£ep



Remark 2.1. In [9,16], we used the elliptic operator

t t
N 2 2 N
Ay = (S - 2) DR+ D B =2
£eBn §€BN
The linear change of parameters was convenient for our discussion of the two-parameter Segal-Bargmann trans-

form, and so all of the theorems in [[16] are stated using this language as well.

We will have frequent use for the following “magic formula”; it was stated and proved as [9, Proposition 3.1],
but it surely goes back further (for example to the work of Sengupta [25], and Gordina [14] where it was used in
the context of infinite dimensional orthogonal groups). If 5 is an orthonormal basis of u, then

Y €At =-tr(A)Iy, A€My, (2.9)
§EBN
In particular, taking A = [y yields
> & =-Iy. (2.10)
§EBN
Combining this with gives
Z 2 = —(r—s)ly,
£EBN;

and so, by tl the Uy -invariant Brownian motion st (t) is determined by the 1t6 SDE
1
dBY,(t) = BY,(t) aw}N(t) — §(r — s)BX,(t) dt, (2.11)

where WN,(t) = > cepy. We(t) €. It will be convenient to express this Itd process in a slightly different form.
Let us choose the followfng orthonormal basis Sy for uy:

1 1 1 .

where Ej; is the matrix unit with a 1 in the (j, k)-entry and 0 elsewhere. Then it is strightforward to check that

WNE) =vr Y Be(t)E+ivs Y Bie(t) & = VriXN(t) + Vs YN (2),

SeN §€BN

where X7 (¢) and YV () are independent GUE Brownian motions. That is: the matrices X (), Y (t) are
Hermitian, the diagonal entries are R-valued Brownian motions of variance /N, and the entries [ X (¢)];), and
[YN(#)];5 with 1 < j < k < N are complex Brownian motions of total variance t/N (i.e. %(B(t) +1iB'(t))
where B(t), B'(t) are independent R-valued Brownian motions of variance ¢/N). This is a convenient represen-
tation, due to the following easily-verified stochastic calculus rules that apply to matrix stochastic integrals with

respect to (linear combinations of) XV () and YV ().

Lemma 2.2. Let O(t),01(t), ©2(t) be My-valued stochastic processes that are adapted to the filtration %, of
XN(t) and YN (t), with all entries in L*(Q, % ,P). Then, for any t > 0, the following hold:

E (/Ot O1(s)dX "N (s) @2(3)> =E </Ot O1(s)dY N (s) 92(3)) =0 (2.13)

/ "X () O(t) dX ™ (s) = / "0 (s) O(t) dy N (s) / ' r(©(s)) ds - Iy (2.14)
0 0 0

/ dXN(t)O(s)dY N (s) = / dYN(s)O(s) dX N (s) = 0. (2.15)
0 0



Moreover, let ©1(t) and O4(t) be M y-valued It6 processes: solutions to SDEs of the form
46(t) = f1(O(1) XN (1) H(O(1) + g1(O(1) Y™ (1) g2(O(1)) + h(O(1)) dt. 2.16)
for Lipschitz functions f1, fa, g1, 92, h: My — My. Then the following It6 product rules hold:

d(©1(1)O2(t)) = dO1(t) - O2(t) + O1(t) - dO2(t) + dO1 (1) - dO2(2) (2.17)
O1(t) dXN (1) Oy(t) dt = ©1(t) dYN () Oq(t) dt = 0. (2.18)

Lemma|2.2|is straightforward to verify from the standard It6 calculus for vector-valued processes. Note, for
example, that (2.14)) is a consequence of the magic formula (2.9).

Remark 2.3. The global Lipschitz assumption on the drift and diffusion coefficient functions in (2.16) guarantee
the existence of a unique solution for all time by the standard theory, cf. [10]. In all the examples considered
presently, these functions will be first-order polynomials in the matrix entries.

2.2 Free Stochastic Calculus

For an introduction to noncommutative probability theory, and free probability in particular, we refer the reader
to [21]]. We assume familiarity with noncommutative probability spaces and W *-probability spaces. The reader
is directed to [[17, Sections 1.1-1.3] for a quick introduction to free additive (semicircular) Brownian motion, and
to [7, Section 1.3] for a brief introduction to free unitaty Brownian motion. Also, we give a brief discussion of
free independence at the beginning of Section[2.3|below.

Let (7, 7) be a faithful, tracial W*-probability space. To fix notation, for a € &/ denote its noncom-
mutative distribution as ¢,. lLe. letting C(X, X*) denote the noncommutative polynomials in two variables,
vq: C(X, X*) — C is the linear functional

Qpa(f) :T<f(a7a*))v f G(C<X7X*>'

A free semicircular Brownian motion x(t) is a self-adjoint stochastic process (x(t)),~ in & such that z(0) = 0,
Var(z(1)) = 1, and the additive increments of z are stationary and freely independent: for 0 < t; < t2 < oo,
Da(ts)—a2(t1) = Pa(ta—t;)> and z(t2) — x(t1) is freely independent from the W*-subalgebra o/ O o, =
W*{x(t): 0 <t < t;}. Since z(t) is a bounded self-adjoint operator, its distribution is given by a compactly-
supported probability measure on R; the freeness of increments and stationarity then implies that ¢, )z (s,) 18
the semicircle law: setting t = to9 — tq,

2v/t

rl(@(ts) — 2(tr)"] = / ol stds,  neN.

_ovi 2wt

In [26]], it was proven that, if XV (¢) is a GUEy Brownian motion, then the process (X ™ (t));>0 converges to a
free semicircular Brownian motion: for any n and any ¢1,%9,...,%, > 0, and any noncommutative polynomial
f c (C(Xl, ... ,Xn>,

lim Etr[f(XN(t1),..., XN ()] = 7[f(x(t1), ..., x(t,))].

N—o0

Appealing to Lemma[2.2] this paves the way to free stochastic differential equations.

Let x(t) and y(t) be two freely independent free semicircular Brownian motions in a W*-probability space
(o, 1), and let &, = W*{x(s),y(s): 0 < s < t}. Let 6(¢),0:1(t), 62(t) be processes that are adapted to the
filtration o%. The free It6 integral

/0 " 01(5) di(s) a(s) (2.19)

8



is defined in precisely the same manner as Itd integrals of real-valued processes with respect to real Brownian
motion: as L?(.7, 7)-limits of sums > 01(t)(z(t;) — z(tj-1))02(t;) over partitions {0 = to < -~ < &, =t}
as the partition width sup; |tj —tj—1| tends to 0. Standard Picard iteration techniques show that, if fl, f2,91,92,h
are Lipschitz functions then the integral equation

t

H=1+ / £1(b(s)) d(s) fo(b(s)) + / 01(b(5)) dy(s) g2 (b(5)) + / Wb(s)ds,  (2.20)

0
has a unique adapted solution b(t) € % satisfying b(0) =

Remark 2.4. We are over-simplifying here: should really be a sum of such terms (or a limit thereof)
representing the stochastic integral of a biprocess. It is only possible to make sense of Lipschitz functional
calculus for self-adjoint (or at least normal) biprocesses; in the simplified form of (2.19), this would require §; =
f5. Otherwise, we are restricted to polynomial functions f1, f2, g1, g2, h, and the (global) Lipschitz requirement
then limits the theory to first-order polynomials. Fortunately, that is sufficient for the present purposes (cf. (1.3)).
The question of extending a more general theory of existence of solutions to free stochastic differential equations
involving non-self-adjoint biprocesses is an active area of current research.

As usual, we use differential notation to express (2.20) in the form

db(t) = F1(b(1)) da(t) f2(b(t)) + g1 (b(E) dy(t) g2(b(1) + h(b()) dt,  BO)=1.  (221)

We refer to (2.21) as a free stochastic differential equation. Solutions of such equations are called free Ito
processes. The matrix stochasic calculus of Lemma|[2.2]has a precise analogue for free Itd processes.

Lemma 2.5. Let (<7, 1) be a W*-probability space containing two freely independent free semicircular Brow-
nian motions x(t) and y(t), adapted to the filtration { <7 }+>0. Let 6(t), 01(t), 02(t) be processes adapted to <.
Then, for any t > 0, the following hold:

(/91 ) dz(s) Os(s >_T</91 ) dy(s 92()>:0 (2.22)

/0 da(s) 0(s) da(s) = / dy(s) 6(s) dy(s) = /0 ~(6(s)) ds (2.23)
/ da(s) 0(s) dy(s) = / dy(s) 0(s) d(s) = 0. (2.24)
0 0
Moreover, if 01(t) and 05(t) are free It6 processes, then the following Ité product rules hold:
d(01(t)02(t)) = dO1(t) - 02(t) + 01(t) - dOa(t) + dO1(t) - dOa(2) (2.25)
01(t) dx(t) O2(t) dt = 61(t) dy(t) O2(t) dt = 0. (2.26)

For a proof of Lemma[2.5] see [4]

2.3 Asymptotic Freeness
Definition 2.6. Let (<7, T) be a noncommutative probability space. Unital x-subalgebras <, ..., %y, C o

are called free with respect to 7 if, given any n € N and k1, ..., k, € {1,...,m} such that k;_y # k; for
1 < j < n, and any elements a; € ; with T(a;) = 0 for 1 < j < n, it follows that (a1 ---a,) = 0.
Random variables ax, ..., am are said to be freely independent if the unital x-algebras <7; = (aj,a3) C o

they generate are free.



Free independence is a *-moment factorization property. By centering a; — 7(a;)1,, € <, the freeness
rule allows (inductively) any moment 7(a;! - - - a;") to be decomposed as a polynomial in moments 7(a5) in the
variables separately. For example, if a, b are freely independent then 7(a°b%) = 7(a®)7(b°), while

(@ H1a0%) = 7(a)7(a%2) T (0062) + (0% a7 ()T (02) — 7(a% )7 ()7 (57 (b2),

for any €,¢1,¢€9,0,01,d2 € {1,%}. In general, if ay, ..., a, are freely independent, then their noncommutative
joint distribution g, 4, (a linear functional on C(X1,..., X,, X},..., X}})) is determined by the individual
distributions ¢g,, . . ., @a, (linear functionals on C(X, X*)).

Let L7 (2, 7, P) = (,~1 LP(Q, #,P), and let My ® L>~ denote the algebra of N x N matrices with
entries in L*°~ (2, .#,P). There are scant few non-trivial instances of free independence in the noncommutative
probability space (M ® L, Etr). However, asymptotic freeness abounds.

Definition 2.7. Let n € N. For each N € N, let Ajlv, ..., AN be random matrices in My @ L>®~. Say that

(A{V e AnN ) are asymptotically free if there is a noncommutative probability space (<, T) containing freely
independent random variables a1, . . . , a, such that (A{V ey Aﬁ[ ) converges in noncommutative distribution to
(ab SRR an)'

The general mantra for producing asymptotically free random matrices is as follows.

If AY, ..., AN are random matrices whose distribution is invariant under unitary conjugation, and
possess a joint limit distribution, then they are asymptotically free.

The first result in this direction was proved in [26], where the matrices Aé-v were taken to have the form
Aé-V =U JN D;V (U JN )* where U, ..., UN are independent Haar-distributed unitaries, and D]N are determin-
istic diagonal matrices with uniform bounds on their trace moments. This was later improved to include all
deterministic matrices (with uniform bounds on their operator norms) in [27]; see, also, [6}130] for related results.
We will use the following form of the mantra, which is a weak form of [20, Theorem 1].

Theorem 2.8 (Mingo, Sniady, Speicher, 2007). Let AY , ..., AN be independent random matrices in My @ L™,
with the following properties.

(1) The joint law of A{V ..., AN is invariant under conjugation by unitary matrices in Uy.

(2) There is a joint limit distribution: for any noncommutative polynomial f € C(X1,..., X, X5,..., X)),
limpy oo Btr(f (AN, ..., AN (AN)*, ..., (AN)")) exists.

(3) The fluctuations are O(1/N?): for any noncommutative polynomials f,g as in (2), there is a constant
C = C(f,g) so that
C

Cov[tr(f(AY, ..., AN (AY) .. (AD)) s e (gAY, .., AN (A", ..., (AD))] < ¥

Then AY ..., AN are asymptotically free.

n

Remark 2.9. [20, Theorem 1] has a much stronger assumption than (3): it also assumes that the classical cu-
mulants k, in normalized traces of noncommutative polynomials are o(1/N") for all » > 2, thus producing a
so-called second-order limit distribution. However, this stronger assumption is used only to produce a stronger
conclusion: that the matrices are asymptotically free of second-order. Following the proof, it is relatively easy to
see that Theorem [2.8]is proved along the way, at least in the case n = 2. To go from 2 to general finite n can be
achieved by induction together with the associativity of freeness; cf. [29, Proposition 2.5.5(iii)]. See, also, [19]
where this is proved more explicitly in the harder case of real random matrices (where U y-invariance is replaced
with O -invariance).

10



3 Heat Kernels on GL'

Here we generalize the technology we developed in [9, Sections 3.4 & 4.1] to independent products of heat kernel
measures on GLL .

3.1 Laplacians on GLY

Let n, N € N. Then GL% = GLy x --- x GLy is a Lie group of real dimension 2nN2. Its Lie algebra is
gly =gly® - - ®gly. For{ € gly, and 1 < j < n, let §; denote the vector (0,...,0,£,0,...,0) € gly
(with ¢ in the jth component). The Lie product on gl is then determined by [£;,nx] = §;(§5m — k&) for
1 <j,k < n. Inparticular, if j # k and &, 7 € gly, then the left-invariant derivations J¢; and d;, on C*°(GL}y)
commute. To be clear, note that, for f € C*>°(GLY,),

d

= df f(Al,...,Aj_l,Ajetg,Aj_;,_l,...,An). (31)
t t=0

(O, [)(Ar, ..., Ap)

Let 57{75 denote an orthonormal basis for gl (with respect to (-, '>£‘Ys’ asin ). For 1 < 5 < n, define

iN
ALY =D 8. (3.2)
£l
Note that Af;jév and AffsN commute for all j, k. Now, fix ¢1,...,%, > 0. Then the operator

AN 4+t ARN

is elliptic, essentially self-adjoint on C'2°(GL'y ), and non-positive. We may therefore use the spectral theorem to
define the bounded operator

G%(tlA%”é\T"'"""_t"A:‘l;SN) = e%tlAvl":éV e e%t”A?ﬁsN.
Define the heat kernel measure ufsj\i vt 0N GLY, by
n,N _ A ttabY ot AN n n
fd'“nS;tl,---,tn - <62( e ' )f (IN), [ € C(GLY), (3.3)

GL?,

where I} = (In,...,In) € GLY. In particular, let K1, ..., K,, C GLx be compact sets; by approximating
1x, x---x Kk, With a continuous function, we see that

1 N 1 N
“:L,’s];\il,...,tn(Kl X o x Kp) = (62t1Ar,s]lK1) (In)--- (wtnAr,s]lKn) (In) = Hi,’gtl(Kl) .. Miﬁn(Kn)

N

Since uiévt is the heat kernel measure on GLy corresponding to A}, it is the distribution of the Brownian

motion B}, (t), and so we have shown the following.

Lemma 3.1. Let (Brl:SN(t))tzo, e (BQ’SN(t))tzo be n independent (r, s)-Brownian motions on GL . Then the
Jjoint law of the random vector (B%év (t1),..., BN (ty)) is ufsj\;lt

n'
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3.2 Multivariate Trace Polynomials

Let J be an index set (for our purposes in this section, we will usually take J = {1,...,n} for some n € N).
Let & denote the set of all nonempty words in J x {1,*}, & = U, en(J x {1,%})". Let vy = {v.: € € &)}
be commuting variables, and let

P(J) =Clv,]
be the algebra of (commutative) polynomials in the variables v ;. That is: as a C-vector space, &?(J) has as its
standard basis 1 together with the monomials

vy v, keN, e W g (3.4)

and the (commutative) product on #(J) is the standard polynomial product.
We may identify monomials in C(X;, X ]* : j € J) with the variables v, via

TG X5 = U(Gren) o Gnn)-

Extending linearly, T: C(Xj;, X7: j € J) = Z(J) is a linear inclusion, identifying C(X;, X7: j € J) with
the linear polynomials in & (.J). The algebra &(J) is the “universal enveloping algebra” of C(Xj;, X7: j € J),
in the following sense: any linear functional ¢ on C(X;, X jiied ) extends (via Y) uniquely to an algebra
homomorphism ¢: &(J) — C. Conversely, any algebra homomorphism Z(J) — C is determined by its
restriction to T(C(X;, X7: j € J)), which intertwines a unique linear functional on C(Xj;, X7: j € J). Hence,
the noncommutative distribution ¢y, .. je s} of J random variables can be equivalently represented as an algebra
homomorphism #(.J) — C.

Definition 3.2. For a monomial (3.4), the trace degree is defined to be
deg(vo) - vow) = W]+ + eP],

where |e| = nife € (J x {1,%})". More generally, if P € Z(J), then deg(P) is the maximal trace degree of
the monomial terms in P. Define deg(0) = 0. Note that deg(PQ) = deg(P) + deg(Q), and deg(P + Q) <
max{deg(P),deg(Q)} for P,Q € Z(J). Ford € N, denote by Z4(J) the subspace

Py(J) ={P € P(J): deg(P) < d}.
Note that 2 4(J) is finite dimensional (if J is finite), and P (J) = U1 Za(J).
We now introduce a kind of functional calculus for Z2(.J).
Definition 3.3. Ler (<7, 7) be a noncommutative probability space. Let J be an index set, and let {a;: j € J}
be specified elements in <7. Forn € N, and (J x {1,x})" 2 ¢ = ((j1,€1), .-, (Jn,&n)), define

&€ — 4861, . 5,”
a _ajl a]n'

We define for each P € ZP(J) a complex number P-(a;: j € J) as follows: for e € &y, [vc]r(aj: j € J) =
7(a%); and, in general, the map P — Pr(a;: j € J) is an algebra homomorphism from & (J) to C.
In other words: P is the unique algebra homomorphism extending (via T) the linear functional ¢y, . jes} on
C(Xj, X7 : j € J) (i.e. the noncommutative distribution of {a;: j € J}).
Example 3.4. Let J = {1,2}, and consider Z(J) > P = v(14),(2,1),(1,1) — 21)(22 1)» Which has trace degree 3;
then

Py (a1, a) = T(a}azar) — 2 (r(az))*.
We generally refer to the functions { P;: P € &7(J)} as (multivariate) trace polynomials.
Notation 3.5. For N € N, in the noncommutative probability space (M, tr), we denote the evaluation map

P — P, of Definition as P — Pn. Thus, if A1,..., A, € My ® L7, and P is as in Example then
Pyn(A1,...,Ay) = tr(A5 Ay Ay) — 2 (tr(Ag))? which is a random variable, to be clear:

12



3.3 Intertwining Formula
The following “magic formulas” appeared as [9, Proposition 1]; note that (2.10) is a special case of (3.5).

Proposition 3.6. Ler By be an orthonormal basis for uy with respect to the inner product (2.3)). Then for any

A e My
D EAE = —tr(A) I, (3.5)
£eBN
1
D tr(AQE = — A (3.6)
£€BN

For the remainder of this section, we usually suppress the indices 7, s for notational convenience; so, for
example, A/ = Afn’év for1 < j <n.LetJ={1,...,n} throughout.

Theorem 3.7. Let j € J. There are collections { I ce éi]} and {R‘; 5160 € (gDJ} in P(J) with the follow-
ing properties.

(1) Foreache € &, Qg is a finite sum of monomials of homogeneous trace degree |e| such that
AN ([ve]n) = [Qf]n

(2) Foreache,d € &, RZ 5 is a finite sum of monomials of homogeneous trace degree |e| + |0| such that

1 .
r Z (95] ve|N agj vs|N) + s Z i€, [ve] v zfj [vs]n) = W[RQJ]N
§€BN £€BN

for any orthonormal basis By of up.
Please note that QZ and R; s do not depend on N. The 1/N 2 in (2) comes from the magic formula lb as we

will see in the proof.

Proof. Fix & 3 € = ((j1,€1),- -+, (Jm»€m)); then [ve]n (A1, ..., Ap) = tr(A7! --- AS™). Applying the prod-
uct rule, for any £ € Sy we have

N) = Z 0y g tr(ASh -+ (A E2)% - A5m) (3.7)
+2 Y G tr(AS (A ) (A5, )% AST). (3.8)
1<k<t<m

Similarly, 8i2€j is given by the same formula but possibly with some minus signs in some of the terms (depending
on €, €¢). For convenience, let B]J\r, = By and By = ify. Magic formula (2.10) gives deﬁi £ = FIy, and
N
SO summing over ﬁ]j\[[ we have, for each £,
D tr(A5h - (A, - AT = e,
¢eBy

where the + on the left and right do not necessarily match (we will not keep careful track of signs through this
proof). Thus, li summed over B]j\[, gives some integer multiple nj[ (€) of [ve]ny. Summing the terms in 1'

over £ € %, using (3.3), yields

D tr(AS e (A5 )T (A0 AT = Evey, I [ver N,
geﬁﬁ
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where €y, ¢ is a substring of & (running between index k or k + 1 and index £ — 1 or ¢, depending on ¢, €¢) and
€} ¢ is the concatenation of the two remaining substrings of € when ¢y, ¢ is removed. Hence, define

.
QI =nw(e)ve+2 D £06;5,07,V, Ve,
1<k<t<m

Note that |e| = |eg¢| + |€]. ;| for each k, £; so Q2™ are homogeneous of trace degree |¢|. The above argument

shows that '
3 02 [l = [Q2F]n
cepx

and so setting Qg = rQ£’+ + ng’_ completes item (1) of the theorem.
For item (2), fix & 3 § = ((h1,61),. .., (hp, 0p)); then [v5]n (A1, ..., Ay) = tlr(Ale1 : Ai’;) Thus, for
§ € Bn,

m P
(Oelvel v) (Oclvsln) =D >~ 655y 0 tr (A5 .(@gw~Axmmgn¢%@%mA@. (3.9)
k=1 ¢=1

(To be clear: the terms dj j, 955, are indicator functions, not related to the string 6 € &.) Taking J;¢, instead
yields the same formula, possibly with some minus signs inside the sum (depending on £, and dy). We can write
each term in (3.9) in the form

ttr(eA° " )tr(eA%)

where £(*) and 6() are certain cyclic permutations of € and §. Using lb summing over £ € B]j\tf then yields

1 e
N2 DO £ 0invawson]n
k=1 ¢=1
where £(%)§() denotes the concatenation; in particular, [¢*)6()| = |¢| + ||. Thus, setting
m p
Z Z £0;,51 0,k Ve 50
k=1 ¢=1

(where the & on the two sides do not necessarily match), we have shown that
L it
Z (857 [US]N)(aﬁj [Uﬁ]N) = ﬁ [RE,S ]N
¢eBy

Set RZ 5= ’I”R?}_ + SR?(S_; then Rg 5 has homogeneous trace degree ||+ |d], and so satisfies item (2), concluding
the proof of the theorem. O

Theorem 3.8 (Intertwining Formula). For j € J, let {QZ: ceé J} and {Ri 5. 60 EE J} be the collections in
P(J) given in Theorem[3.7) Define the following operators on P (J):

. . 5?2
i = E J ) d
g QS B and Lr’s R& s B0-00s (3.10)

EGéDJ E,(;GéaJ

Then 97];75 and Li,s preserve trace degree (when (r, s) # (0,0)), and, for all P € 2(J),
ALY ([P]n) = || DI, AAfLJ 3.11
2P = | (24 + 50 P G
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Proof. The proof is almost identical to the proof of [9, Theorem 3.26]; we repeat it here. Let Vv : GLR;, — M‘j@\{
be the map

(Vn(A1, ..o, An)) ((G1se1), -5 (GmsEm)) = tr(Ajll e Aj:nn)
Then, by definition, [P]y = P o V y. By the chain rule, if £ € gl then

0 Py = 0 (PoVy) = ;agj [( E> N)'afj[UE]N:|
=5 (5 ) (v -2 (v + hy) ( 8855) (Vo) - (0%, [vc]v) (3, [osl)

ec&
9*P
+ 3 (Fo ) (V) - |1 D (O o)) @ osl) + 5 Y (D, [ve]) (9, oslv)
e N ETH0 ¢€hn geify
Combining this equation with the results of Theorem[3.7]completes the proof. O

This prompts us to define the following operators.

Definition 3.9. Let t = (¢1,...,t,) for some ti,...,t, > 0. Define
1 & : 1 & :
= 5 Z tj®3“,s? 'C‘7t“,s = 5 Zt]‘Li,s
Jj=1 J=1

Corollary 3.10. Foranyt = (t1,...,t,) € R}, andd € N, ®$‘7s and 5;575 preserve the finite dimensional space
Pq(J), and
3O At AL Py [Pt RTEN Py P e 2y()).

t+ZL

In particular, ePrs rs and ePrs are well- defined operators on the space P (J).

Proof. Since @3;,3 and L%S preserve trace degree, the corollary follows by expanding the exponentials as power
series of operators acting on the finite dimensional spaces Z;(J) and [Z4(J)]n. O

Remark 3.11. Since Aiév commute for 1 < j < n, it is natural to expect the same holds for the intertwining
operators D7. s and L7, 5. This is true, and follows easily from examining the explicit form of the coefficients of
these operators given in Theorem [3.7} One must be careful about drawing such conclusions in general, however;
the map P — Pl is generally not one-to-one, due to the Cayley-Hamilton Theorem. It is asymptotically one-to-
one, in the sense that its restriction to &2¢(.J) is one-to-one for all sufficiently large IV (depending on d), and this
can be used to prove this commutation result. Note, however, that [Di . Lﬁa, s|] # 0 in general.

3.4 Concentration of Measure

We restate a general linear algebra result here, given as [9, Lemma 4.1].
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Lemma 3.12. Let V be a finite dimensional normed C-space and supposed that D and L are two operators on
V. Then there exists a constant C = C(D, L, || - ||v) < oo such that, for any linear functional i) € V*,

(Pt ha) —yp(ePa)| < Oy

where || - ||y« is the dual norm on V'*.

vellzllvlel, zeV, | <1, (3.12)
Coupled with Corollary[3.10] this gives the following.

Proposition 3.13. Let P ¢ &(J). Lett = (t1,...,t,) € R'}. Then there is a constant C = C(r, s, t, P) so
that, for all N € N,

where, for Q € P(J), Q(1) is the complex number given by evaluating all variables of @ at 1.
Proof. Letd = deg(P); then P € Z4(J). By definition (3.3),

Pl = (OSSO, ),

(To be clear: the function Py is not compactly-supported, so this does not fall strictly into the purview of (3.3));
that the formula extends to such trace polynomials follows from Langland’s Theorem; cf. [24, Theorem 2.1 (p.
152)]. See [9, Appendix A] for a concise sketch of the proof.) From Corollary [3.10] therefore

t 1 rt t 1 _rt
[ P = [ersip] ()= (Herep) )
GL%, ” N

Note that 1)1 (P) = P(1) is a linear functional on the finite dimensional space Z7;(.J); thus the result follows
from (3.12) by choosing any norm || - || () on V' = Z4(J), and setting

C(r, 5,4, P) = C(Dy 5, Ly o, | - | a1l 2y 1Pl 20
thus concluding the proof. O
We now come to the main theorems of this section.

Theorem 3.14. Let (B,}jév ()0 - -, (Br ’SN(t))tZO be independent Brownian motions on GLLy. Then these
matrix processes have a joint limit distribution: for any m € N, ji,...,jm € {1,...,n}, t1,...,t, > 0 and
€1, em € {1, %},
lim Etr(BILN () - BimN (L)) exists.
N—00 ’ ’

Proof. Lett = (t1,...,t,). The given expected trace is computed in terms of the joint law ,u:f;\i of the indepen-
dent Brownian random matrices as

BBl (6,)° - Bp ™ (t,)7) = [ (A5 AT i dAy e ddn) = [ ol duly
GL?, GLY,

where € = ((j1,€1),- - (Jm,Em)). Proposition thus shows that the limit as N' — oo exists, and is equal to
Dt
(ePmsvg)(1). O

Remark 3.15. In light of Theorem [I.I] we can identify the joint limit in Theorem [3.14] as the increments
brs(t1), brs(t1) " b s (8h), . ooy brs(th 1) 71by s(t),) where t; =ty + -+ +t; for 1 < j < n.
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Theorem 3.16. Let P,Q € P(J), and lett = (t1,...,t,) € RY. There is a constant Cy = Cs(r,s,t, P,Q)

such that o
2
Cov,ny (PN, Q)| < 775+ (3.13)
Theorem [3.16]is a generalization of [16, Proposition 4.13], and the proof is very similar. First, we need a lemma
on intertwining complex conjugation, which is elementary to prove and left to the reader; cf. [16, Lemma 3.11].

Lemma 3.17. Given ¢ € &), define e* € &5 by ((j1,€1), -+, (Jnsen))" = ((n,€5)s -+, (41,€7)) where 1* = x
and x* = 1. Define C: P (J) — P (J) to be the conjugate linear homomorphism satisfying C(v:) = v« for all
€ € &. Thenforall N € N

Py = [C€(P)]n, Pc2()). (3.14)

Proof of Theorem[3.16] The covariance of C-valued random variables F', G is Cov(F, G) = E(FG)—E(F)E(G).
Define Dﬁjé\f = Dfnys + #L’ﬁ,s. From Lemma , we may write PyQy = [PQ*]y, and so, from li and
Corollary [3.10] we have

B, (PYQx) = (€77 (PQ") (1), (3.15)

Similarly,
E,x (Pr) B (Qu) = (777 P) (1) - (77 Q) (1), (3.16)

Now, set
U = (e P) (1), WY = (e Q) (1), W, = (e (PQY) (1), (3.17)
Uy = (e P)(1), W= (e PRQH) (1),  Up.= (e (PQY) (D). (3.18)

Thus, and show that
Cov, (Pn,Qn) =07, — o) el (3.19)

We estimate this as follows. First
W, — YUY < WY, — W 4 (W, — O]+ [0 0, — OO, (3.20)

Referring to 1b note that Df,’ o 1s a first-order differential operator; it follows that % is an algebra homo-
morphism, and so the second term in tb is 0. The first term is bounded by # -C(r, s, t, PQ*) by Proposition
3. 13L For the third term, we add and subtract \II{V W, to make the additional estimate

0 0, — UYWL < |0y — O |+ (O], — ]
<[ Uy = O [+ (|| + [T — U] T, — U]

1 1 1 .
< g 10l P+ (04 5 Ot P)) - Ot Q)
1 * 1 *
= m : (|\I’*|C(T,S,t,P) + ’\111|C(T787t7Q )) + m : C(T,S,t,P)C(T,S,t,Q ) (321)

Combining (3.21)) with (3.19) — (3.20) and the following discussion shows that the constant

Cy(r,s,t, P, Q) = C(r,s,t, PQ*)+C(r,s,t, P)C(r,s,t,Q")+|¥.|C(r,s,t, P)+|¥1|C(r,s,t,Q") (3.22)

verifies (3.13)), proving the proposition. O

17



This brings us to the proof of Theorem[I.2] For convenience, we restate that the desired estimate is

* * C
Cov[tr(F(BLY (1), B (t) ), tr(g(BLY (1), BN (1) )] < 15 (3.23)
forany f,g € C(X1,...,X,, XT, ..., X}), for some constant Cy = C(r, s, t, f, g); here B;SN(), . ,B,Tf’SN(-)
are independent (r, s)-Brownian motions on GL .

Proof of Theorem[l.2] Setting t = (t1,...,1,), the covariance in (3.23) is precisely

Cov n ([T(f)]n: [T(g)]N)

7,85t
and so the result follows immediately from Theorem [3.16] O

Theorem|[1.2] in the special case f = g, implies that the convergence to the joint limit distribution in Theorem
[3.14]is, in fact, almost sure.

Corollary 3.18. Let (B,}jSN(t))tZO, e (BZZSN(t))tZO be independent Brownian motions on GLy. Then, for any
ti,...,tn > 0andany f € C(Xy,...,Xpn, X{,..., X)), the random variable tr(f(B;jéV(tn), ce BQ’SN(tn)*)
converges to its mean almost surely.

This follows immediately from the O(1/N?) covariance estimate of Theorem together with Chebyshev’s
inequality and the Borel-Cantelli lemma.
Finally, we note that we have proven asymptotic freeness of independent (r, s)-Brownian motions.

Corollary 3.19. Let t1,...,t, > 0 and let BrlsN (t1),...,Br N (t,) be independent random matrices sampled
from (r, s)-Brownian motion. Then these random matrices are asymptotically free.

Proof. Summarizing Theorem[2.8} to verify that a collection of random matrix ensembles is asymptotically free,
it sufficies to show that the collection possesses a limit distribution (which we verified in this case in Theorem
whose fluctuations are O(1/N?2) (which we refified in Theorem|[1.2), and that the joint distribution of the
matrices for each fixed in V is invariant under U -conjugation. This last properly holds trivially in our case, as
the heat kernel is Uy-invariant (since the inner product is). Hence, independent (7, s)-Brownian motion samples
verify all the conditions of Theorem [2.8] concluding the proof. O

4 Invariance Properties and Moments of the (r, s)-Brownian Motions

In this section, we compute the relevant moments of the free multiplicative (r, s)-Brownian motion summarized
in Proposition and prove the basic invariance properties of both B,{\fs and b, ; needed to extend our main
Theorem [I.1]from a single time to multiple times, summarized in Proposition [I.10]

4.1 Moment Calculations

We begin by reiterating the following differential characterization of the constants v, () from (1.8)).

Lemma 4.1. Let {v,,: n > 0} be the functions in (@), and let o (t) =
determined by the initial conditions 0,,(0) = v,(0) = 1 for all n, 01(t)
ODEs forn > 2:

e%tun(t). The functions o, are uniquely
= 1, and the following system of coupled

n—1
(1) = = kor(t)on—k(D).
k=1
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Indeed, in [2], this connection was the key step in identifying the distribution of a free unitary Brownian motion
as the limit distribution (at each fixed time ) of a Brownian motion U/ on Uy:. It is also independently proved
in [9, Lemma 5.4, Eq. (5.23)].

Lemma 4.2. Let b, 4(t) be defined by ; for short, let b = b, 4(t). Set a = a, 4(t) = e2("=9)b, Then
da = adw, 4.1
where w = wr.(t) of (I.4).
Proof. Since t — (=) g a free Itd process with de3(r=9)t = $(r— s)e%(“‘g)t dt, shows that
da = de2"9)t . p 4 e3(r9 . gh 4 dea (o)t . gp,

The last term is 0, while the first two simplify to

1 1
da = 5(7’ - s)e%(r_s)tb dt + e%(r_s)t(b dw — 5(7‘ —s)bdt) = adw,

by (L5). ]

We also record the following It6 formula for dw; s(t) products.
Lemma 4.3. Lett > 0 and lete,d € {1,x}. For any adapted process 6 = 6(t),
dw® 0 duw’ = (s +r)7(6) dt, (4.2)
where the sign is — ife = § and + if € # 0.

Lemma[.3]is an immediate computation from (2.23)) — (2.26).
We use (4.1) to give a recursive formula for the powers of a, ¢(t).

Proposition 4.4. Forn € N,

n n—1
d(a") = Z a* dwaF + (s —7)1p>2 Z kakT(a”_k) dt. 4.3)
k=1 k=1

Proof. When n = 1, (4.3) reduces to (4.1)). We proceed by induction, supposing that (4.3) has been verified up
to level n. Then, using the Itd product rule (2.25), together with (4.1)) and (#.3)), gives

d(a"™) =d(a-a™) =da-a" +a-d(a") + da - d(a™)
n n—1 n
=adwa" + Z " dwa™F 4 (s — 1) Z ka*Tir(a™ k) dt + Z adwa® dwa" ",
k=1 k=1 k=1

The first two terms combine, reindexing £ = k + 1, to give Z?Ll a’ dw a™1~¢, From 1| the last terms are

n

(s—r) Z 7(a®)a" T dt

k=1

which, when combined with the penultimate terms, yields (.3) at level n + 1. This concludes the inductive
proof. 0
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Corollary 4.5. The moments of a = a, s(t) are 7(a") = pn((r — s)t); consequently, the moments of b = by s(t)

are T(b™) = vy ((r — s)t), verifying (I.9).
Proof. Since a(0) = b(0) = 1, 7(a(0)™) = 1 = p,,(0). Taking the trace of (4.3) and using (2.22)), we have

n—1
dr(a") = (s —r)L,>2 Z kr(a®)r(a™ %) dt. (4.4)
k=1

Thus 47(a) = 0= 0| ((r — s)t). If s =, (4.4) asserts that 7(a™) = 7(a(0)") = 1 = 0,(0 - t) for all n. On the
other hand, if s # r, let 9,,(t) = 7(a, s(t/(r — s))™); then the chain rule applied to (4.4) shows that

n—1
() = —TIn>2 Y kop(t)dn—n(t).
k=1

By Lemma it follows that 9, (t) = pp(t) for all n,t > 0. Hence, 7(a,s(t)") = on((r — s)t) =
ez =)ty ((r — s)t), as claimed. As defined in Lemma we therefore have

T(0") = 7l(e 20V a)"] = e B0 p, (1 — $)) = va((r — 8)1),
verifying (L.9), and concluding the proof. O

We now turn to the moments of b, 4(t)b, s(t)*. A different exponential scaling from Lemma 4.2} is in order
here.

Lemma 4.6. Let ¢, s(t) = e~ b, 4(t); for short, let ¢ = ¢, 5(t). Then
d(ec*) = 2v/scdyc*, 4.5)
where y = y(t).
Proof. First note that cc* = e~25'bb*. As in Lemma[4.2} we have
d(cc*) = —2s cc* dt + e~ 25t d(bb*). (4.6)

By the It6 product rule (2.25) and (I.5),
A(bb*) = db-b* + b - db* + db - db*
=bdwb* — %(r — $)bb* dt + bdw™* b* — %(r — 5)bb™ dt + bdw dw* b*
= b(dw + dw*)b* — (1 — 8)bb* dt + (r + 5)bb* dt

where the last equality follows from Lemma Note that dw + dw* = 2/sdy, and so this simplifies to
d(bb*) = 24/sbdy b* + 2s bb* dt. Combining this with (4.6) yields the result. O

Proposition 4.7. For n € N*,

n n—1

d[(cc*)"] = 2+/s Z(cc*)k‘*lc dy c*(cc®)"F + 451,59 Z k(cc*)*r[(cc®)" ] dt. 4.7)
k=1 k=1

20



Proof. When n = 1, [7) reduces to ({#.6), so we proceed by induction: suppose that (4.7)) has been verified up
to level n. Then we use the It6 product formula (2.23)), together with (4.6) and (4.7)), to compute

d(cc)" ) = d(cc*) - (ec*)™ + cc* - d[(cc*)"] + d(cc*) - d[(cc™)"]

n—1

= 2V/sedyc(cc)" +2v/s Z(CC*)kc dy c*(cc®)"F + 4s Z k(e HLr[(ee)"*] dt
k=1 k=1
+4s Z cdy c*(cc) " Ledy c*(cct)" ",
k=1

Reindexing £ = k+ 1, the first two terms combine to give 2v/s Y71 (cc*)¢ e dy ¢* (cc*)™ 1=, In the last term,

we use (2.23) to yield

dy c*(cc*)*Ledy = 7(c*(cc”)FLe) dt = 1[(cc*)F] dt.
Hence, reindexing j = n + 1 — k, the final sum is

n n

4s Z T[(CC*)k] (Cc*)"+1_k dt = 4s Z(CC*)jT[(CC*)n+1_j].

k=1 j=1

Also reindexing the penultimate sum with ¢/ = k + 1, the last two sums combine to give

4s Z(f — 1)(6@*)57—[(60*)n+175] dt + 4s Z(CC*)jT[(CC*)nJﬂ*j]_
=2 o

Note that the first sum could just as well be started at £ = 1 (since that term is 0), and these two combine to give
the second term in (4.7)), concluding the inductive proof. 0

Corollary 4.8. The moments of cc* are T[(cc*)"] = on(—4st); consequently, the moments of bb* are T[(bb*)"] =

vp(—4st), verifying .
Proof. Since b(0) = 1, 7[(cc*(0))"] = 1 = 0,,(0) for all n. Taking the trace of (4.7), we have

n—1
dr[(ec)"] = 4slp>2 Z k7[(cc®)k)r[(ec®)" ] dt. (4.8)
k=1

Thus £7(cc*) = 0 = g} (—4st). If s = 0, (4.8) asserts that 7[(cc*)"] = 7[(cc*(0))"] = 1 = 0,(0 - t) for all n.
If s # 0, let 9, (t) = 7[((cc*)(—t/4s))"]; then the chain rule applied to (4.8) shows that

n—1
() = —Tnz2 Y kor(t)on—r(t).
k=1
By Lemma4.1] it follows that 4,,(t) = on(t) for all n,¢ > 0. Hence,
7l(ect)™)] = oa(—4st) = €34y, (~4st),
as claimed. As defined in Lemma[4.6] we therefore have

T[(bb*)"] = T[(e*ec*)"] = e 25t g, (—4st) = v, (—4st),

verifying (I.10), and concluding the proof. O
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Finally, we calculate 7(b%b*2). We need the following cubic moment as part of the recursive computation.
Lemma4.9. Leta = e%(r_s)tb as in Lemma Then
r(a?a*) = (1 + 2st)els7)E, 4.9
Proof. From the It6 product rule (2.25)), we have
d(a*a*) = da - aa* + a - da - da* + a*da* + (da)? - a* +da-a-da* + a - da - da*.

Lemma asserts that da = a dw. To compute d7(a%a*), we can ignore the first three terms that have trace 0
by (2.22)); the last three terms become

adwadwa* + adwadw* a* + o dw dw* a* = (s — r)7(a)aa* dt + (s + r)7(a)aa* dt + (s + r)a’a* dt

by Lemma[4.3] Taking traces, we therefore have

dr(a®a*) = 2s7(a)7(aa*) dt + (s + r)7(a®a*) dt. (4.10)
In Corollary we computed that 7(a) = 01 ((r—s)t) = %(’"_S)tvl((r — s)t), which, referring to lb is equal
to 1. Similarly, in Corollary we calculated that 7(bb*) = vy (—4st) = €2, and so 7(aa*) = e"=9)ir(bb*) =
e(r+9)t Hence, (4.10) reduces to the ODE
d
%T(GZG*) = 25e(M) 4 (5 4 r)7T(aa®), 7(a*a*(0)) = 1.
It is simple to verify that (4.9) is the unique solution of this ODE. O

Remark 4.10. As a sanity check, note that in the case (7, s) = (1,0) |i shows that 7(b%b*) = efgtr(a%*) =
e~t/2. As pointed out in (1.7), by o(t) = wu(t) is a free unitary Brownian motion, and so 7(b%b*) = 7(b) in this
case; thus, we have consistency with (I.8).

Proposition 4.11. Let a = 2=t as in Lemma u Then
T(aa*?) = dst(1 + st)e5TME 4 251 (4.11)
and thus (I.T1) holds true.

Proof. Expanding, once again, using the Itd product rule (2.25)), we have

d(a*a*?) =da-aa** +a-da-a** +a? - da* - a* + a’a* - da* (4.12)
+ (da)?-a*® +da-a-da* - a* + da - aa* - da* (4.13)
+a-da-da*-a*+a-da-a*-da* +a*- (da*)?. 4.14)

The terms in (@.12)) all have trace 0. We simplify the terms in (4.13)) and (#.14) using da = a dw and Lemma4.3]
as follows:

@13) = adwadwa*® + adwadw* a** + a dw aa* dw* a*
= (s — r)7(a)aa*?* dt + (s + r)7(a)aa*? dt + (s + )7 (aa*)aa* dt,

and
@14 = a® dw dw* a** + o® dw a* dw* a* + a® dw* a* dw* a*
= (s +r)a*a** dt + (s + r)7(a*)a’a* dt + (s — r)7(a*)aa* dt.
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Taking traces, and using the fact (from Lemma[d.9) that 7(a*)7(a2a*) is real, this yields
dr(a®a*?) = 2s7(a)T(aa*?) dt + (s + r)[r(aa®))? dt + (s + r)7(a?a*?) dt + 2s7(a*)T(a’a”) dt.

Using (4.9), together with (1.10) and the fact (pointed out in the proof of Lemma[4.9) that 7(a) = 1, gives

d

%T(cﬁa’&) = 45(1 + 2st) e 4 (s + 12T 4 (s + 1) 7(a’a*?). (4.15)
It is easy to verify that (4.11) is the unique solution to this ODE with initial condition 1. Substituting b =
¢35~ g then yields (1.11). O

Remark 4.12. Again, as a sanity check, 1} reduces to T(b2b*2) = 1 when s = 0; this is consistent with the
fact that b is unitary in this case.

4.2 Invariance Properties

Proposition summarizes the main properties of both the matrix Brownian motions BﬂYS (t) on GL and its
limit (b, s(t))¢>0. We will prove these properties separately for finite NV versus the limit, although in many cases
the proofs are extremely similar.

We begin by noting that the invertibility of qu\”vs (t) follows from the SDE (2.11)).

Proposition 4.13. The diffusion Bﬁ\fs(t) is invertible for all t > 0 (with probability 1); the inverse B,]«\;(t)_1 isa
right-invariant version of an (r, s)-Brownian motion.

Proof. Fix a Brownian motion W(t) = /riX™(t) + /s Y™ (t) on gly, so that BY,(t) is the solution of
lb with respect to W,Y,(t). Then define A,],Ys(t) to be the solution to

dAY, (1) = —dWN,(£) AN (1) - %(r ) AN (t) dt. .16)

Note that —X ™V (¢) and —YV (¢) are also independent GUEy Brownian motions, so AX (%) is a right-invariant
version of B s{\@(t) (Indeed, the reader can readily check that, if O is replaced with the right-invariant derivative

% f(exp(—t€&)g), thus defining a right-invariant Laplacian, the associated Brownian motion satisfies .) To
simplify notation, let W = Wﬂ\g(t) B = Bﬂf;(t), and A = Afn\fs(t). Using the Itd product rule lh we have

d(BA)=dB-A+B-dA+dB-dA
1 1
= BdW A= o(r—s)BAdt — BdW A — o(r — s)BAdt — B (dW)? A.
From (2.14) — (2.18), we compute exactly as in Lemma that (dW)? = (s — r)Iydt. This shows that
d(BA) = 0. Since BY,(0) = AN,(0) = Iy, it follows that BA = Iy, so AY (t) = BY,(t)™", as claimed.  [J
Proposition 4.14. The multiplicative increments of (Bfn\{s (t))t>0 are independent and stationary.

Proof. Let 0 < t; < t < 0o, and let .7, denote the o-field generated by { X (), YV ()}o<i<s,. From the
defining SDE (2.11)), we have

to to

1
B, (t2) — Bl,(t) = BN.(t) dW(t) — 5(r —5) BN.(t) dt,
t1 t1
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or, in other words,

to 1 to
BN,(t1) "' BN, (t2) = I +/ BY,(t)) ' BY,(t) dW,N(t) — 5(r - s)/ BY.(t)7'BY,(t)dt.  (4.17)

t1 t1

This shows that the process CV () = B,{};(tl)*lB,{\g (t) for t > t; satisfies the SDE
1
dCN (t) = CN(t) AW (t) — W (1)) — 5(r — 5)CN(t) dt.

Note that WY, (t) =W, (t1) = /ri(XN (1) = XN (t1)) 4+ /s (YN () = YN (t1)). Since (XN (t) = XN (t1)) >4,
and (YN (t) — YN (t1))¢>1, are independent GUEy Brownian motions, and since C}Y = Iy, it follows that
(CN(t))s1, is a version of (Bﬂ\fS (t))t>0. This shows, in particular, that the multiplicative increments are station-
ary. Moreover, shows that B,{Ys (tl)_le,\fs (t2) is measurable with respect to the o-field generated by the
increments (W, () — W, (t1) )¢, <t<t,, which is independent from .%;, (since the additive increments of X ™ (¢)
and YV (t) are independent). Since all the random matrices B}, (') with ¢’ < t, are .7, -measurable, it follows
that (B2, (t)):>0 has independent multiplicative increments, as claimed. O

Proposition 4.15. Forr,s > 0 and N > 2, with probability 1, Bfﬂ};(t) is non-normal for all t > 0.

Proof. Let MI\?" denote the set of normal matrices. Let D denote the 2V (real) dimensional space of diagonal
matrices in My, and Ty C Uy the NV (real) dimensional maximal torus of diagonal unitary matrices. The map
¢: Dy x Uy — MR given by ®(D,U) = UDU* is smooth, and (by the spectral theorem) surjective. Since
®(D,U) = ®(D,TU) for any T € Ty, the map descends to a smooth surjection ®: Dy x Uy /Ty — MR
It follows that

dimg (M3") < dimg (Dy) + dimg(Ux/Tx) = 2N + N> = N = N> + N.

Thus, as a submanifold of My (which has real dimension 2N?), codimg (M5%") > 2N% — (N2 + N) = N2 —N.
This is > 2 for N > 2.

The manifold GLLy is an open dense subset of My, and the generator Afn\fs is easily seen to be a non-
degenerate elliptic operator on C°°(M ). Thus, by the main theorem of [23]], MI}" is a polar set for the diffusion
generated by %Ags; i.e. the hitting time of M}" for (B, (t))¢>0 is +0c almost surely. This concludes the

proof. 0

Remark 4.16. If D is in the open dense subset of Dy with all eigenvalues distinct, then the stabilizer of D
in Uy is exactly equal to T ; thus the map ® above is generically a local diffeomorphism. It follows that
dimg (M3*) = N2 + N.

Now we turn to the similar properties of the free It process b, 5. In many cases the proofs are nearly identical
to the above ones, in which case we only highlight the necessary differences.

Proposition 4.17. For all r,s,t > 0, the free multiplicative (r, s)-Brownian motion by s(t) is invertible; the
inverse a, s(t) = by s(t) 7! satisfies the free SDE

dayy () = —duwy o(£) ay.s(t) — %(r ) (1) dt. 4.18)

Proof. The proof proceeds very similarly to the proof of Proposition #.13} using (2.23) — (2.26) instead of
— (2.18)), we compute that d(b, s(t)ar,s(t)) = 0, which shows, since b, s(0) = a, s(0) = 1, that b, s(t)a,s(t) = 1.
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In this infinite-dimensional setting, we must also verify that a, s(¢)b, s(t) = 1. To that end, to simplify notation,
let a; = a,s(t), by = b, 4(t), and w; = w; 4(t). Then we have

d(atbt) = dat . bt + ag - dbt + dat . dbt
1 1
= —dw; atb; — i(r — 8)agby dt 4+ azby dwy — 5(7" — 8)arby dt — dwy azby dwy

= [atbt, dwt} — (’I” — s)atbt dt — dwt atbt dwt.

From Lemma

dwt atbt dwt = (8 — T)T(atbt).
Thus, a;b; satisfies the free SDE
d(atbt) = [atbt, dwt] + (T‘ — 5)[atbt — T(atbt)],

with initial condition agby = 1. Notice that the free SDE db; = [0, dw,] + (r — s)[6; — 7(6;)] holds true for any
constant process 6;; thus, with initial condition 8g = 1 uniquely determining the solution, we see that a;b; = 1
as well. O

Proposition 4.18. The multiplicative increments of (b, s(t))i>0 are freely independent and stationary.

The proof of Proposition §.18] is virtually identical to the proof of Proposition .14} one need only replace the
o-fields %, with the von Neumann algebras <7 = W*{z(t'), y(t'): 0 <t/ < t}.

Proposition 4.19. Forr > 0 and s > 0, by 4(t) is non-normal for all t > 0.
Proof. Let by = b, 5(t); we compute that
(b6, 0717 = (beb;)? — b (bf) by — bbb} + (b7br)?,

and so
7 (b, b)) = 27[(0:0})?] — 2707 (b7)?).

We now use (1.8)), (1.10), and (1.11) to expand this:
T[(0e})?] — T[bE(b})%] = va(—dst) — (' + dst(1 + st)e3~h)
= 1 (1 4 4st) — (e 4 4st(1 + st)es)
= 4ste3 e — (14 st)e ™.

Since r > 0, =" < 1, and since st > 0, % > 1 + st. It follows that 7([bs, bf]?) > 0 for ¢t > 0, proving that b;
is not normal. O

5 Convergence of the Brownian Motions

This final section is devoted to the proof of Theorem that the process (Bfavs (t))e>0 converges in noncommu-
tative distribution to the process (b, s(t)):>0. We first show the convergence of the random matrices Bf«YS (t) for
each fixed ¢t > 0; the multi-time statement then follows from asymptotic freeness considerations.
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5.1 Convergence for a Fixed ¢

We begin by noting the single-t¢ version of Theorem [1.2] which was proved in [16, Proposition 4.13]. For any
r,s > 0and ¢t > 0, and any noncommutative polynomials f, g € C(X, X*), there is a constant C,. ;(¢, f, g) such

that
% k C y t? f’ g
Cov [tr(f (B (1), Brs(8)")) , tr(g(BX(1), BY(H)*))] < Sw) (5.1)
where C, 4(t, f, g) depends continuously on ¢.
We now proceed to prove the fixed-¢ case of Theorem The idea is to compare the SDE for B,{?;(t) to the

free SDE for b, 5(t), and inductively show that traces of *-moments differ by O(1/N?), using (5.1).

Theorem 5.1. Let r,s,t > 0. Letn € Nand letc = (e1,...,6,) € {1,%}". Then there is a constant C;, ((t,<)
that depends continuously on r, s, t so that
Crs(t€)
[Etr (B, (£)7 -+ BN,(£)) = 7(brs(8) -+ brs(8))] < # (5.2)

Remark 5.2. We remark again that this result was proved, in the special case r = s, in [3] (using different
techniques). In fact, Cébron’s method could well be adapted to give an alternate proof of this result that does
not rely explicitly on an inductive analysis of stochastic differential equations, although in some sense the central
idea is the same.

Proof. In the case n = 0, (5.2) holds true vacuously with C; (¢, &) = 0. When n = 1, as computed in (1.9)
we have 7(b, 5(t)°') = v1((r — s)t), and so (5.2)) follows immediately from [16, Theorem 1.3]. From here, we
proceed by induction: assume that (5.2)) has been verified up to, but not including, level n.

Fix e = (e1,...,epn) € {1,%}". Let Ai\fs(t) = e%(rfs)tB,{i,(t), so that, following precisely the proof of
Lemma4.2]but using (2.17) instead of (2.25), we have

dAY(t) = AN (t) AW, (). (5.3)

For convenience, denote 4 = Af <(t), and denote A® = A®! ... A°». Then, using the It6 product rule 1D we
have

n

d(A%) = ZA€1 co  ASI-1 L JAS . ASiHT ... ASn (5.4)
j=1
+ Z ASL .o ASI1 L JAST - ASIHL ... ASE-1 L JASk . ASKHL ... ASn (5.5)
1<j<k<n

From (2.15) and (5.3), the terms in (5.5) become
ASL . AT JAST AT L AR L JASK . Ak ... A%
— AC ... AGILAST AWE AST ASITL ... ATR—1 ASk dWER ASK ASKH1 ... ASn

where W = W,f};(t), and1’ =1,1" =% =0, and «”’ = *. Asin Lemma 1b - 1i show that, for any
adapted process ©, and any ¢, € {1, *},

dWe O dW?° = (s £ 7)tr(0)dt (5.6)
where the sign is — if ¢ = ¢ and + if € # §. Hence, the terms in (5.5]) become

(s £ T)tr(As}/AEjH e AEkﬂAs;)A& o ATi-1 AT AR ASKHL ... ASn
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Now, note that the expected value of all the terms in (5.4)) is 0 by (2.13) and (5.3)). Therefore, taking Etr in (5.4))
and (5.5)), we have

iEtr(AE) = Z (s+£7)E [tr(As}/Aaﬂl Cos AT AT r(AST - . ASi—1 A5 A%k ACk+1 ...Aan):| '

dt ;
1<j<k<n

It is possible for one of the two trace terms to be trivial, in two special cases.

e If j =1and k = n,and if &1 = * and &, = 1, then the first trace term is equal to tr(A%), while the second
one is just tr(/y) = 1.

e Forl < j <mn,ifk=j+1,and e; = 1 while ¢, = *, then the second trace term is equal to tr(Af), while
the first one is just tr(/y) = 1.

In all other (g, j, k) configurations, each trace term involves a non-trivial string of length < n. Note that, in both
these exceptional cases, the two exponents must be different, and so the factor in front is s 4+ r. We separate out
these cases as follows:

n—1
d g g 13
aEtr(A ) = (8 + 7)1 (c; e)=(x, ) Etr(A%) + (s +7) Z Lie,eh0)=(1,0) Etr(A%)
j=1
+ Z (s+7)E [tr(AES'ASjH Co AR AT (ASY - A1 AT ATK AR .Aan)] ’

1<j<k<n

where ) indicates that the sum excludes the at-most-n terms accounted for in the special cases. Define

n—1
A(E) = Leremy=et) T 21 Lies )=
j=1
and let
5}7,€ = (€], ,€L), sik = (€1, 1€} €y -+ -1 En)-
Thus we have shown that Etr(A¢) satisfies the ODE
d —~— 61 82
ZE(A%) = k() (s + P)EG(AT) + Y (s£1)E [tr(A 34 )tr(A m)} , (5.7)
1<j<k<n

where all the terms in the sum are expectations of products of traces of words in A and A* of length strictly less
than n. Since A(0) = I, the unique solution of this ODE (in terms of these functions in the sum) is

T el 2
Etr(43) = OO0 4 S (s40) / e“(s)(s”)(Tt)]E[tr(At]”“)tr(At“’“)] i (58
0

1<j<k<n
where we have written A; = A% (1) to emphasize the different times of evaluation. Now returning to By =
BﬁYs (t) = e~ 2= A, and noting that the total length of the two strings ejl.’ ;, and 5?» i 18 1, the same as the length
of ¢, this gives
Etr(B5) = <@+ -5 (=T

= T 1 2
+ Z (s:l:r)/ elr @) st = 5 r=s)l(T—t) o5 (r=s)t |y tr(B:j’k)tr(B:j’k) dt. (5.9
1<j<k<n 0
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Now, repeating this derivation line-by-line, we find that, setting b; = b, 5(),
7(b5) = elFE st =5 r=9)IT
- T 1 2
+ Y (sE7) / elHE) s+ =5 (r=s)l(T=0) o 5 (r=5)tr (h 3k ) 7 (b 9F) dt. (5.10)
1<j<k<n 0

The principal difference is that, when applying the free It6 product rule (2.25)), the trace 7 factors through com-
pletely, while in the matrix Itd product rule (2.17)), only the trace tr factors through, while the expectation E does
not. Thus, the desired quantity (on the left-hand-side of (5.2))) at time 7" is equal to

T n n 1 2 1 2
S (s£7) / @A) =G r=o)|(T—1) o 5 (r—s)t (1{«: [tr(Bf]”“)tr(Bf““) —T(bi]‘k)T(b?’k)> dt. (5.11)
0

1<j<k<n

l '
Again to simplify notation, fix j, k in the sum and let B, = B:j’k and by = bij’k for ¢ = 1,2. Then we expand
the difference as

E[tr(Bl)tr(Bg)] — T(bl)T(bg) = COV[tI‘(Bl), tI‘(BQ)] + Etr(Bl)Etr(Bg) — T(bl)T(bg), (5.12)
and the last two terms may be written (by adding and subtracting 7(b; )Etr(Bz2)) as
Etr(By)Etr(Bz2) — 7(b1)7(b2) = Etr(Bs) - [Etr(B1) — 7(b1)] + 7(b1) - [Etr(Ba) — 7(b2)]. (5.13)

We now appeal to the inductive hypothesis. By construction, all the terms in the sum >, have both strings 5]1-7 k
and ej% ., of length strictly < n. As such, the inductive hypothesis yields that |Etr(B,) — 7(bg)| < Cy(t)/N? for
constants C(t) that depend continuously on ¢ (and all of the hidden parameters r, s, €). It follows, in particular,
that the constants Etr(B3) are uniformly bounded in N and ¢ € [0, 7’]. Thus, the terms in (5.13) are bounded by
C(t)/N? for some constant C/() that is uniformly bounded in ¢ € [0, T. By (5.1)), the covariance term in (5.12)
is also bounded by C’(t)/N? for such a constant C’(t). Integrating C(¢) + C’(t) times the relevant exponentials,
summed over j, k, in now shows that the whole expression is < C”(T) /N? for some constant C”/(T') that
depends continuously on T'. This concludes the proof. O

Remark 5.3. In [16, Theorem 1.6], the author showed that there exists a linear functional ¢! ,: C(X, X*) — C
so that holds with ¢}, (X --- X*") in place of 7(by,s(t)" - - - by,s(t)°"); the upshot of the present theorem
is to identify this linear functional as the noncommutative distribution of b, s(¢). In particular, it lives in a faithful,
normal, tracial W*-probability space, which could not be easily proved using the techniques in [16].

5.2 Asymptotic Freeness and Convergence of the Process

In this final section, we use the freeness of the increments of b, s(t) and the asymptotic freeness of the increments
of Bf\; (t), together with Theorem to prove Theorem We begin with some preliminary lemmas.

Lemma 54. Let 1,...,e, € {1,%}, and let f € C(X,...,X,,) be a noncommutative polynomial. Given
any permutation o € X, there is a noncommutative polynomial g € C(Xy,..., X, X5, ..., X}*) with the
following property. If b, ..., b, are invertible random variables in a noncommutative probability space, and
a1 =by,as = bl_lbg, ey Oy = b;ilbn are the corresponding multiplicative increments, then

f(bi'l(l)a 7bZ'T(LTL)) = g(ah"-vanﬂa){"' : ,CL;)-
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Proof. For1 < j < n, write
bj = by(byba) - - (b3

]—1bj) =a1az - aj. (5.14)
Let fU(Xl, - ,Xn) = f(Xa(l), o ,Xg(n)); then

87 E__
POy b)) = Fo(b 0 b ),

In each variable, expand the term b;"il(j ) using (5.14) (to the & o—1(j) power); this yields the polynomial g. [

The next lemma uses the language of Section[3.2]to give a more precise formulation of how free independence
reduces the calculation of joint moments to separate moments.

Lemma 5.5. Given any n € N and any noncommutative polynomial g € C(X1,..., X, X{,..., X}, there is
an integer m € N and a collection {P7*: 1 < j < n,1 < k < m} of elements of & with the property that, if
(7, T) is a noncommutative probability space, and a1, . . . ,a,, € < are freely independent, then
m
T(g(ar, . an,af, .. an) =Y PP (an) -+ PP (an). (5.15)
k=1

Here &7 denotes the polynomial space Z2(J) with the index set J a singleton. The proof of Lemma is
contained in the proof of [21, Lemma 5.13]. The idea is to center the variables and proceed inductively. The
exact machinery of how P7* are computed from g is the business of the rich theory of free cumulants, which is
the primary topic of [21]].

Now, suppose A]lv ,...,AN are N x N random matrices that are asymptotically free; cf. Definition This
means precisely that (AY, ...  AN) — (aj,...,a,) in noncommutative distribution, for some freely indepen-
dent collection ay, .. ., a, in a noncommutative probability space (<7, 7). In other words, for any noncommuta-
tive polynomial g € C(X7y,..., Xp, X7,..., X)),

A}i_r}rlooEtr(g(A{V,...,Af:[,(A{V)*,... (A ))) T(g9(ay,...,an,aj,...,ay))

»'n

Z Pn k(an)

k=1

where the second equality is Lemma Note that Pﬁ’k(a) is a polynomial in the trace moments of a, a*, and by
assumption of convergence of the joint distribution, we also therefore have (Pé’tr(AN ) — Pﬂ’k(aj) as N — oo.
Hence, we can alternatively state asymptotic freeness as

. 1,k nk
ngnoomr(g(A{V,...,A;V,(A{V) L (AN _ngnooZPEtr (AN -+ PR (AR, (5.16)

We now stand ready to prove Theorem

Proof of Theorem[I.1] For convenience, denote Bﬁv’s(t) = Biand b, 4(t) = bs. Fixty,...,t, > 0andeq,..., e, €
{1, ¥}. Fix a permutation o € X, such that ;;) < --- < to(n) and let t; = to(j)- Let

Ay = By, AnggllBtQ, An_Bn By,

be the increments for the partition t’l < ... <. Using Lemma we can write

Etr(B!--- Bi") = Etr(g(Ar, ..., An, A}, ..., A7) (5.17)
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where g € C(X1,...,X,, X7,...,X]) is determined by o and €1, . . . , &p,.

By Proposition [4.14] the increments A; are independent; moreover, their stationarity means that A; has the
same distribution as Bm; where At =t} and At =t —t, ; for 1 < j < n. Thus, by Corollary 3.19
Ay, ..., A, are asymptotically free. In addition, the equality of distributions means that all x-moments of A; are
equal to the same x-moments of B At Thus, combining @ and lb we have

1 n) — 1,k k
Jim Btr(B) - B) = lim Z Pat(Bay) -+~ Po¥(Bag,)-
From Theorem [5.1} we therefore have
m
3 ny — 17k ,k
Jim Ete(By) - Byt = > P (bar) - PR (bag,)-

Now, by Proposition , the increments by, are freely independent and stationary; so letting
J

-1 1
ay :bt’la as :bt,1 bt/27 R an—bt; lbt%
we see that {bay, - . ., bay, } have the same joint distribution as {a1, ..., an}. Thus
m
: n Lk Lk ( K
Jim Etr(Bj} - By) = > PMF(bay) - PP (bag,) Z P (ay) - PP (ay,),
k=1

and by the definition (5.15) of P7¥, this yields

»r'n

J\;i_r)nooEtr(Bfll - Bir) =1(g(ay,...,an,ai,...,ay)).
Finally, by the definition (5.17) of g, we conclude that
Jim Etr(B - Bi) = (b b0,
concluding the proof. O

We conclude by giving an extension of Theorem [I.1} it follows essentially immediately that any collection
of independent (r, s)-Brownian motions converges in finite-dimensional distributions to a collection of freely
independent free multiplicative (r, s)-Brownian motions. Moreover, not only do moments converge, but all trace
polynomials converge (at rate ﬁ).

Corollary 5.6. Fix a time index set J and an integer m. Let {(BT],VSk (t))t>0}1<k<m be a finite family of indepen-
dent (r, s)-Brownian motions on GLy, and let {(b’;s (t))e>01<k<m be a finite family of freely independent free
multiplicative (r, s)-Brownian motions in noncommutative probability space (<, 7). Fix a collection of times
T = (t)) ek, and set Bﬁ;k(T) = {Bé\,/;k(tj)}jej and bfvs(T) = {bf,s(tj)}jej Then for any trace polynomial
Pe2(Jm),

PY(BAT) . BEP(T) = PAOL(T) o () 40 3)-
The proof is a straightforward extension of the above techniques. A remark about the precise O(1/N?) statement:
in Theorem [5.1] we prove the special case of Theorem [I.1] (and Corollary [5.6) when t; = --- = t,, = ¢. In this
case, we have the quantitative bound that the difference between the moments in is O(ﬁ) That this extends
to the general case can be seen easily by tracking through the proof of Theorem [I.1] (beginning on page [29) and
using the fact that all moments of the Brownian motion are bounded uniformly in V.
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