HYPERCONTRACTIVITY IN NON-COMMUTATIVE
HOLOMORPHIC SPACES

TODD KEMP

ABSTRACT. We prove an analog of Janson’s strong hypercontractivity inequality in a class of non-commutative
“holomorphic” algebras. Our setting is the g-Gaussian algebras I'; associated to the g-Fock spaces of Bozejko,
Kiimmerer and Speicher, for ¢ € [—1,1]. We construct subalgebras H, C I'y, a ¢-Segal-Bargmann transform,
and prove Janson’s strong hypercontractivity L?(H,) — L"(H,) for 7 an even integer.

1. INTRODUCTION

As part of the work in the 1960s and 1970s to construct a mathematically consistent theory of interacting
quantum fields, Nelson proved his famous hypercontractivity inequality in its initial form [N1]; by 1973
it evolved into the following statement, which may be found in [N2].

Theorem 1.1 (Nelson, 1973). Let A, be the Dirichlet form operator for Gauss measure dry(z) = (27) ™" 2¢=l21?/2 gy
onR"™ Forl <p<r<ooand f € LP(R",~),

r—1
p—1

_ 1
e flle < Wfllps for ¢ tu(pr) = 5 log (1.1)

Fort < ty(p,r), et is not bounded from LP to L.

(If p < 2, one must first extend e~*4» to LP; this can be done, uniquely, and Theorem 1.1 should be
interpreted as such in this case. The same comment applies to all of the following.) It is worth noting that
tn, the least time to contraction, does not depend on the dimension 7 of the underlying space R".

The initial purpose of such hypercontractive inequalities was to prove the semiboundedness of Hamil-
tonians in the theory of Boson quantum fields. (See, for example, [Gli], [N1], and [Se2].) In [G1], Gross
used this inequality (through an appropriate cut-off approximation) to show that the Boson energy oper-
ator in a model of 2-dimensional Euclidean quantum field theory has a unique ground state. In that paper
he also showed that if one represents the Fock space for Fermions as the L2-space of a Clifford algebra (as
in [Sel]), then inequalities similar to 1.1 also hold. He developed this further in [G3].

Over the subsequent three decades, Nelson’s hypercontractivity inequality (and its equivalent form, the
logarithmic Sobolev inequality, invented by Gross in [G2]) found myriad applications in analysis, prob-
ability theory, differential geometry, statistical mechanics, and other areas of mathematics and physics.
See, for example, the recent survey [G5].

The Fermion hypercontractivity inequality in [G3] remained unproven in its sharp form until the early
1990s. Lindsay [L] and Meyer [LM] proved that it holds L?> — L" forr = 2,4,6,... (and in the dual
cases L" — L? as well). Soon after, Carlen and Lieb [CL] were able to complete Gross’ original argument
with some clever non-commutative integration inequalities, thus proving the full result. (Precisely: they
showed that the Clifford algebra analogs of the inequalities 1.1 hold with exactly the same constants.)

Then, in 1997, Biane [B1] extended Carlen and Lieb’s work beyond the Fermionic (Clifford algebra)
setting to the ¢g-Gaussian von Neumann algebras I'; of Bozejko, Kiimmerer, and Speicher [BKS]. His
theorem may be stated as follows.
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Theorem 1.2 (Biane, 1997). Let —1 < q < 1, let N, denote the number operator associated to Iy, and let || - ||, be
the non-commutative LP-norm associated to the vacuum expectation state 7, on I'y. Then for 1 < p <1 < oo,

le™™ flle < £l forall f € LP(Tg. ) iff ¢ > tn(p.r).

Of particular interest is the case ¢ = 0 which corresponds to free probabiliy. Biane proved the full result
(for —1 < ¢ < 1) by first extending Carlen and Lieb’s work to the case of a system of mixed spins (in a von
Neumann algebra generated by elements which satisfy some commutation and some anti-commutation
relations), and then applying a central limit theorem due to Speicher [S]. The case ¢ = —1 is Carlen and
Lieb’s adaptation of Gross” work, while the ¢ = 1 case is Nelson’s original hypercontractive estimate
(Theorem 1.1).

Concurrent to the work on non-commutative hypercontractivity, a different sort of extension of Nel-
son’s theorem was being developed. In 1983 Janson, [J], discovered that if one restricts the semigroup
e~*47 in Theorem 1.1 to holomorphic functions on R?" 2 C" then the contractivity of Equation 1.1 is at-
tained in a shorter time than ¢y. Writing HL? = LP(R?",~) N Hol(C"), Janson’s strong hypercontractivity
may be stated thus.

Theorem 1.3 (Janson, 1983). Let 0 < p < r < oo, and let f € HILP. Then
_ 1 r
le™ e < Wy for ¢ ts(pr) = 3 log . (12)

Fort < t;(p,r), et is not bounded from HLP to HL".

Note that the least time ¢; to contraction is shorter than the time ¢ty (if 1 < p < r < 00). Moreover,
Janson’s result holds as p — 0, in a regime where the semigroup e~ is not even well-defined in the full
LP-space. These results have been further generalized by Gross in [G4] to the case of complex manifolds.

In this paper, non-commutative algebras H, will be introduced, which are g-deformations of the algebra
of holomorphic functions. The special cases ¢ = £1 and ¢ = 0 are already known; H_; is defined in
[BSZ], while Hj is isomorphic to the free Segal-Bargmann space of [B2]. We will construct a unitary
isomorphism .%, from L?(T';) to L?(H,), which is a g-analog of the Segal-Bargmann transform. H,, itself
will be constructed as a subalgebra of Iy, and so inherits its p-norms as well as its number operator N,.
In the context of these g-deformed Segal Bargmann spaces, the following theorem is our main result.

Theorem 1.4. For —1 < g < 1 and r an even integer,
le™ N fll, < || fllaforall f € L*(Hg,7q) iff t>t5(2,7).

It is interesting that the least time to contraction, ¢;, is independent of both the dimension of the un-
derlying space and the parameter ¢q. We fully expect the same results to hold LP(H,) — L"(H,) for
2 < p <r < oo, but standard interpolation techniques fail to work in the holomorphic algebras we con-
sider. (In particular, the dual results that Lindsay and Meyer achieved in the full Clifford algebra do not
follow in this holomorphic setting.)

This paper is organized as follows. We begin with a summary of the ¢g-Fock spaces F, and the von Neu-
mann algebras I'; associated to them. We will also define the holomorphic subalgebras H, and construct
a g-Segal-Bargmann transform. In the subsequent section, we prove the appropriate strong hypercon-
tractivity estimates for algebras with arbitrary mixed spins (mixed commutation and anti-commuations
relations), much in the spirit of Biane’s approach [B1]. We then proceed to review Speicher’s central limit
theorem, and apply it to prove Theorem 1.4.

2. THE ¢-FOCK SPACE AND ASSOCIATED ALGEBRAS

We begin by briefly reviewing the g-Fock spaces of Bozejko, Kiimmerer and Speicher, relevant aspects
of the von Neumann algebras I'; (which are related to the creation and annihilation operators on F;,), and
the number operators on them. We then proceed to define the Banach algebra H, which corresponds to the
classical Segal-Bargmann space, and exhibit a *-isomorphism between H, and the free Segal-Bargmann
space 6o defined in [B2]. We finally construct a generalized ¢-Segal-Bargmann transform, which is a
unitary isomorphism L?(I';) — L?(H,) that respects the action of the number operator.
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2.1. The g-Fock space 7, and the algebra I';. Our development closely follows that found in [B1]; the
details may be found in [BKS] Let 7 be a real Hilbert space with complexification 7. Let {2 be a unit
vector in a 1-dimensional complex Hilbert space (disjoint from .7¢). We refer to €2 as the vacuum, and by
convention define .7°° = CQ. The algebraic Fock space F(.#) is defined as

o]

— KXn

=
n=0

where the direct sum and tensor product are algebraic. For any ¢ € [—1, 1], we then define a Hermitian
form (-, -)4 to be the conjugate-linear extension of

(Q,2), =1

(@ @fa@ - @a)y = ok > ¢ (f1,9x) - (fi grk),
TESK

for fi, gi € ¢, where S, is the symmetric group on k symbols, and «(7) counts the number of inversions
in 7; that is
um) = #{(6,4); 1 <i < j < k,mi > mj}

The reader may readily verify that (—1){™) = parity(r) for any permutation 7. Hence, the form (-,-)_;
reduces to the standard Hermitian form associated to the Fermion Fock space. Similarly, the form (-, -);
yields the standard Hermitian form on the Boson Fock space. In each of these cases the form is degenerate,
thus requiring that we take a quotient of F(.¢) before completing to form the Fermion or Boson Fock
space. It is somewhat remarkable that, for -1 < ¢ < 1, the form (-, ), is already non-degenerate on
F(I2).

Proposition 2.1 ([BKS]). The Hermitian form (-, ), is positive semi-definite on F (7). Moreover, it is an inner
product on F(€) for —1 < ¢ < 1.

For —1 < ¢ < 1, the g-Fock space F,(#) is defined as the completion of F () with respect to the
inner-product (-, -)4. (It should be noted that, in the case ¢ = 0, the definition of the form (-, -)o requires
the convention that 0° = 1. It follows that Fo (7)) is just @, 7" with the Hilbert space tensor product
and direct sum.) These spaces interpolate between the classical Boson and Fermion Fock spaces F4.1(.7%7),
which are constructed by first taking the quotient of 7 (.77) by the kernel of (-, -)+1 and then completing.

As in the classical theory, the spaces F, come equipped with creation and annihilation operators. For
any vector f € J C ¢, define the creation operator c,(f) on F, () to extend

Cq(f)Q = f
GNH® - Qfk = [RAR--® fi.

The annihilation operator c;(f) is its adjoint, which the reader may compute satisfies

G = 0

k
ahheof = > ¢ NI @@ fi
j=1
These are similar to the definitions of the creation and annihilation operators in the Fermion and Boson
cases, where appropriate (anti)symmetrization must also be applied. One notable difference is that, in the
Boson (¢ = 1) case, the operators are unbounded. For ¢ < 1, the creation and annihilation operators are
always bounded, and hence we may discuss the von Neumann algebra they generate without difficulties.

The operators ¢, ¢, satisfy the g-commutation relations, which interpolate between the canonical com-
mutation relations (CCR) and canonical anticommutation relations (CAR) usually associated to the Boson
and Fermion Fock spaces. Over the g-Fock space, we have

cg(9)eq(f) — acq(feg(g) = (f,9)idz, () for f,ge . (2.1)

It is worth pausing at this point to note one significant dlfference between the ¢ = +1 cases and the —1 <
q < 1 cases. For both Bosons and Fermions, the operators ¢, ¢* also satisfy additional (anti)commutation
3



relations. In the Boson case, for example, ¢(f) and ¢(g) commute for any choices of f and g. It is a fact,
however, that if ¢ # +1 there are no relations between c,(f) and ¢4(g) if (f, g) = 0.

It is a well-known theorem that the creation and annihilation operators in the Boson and Fermion cases
are irreducible; that is, they have no non-trivial invariant subspaces. That theorem is also true for the
operators ¢, for —1 < g < 1, although a published proof does not seem to exist. We prove it here for
completeness. The ¢ = 0 case will be used in Proposition 2.5 below.

Theorem 2.2. For —1 < q < 1, the von Neumann algebra generated by {cq(h); h € J} is B(Fq(I)).

Proof. Denote by #; the von Neumann algebra generated by the ¢,’s. We consider the ¢ = 0 case first. Let
{e1, ez, ...} be an orthonormal basis for .7, and consider the operator

P =Y clej)c(e))
j=1
(where c(h) = ¢o(h)), which is in #} since #} is weakly closed. Itis easy to calculate that P(e;, ®- - -®e;,,) =
e, ® - ® e, while PQY = 0. Thus, P is the projection onto the orthogonal complement of the vacuum.

So #y > 1 — P = Pq, the projection onto the vacuum. Therefore %#{ contains the operator
C(eil) e C(ein>PQC*(ejl) e C*(ejm)7

which is the rank-1 operator with image spanned by ¢;, ® - - - ® e;,, and kernel orthogonal to e, ® - --®e;,,.
It follows that #{ contains all finite rank operators, and hence is the full algebra B(Fy(.¢)).

For ¢ # 0, it is proved in [DN] that there is a unitary map U,: Fy — F,, which preserves the vacuum
and satisfies

Uch[)U; C €y,

where % is the C*-algebra generated by {c,(h) ; h € J}. As ¥, is the weak closure of €, it follows easily
that B(Fy (7)) = UB(Fo(H))U; = U#oU; C #y as well, and this completes the proof. O

For ¢ < 1 and for each f € J#, define the self-adjoint operator X,(f) on F, () by X,(f) = cq(f) +

cy(f)- These operators are in #;, = B(F,(7¢)), but they do not generate it. The von Neumann algebra they
do generate is defined to be I';(.7#), the ¢-Gaussian algebra over . (In the ¢ = 1 case, I'1 (%) is the von
Neumann algebra generated by the operators ¢(X(f)) for ¢ € L>(R).) The notation I'; is chosen to be
consistent with the second quantization functor from constructive quantum field theory (see [BSZ]), which
assigns to each real Hilbert space .7# a von Neumann algebra I'(.%#’) and to each contraction T': ¢ — &
a unital positivity-preserving map I'(T"): I'(¢) — I'(¥). Indeed, I'; can be construed as such a functor

as well.

The isomorphism classes of the von Neumann algebras I';(.7) for ¢ ¢ {£1,0} are not yet understood.
(For some partial results, however, see [R] and [Sn].) The +1 cases have been understood since antiquity:
' () = L*°(M,~) for a certain measure space M with a Gaussian measure v , while I'_; (/) is a
Clifford algebra modeled on .77. These facts rely upon the additional commutation relations between
c(f) and ¢(g) that hold in those cases. (Indeed, in the Boson case X (f) and X (g) commute, resulting in
a commutative von Neumann algebra I'(¢). It is primarily for this reason that it is customary to begin
with a real Hilbert space and complexify — if ¢(f) were defined for all f € J, then ¢(f) and ¢(g) would
no longer commute even in the Boson case. While there are no commutation relations between ¢,( f) and
cq(9), it is still advantageous for us to have the real subspace /¢ C ¢ in order to define the holomorphic
subalgebra in section 2.2.) I'g(7°) was shown (in [V]) to be isomorphic to the group von Neumann algebra
of a free group with countably many generators.

One known fact about the algebras I';(.#) for —1 < ¢ < 1 is that they are all type I1; factors. This is a
consequence (in the dim .7’ = oo case) of the following theorem, which was proved in [BSp].

Proposition 2.3 (Bozejko, Speicher). Let —1 < g < 1. The vacuum expectation state 7,(A) = (AQ,Q), on
B(F,(S€)) restricts to a faithful, normal, finite trace on Ty (H).
4
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*

The reader may wish to verify that 7,(c p

all of B(F,(7)).

The algebra I'; can actually be included as a dense subspace of F,. The map A — A is one-to-one
from I'; into F,. The precise action of this map will be important to us, and so it bears mentioning. The
q-Hermite polynomials H; are one-variable real polynomials defined so that Hi(z) = 1, H{(z) = z, and
satisfying the following recurrence relation:

¢q) = 1, while 7,(¢,4c) = 0; hence, 7, is certainly not a trace on

oHY(@) = Hi (@) + T Ly (@), 22)
where (¢" — 1)/(q — 1) is to be interpreted as n when ¢ = 1. In this case, the generated polynomials
H} are precisely the Hermite polynomials that play an important role in the Boson theory. When ¢ = 0,
the polynomials HY are the Tchebyshev polynomials, and play an analogous role in the theory of semi-
circular systems (see [V]). We can express the action of the above map A — A succinctly in terms of the
polynomials H;. The following proposition is proved in [BKS].

Proposition 2.4. The map A — AQ from Ty to F, is one-to-one, and extends to a unitary isomorphism L*(Ty, 7,) —
Fq. If {e;} are orthonormal vectors in 7 and jo # jei1 for 1 < € <k —1, then
HY (Xq(ej,)) - HE (Xg(ej))Q=eE™ @ -+ @5, (2.3)

ni ]k
The algebraic Fock space F(7¢) carries a number operator N, whose action is given by
NQ = 0
N(fi®@ - @fn) = ni @@ fo

This operator extends to a densely-defined, essentially self-adjoint operator IV, on F, (). The algebra
', then inherits the action of IV,, via the map in Proposition 2.4. The reader may readily check that if {e;}
are orthonormal vectors in 7 and jy # jy11 for 1 < ¢ < k — 1, then the element

H, (Xq(e)) -~ Hy, (Xq(eg,)
is an eigenvector of N, with eigenvalue n; + - -+ + ny. In the case /# = RY, this is a precise analogy to
the action of the number operator for Bosons. The algebra I';(R?) is isomorphic to L>°(R%,v), and the

operators X (e;) (for the standard basis vectors e;) are multiplication by the coordinate functions z;. The
Boson number operator A, has H} (z1)--- H} (x}) as an eigenvector, with eigenvalue ny + - - - + .

The number operator generates a contraction semigroup e~ on L?(T;, 7,), which is known to restrict
for p > 2, and extend for 1 < p < 2, to a contraction semigroup on LP(I'y, 7,). Biane’s hypercontractivity
theorem, Theorem 1.2, is an extension of these results.

2.2. the holomorphic algebra, and the ¢-Segal-Bargmann transform. Let ¢ < 1. We wish to define a
Banach algebra of “holomorphic” elements in B(F;). To that end, we follow a similar procedure to the
formal construction of holomorphic polynomials. We begin by doubling the number of variables, and
so we consider the algebra I'y(7 @ ). This algebra contains two independent copies of the variable
X(h) € Ty(s): X(h,0) and X(0,h). (Here, (h,0) denotes a pair in ¢ @ S, not the inner product of
h with 0. Whenever this ambiguity in notation may be confusing, we will clarify by denoting the inner
product as (-, ). for the appropriate Hilbert space .#".) We then introduce a new variable Z(h),

1
Z(h) = —(X (h,0) +iX (0, h)). 2.4
(h) \/5( (h,0) +iX(0, h)) (2.4)
In the case 7 = R and ¢ = 1, this precisely corresponds to the holomorphic variable z = (z +1iy)/v/2, the
normalization chosen so that z is a unit vector in 7L?(y). We define the g-holomorphic algebra H,(.7#%)
as the Banach algebra generated by {Z(h); h € J}.

In [B2], Biane introduced a Banach algebra %, in the ¢ = 0 case which is also an analog of the algebra
of holomorphic functions. His algebra is not contained in I'g (%" & .7¢), so it is less natural to consider an
action of Ny on it. We introduce it here (with slightly changed notation to avoid inconsistencies) to show
that it is isomorphic to Hy, and so the work presented here indeed generalizes Biane’s results. Consider

5



the von Neumann algebra B(Fy(s¢ & 5¢)); it contains all the operators cy(h, g) and their adjoints, for
h,g € . Define the operator

B(h‘) = CO(h7 0) + 68(07 h)
Let € () be the von Neumann algebra generated by { B(h) ; h € ¢}, and %(-7¢) the Banach algebra
so generated. The vacuum expectation state 79(A) = (A€, ) restricts to a faithful, normal, finite trace on
¢ (Ht), and the map h — B(h) is a circular system with respect to 7 (see [V]).

Although Biane’s algebra %,;(-7#¢) is not contained in I'g(# & ), it is in fact isomorphic to our
algebra H(7), in the following strong sense.

Proposition 2.5. There is a x-automorphism of B(Fo(# @ F)) which maps T'o(H & ) onto € (H#z). In
particular, it maps Z(h) to B(h), and so sends Ho(.H#¢) to Chol(H2).

Proof. By Theorem 2.2, we can define an endomorphism of B(Fy(## & 7)) on the generators cy(h, g) by

a(colhng)) = jﬁwamh»+wm—%m>
a(c(hng) = Q%@Hhh)—wm—%m»

A straightforward computation verifies that the operators a(cy(h, g)) satisfy the 0-commutation relations
of Equation 2.1. Hence, o extends to a s-homomorphism. It can also easily be checked that a has an
inverse of the form

o eolhng)) = ;g@ah+gm>+wduh—g»
o Y (c(hg) = ;g@ah+gm>—waah—g»

which also extends to a x*-homomorphism. Hence, a is a *-automorphism. Finally, one can calculate
that a(Z(h)) = B(h). Whence, o maps H onto ., and so maps W*(Ho(#¢)) = To( & ) onto
C (). O

It should be noted that Proposition 2.5 generalizes automatically to ¢ # 0; however, we are only con-
cerned with the ¢ = 0 case for 6.

Corollary 2.6. The map o from I'o(H @ ) to € (H¢) extends to an isometric isomorphism LP(I'g, 19) —
LP(%, 1) for 0 < p < 0.

Proof. Since « is a *-automorphism of the full von Neumann algebra B(Fy), by Wigner’s theorem it is
induced (through conjugation) by either a unitary or an anti-unitary on Fy. Suppose it is a unitary, U, so
that a(A) = U* AU for each A € B(Fp). Recall that 7 is known to restrict to a tracial state on both W*(H,)
and %. Hence, for A € Hgpand p > 0,

la(A)[I5 = 7o(|a(A)[P) = 1o(a(|A])) = 1o (UT|A]PU) = 7o(|A]") = [ All5-

It follows that o extends to an isometric isomorphism from LP(Hy, 79) onto LP (€1, 70). The anti-unitary
case is similar. O

Hence, the algebraic map which sends Z(h) to B(h) preserves all L” topology (even for p < 1), and so
the analyses of the spaces Hy and %}, are very much the same.

In the commutative context, one of the most powerful tools in this area is the Segal-Bargmann transform
., which is a unitary isomorphism

7 L2(RY, v) — HL*(C%,+).
Here, 7/ denotes the measure whose density with respect to Lebesgue measure is (a constant multi-
ple of) the complex Gaussian exp(—|z|?), rather than exp(—|z|?/2) as in 7. The Hermite polynomials
H} (x1)---Hj (z4), appropriately normalized, form an orthonormal basis of L?(RY, ), and the action of
7 on this basis is simple:
S Hy (x1) - Hyy (xa) — 20 2 (2.5)
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So .# maps the Hermite polynomials to the holomorphic monomials.

(A note on normalization. Instead of changing the measure v — +/, we could redefine .%": L? (R, ) —
HL?(C? ~) by setting . f(z) = .7 f(2/+/2). This map is, of course, a unitary isomorphism. It is this point
of view that we take while generalizing the Segal-Bargmann transform. After all, we have already built
the factor 1//2 in to the variable Z(h).)

In [B2], a free Segal-Bargmann transform is introduced, which is a unitary isomorphism L?(T¢, 79) —
L*(%hot, T0)- We will modify this transform and extend it to all ¢ € [1, 1], and further show that besides
generalizing the classical transform . it respects the action of the number operator. First, we will need to
understand the embedding of H, (/) in F, (A & ) (it is injected via the map A — A(2, which is one-to-
one on all of I'; (¢ & ) by Proposition 2.4). Consider the diagonal mapping ¢: ¢ — ¢ & ¢ defined
§(h) = 271/2(h, ih). Since ¢ is isometric, it extends to an isometric embedding d,: F, () «— F,(H & )
(that is, 5q(h1 R hy ® - - ) = (5(h1) & 5(h2) ® ).

Proposition 2.7. The map A — AQ injecting Hy(Ht) — Fy(H & ) extends to a unitary isomorphism
L2(Hy(H2),7q) — 8qF4 (). If {e;} are orthonormal vectors in S, then

Zg(ejy)" - Zg(eg, )" =4, ( Se-® eink)- (2.6)
Proof. Let¢p =h; ® --- ® hy, € F(H), and consider Z,(h)d(¢p). We may compute
Xq(h,0)0(9) = (cq(h,0) + c4(h,0))5(¢)

= (h,0)®5(¢ +Zq] 1( “12(n ]7ihj)7(h70)> 6(¢;)

vara
= (h,0)® (¢ fzqﬂ L(hj, h) #0(dj),
where ¢; = hy ® - ® hj_1 @ hj11 @ -+ @ hy,. A similar calculation shows that
X,(0,R)5(¢) = (0,h) @ 5(¢ Zq (ihj, h) #0(j),

and so in the sum X, (h,0) + iX,(0,h) the c; terms cancel. (Note, we have assumed as is standard that
the complexified inner product (A, g) is linear in ~ and conjugate-linear in g.) Thus, we have Z,(h)d(¢) =
271/2(h,ih) @ 6($) = 5(h® ¢). Equation 2.6 now follows by induction, and the theorem follows since such
vectors are dense in 6,5, (). O

We may now define the ¢-Segal-Bargmann transform as follows. Propositions 2.4 and 2.7 give (up to
the map §,,) unitary equivalences between the Fock space F, (%) and both L?(T,(5#), 7,) and L*(H, (),
The ¢-Segal-Bargmann transform .7 is the composition of these unitary isomorphisms. That is, .7, is the
unitary map which makes the following diagram commute.

Fo )" Fo (o @ )
AHAQT TAHAQ

LZ(Fq(%)a Tq) e Lz(Hq(%)qu)

q

By Equations 2.3 and 2.6, the action of .7, can be expressed in terms of the g-Hermite polynomials. If {e;}
are orthonormal vectors in .# and j; # jyiq for 1 < ¢ < k — 1, then

Sy Hrqu (Xq(eq))- “HTqu(XQ(ejk)) = Zg(egy)"™ - Zg(eg, )™ (2.7)

Comparing Equations 2.5 and 2.7, we see that .7 is a natural extension of the classical Segal-Bargmann

transform.
7
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Since H,(#¢) is contained in I'y(J# @ ), it inherits the number operator N, from it, induced by the
inclusion of I'y(J# @ J¢) into F, (¢ @© ) via the map A — AS. From Equation 2.6, we see then that
Zy(e1)™ - - Zy(ex)"™ is an eigenvector of N, with eigenvalue n; + - - - + ny. This is precisely matches the
conjugated action .7, N, of the number operator N, on I'y(%¢), as can be seen from Proposition 2.4.
Hence, we have ./, N, = N,.7;, just as in the commutative case.

Finally, we define LP(H,(.7#¢), 74) to be the completion of H,(7¢) in the LP(I'y (7 & S), T4)-norm. For
p > 2 (the case of interest for our main theorem), it is equal to the intersection of L?(H, (), ;) with
LP(Ty( & ), 74). The class of Banach spaces LP(H,, 7,) is a non-commutative generalization of the
spaces HLP(C%,~/) that occur in Janson’s Theorem 1.3. Since the algebra H,, is not a von Neumann algebra,
this family is not known to be complex interpolation scale. For example, in the ¢ = 1 case, the family is not
complex interpolation scale when 7 is infinite-dimensional (this is almost proven in [JPR]). Hence, once
we have proved Theorem 1.4, it is not an easy matter to generalize to the case p > 2,7 # 2,4,6, . ..

3. MIXED SPIN AND STRONG HYPERCONTRACTIVITY

We will consider the mixed-spin algebras ¢'(I, o) introduced in [B1] which represent systems with some
commutation and some anti-commutation relations. Such systems may be viewed as approximations
to the g-commutation relations, in a manner which will be made precise in Section 4. We introduce a
holomorphic subalgebra H(I, ¢), and give a combinatorial proof of a strong hypercontractivity theorem
like Theorem 1.4 for it.

3.1. The mixed-spin algebra % (I,c). Let I be a finite totally ordered set (with cardinality denoted by
|1]), and let o be a function I x I — {—1,1} which is symmetric, o (i, j) = o(j,?), and constantly —1 on the
diagonal, o(i,i) = —1. Let (I, o) denote the unital C-algebra with generators {z; ; i € I} and relations

Tilj — a(i,j)xjaci = 25@' for 1,7 € 1. (3.1)
(The requirement o(i,i) = —1 forces 2? = 1, and guarantees that ¢ (I, o) is finite-dimensional.) In the
special case 0 = —1, this is precisely the complex Clifford algebra %;, hence our choice of notation. In

the case o(i,j) = 1 for i # j (i.e. when different generators commute), the generators of ¢ (I, o) may be
modeled by || i.i.d. Bernoulli random variables, and so we reproduce the toy Fock space considered in
[M]. In the general case, (I, o) has, as a vector space, a basis consisting of all x4 with A = (i1,. .., i)
increasing multi-indices in k, where x4 = x;, ... zi,, and zy denotes the identity 1 € ¢(/,0). Thus,
dim €(I,0) = 2//l. Moreover, (I, o) has a natural decomposition

1]

C(1,0) =P 6, 0),
n=0

where %, = span{z4; |A| = n} is the “n-particle space.” Of some importance to us will be the natural
grading of the algebra,

C(1,0)=%+(I,0)DC-(1,0),
where ¢, = @{%,; nis even}, and €_ is the corresponding odd subspace. The reader may readily verify
that this decomposition is a grading —i.e. €, - €3 C 6,3, where a, € {+, —} and their product is to be
interpretted in the obvious fashion.

We equip ¢(I,0) with an involution *, which is defined to be the conjugate-linear extension of the
map z% = x4-, where (i1, ...,i;)" is the reversed multi-index (i, ...,%1). In particular, the generators
x; = xf are self-adjoint, and in general 2% = +x4. We also define a tracial state 7, by 7,(x4) = 0 49; that
is, 7-(1) = 1 while 7,(x4) = 0 for all other basis elements. It is easy to check that 7,(ab) = 7,(ba). This
allows us to define an inner product on ¢ (I, o) by

(a,b), = 17,(b*a).

The basis {z 4} is orthonormal with respect to (-, -),. Following the GNS construction, the action of (I, o)

on the Hilbert space (¢'(1,0), (-, ),) by left-multiplication is continuous, and yields an injection of ¢ (I, o)

into the von Neumann algebra of bounded operators on the Hilbert space. In this way, ¢'(I, ) gains a

von Neumann algebra structure. We denote by LP(¢'(1,0), 7,) the non-commutative LP space of this von
8



Neumann algebra with its trace 7,. (So, in particular, L?(%¢'(I, o), 7,) is naturally isomorphic to the Hilbert
space (¢ (1,0),(-,*)s).) The LP(€¢(I,0), 75)-norm is, in fact, just the (normalized) Schatten L”-norm on the
matrix algebra. This can be seen from the following Proposition.

Proposition 3.1. Let tr denote the normalized trace on the finite-dimensional algebra B(L*(¢(I,0),7,)). Then
forany x € €(1,0),
To(x) = tr(x).

Proof. Using the orthonormal basis {z 4} for L?(¢(I,0), 7,), we compute that

0 if A+
tr(za) =271 TATB,TB)e = ’
(za) EB:( ATB, ) {2” g, zp)e =1, fA=10
where the sums are taken over all increasing multi-indices B. So tr(z4) = da9 = 75(z4). O

Note that the trace 7, may be expressed in terms of the inner product as the pure state 7, (x) = (21, 1),.
This formula extends to all of B(L*(%¢(I,0),7,)), giving the pure state 3 — (31,1),. However, this state
does not equal tr for all bounded operators 3. We will see examples in Section 4 showing that it is not
tracial in general.

The algebra ¢'(I,0) comes equipped with a number operator N, which has %,,(I, o) as an eigenspace
with eigenvalue n. That is,

Nyx g = |Alxa.
This is a generalization of the action of the operator N_; on the Clifford algebra %j; = I'_; (RN, N, isa
positive semi-definite operator on L?(%(I,0),7,), and so generates a contraction semigroup e *Vo. It is

to the study of this semigroup, restricted to a holomorphic subspace, that we devote the remainder of this
section.

3.2. The mixed-spin holomorphic algebra H(/, o). Following our construction of H,, we will begin by
doubling the number of variables. We extend o to the set I x {0, 1} by setting

a((i,¢), (4,¢") = a(i, ),
and then consider the algebra ¢'(I x {0,1},0). If we relabel z(; ¢y — w; and x(;;) — ¥, then this is
tantamount to constructing the unital C-algebra with relations

l’iSL’j - O'(i,j)l’j&?i = 25@'
viyj —o(i,J)yjys = 205 p for d,jel. (3.2)
riy; —o(i, j)yjze = 0

Note, ¢'(1,0) is *-isomorphically embedded in €' (I x {0,1},0) via the inclusion z; — 7 (;0)- Hence, this
relabeling should not be confusing.

We define elements z; € € (I x {0,1},0) by
zZj = 2_1/2(21,‘]' + ’iyj) = 2_1/2(1‘(]‘70) + ’L'ZL'(jJ)), for jel. (3.3)

(To avoid confusion, we point out that in Equation 3.3, i refers to v/—1 € C.) The operator z; is an analog
of the operators Z,(e;) in H,. The normalization is again chosen so that z; is a unit vector in L*(¢, 75).
For the calculations in the foregoing, however, it will be convenient to have the variables normalized in
L>(%,7,). Therefore, we also introduce

1
%:Tm%:i@+%)ﬁwjeL

The reader may readily verify that |2;> = Z7%; is a nonzero idempotent, and hence ||2;||c = 1. Define
the mixed spin holomorphic algebra #(/, o) as the C-algebra generated by {21, ..., 27 }. This is just the
polynomial algebra in the variables z1, ..., z;;) — the adjoints are not included. Indeed, 22} = z; —iy;, so
z; = zj + £; and y; = i(2] — Z;). Thus, the x-algebra generated by 21,.. .,z isall of (1 x {0,1},0).
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Observe that 227 = 2% — y? + i(x;y; + y;x;) = 0 since 0(j, j) = —1. In general, we may compute that

Rikj — a(z’,j)zjzi = 0, (34)
and the same relations (of course) hold for the 2;. The operators Z;, £ also satisfy the joint relations
é:(?:’] — O'(Z,j)?:ji;k = 67;]' for 1,5 € 1. (35)

Equation 3.5 looks much like the g-commutation relations of Equation 2.1. It is, in fact, possible to think
of Zj, 27 as creation and annihilation operators. That is, there is a faithful representation of z;, 27 in
B(L*(€¢(I,0),7,)), which sends 2; and Z7 to the creation and annihilation operators 3;, 3 on L*(€¢(1,0),7,)
discussed in Section 4. (By our definition, the operators Z;, £ are a priori in the doubled space B (LA(€(I x
{0,1},0),75).) This representation, the spin-chain representation, is discussed in [CL] in detail in the case
o = —1, and is generalized in [B1]. The problem with this point of view is that the pure state 5 — (51,1),
on B(L*(¢(I,0),7,)) does not correspond to the trace 7, under the representation. So, we prefer not to
think of Z;, 27 as creation and annihilation operators.

A simple calculation shows that if |[A| = n then z4 € %,(I x {0,1},0), and so Nyz4 = |A|za. Thus,
H(I, o) is a reducing subspace for the (self-adjoint) operator N, on L*(¢'(I x {0,1},c), 7). Note also that
the action of N, on z4 mirrors that of N, on x 4. In fact, this can be stated in terms of a o-Segal-Bargmann
transform: the map .%,: x4 — z4 is a unitary isomorphism of L?(¢(I,0),7,) onto L?(H(I,0),7,), and
SNy = NoFy.

The main part of the proof of Theorem 1.4 is the following strong hypercontractivity result regarding
the semigroup e~ acting on H(I, o).

Theorem 3.2. For p = 2 and r an even integer,
—tN, . 1 r
e all < lall foralla € H(L.a) i ¢ ts(p.r) = 5 log .

We expect the theorem holds for 2 < p < r < co. (The case p < 2 may be somewhat different from the
commutative case; in a communication from L. Gross, a calculation showed that in 1-dimension the least
time to contraction seems to be larger than the Janson time for some p,r < 2.) If I # (), it is easy to see
that the Janson time cannot be improved for any p,r > 0, again by calculation in the 1-dimensional case.

Proof of the “only if " direction of theorem 3.2. Let a(e) = 1 + €2 € H(I,0) where 2 = Z; for some j € I. Then
la(e)? = (1 +€2*)(1 +€2) = 1+ €(2+ 2*) + €2|2]? = 1 + ez + €%|2|?, where = = z;. Hence,
a(e)? = (1+e(@+el2)
-1
p(p2 L2 4 d2P)2 + of)

= 1+ e(pr) + € (p\élz + p(p—1)$2> + o(€?).

= 1+pe(z+elz?) +

2
Now, |22 = (1/2)(1 + izy) where y = y;, and so 7,|2|> = 1/2. Also 2? = 1, and 7,2 = 0. Therefore,

_ 1/2p
@l = (wa@P)"™ = (14 (pe5+ 225 ) o))
1+ 262 + o(€?).

So [la(e)|l, = 1 + (p/8)€% + o(€?). Now, e Noa(e) = 1 + ee7t2 = a(ete). Thus, in order for ||e~Nea(e) ||, <
l|la(e)||p, we must have
1 1
1+ ge_%rez +o(?) <1+ épe2 + o(€?),

and so as € — 0, it follows that e~ < p/r —ort > t;(p,r). O
10



Hence, the necessity condition holds for all » > p > 0. For the sufficiency, however, the tools available
to us are extremely limited (due to the fact that (7, o) is not a x-algebra). We are forced to give a combi-
natorial proof, which cannot reach beyond the cases when p = 2 and r is even. The remainder of the ‘if’
direction of Theorem 3.2 is the main subject of Section 3.3.

3.3. Strong hypercontractivity for H(/, o). We will prove Theorem 3.2 by induction on |/|. Note, in the
case |I| = 0, the algebra H(I, ) is just C. Since the action of e~*¥= on C is trivial, and since all || - ||, norms
are equal to the complex modulus | - |, the sufficiency condition follows automatically in this case. Now,
suppose the strong hypercontractivity result of Theorem 3.2 holds for the algebras H(!’, ¢’) with |I'| < d.
Let I be a set of size d + 1, and o a spin-assignment on /. Select any fixed element 7 € I. Any element
a € H(I, o) can be uniquely decomposed as

a=>b+2Zic, bceHI—{i} ol_g) (3.6)
For convenience, throughout we will refer to I — {i} as J, and to 2; as Z, z; as x, and so forth. Since |.J| = d,
the inductive hypothesis is that 7 (J, 0| ;) satisfies the strong hypercontractivity estimate of Theorem 3.2.
The quantity |2|> will often come up in calculations, and so we give it a name: ¢ = |2|> = 2*2. We will
also encounter 22*, but by Equation 3.5, 22* = 1 — £. The following lemma records some of the important
properties of the operators &, 2, and 2*. All of the statements may be verified by trivial calculation.

Lemma 3.3. The following properties hold for £, 2, and 2*.
(1) &2 =& forp > 0.
(2) ¢is independent of € (J x {0,1}, o| ;) — that is, for each u € € (J x {0,1}, 0| ;), {u = u& and 75({u) =
7o (§)70 (u) = 575(w).
(3) Letu € €(J x {0,1}, 0| ,), let h € {2,2*,&,1 — €}, and let p > 0. Then ||hul|, = 27V/P||ul|,.
(4) E2=2"¢€=0,26=%and {2" = 2%
The commutativity in item 2 above follows in large part from the fact that { = (1 + izy) € €y (I x

{0,1},0). The grading plays an important role in the combinatorics to follow. In fact, the grading of
€ ({i} x {0,1}, 0\{1-}) induces a grading on the full algebra € (I x {0,1}, o). We refer to this grading by

C=CL®C, G €36
So, for example, the element y;£ (i # j) is in ¢ (I x {0,1},0), even though it isin (I x {0,1}, 7). Note
that
¢ (I x {0,1},0) = {Zu+ #*v; u,v € €(J x {0,1}, o)}
For any such u, 7,(2u) = (2,u"), = 0, and similarly 7,(2*u) = 0. It follows that 7|, = 0. Using the
graded structure, this leads to the following important lemma, which aids in the calculation of moments.
Lemma 3.4. Let v € € (I x {0,1},0) and v* € €' (I x {0,1},0). Let n be {0, 1}-sequence of length n, and
denote by |n| the sum ny + - - - + ny, of its entries (i.e. the number of 1s). Then the element v = v™ --.v"™ has
T, (V") = 0 1f |n| is odd.
Now, we proceed to expand the moments of |a|>. Using the decomposition in 3.6, we have |a]? =

(b+ 2¢)*(b+ 2¢) = |b]2 + b*2c + ¢*2*b + c*|2|?c. That is,

la)®> = (|b]> 4 €|cf?) + (b*2c 4 ¢*2%b) = 0 40l (3.7)
Equation 3.7 decomposes |a|? into its ¢ and € parts, v = |b|? + £|c|? and v! = b*Zc + ¢*2*b. It follows
immediately that

1
lallz = 7o (v") = 7o (1b]* + €lel®) = 1Bll3 + 5 llll3- (3.8)

The factor of 1/2 (unusual in Pythagoras’ formula) is due to our choice to normalize 2 in L*° and not in
L. More generally, for the nth moment of |a|?,

lali3y = 7o (laf*") = [ + 1) = Y 75("),

ne2n
11



where 2" denotes the set of all {0, 1}-sequences of length n. Using Lemma 3.4, we have

[n/2]
lal3n = > @) =>" > @)
|n| even k=0 |n|=2k

ne2nr
Now, the term v" is a product of n terms, each of which is either |b|?> + £|c|? or b*2c + ¢*£*b. Define

= |bf” v =gef?
'UlO:b*ZAJC ’Ull: c* 3%,

Then we may write v as

' = g " = E pMyL . glintn

ve22n ve2n

It should be noted that many of the terms in this sum are in fact 0. For example, consider (v'?)? =
b*zcb*zZc. In general, for any v € €' (J x {0,1}, 0|;), thereisa @ € € (J x {0,1}, o|;) such that Zu = 2.
Hence the term (v'°)? contains 22 = 0, and so is 0. More generally, a term like v1%%v10 is also 0: the 2
in v'? can be commuted past all terms except £, at which point the product is either 0 or 2 (by Lemma
3.3), so the term is 0. On the other hand, the term v!'v'v1 is nonzero, since (once commuting past the
% (J x {0,1}, o] ;)-terms) we have 2*¢2 = (£%2)% = £ £ 0.

Letn,v € 2". Denote by 1(n) C {1,...,n} the set of j such that n; = 1. Then say that v is n-alternating,
v € A(n), if the subsequence {(v;); j € 1(n)} is alternating. For example, let » = (1,1,0,1). Then the
sequences (0, 1,0,0) and (0, 1, 1,0) are both in A(n), while the sequence (0, 0, 0, 0) is not. Note that v'? and
v!! are the terms containing 2 and 2*. Hence, the v with v € A(n) are precisely those terms in which 2
and z* alternate when they occur. By the considerations in the preceeding paragraph, these are the only
nonzero terms in the expansion of v". Thus,
V' = Z o',

veA(n)

In any term in the above sum, let || = 2k and let |[v| = m. Since 1(n) is a set of 2k indices, and since
v € A(n), v; = 0 for k of these indices j, and v; = 1 for the other k. Thus v contains at least £ 1s and at
least k£ 0s, and so £ < m < n — k. It follows that the full expansion for the nth moment is

[n/2] n—k

lallBs=>_ >, > D> 7

k=0 m=k |n|=2k veA(n)
[v|=m

It will be useful to consider the cases k = 0 and m = 0 separately, and so we rewrite this moment as

lall3s = 7o)+ > D W)+ Z Z X (39)

m=1 |v|=m k=1 m=k |n|=2k ve A(n)
lv|=m

(Note, if n = 0 then the condition ¥ € A(7n) is vacuously satisfied for all v € 2".) Each of the v in
Equation 3.9 is a product of terms, each of which contains some elements of ¢ (J x {0,1}, o|;) and some
factors of 2, 2*, or . (Observe the only term which has no factors from ¢ ({i} x {0,1}, o] {i}) is the first

one (v%°)".) To estimate such terms, we introduce the following tool.

Lemma 3.5. Let uy,...,us € €(J x {0,1}, o|;). Let U be a product including all of the elements u, ..., uy,
together with some non-zero number of terms from {z, 2*,£}. Then

1
7o(U) < 5“”1”8””8“8 (3.10)
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Proof. First note that 7,(U) is invariant under cyclic permutations of U. U may then be written in the form
h1UihaUs - - - heUy, where each U; is a product of some of the uy,...,us, and each h; is a product of the
terms 2,2*, and &. Let s; be the number of terms in Uj; then sy +- -+ sy =5s.S0 s1/s+---+s¢/s =1,and

when we apply Holder’s inequality, we find
7o(U) < [|mUtlls/s, - - 1 heUel| (3.11)

By Lemma 3.3 part 4, any product of terms in {2, £*, £} is either 2, 2%, £, 1 — &, or 0. Thus, using Lemma
3.3 part 3, we have

s/sg*

125Ujl1 sy < 275971 Ujloss, (3.12)
Now, since U, is a product of s; terms, say uy,, . .., ux, , applying Holder’s inequality again (using 1/s; +
4 1/s; = 1]/(3/31;))) we have jHUj /s gylukll Ils--- Huzcsj i?(}?]orr%bining this wic’ih qu};at?ons 3.11 aid/3.]12,
we get
To(U) <2755 275 g - - [fus |,
and since s1 + - - - 4 s¢ = s, this reduces to Equation 3.10. ]

We now apply Lemma 3.5 to estimate the three terms in Equation 3.9. The first term is merely 7, (|b|>") =

|6]|37. In the first sum
> 2 ™),

m=1 |y‘:m

the term v%, with |v| = m, is a product containing m factors of v°! = £c*c and n — m factors of v = b*b.

So there are a total of 2n factors from the set {b,0*,c,c*} C € (J x {0,1}, ol ;). since ||u|l2n = ||u*||2n for
each v € €(J x {0,1}, o|;), Lemma 3.5 then implies that

v 1 n—m m
7o (1%) < i(HbH%)?( Y(llefl2n)>™.

Hence,

T (v") < %Z (o130~ (llell3,)™

1 n
- (” (Bl (lel3 )™ (3.13)

In each term v", since |n| = 2k and v € A(n), we know that k of the terms are v'" and k of the terms
are v!'. So k of the 1s in v have been accounted for with the v!! terms, and since |v| = m precisely
m — k terms must be v?1. As the total number of terms must be n, this means the remaining v terms are

n — (2k +m — k) = n — m — k in number. So, there are

e k factors of v!0 = b*Z¢, so k factors each of b* and ¢,

e [k factors of v!! = ¢*2b, so k factors each of b and ¢*,

e m — k factors of v! = £c*¢, so m — k factors each of ¢ and ¢*, and

e n —m — k factors of v%° = b*b, so n — m — k factors each of b and b*.

In total, then, v contains 2k + 2(n —m — k) = 2(n — m) factors of b or b*, and 2k + 2(m — k) = 2m factors
of c or c*. Applying Lemma 3.5 again,

[n/2] n—k [n/2] n—k
Y Y Y A< Y TS (bl el
k=1 m=k |n|=2k veA(n) k=1 m=k |n|=2k veA(n)

lv|=m lv|=m
13



We must now count the number of pairs (1, v) with || = 2k, v € A(n) and |v| = m. There are (;) such n.
We know that v is alternating on 1(7), and so the corresponding subsequence must be either 0101...01
or 1010.. .10, giving two choices, and exhausting k of the m 1s in v. Finally, since |1(n)| = 2k, there are
n—2k Os in 7, and v is unconstrained there; hence, there are ("~ 2k) choices. Whence, the number of pairs

(n,v) in the sum is
n\ (n—2k
2 .
<2k> <m — k)

This gives the estimate

Ln/2) nk n n — 2k
< 25 () G0 ) ez el 14)

for the final sum in Equation 3.9. It will be convenient to reorder the terms in Equation 3.14 so that m
occurs first. Since the sum (for each k) ranges from m = k to m = n — k, the pairs (k, m) in the sum are
those with 1 < k < |[n/2| and k¥ < m < n — k. The second condition gives two inequalities: ¥ < m and
k < n —m. Note, if both of these are satisfied then, summing, 2k < n — the first condition is automatically
satisfied. The sum can therefore be rewritten as

n  mA(n—m)
n\ (n-—2k
S 3 (o) G 0wz et 615

m=1

So, combining Equations 3.9, 3.13, and 3.15, we have the estimate

lall3n < ll6l3: + Z X ([18113)" ™ (llel13,)™, (3.16)

m=1
where the coefficient x,, is given by

mA(n—m)
1/n n n — 2k
wosln) e 2 GG

The following proposition shows that x,, is optimally bounded to yield the necessary strong hypercon-
tractive estimate. We state it without proof; the reader may do the necessary calculations.

we (1) 6

This inequality is an equality in the case m = 1.

Proposition 3.6. The coefficients x., satisfy

Applying Proposition 3.6 to Equation 3.16, we have

Jall3: < B3 §j<)()|ww”wwm>. 6.17)

We now complete the proof of Theorem 3.2.

Proof of the ‘if’ direction of Theorem 3.2. For a = b+ Zc, we have a; = by + e "'2¢;, where a; = e tNog and so
forth. Using the estimate in Equation 3.17, we have

el < ol Z()() e ) (leul)”

14



Now, suppose t > t;(2,2n) = %logn. Then e~2™ < n~™. Since b,c € H(J, ol ;) it follows from the
inductive hypothesis that ||b¢ |2, < ||b]|2 and ||¢¢]]2n < ||¢||2. Thus,

ladgs < g+ S () (5)" o)
m=1 m
1 n
= (1B +3ei8)
and from Equation 3.8, this equals ||a||3". This proves the theorem. O

4. SPEICHER’S STOCHASTIC INTERPOLATION

In this final section, we consider creation and annihilation operators 3;, ﬂj*- on L?(%,7,) which bear
the same relation to the generators z; in ¢ as the creation and annihilation operators c,, ¢, bear to the
g-Gaussian variables X, € I';. We use these operators, together with a non-commutative central limit
theorem of Speicher, to approximate the L”(H,, 7,)-norm by the norm on LP(H,7,), and thus transfer
Theorem 3.2 from the context of the mixed spin holomorphic algebras to the arena of the ¢g-holomorphic
algebras, proving Theorem 1.4. All of the techniques in this section are analogs of Biane’s ideas in [B1].

4.1. Creation and Annihilation operators on L*(¢, 7,). Define operators 3; on L?(¢(I,0),7,) by

A ) wiza, ifj¢A
5](“)_{0, ifjeA

One may readily verify that the adjoint of 3; is given by
« 0, ifj¢ A
Bi(xa) = { jé¢

xrjra, ifjeA '
In the case o (i, j) = 1 for ¢ # j, these are the Bébé Fock operators on the toy Fock space of [M]. In general,
B; and 37 mimic the creation and annihilation operators. It is easy to see from dimension considerations
that the *-algebra they generate is all of B(L*(¢(I,0),7,)). We also have

Bj + B = zj, (4.1)

as a left-multiplication operator on ¢'(, o). One can readily compute that these operators o-commute —
ie. BB = o(i,§)B;0; if i # j. They also satisfy the o-relations

Bi B — o (i, 5)B;% = 8ij,
just like the operators 2; € (I x {0,1}, o). In fact, the map 2; — 3; induces a *-isomorphism from & (I x
{0,1},0) onto B(L?*(¢'(I,0))). (In the case o = —1, this reduces to the well known isomorphism from the

complex Clifford algebra %5,, onto the full matrix algebra M5~ (C).) Beware, however: this isomorphism
does not send 7, to the normalized trace tr on B(L*(¢(I,))), as pointed out in Section 3.2.

The operators f3;, B; demonstrate concretely that the pure state 3 — (51,1),, the extension of 7, to
L*(€¢(I,0),7,), is not tracial. Indeed, it is easy to calculate that (BiB;1,1)e = 0 while (8;3;1,1); = 1.
These are, however, the same covariance relations that the operators ¢, and ¢ satisfy with respect to the
pure state A — (AQ, ), on B(F,). It is additionally true that (3;1,1), = (8;1,1), = 0, also in line with
the operators ¢, and cj.

The following lemma shows that the state (-1, 1), factors over naturally ordered products of the oper-
ators 3; and B Itis proved in [B1].

Lemma 4.1. For each j € I, let o be in the x-algebra generated by (3;. Let ji, ..., js be s distinct elements in 1.
then
(ajl e Oéjsl, 1)0’ = (aj117 1)0 o (ast 1)0-
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4.2. Speicher’s central limit theorem. Fix ¢ € [—1,1]. We consider the family of random matrices &,
consisting of all those infinite symmetric random matrices o: N* x N* — {—1,1} constantly —1 on the
diagonal, for which {o (4, j); i < j} areii.d. withP(c = 1) = (14¢)/2. Note, then, P(c = —1) = (1—q)/2,
and so

1+¢ 1—gq

BloGi,) = 32 1410 1=¢

This family of random matrices features prominently in the main theorem of [S], which we will use to
prove Theorem 1.4.

Let I, denote the set {1,...,n}, and let ¢ € &,. For convenience, we denote the algebra (I, X
{0,1}, ol;,) as €'(n,0). The creation operators on ¢ (n, o) are labeled by pairs (j,() where j € I,, and
¢ € {0, 1}, to avoid confusion, we also index them as ﬂ;‘:c to keep track of the dependence on 0. Let d be a
positive integer, and define new variables ﬂl"? e ﬁg:g , which act on ¢'(nd, o), by

R
B = 7 > B, 0<k<d-1L
l=nk+1

These operators are constructed to approximate the operators ¢,. The intuition is: due to the expectation of
the matrix o € &, for large n the B " satisfy commutation relations close to the g-commutation relations
of Equation 2.1. Speicher’s central hmlt theorem (Theorem 2 in [S]) makes this statement precise, but
requires that the matrix of spins for the different variables have independent (upper triangular) entries.
In our case, since for each pair i, j the entries o((7, (), (j,(’)) are the same for all choices of ¢,¢" € {0,1},
the matrix is only block-independent (with blocks of size 2 x 2). Nevertheless, as with the classical central
limit theorem, a straighforward modification of Speicher’s proof generalizes the theorem to this case. We
thus have the following theorem.

Theorem 4.2. Let ey, ..., eq be an orthonormal basis for R%. Among the operators cy(ej, er) on Fy(R? @ RY),
denote cy(e;,0) as ¢}, and denote c4(0,¢;) as ¢} . Let Q be a polynomial in 4d non-commuting variables. For
almost every o € &,

Tinn QBTG+ B0 (BTRY" o (BT D)
= (Q(C(f,m--vcg,lv(%o) x (Cd 1)), Q).

Proof. This follows from Speicher’s central limit theorem. The required covariance conditions for the
operators ﬂ;.’c were verified above, and the factorization of naturally-ordered products is the content of
Lemma 4.1. ]

An immediate corollary is that the moments of elements in H ((Cd) can be approximated by the corre-
sponding elements in ¢'(nd, o). To be precise: let 7" = 37 + (ﬂ y)*and let y7" = 877" + (B7)')*. By
Equation 4.1,

n(j+1) n(j+1)
on
i = \f D 2l = Z v -
l=nj+1 K nj+1

Let zjq,n —9- 1/2( "™ @y] "), which is in H(1,,4, U’Ind)'

Proposition 4.3. Denote Z,(e;) as ZJ. Let r be an even integer, and let P be a polynomial in d non-commuting
variables. For almost every o € &,

T ([P 25 ) = WP Z8) 1ty m
Proof. Let @ be the polynomial in 4d non-commuting variables defined by
QBT -+ By1 > (B0 sy (Bay)) = PT", o 2y ") P2y ™)

Such a polynomial exists because the variable zj" is a (linear) polynomial in ﬂ ﬁ , and their adjoints.
By definition, the same polynomial yields

Qg €1 () (€))7 = P2, Z8) P(ZL, .., Z3).
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Applying Theorem 4.2 to the polynomial Q™, we have

Jim. To| P27 2P = g |P(ZY, . ZD P auso]
where we have used the fact that (-1, 1), reduces to 7, when applied to elements of € (nd, o). O

N, tN,

We will also need to know that the semigroup e "' approximates e~

Proposition 4.4. Let r be an even integer, and let P be a polynomial in d non-commuting variables. For t > 0,
and for almost every o € &,

Tim [l P2 = e NP, ZD)
Proof. We can expand P(Z{,...,Zj) as a linear combination of monomials Z{ --- Z;. Each such mono-

mial is an eigenvector of e 'V¢ with eigenvalue e . So it is easy to see that there is a unique polynomial
P, such that

P(Z1,...,2%) = e Nap(Z],..., Z9).
Now, consider the polynomials z;" - - - 2;"". Since 2{"" is a linear combination of 27, ..., 27, this polyno-
mial may be expanded as a linear combination of monomials 25 2, with 1 < j1,...,7¢ < nd. From

Equation 3.4, if any two indices are equal, then 27, --- 27 = 0; otherwise, it is of degree ¢. Hence

e_tN"(z}’ e 2f) = e_gt(z; e 23).
It follows that e "o (27" .- 20™) = e~ (29 --- 27 ). Thus, we see that
Py(z]™, . 20" = e N PP 2T,
The theorem now follows by applying Proposition 4.3 to the polynomial P;. O
It should be noted that this elementary argument fails in the full algebra € (nd, o); for example, (27)? =
1 is of degree 0, while X,(e;)? is of degree 2 if ¢ > —1. The relevant statement is still true in that case, but
a much more delicate argument (which can be found in [B1]) is necessary to prove it.

We now conclude with the end of the proof of Theorem 1.4.

Proof of Theorem 1.4. First note that the sharpness of the Janson time ¢ ;(p, ) for any p,r > 0 can be con-
firmed by an argument identical to the one in the proof of Theorem 3.2. For sufficiency, by standard
arguments it is enough to prove the theorem for the finite dimensional Hilbert space # = R%, and more-
over it suffices to prove it for elements f € L?*(H,,7,) that are polynomials f = P(Z{,...,Z%) of the
generators. Let r be an even integer, and let ¢ > ¢ ;(2, ). By Proposition 4.4,

le”™Naf|, = lim |le”NoP(",. .., 27" a.s.[o).
n—oo
By Theorem 3.2 applied to the algebra H(I.q4, ol; ),
He*tN"P(zi"n, vz M SNPET™ 202
Finally, applying Proposition 4.3, we have
Tim ([P, = ]l a.sfol.

This completes the proof.
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