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Abstract

This paper studies the empirical laws of eigenvalues and singular values for random matrices drawn from
the heat kernel measures on the unitary groups Uy and the general linear groups GLy, for N € N. It
establishes the strongest known convergence results for the empirical eigenvalues in the Uy case, and the first
known almost sure convergence results for the eigenvalues and singular values in the GLy case. The limit
noncommutative distribution associated to the heat kernel measure on GL  is identified as the projection of a
flow on an infinite dimensional polynomial space. These results are then strengthened from variance estimates
to LP estimates for even integers p.
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1 Introduction

This paper is concerned with the empirical eigenvalue laws associated to heat kernels on the unitary groups and
the general linear groups. Let My denote N x N complex matrices, let Uy = {U € My: UU* = Iy}
be the unitary group, and GLLy C My the general linear group of invertible N x N complex matrices. The
unitary group U is a real Lie group, and GLy is its complexification. These Lie groups possess natural Laplace
operators Ay, and Agr,; cf. Deﬁnition below. The heat kernel p} is the fundamental solution to the heat
equation 0;p)Y = %AU N pY on Uy; similarly the heat kernel y}" is the fundamental solution to the heat equation
oy = %AGL N 1Y on GLy. They are strictly positive smooth probability densities with respect to the (right)
Haar measures, and so we identify each density with its measure when convenient. In fact, we will consider a
two-parameter heat kernel ué\ft on GLLy, where s,¢ > 0 and s > t/2, which interpolates between p’¥ whent = 0
and ui\/fg when s = ¢; cf. Deﬁnition
To fix notation, for N € N and s,¢ > 0 with s > ¢/2, we set

UtN is a random unitary matrix with joint law of entries piv , and

A évt is a random invertible matrix with joint law of entries ,ué\ft.

Let (€2,.7,P) be a probability space from which all the random matrices {U}, ZY, N €N;s,t>0,s>t/2}
are sampled. As usual, for F' € L*(Q2, Z,P), denote E(F) = [, F dP.

1.1 Main Theorems

We are interested in the empirical eigenvalue laws of these matrices. For Z € My denote by A(Z) the unordered
list of eigenvalues of Z, counted with multiplicities. The empirical eigenvalue laws are the following random
discrete measures on C:

Z 5,  and Z Sy (1.1)

/\eA M) /\eA (ZN)

To describe the limit behavior of these random measures, we introduce the following one-parameter family of
probability measures.

Theorem / Definition 1.1. For eacht € R, there exists a unique probability measure vy on C* = C\ {0} with the
following properties. Fort > 0, vy is supported in the unit circle U; for t < 0, vy is supported in Ry = (0, 00);
and vy = 61. In all cases, vy is determined by its moments: vy(t) = 1 and, forn € 7\ {0},

In|— 1

Un(t) E/*u v(du) = e~ e Z \k_l <k‘i‘l> (1.2)

For all t # 0, v, possesses a continuous density o, with connected, compact support; oy is strictly positive in a
neighborhood of 1 (in U fort > 0, in Ry for t < 0), and real analytic on the set where it is positive; cf. [10]
for the t > 0 case, and [40] for the t < O case. Section 2.5 has further discussion of the measures v; and their
relevance to free probability theory.



For ¢t > 0, 1, was identified as limpy_ E(DtN ) in [9], and independently in [32]. In the latter case, the
convergence was proved to be weakly almost sure for polynomial test functions. Our first main theorem weakens
the regularity conditions requires for the almost sure convergence.

Theorem 1.2. Fort > 0 and N € N, let v} and v; be the measures in and Definition Then v}
converges to vy weakly in probability:

]P’(/deDtN—/deut

Moreover, if 1 < p < % and f is in the Sobolev space Hy,(U) (cf. Definition IZE), then the convergence is almost
sure, and

>6> — 0, e>0, feC(). (1.3)

~ C(t,p)
Var </deutN> < ot 1£1%, () (1.4)

for some constant C(t,p) < oo that depends continuously on t and p. Finally, if f € H,(U) withp > %, then f
is Lipschitz on U, and

2t

~N

Var </ijth ) < m”fHLip(U)- (1.5)
See for the definition of the Lipschitz norm on U.

By taking f € C(U) close to the indicator function of any given arc, and (1.4) show that the density of
eigenvalues of U}Y converges, in a fairly strong sense, to ;. We prove Theorem n page incorporating
some estimates from [30] with a Fourier cut-off argument. Note: in [30]], the (Gaussian) fluctuations of the
empirical integrals fU f dv}Y are computed: they are on the scale of the Sobolev space H; ,2(U) as t — oco. We
conjecture that the O(1/N?P~1) in can be improved to O(1/N?), and that therefore the a.s. convergence
holds for f € HP(U) for any p > % At the end of Section we discuss how tighter bounds on the constants
from Section [3.3|would lead to this minimal-regularity conjecture. B

As most matrices in GILy are not normal, there are limits to what we can say about the empirical law (b?jt.
The following is a natural analogue of Theorem[I.2]in this context.

Theorem 1.3. Let s,t > 0 with s > t/2and N € N, and let @”t be the empirical eigenvalue law of . Let
f(z) = >, anz™ be in the ultra-analytic Gevrey class G(C*) (meaning HfH2GU => . |an|2e2™ < oo; cf.
Definition[2.8) for some o > s. Then

([ raa) - [ ranc < SR, and (16)
(O C*
~ C
Var (/C*qubgt) < %)z, (7

for some constants C1(s), Ca(s) < oo that depend continuously on s (and are independent of t).

To be clear, the class G, (C*) of test functions is not rich enough to approximate indicator functions of disks,
and so Theorem [I.3]does not necessarily imply that the density of eigenvalues converges to vs_;. The proof of

Theorem|[1.5]is on page

We also consider the convergence of the density of singular values of Z évt i.e. the square roots of the

eigenvalues of the positive-definite matrix Z2,(Z1,)*.

Definition 1.4. Lert MJ>VO denote the set of positive definite N x N matrices. The map ®: GLy — Mifo given
by ®(Z) = ZZ* is a smooth surjection. Let 1%\, be the empirical eigenvalue law of ®(Z é\g)



Theorem 1.5. For s,t > 0 with s > t/2 and N € N, the empirical eigenvalue law ﬁévt of Definition
converges ultra-analytically almost surely to v_o: if f is in the Gevrey class G, (C*) for some o > 4s, then

o > (4
B[ rais) - [ rava| < S0, w (1)
0 0
>N L Gl
Var(/ fdni\,’t>§ 212, (1.9)
0

where the constants C1(-) and C5(-) are the same ones given in Theorem|l.3

The proof of Theorem [I.5]is on page [38] It is likely that (I.9) holds for much less regular test functions, as in
Theorem [1.2

Remark 1.6. Equation (I.8), in the special case of polynomial test functions, was stated without proof at the end
of [9]]. Note there is a scaling disagreement: Biane stated that the moments are those of v_;. This is because
the free stochastic process he uses to define the limit Brownian motion on GL is scaled differently from ours:
instead of , his process is defined by dI'; = %dzt T";. This amounts to using (a right-invariant version of)
—% of the generator we use, thus accounting for the discrepancy.

In [9], it was alluded that the computation of (I.8)) follows from combinatorial representation-theoretic tools

like used earlier in that paper. Our present approach is more geometric. In fact, we give a unified approach to
Theorems [T.2] [1.3]and [T.5] which applies to the much more general context of the noncommutative distribution

of Zﬁ,\ft; cf. Section

Theorem 1.7. Let s,t > 0 with s > t/2, and let (ﬁé\ft denote the empirical noncommutative distribution of Z évt
cf. Definition There exists a noncommutative distribution ¢ (cf. Definition such that (ﬁ?ft — Psit
weakly almost surely: for each noncommutative Laurent polynomial f € C(A, A1, A%, A™*),

[E[G2 ()] = s ()] < Cl(fvff) and (1.10)
Var[gY,(f)] < 02(;51?) (1.11)

for some constants C1(s,t, f),Ca(s,t, f) < 0o that depend continuously on s, t.

Let tr(Z) = %Tr(Z ) denote the normalized trace on M. Theorem |1.7|asserts that all of the random trace

moments tr((Z),)%1 -+ (Z))*") (for e1,...,e, € {£1,%x}) converge almost surely to their means. In fact,
our techniques show the stronger claim that all products of such trace moments also have O(1/N?)-variance,
hence also describing the fluctuations of these random variables. The proof of Theorem[I.7]is on page
Remark 1.8. Restricting all test functions to (Laurent) polynomials, Theorem|[1.2]is the special case (s, t) — (¢, 0)
of Theorem and Theorems [1.3| and [1.5] are achieved by taking f to depend only on Z in the first case, and
only on ZZ* in the second.

The essential idea behind the above concentration results can be described succinctly in the unitary case as
follows. Since the solution A(t, -) to the heat equation 0;h = 1Ay, h with initial condition h(0,U) = f(U) is
given by convolution against the heat kernel (cf. [24]),

ht,U) = s FOV)pY (dv), (1.12)

evaluating this convolution at the identity shows h(t, Iv) is the integral of f against the heat kernel p}¥. But
h(t,-) may also be represented in terms of the heat semigroup, h(t, ) = ez fuy f; thus we have

fdpl = (e32n 1) (In). (1.13)
Un



In fact, (1.13)) determines the measure p;’ when taken over all f € C(Uy); we take it as the definition of p¥ in
(2.7) below. Now, as explained below in Section [3|following [16, Theorem 1.18], on a sufficiently rich space of
functions, Ay, has a decomposition

1

where D and Ly are first- and second-order differential operators, both uniformly bounded in V; they are given
explicitly as intertwining operators in Theorem [3.6] In fact, Dy has a limit as N — oo, which we can think of
as the generator of free unitary Brownian motion; cf. [9] and Section @ Hence, in the limit as N — oo, the
heat operator 280y behaves as the flow of a vector field; i.e. it is an algebra homomorphism, which shows that
variances vanish in the limit. The same idea holds in the GL -case as well, in the much larger context of the
“test-functions” (noncommutative polynomials) of noncommutative distributions; cf. Definition [2.15]

These same ideas allow us to prove a stronger form of convergence of these empirical distributions.

Theorem 1.9. Fix s, t > Owiths > t/2. Let (<7, T) be a noncommutative probability space (Definition[2.10) that
contains the almost sure weak limits u; and zs 1 of UtN and 7 évt cf. Theorem Then, for any noncommutative
polynomial f € C(A, A*), and any even integer p > 2,

£ O vy vy = 1 (wes @) | Lo (er 7y @5, as N — oo, and

1F(Z35% (Z3) W eruay ) = If (st 25 ) | Er(er 7y @5, as N = oo,

Section[3]is devoted to Theorem[I.9] where the noncommutative L”-norms are defined and discussed.

1.2 Discussion

The problems discussed above are natural extensions of now well-known theorems in random matrix theory. Let
us be slightly more general for the moment. Let pV be a probability measure on My, and let Ay be a random
matrix with p? as its joint law of entries. Denote

1
~N
T S (1.15)

the empirical eigenvalue law of A . If the support of p? is contained in the normal matrices MI3?*, then empirical
integrals against measurable test functions f: C — C can be computed by

/fdﬁN = tro fy, (1.16)
C

where the function fy: MR} — Mj" is given by measurable functional calculus; cf. Section below. In
particular, (1.16)) will often be used to compute expectations against continuous functions:

V) = o N . .
E(/Cfdv >—/W<“ e, fe o) (1.17)

The most well-known example of such a normal (in fact Hermitian) empirical eigenvalue law comes from
Wigner’s semicircle law; cf. [37, 38, [39]. In the original Gaussian case, p” is supported on Hermitian matri-
ces, with

PN (dX) = eye N g x (1.18)

where d.X denotes the Lebesgue measure on Hermitian matrices (coordinatized by the real and imaginary parts
of the upper-triangular entries), and cp is a normalization constant. This measure is known as the GUEy



or Gaussian Unitary Ensemble; it is equivalently described by insisting that the upper-triangular entries of the
Hermitian random matrix X are i.i.d. normal random variables of variance 1/N. Wigner proved that, in this case,
the empirical eigenvalue law converges weakly in expectation to the semicircle law ¢(dz) = 5=+/(4 — 22); dx.
That is to say: Wigner proved that the quantities in (I.17) converge to the relevant integrals against ds. It was
shown later [2} 3 4] that this convergence is weakly almost sure, in the sense that the random variables f fdvN
converge to their means almost surely.

Remark 1.10. Having realized all requisite random matrices (of all sizes N € N) over a single probability space
(Q,.7,P), proving almost sure convergence amounts to showing that the variances tend to 0 summably-fast (by
Chebyshev’s inequality and the Borel-Cantelli lemma).

Much of the modern theory of random matrices is concerned with generalizations of Wigner’s example in one
of two ways: either to other measures p’¥ on Hermitian matrices that make the upper-triangular entries i.i.d., or
or to measures with densities generalizing the form of , for example by replacing Tr(X?) with a different
(sufficiently convex) potential. A great deal is understood in both these arenas about the empirical laws and many
other statistics of the random eigenvalues; the interested reader should consult [[1]].

Another well-studied example is the Haar measure p” = Haar(Uy) on the the unitary group Uy . Unitary
matrices are normal, and so (I.16) characterizes the empirical eigenvalue laws; in this case, they are known (cf.
[14]) to converge weakly almost surely to the uniform probability measure on U. In both this case and the Wigner
ensembles described above, stronger convergence results are known, such as in Theorem [I.9]above.

Remark 1.11. If, instead of Uy, we take the additive Lie group of Hermitian matrices, the heat kernel is precisely
the Gaussian measure , where N is replaced by N/t on the right-hand-side. The space of Hermitian
matrices can be identified as iuy, where uy = {X € My: X* = —X} is the Lie algebra of Uy; thus, the
GUEp is the Lie algebra version of the heat kernel on Uy. As t — oo, the heat kernel measure piv on Uy
converges to the Haar measure. In this sense, the heat kernel measures considered in the present paper fit into a
larger scheme of well-studied random matrix ensembles.

The support of the heat kernel measures ué\ft on GL consists largely of non-normal matrices, and so mea-
surable functional calculus is not available. It is for this reason that our analysis is restricted to holomorphic
test functions in this case. Nevertheless, the results presented in Theorems [I.3]— are new; in particular, the
existence of the noncommutative distribution ¢ ¢ in Theorem [1.”7| was part of a conjecture posed in [9]. The full
conjecture deals with the limit of the stochastic process ¢ — Zt, the Brownian motion on GIL 5 which, for each
fixed ¢, has distribution ui\/fz. In the present paper, we deal only with a single ¢ > 0, with all theorems proved
with bounds that are uniform for ¢ in compact intervals. Identifying the limit distribution of the full stochastic
process will be addressed in the separate paper [26].

2 Background

In this section, we give concise discussions of the necessary constructs for this paper: heat kernel analysis on the
groups Uy and GLy; regularity of test functions (Sobolev spaces and Gevrey classes); measurable functional
calculus on Uy and holomorphic functional calculus on GL 5; and noncommutative probability theory (in par-
ticular free probability and free multiplicative convolution). For general reference, readers are directed to the
monograph [33]] for heat kernel analysis on Lie groups, and the lecture notes [31]] for a thorough treatment of
noncommutative and free probability.

2.1 Heat Kernels on Uy and GL

Let G C My be a matrix Lie group, with Lie algebra Lie(G); relevant to this paper are Uy with Lie(Uy) =
uy = {X € My: X* = —X}, and GLy with Lie(GLy) = glpy = My. Note that gl = ux @ suy. Hence, if
B is a basis for uy as a real vector space, then [y is also a basis for gl as a complex vector space.



We will use the following (scaled) Hilbert-Schmidt inner product on gl:

(€ ¢On = NT(E¢") = N*tr(6¢), & e gly. @1
Restricted to u, this inner product is Ady , -invariant, and real valued:
(X,)Y)y = —NTr(XY), X,Y cup. 2.2)

The scaling chosen here is consistent with the scaling in (I.18)); as we will see in the following, it is the unique
scaling that leads to limit distributions as N — co.

Definition 2.1. Let G be a Lie group and ¢ € Lie(G). Then the exponential e is in G for t € R. The
left-invariant vector field or derivative associated to § is the operator O¢ on C*(G) defined by

d
(Def)g) = 5| Flge’). 23)
t=0
Definition 2.2. Let Sx be an orthonormal basis (with respect to (2.2))) for uy. The Laplace operator on
C>®(Uyn) is
Ay, = Z d%. (2.4)
XeBn
The Laplace operator on C*(GLy) is
ALy = Y (0% +0). (2.5)
XeBn

More generally, for s,t € R, define the operators Aé\ft on C*°(GLy) by

t t
A, = <3— 2) > ok + 3 > o (2.6)

XEBN XEBN
A routine calculation shows that these definitions do not depend on the particular orthonormal basis used.

Remark 2.3. (1) The operator Ay, is the Casimir element in the universal enveloping algebra U(uy). Since
the inner product is Ad-invariant, Ay, commutes with the left- and right-actions of U on C*°(Uy);
i.e. it is bi-invariant. It is equal to the Laplace-Beltrami operator on Uy associated to the bi-invariant
Riemannian metric induced by (2.2).

(2) The non-semisimple Lie group GL possesses no Ad-invariant inner product. Eq. (2.5) matches the
Laplace-Beltrami operator on GLL y associated to the left-invariant Riemannian metric induced by (2.1)).

(3) The interpolating operator Aé\ft is negative-definite when s,t > 0 and s > ¢/2; in this regime, it is
essentially self-adjoint on L?(GLy) equipped with any right Haar measure; cf. [13, 23]. In the special

case s = t, AY, = LAgL, . Note also that tAy, = A Coo(Un)"
) ’ N

Definition 2.4. Fort > 0, the heat kernel measure p) on Uy is the unique probability measure which satisfies

Ep(f)= [ fdo = (H¥ ) (In), £ eCUy). )
Un
Additionally, for s > t/2, the heat kernel measure u?ft on G is the unique probability measure which satisfies
1
B ()= [ fduly=(e2*f) (In),  f € ColGLy). 2.8)
Hat GLy

In particular, the standard heat kernel measure on GL is ,ui\/fQ = ,u,{vt cf. Remark 3).

7



Remark 2.5. (1) The operators e%AUN and e%ASvt can be made sense of with PDE methods (since Ay, and
Aé\’ft are elliptic) or functional analytic methods (since they are essentially self-adjoint). In most of our ap-
plications, the test functions f will be polynomials in the entries of the matrix argument, and the operators
can be interpreted via the power series expansion of exp.

(2) Eq. (2.8) holds, a priori, only for compactly-supported continuous test functions. In fact, it holds much
more generally; in particular, it holds for any function f that is polynomial in the matrix entries. This
follows from Langland’s Theorem [33, Theorem 2.1 (p. 152)]; see also [16, Appendix A].

(3) More generally, for s,t > 0 and s > /2, there is a strictly-positive smooth heat kernel function
hly: GLy x GLy — Ry

such that, for f: GILy — C of sufficiently slow growth (as in (2) above),
14N N
(3% 1) (2) = [ WAz, W) f(w)aw

where dWW denotes the right-Haar measure on GLL. Thus, the density of ué\ft is equal to hé\”t(I N, -); cf.

[15023]]. Since hé\jt is real-valued, for any f in the domain of 240 it follows that

where f(Z) = f(Z) is the complex conjugate. Setting ¢ = 0 shows that the same property holds for the
heat operator e2U~ . This will be useful in the proof of Lemma below.

Remark 2.6. Had we taken the usual (unscaled) Hilbert-Schmidt inner product (X,Y) = —Tr(XY') in (2.2), the
resulting heat kernel measure on Uy would have been p%t. This is the approach taken in [29, 30], and instead
the heat kernel is evaluated at time ¢/N to compensate. In that sense, our limiting concentration results can be
interpreted as statements about the heat kernel in a neighborhood of £ = 0.

2.2 The Heat Kernel on U, Sobolev Spaces, and Gevrey Classes

If f € L?(U), its Fourier expansion is given by

F=S Fxe ) = (e = /U f(wyu" du,

nez
where xp,(u) = u" for v € U and n € Z, and du denotes the normalized Haar measure on U.

Definition 2.7. For p > 0, the Sobolev space H,,(U) is defined by

Hy(U) = {f € L*(U): | fli7, = Y _(1+n*)Pf(n)* < OO} ' (2.9)

nez

Note that Hy(U) = L?(U). The definition makes sense even for p < 0, where the elements are no longer L>-
functions but rather distributions. If k,¢ > 1 are integers, and £ > p > k + %, then C* C H,(U) C Ck(U); it
follows that Hoo (U) = (50 Hp(U) = C*°(U). For + < p < 2, functions in Hy(U) are Hélder continuous of
any modulus < p — %, but generically not smoother. For p < 1, H,(U) functions are generally not continuous.
These are standard Sobolev imbedding theorems (that hold for smooth manifolds); for reference, see [[18, Chapter
5.6] and [35, Chapter 3.2].



It is elementary to describe the heat semigroup on U = U; in terms of Fourier expansions. Indeed,

82
(Av, )(w) = =5 /() 2.10)
u
i0. : : i0 02 A
(Here u = €', li is more commonly written as (Ay, f) (") = 55z f(€") in PDE textbooks.) Hence, the
characters ,, are eigenfunctions Ay, x, = —n%xp, and so
Ay xn =€ " xn, neZ teR. (2.11)

It follows that the heat semigroup is completely described on L?(U) as a Fourier multiplier

ezt f =372 f(n)xn. 2.12)

ne”L

2

Let f € L?(U), and for t > 0 let f; = 2201 f. Then (2.12) shows that fi(n) = e 5" f(n). In particular,

this means that

ST e fu )P = 3" 1f )P = 1| il 2y < oo (2.13)

neZ neZ
It follows that f; € Hoo(U) = C°°(U). It is, in fact, ultra-analytic.

Definition 2.8. Let 0 > 0. The Gevrey class G, (U) consists of those f € L?(U) such that

1112, =S ™ |f(n)? < . (2.14)

neL

More generally, the Gevrey class G3* (U) consists of those f € L*(U) for which

11250 = 371+ n2)Pe2 M fn) 2 < oo,
nezZ

so that G, (U) is the s = 1/2, p = 0 case of G5* (U).

These spaces arise naturally in the analysis of some non-linear parabolic PDEs, cf. [19} 20, 28]]. The superexpo-
nent s is usually taken to be 1, in which case G&? is a Hilbert space of real analytic functions. For s > 1, Gevrey
functions in G5* are C™ but generally not analytic, and when s = oo we recover the Sobolev spaces; thus the
two-parameter family G5 interpolates between C'™ functions and analytic functions for s > 1.

In the regime 0 < s < 1 such functions are called ultra-analytic. Indeed, if if f € G,(U) for some o > 0,
then f has a unique analytic continuation to a holomorphic function on C* given by the convergent Laurent

series f(z) = Y 2 f(n)z". (The holomorphic n > 0 sum converges uniformly on C and the principal part

n < 0 converges uniformly on C* due to the fast decay of the coefficients.) We therefore refer to the set of such
holomorphic functions as

Go(C*) = {f € Hol(C*): f|, € G,(U)} = {f(z) = an2": | fllE, = 262‘7"2\an|2 < oo} . (2.15)

nez ne”L

Note, as shown in (2.13)), the Gevrey class G, characterizes the domain of the backwards heat flow:

G,(U) = {f € L*(U): e~ 2201 f exists in L*(U) for small time 0 < t < 20} . (2.16)



2.3 Functional Calculus and Empirical Laws

For a normal matrix X € M}/, the spectral theorem asserts that there are mutually orthogonal projection

operators {IIX : A € A(X)} € End(C") so that

X= ) M.
AEA(X)

For any measurable function f: C — C, define fn: M}?" — Mj?" by

X)) =Y fOIy. 2.17)
AEA(X)
Thatis: if X = UAU* is any unitary diagonalization of X, then fn(X) = U f(A)U* where [f(A)];; = f([Al;5)
for1 < j < N. The map f — fy is called measurable functional calculus. We adhere to the notation we used
in [16]; in [1Q], fx was denoted H}V.
Let pV be a probability measure supported in MIR?*. The linear functional

Ce(C) 3 f = tr(fv (X)) p¥ (dX)

nor
MN

is easily verified to be positive; also, if D, is the disk of radius » > 0, then

/ tr (15 In(X)) p¥(dX) =1 as n — oo.
Me" "

Hence, by the Riesz Representation Theorem [34, Theorem 2.14], there is a unique Borel probability measure
v~ on C such that

/ fdvy :/ (tro fn)dp", feC.(C). (2.18)
C Mger

Comparing to (1.17), this Riesz measure vV is the mean of the empirical law 7V (1.15)). In particular, if v is a
(deterministic) measure such that 7" — v weakly in probability, then we must have vV — v weakly.

Remark 2.9. In the special case that supp (pN ) is compact, the Weierstrass approximation theorem shows that
(2.18) is equivalent to equating the moments of vV with the trace moments of p™:

/ 2"z N (dx) = / tr(X™(X*)™) pN (dX). (2.19)
C MBer

In our first case of interest where p;* is the heat kernel on the compact group Uy, this amounts to defining /¥
by its integrals against Laurent polynomials; cf. Section[2.4]

If supp (p?) is not contained in M%*, measurable functional calculus is not available. Instead, we can con-
sider holomorphic test functions. In the case of interest (the heat kernel ,ué\ft on GLy), all empirical eigenvalues
are in C*, so we take f € Hol(C*); for simplicity, we assume the Laurent series f(z) = > > a,2" converges

on all of C*. (This is not necessary, but it simplifies matters and suffices for our purposes.) Then the series

NZ)= ) anZ", (2.20)

n=—oo

where we interpret the n = 0 term as agly, converges for any Z € GILy. The map f — fy is called
holomorphic functional calculus. We use the same notation as for functional calculus, and this is consistent: if
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Z is normal and f is holomorphic as above, then the Laurent series coincides with the functional calculus
map of (2.T7).

Since there are no non-constant positive holomorphic functions, no integration formula like (2.18) can be used
to define an “expected empirical eigenvalue law” in this case. There may or may not exist such a measure v
on C; if it does exist, it will not be uniquely determined by (2.18)). In general, there is just too much information
in the trace (noncommutative) moments of a non-normally supported measure p to be captured by a single
measure on C. Instead, we need the notion of a noncommutative distribution.

2.4 Noncommutative Distributions

Definition 2.10. Let </ be a unital complex x-algebra. A tracial state 7: & — C is a linear functional that
is unital (T(1) = 1), tracial (7(ab) = 7(ba) for a,b € <), and positive semidefinite (T(aa*) > 0 for all
a € o). If, in addition, T(aa*) # 0 for a # 0, 7 is called faithful. The pair (<7, 7) is called a (faithful, tracial)
noncommutative probability space. If <7 is a C*-algebra, we refer to (<7, 1) as a C*-probability space; if </*
is a W*-algebra (i.e. von Neumann algebra), we refer to (<, 7) as a W*-probability space.

If (©2,.%) is a probability space and PP is a probability measure on ({2,.%), the expectation E = [-dP is a
faithful tracial state on the algebra L>°(Q, %, P) of complex-valued random variables (where F’* = F); thus the
probability space terminology. Truly noncommutative examples are afforded by My equipped with tr, which is
a faithful tracial state. It is these examples that will be most relevant to us.

In the example L>°(£2, .#,P), any random variable F' € L°° has a probability distribution pf (on C if the
random variables are C-valued), which is the push-forward pup(B) = (Fy(P))(B) = P(F~!(B)) for Borel sets
B C C. In terms of the expectation, this can be written as

/ fdur =E(f(F)), € Cu(O). (2.21)

If (o7, 7) is a W*-probability space, any measurable f: C — C induces (by the spectral theorem) a function
fort ™" — /™" as in (2.17); here .o7™°" refers to the normal operators in 7. The map f — f is the mea-
surable functional calculus. We then define the distribution 1, of a € 27"°" to be the unique Borel probability
measure on C mimicking (2.21):

[c fdua =7(f(a), € Co(C). (2.22)

Indeed, (2.22)) determines y, for f € C(o(a)), as the spectrum o(a) is compact (since a € < is a bounded
operator). Therefore, as in (2.19), in (2.22) we need only use test functions of the form f(x) = z"z™, n,m € N,
so that f/(a) = a™(a*)™. Hence, in this case, y, is equivalently determined by all moments, through the
formula

/ 2"zZ" pe(dr) = 7(a"(a™)™), n,m € N. (2.23)
C

Remark 2.11. In the special case (<7, 7) = (M, tr), the distribution of a normal matrix is precisely its empirical
eigenvalue law; cf. (I.16).

If a is a non-normal operator in (<7, 7), it may or may not be the case that there is a measure y, on C satisfying
. Even if there is, these moments do not determine all other moments 7'(@”1 (a*)™ ...q" (a*)mk). We
therefore define this collection of moments to be the noncommutative distribution of a. In the spirit of the Riesz
theorem identifying measures as linear functionals, this can be formulated as follows.

Definition 2.12. Let C(A, A= A*, A=*) denote the algebra of noncommutative Laurent polynomials in two
variables A and A*; in other words, C{A, A=1, A*  A=*) =2 CFy is the complex group algebra of the free group
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on two generators A, A*. Let C(A, A*) denote the subalgebra of noncommutative polynomials in two variables
A, A*; in other words, C(A, A*) = CFJ is the group algebra over the free semigroup F3 generated by A, A*.

If (o7, T) is a noncommutative probability space and a € <, the noncommutative distribution of a is the
linear functional @, : C(A, A*) — C defined by

va(f) =7[f(a,a")], feC(A,A") (2.24)

for any element f = f(A, A*). If a is invertible in <7, then @, extends uniquely to a linear functional on
C(A, A~ A*, A=*) by }

Notation 2.13. Forn € N, let &, denote the set of all n-tuples ¢ € {£1, +x}", and let & be the subset {1, *}".
(6 = @ .) Fore € &, denote |c| =n. Set & =, &, and &+ =, &
Given a *-algebra <7, for a € o/ and e € &7, denote a° = a1 a2 - - - a® where n = |g|. Then C(A, A*)
can be described explicitly as
C(A,A*) =spanc {A%: e € &1}

The vectors A¢ form a basis for this C-space. The algebra structure is given by concatenation in & : A - A% =
A% where, ife € EF and § € &, thened = (e1,...,6p,01,...,0m) € EF

The algebra C(A, A=', A*, A=*) is similarly equal to the C-span of A® for ¢ € &, with product defined by
concatenation; but in this case these words are no longer linearly independent (for example A*AA™1 = A*). A

basis for C(A, A=1, A*, A=) consists of reduced words A€ in the sense of free groups.

Thus, the noncommutative distribution of a € (.27, 7) can equivalently be described as the linear functional
¢wq: C(A, A*) — C defined by
©0a(A%) = 1(a%), ee &t (2.25)

If @ is invertible in <7, this extends by the same formula to a linear functional on C({A, A=, A*, A=*) (due to the
universal property of free groups).

If a is normal, then for any ¢ € &%, a® = a™(a*)™ where n is the number of 1s and m is the number of
*s in €. Hence, in this case, ¢, is completely determined by the measure p, of (2.23). Thus ¢, generalizes the
classical notion of distribution of a random variable.

We will work largely with the noncommutative probability spaces (M, tr), often with randomness involved.

Definition 2.14. Let p" be a probability measure on My, such that all polynomial functions of the matrix entries
are in L' (p™); this condition holds for the heat kernel measures /Lé\ft on GLy by Remark 2 ). The associated
empirical noncommutative distribution &V is defined to be the Hom(C(A, A*); C)-valued random variable
on the probability space (M, p’V) given by

&N(Z) = @y with respect to the noncommutative probability space (M, tr). (2.26)

That is: (p™(Z)) (A°) = tr(Z°) fore € &T. If p is supported on GLy;, then ¢" extends to a random linear
functional on C(A, A=Y, A* A=*). The expectation B(@N) is defined to be the linear functional on C{A, A*)
given by

E(&V) (f) = /M vz(f)pN(dZ),  feC(AAY), (2.27)

Equations (2.26]) and (2.27) are natural generalization of (1.16)) and (1.17). The polynomial-integrability
condition we placed on p’V guarantees that (2.27) is a well-defined linear functional; moreover, E($") is the

noncommutative distribution of some random variable. Indeed, we can construct this random variable in the
algebra C(A, A*) itself. Define the linear functional 7,~ on C(A, A*) to verify (2.27):

() = /M o2 (f) PN (dZ) = /M (2, 2°)] ™ (d2).

12



The linear functional 7,v is easily verified to be a tracial state, so (&, T,~) is a noncommutative probability
space; cf. Definition It is faithful provided supp (p”) is infinite. Let a € C(A, A*) denote the coordinate
random variable a(A, A*) = A; then its noncommutative distribution ¢, with respect to (C(A, A*), 7,~) is, by

(2.25) and (2.27),

0a(A%) = T v (a(A)°) = T, (A%) = /M tr(2%) pN(dZ) = B (3V) (4°), e &7

Thus, E(5Y) defines a (deterministic) noncommutative distribution which we call the mean of &'.

Definition 2.15. Let ¢ be a sequence of noncommutative distributions; that is, there are noncommutative
probability spaces (o/n,Tn) with some distinguished elements ay € </n so that oN = Day over . We say
that o~ converges weakly (or converges in distribution) if there is a noncommutative distribution ¢ so that
ON(f) — o(f) forall f € C(A, A*). That is: there exists a noncommutative probability space (< ,T) with a
distinguished element a € </ so that ¢ = g, such that @, (f) — @ao(f) forall f € C(A, A*).

Thus, Theorem asserts that, in the case p”¥ = ué\ft, the mean empirical noncommutative distribution cpé\’ft =
E(@é\ft) converges weakly, and moreover the empirical distribution converges weakly almost surely to the limit.
As these distributions are supported on invertible operators, the weak convergence statements hold on the larger
class of “test functions” f € C(A, A=1, A* A=),

We now introduce extensions of C(A, A*) and C(A, A~!, A*, A=*) that deserve to be called the universal
enveloping algebras of these spaces. The reader is also directed to [[L6, Section 3.4].

Notation 2.16. With & and & as in Notation define
P =Cl{velees]  and  PT =Cl{ve}eest] € 2, (2.28)

the spaces of polynomials in the (commuting) indeterminates v.. Elements of these spaces are generally denoted
P, Q, R; when emphasizing their variables, we write P(v) = P({v:}). For shorthand, we denote

Uk = Vg(k)s keZ \ {O}a (2.29)
k |K|
— —_———
where (k) = (1,...,1) for k > 0 and (k) = (—1,...,—1) for k < 0. Set vo = 1. Define the subalgebra
HP C & as follows:

Remark 2.17. In [16], &7 was referred to as #, while H&? was simply denoted C[v].

We may naturally identify C(A, A*) as a linear subspace of &7, via the linear map
Y: C(A,A*) = 2t  definedby Y(A°) =v.,, ec€&T. (2.31)

This is a complex vector space isomorphism from C(A, A*) onto spanc{v.: ¢ € &1}, the space of linear
polynomials in £?*. A similar identification could be made for C(A, A=, A*, A=*) in &2, although for the
inclusion to be well-defined and one-to-one we must restrict ¢ € & to reduced words in the sense of Fo; then
Y(C(A, A=, A* A=) is a strict subset of the linear polynomials in &. Thus, if ¢ is a linear functional on
C(A, A*), it extends uniquely to a homomorphism 2+ — C; in this sense, &7 is the universal enveloping
algebra of C(A, A*). This will be useful in Section and so we record this new role for ¢, in the following
notation.
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Notation 2.18. Let (<7, T) be a noncommutative probability space. Let ¢ € &, and define V.: o/ — C by
Ve = () (A°):

Ve(a) = 7(a°) = r(a1a® - - a™), 2.32)
where n = |g|. Let &/™ denote the group of invertible elements in </. Then V.: /™ — C is well-defined for
any € € & by (2.32)), setting a™* = a* and a=* = (a*) " = (a7 )"

Remark 2.19. Strictly speaking, we should denote V, = VE("Q{’T) since this symbol represents different functions
on different noncommutative probability spaces. We will usually suppress this indexing, which will always be
clear from context.

2.5 Free Probability
Definition 2.20. Let (o, 7) be a noncommutative probability space. Unital x-subalgebras <, . .., o, C o

are called free with respect to 7 if, given any n € N and ki, ..., k, € {1,...,m} such that k;_ # k; for
1 < j < n, and any elements a; € <, with T(a;) = 0 for 1 < j < n, it follows that (a1 ---an) = 0.
Random variables ay, . .., an, are said to be freely independent if the unital x-algebras </; = (a;, ]> C o

they generate are free.

Free independence is a x-moment factorization property. By centering a; — 7(a;)1, € 47, the freeness
rule allows (inductively) any moment 7(a Z as" .. ) to be decomposed as a polynomial in moments 7(a5) in the
variables separately. In terms of Definition [2.12] - (whlch can be extended naturally to the multivariate case, see
[31., Lecture 4]), if a1, ..., an, are freely independent then their joint noncommutative distribution ¢, . is
determined (computatlonally effectively) by the individual noncommutative distributions ¢, , - . . , @q,, -

If o/ is a W*-algebra and a¢ € & is normal, then ¢, is completely described by a compactly-supported
measure /i, on C; cf. (2.22)). Thus, if u,v € o7 are freely independent unitary operators, uo is also unitary, and
the distributions iy, fty, and fi,, are supported on U. Since iy, is determined by ¢, , which, by freeness, is
determined by i, and p,, there is a well-defined operation, free multiplicative convolution X, on probability
measures on U such that ft,, = py X p1,,. Similarly, if 2,y € & are positive definite, the distribution ¢, of
their product is determined by the measures i, and ji,, supported in R. Although xy is not necessarily normal,
it is easy to check that it has the same moments as the positive definite operators \/zy\/z and \/yx,/y. So if
we define x © y = /zy\/x, then there is a well-defined operation X on probability measures on R such that
Heoy = Mz X py; this is also called free multiplicative convolution. In both frameworks, it can be described
succinctly in terms of the Y-transform.

Definition 2.21. Let p be a probability measure on C. Define the function

(z
cl—¢z

1
Yulz) = udc),  — ¢ suppp,
which is analytic on its domain. If i is supported in U, it is customary to restrict 1, to the unit disk ; if p is
supported in R, it is customary to restrict 1, to the upper half-plane C.. Define n,(z) = ¥ (2)/(1 + . (2)).
This function is one-to-one on a neighborhood of 0 if supp u C U (and the first moment of | is non-zero); it is
one-to-one on the right-half plane iC . if supp p C Ry ; cf. [8]. The X-transform X, is the analytic function

z
Yu(z) = ; (2.33)

for z in a neighborhood of 0 in the U-case and for z € 1,,(iC.) in the R -case.
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The Y -transform is a X-homomorphism: as shown in [[7, [36]],
Yumw(2) = Eu(2)2,(2) (2.34)

for any probability measures p, v both supported in U (resp. R.), and any z in a sufficiently small neighborhood
of 0 (resp. open set in 7, (iC.)).

Theorem 2.22 (Biane, 1997). [9] The measures {v; }icr of Deﬁnitionhave Y-transforms

Jun

+z

-z (2.35)

N+
|

Yu(z)=e
defined and analytic everywhere on C\{1}. Hence, from , they form a X-group: for s,t € R, vs1y = vsMuy.

Remark 2.23. In terms of the above discussion of free multiplicative convolution, v, X v, only makes sense if
st > 0. If, instead, we take (2.34) as the definition of X, then (2.35) shows the X-group property holds for all
s, t e R.

Equation [2.35| was the starting point for investigation of the measures v (with ¢ > 0). In [7, Lemmas 6.3 and
7.1], the authors showed that defines a measure 14 that is an analogue of the Gaussian on R: it is the free
multiplicative convolution power limit of a(n appropriately scaled) two-point measure. Later, in [9, Lemma 1],
Biane showed that these measures have the moments given in (I.2). Using complex analytic techniques, a great
deal of information can be gleaned about these measures. The state of the art is summarized in the following
proposition, where the ¢ > 0 statements were proved in [9]], while the ¢ < 0 case follows from results in [15, 16, [7]
and the recent preprint [40].

Proposition 2.24. Fort > 0, v; has a continuous density o; with respect to the normalized Haar measure on U.
For O < t < 4, its support is the connected arc

, 1 t 1 t
suppl/t—{ew; -3 t(4—t)—arccos<1—2>§9§2 t(4—t)+arccos<1—2>},

while supp vy = U fort > 4. The density o is real analytic on the interior of the arc. It is symmetric about 1,
and is determined by 0;(¢%) = Rk, (e?) where 2 = k(e) is the unique solution (with positive real part) to

Z_liz 0
z4+1

ez” =e

Fort < 0, v has a continuous density o; with respect to Lebesgue measure on R. The support is the
connected interval supp vy = [r_(t),r4(t)] where

2—&@@—%@,

re(t) =

The density o, is real analytic on the interval (r_(t),r,(t)), unimodal with peak at its mean 1; it is determined
by 0i(z) = ¢ () where z = (y(x) is the unique solution to

C
2_16 x.

When ¢ > 0, the measure 14 is the distribution of the free unitary Brownian motion introduced in [9]. The
(left) free unitary Brownian motion is a stochastic process (ut)¢>o satisfying ¢,, = v; for ¢ > 0 such that the
multiplicative increments utl,ut_llub, e Uy ! L ut,, are freely independent and stationary for 0 < t; < to <
.-+ < t, < oo. The process (u;);>0 is constructed as the solution of a free stochastic differential equation. Let

15



(<7, 7) be a noncommutative probability space that contains a free semicircular Brownian motion z; (see [12}27]
for an introduction to free stochastic calculus). Then w; is defined to be the unique solution to the free SDE

1
dut = iut d$t — iut dt (236)

with ug = 1. This precisely mirrors the matrix SDE satisfied by the Brownian motion on U (although the proof
that u; is the noncommutative limit of this process does not follow easily from this observation).

For Section [4.2] it will also be useful to consider the free multiplicative Brownian motion, which is nom-
inally the large-N limit of the Brownian motion on GLy. Let (.27, 7) be a noncommutative probability space
that contains two freely independent semicircular Brownian motions x¢, y;. Then z; = %(ﬂst + 1y;) is called a
circular Brownian motion. The free multiplicative Brownian motion g, is defined to be the unique solution to
the free SDE

dgs = g dz (2.37)

with zg = 1. Again, this precisely mirrors the matrix SDE satisfied by the Brownian motion on GL . It was left
as an open problem in [9] whether g; is the limit in noncommutative distribution of the GIL ;y Brownian motion.
Theoremis a partial answer to (the (s, t)-generalization of) this question. The recent paper [11]] also partially
solves this conjecture in the s = ¢ case. In fact, the full conjecture is solved by the author in the complementary
paper [26].

3 Intertwining Operators and Concentration of Measure

In this section, we summarize the relevant results from the author’s recent joint paper [16]], in addition to giving
some estimates of the involved constants.

3.1 The Action of Ay, and A, on Trace Polynomials

If Z € GLL, the noncommutative distribution 7 (viewed as a homomorphism on &2, as in Section induces
a family of functions of Z: linear combinations of products of traces tr(Z 5(1)) ctr(Z etm) ). We call such
functions trace polynomials; cf. Notation[3.2]below. In this section, we will describe the action of the generalized
Laplacian Aé\ft (and its special case Ay, = A{YOMUN) on trace polynomials. We will rely heavily upon Notation
as well as the following.

Notation 3.1. Given ¢V, ... (™) ¢ & we say that the monomial V1) -+ - U (m) has trace degree equal to
leW| 4 - + |e™)|. More generally, given any polynomial P € 2, the trace degree of P, denoted deg(P), is
the highest trace degree among its monomial terms, if all terms have trace degree n, we say the polynomial has
homogeneous trace degree n.

Forn €N, let #,, = {P € &: deg(P) < n}. Note that Py, is finite dimensional, #, C C[{vc}|c|<n], and
P =U,>1 Pn- The sets HP), are defined similarly. In particular, {2, C Clvi1,...,v+y], and, in terms of
(2.29), this means

deg(v’flvli’l1 . ~v§"vﬁ;{’) = Z |71k,
1<|jl<n

Notation 3.2. Let (My)? denote the set of functions & — M. Denote by V i the map GLy — (My)¢ given

by

[VN(2)|(e) = V(Z) = tr(Z°), Z e€GlLy, e€é.
For P € 2, we write P o V y for the evaluation of P as a function on GLy. That is: ife™, ..., e™ e & are
such that P = P(v_1),...,0.m)) isin Clu.ay, ..., v ()], then

(PoVN)(Z)=P(V.wy(Z),...,V.m (2)).
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We refer to any such function as a trace polynomial.

Note: in [16]], the trace polynomial P o V y was often denoted simply as Ppy.

Example 3.3. If P(V) = v(1 ,)V(x) + 2V(4,—1,1) then deg(P) = 3, and
(PoVN)(Z) =tr(ZZ")tr(Z*) 4 2t0(Z* Z 71 2) = tr(ZZ*)tx(Z*) + 2tr(Z7).

Thus, if we set Q(V) = v(1 4)V(x) +2V(4), then PoVy = Q oV forall N. That is, the map P — PoV y from
Z to the space of trace polynomials is not one-to-one for any N. If we restrict this map to H.Z?, cancellations
like this do not occur; nevertheless, the map is still not one-to-one, due to the Cayley-Hamilton theorem, as
explained in [[16, Section 2.4]. Nevertheless, restricted to H &7, for some n € N, the map is one-to-one for all
sufficiently large NV (depending on n).

Remark 3.4. Note that, if P € H.Z2, then the function P o V y is holomorphic on GIL . This is the reason we
use the notation H .

We now introduce two families of polynomials {QF: ¢ € &} and {RZ;: e,0 € &} in 2 that were intro-
duced in 16, Theorem 3.12]. Since we do not need to know all the details about these polynomials, the following
is only as precise as will be needed below (in particular in Proposition [3.18).

Definition 3.5. Let ¢ € &, and let 1 < j < k < |e|. Define ny () be the integer from [I16, Eq. (3.36)]; in
particular, |ny(e)| < |e|, and let {5§ g £ =0,1,2} be the substrings of € given in [16] Eq. (3.37)]; in particular,
€= 59’k€;7k5?’k and so \6%] + ]5;k| + ‘€J2}k‘ = |e|. Define

QE(v) = na(e)v. +2 Z :I:vg(;_ksjz_kvs}k, (3.1)
1<j<k<n o

where the + signs inside the sum depend on €, j, k. For s,t € R, define
t t
o= (S - 2) QF + §Qs : (3-2)

Thus, except when (s,t) = (0,0), Q%" is a homogeneous trace degree le| polynomial.
Additionally, let § € &. For1 < j < |e|and 1 < k < |0], let €9) and 5F) be the cyclic permutations of
and ¢ in [16] Eq. (3.40)]. Define

lel 191

ijg(v) = Z Z Gy 500 » (3.3)

j=1 k=1

where the + signs inside the sum depend on €, 9, j, k. For s,t € R, define
p t\ ot
Rzﬁ = <s — 2) R 5+ §R€’5. (3.4)

Thus, except when (s,t) = (0,0), Rz’g is a homogeneous trace degree || + |d| polynomial.
The following intertwining formulas were the core computational tools in [16]].

Theorem 3.6 (Intertwining Formulas). [16, Theorems 1.20 & 3.13] Let s,t € R. Define the following differential
operators on P

1 st 8 1 s,t 62
Dyt = 3 ZQE (v) Do and Lop = 3 Z R&(S(V) (3.5)
c€E €,0€8
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where Q?t and Rz’g are as in Deﬁnition Then for any P € &2, we have

1 1
gAu(PoVy) = - |:®s,tP + NQLs,tP} °Vy. (3.6)

In the special case (s,t) = (1,0),

1 9 1 9] k—1 9 k—1 9
Diolyp = B Z |k|vk% + 5 Z k ZUjUk—j Do + Zv,jv_(k_j) 90 , (3.7)
k|>1 k k=2 =1 k =1 —k
1 9?
L > = = kv L ——. .
ey =5 2 dkvig o (3:8)
7], 1%[>1
Notation 3.7. For N > 1, we set .
Dé\,[t =Dsi + Wﬁs,t- (3.9)

Thus asserts that %Aé\ft(P oVy) = —[Dé\ftP] o V.

Remark 3.8. (1) In the notation of [16), Definition 1.16], D1 ]%@ = N+ 2Z (rewritten here using the trick of
Remark 5.13 in that paper). Note, also, that the terms with j = —k in (3.8)) involve vy, which we interpret
as 1.

(2) Since Ay, = A{YO‘UN, li shows that

1

Lol | eV = —[DYoP]o V. (3.10)

1
iAUN(POVN) = — |:'Dl70P+

This is the formal sense in which (1.14) is true. For a trace polynomial (P o V )y, with P € HZ, the
Laplacian can be calculated explicitly using (3.7) and (3.8).

Example 3.9. Consider the trace polynomials f(U) = tr(U")tr(U™) for U € Up; for convenience we assume
n,m > 2. Then f = P o V where P(v) = v,v,, € HZ4. Then (3.7) and (3.8) give

n—1 m—1

2D1 0(vnvm) = (N +m)vpoy, +n Z VjUp—jUm +m Z VjUm—jUn, 3.11)
Jj=1 Jj=1

201 ,0(vnUm) = 2nMmup 4. (3.12)

Note that all terms have homogeneous trace degree n + m, the same as v, vy,; this follows from Theorem

Thus, (3.10) yields

Au ((U)(U™) = ~(n+ m)tr(U")ir(U™) — 2 er (U
n—1 m—1

—n Y (U (U e (U™) —m Y (Ut (U ) (UT).
j=1 j=1

In the special case N = 1, tr(U7) = U’, and so the calculation shows that

n—1 m
Ay, (U™™) = —(n +m)U™™ — 20mU™ ™ — 03" U™ N U = (0 4 m)2U,
i=1 i=1

which is consistent with (2.10).
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We record here another intertwining formula (that did not appear in [[16]) regarding the complex conjugation
map.
Definition 3.10. Given ¢ € &, define €* € & by (e1,...,e,)" = (e}, ...,e]), where (£1)* = +x and (£x)* =
+1. Let C: & — P be the conjugate linear homomorphism defined by C(v.) = v« for all e € &. Note that,
forany P € & and Z € 7,
PoVN(Z)=(CPoVy)(Z). (3.13)

That is: C intertwines complex conjugation. This follows from the fact that tr(Z¢) = tr(Z¢"). We will often write
C(P) = P,

Lemma 3.11. The complex conjugation intertwiner € commutes with the operators D 1, L4, and hence Dé\ft.

Proof. Fix N € Nand let P € & and Z € M. From Remark [2.5(3) and (3.13), together with (3.6) and (3.9),
we have

(e7P%CP) 0 Vi (Z) = (e2*%4(€P o Vi) (Z) = (e2*24(P o Vy))(Z) = E(e% P) 0 Vi(2).

This shows that N
([e,e™P=¢]P)(Z) =0, NE€N, ZecGLy.

It follows from [16, Theorem 2.10] (asymptotic uniqueness of trace polynomial representations) that the poly-
nomial [C, e_ggt]P = 0. Scaling (s,t) — (as, at) and differentiating with respect to o at « = 0 shows that
[C, Dé\ft]P = 0. As this holds for each N, sending N — oo (using continuity of all involved maps on the finite
dimensional Dé\ft—invariant subspace of polynomials with trace degree < deg(P)) shows that [C, D, ;|P = 0,
and it then follows that [C, £ ;] P = 0. Since these hold for all P € &, the lemma is proved. O

Remark 3.12. It is possible to prove Lemma [3.11] with direct computation from the definitions (3.5) of the
intertwining operators D, ; and L ;; the proof we’ve given is much shorter.

As noted in Example the operators D, ; and L in Theorem preserve trace degree (so long as
(s,t) # (0,0)). Hence, so do the operators @gt which intertwine —§Aévt. In particular, this means that,
for each n € N, &7, is an invariant subspace for Df;]t; equivalently, by li the finite dimensional subspace
P, o VN of trace polynomials “of trace degree < n” is an invariant subspace for Aé\ft. (Note: from the second
term in P in Example we see that trace degree is not well-defined for trace polynomial functions, only for
their intertwining polynomials. However, the subspace &2, o V  is a well-defined, finite dimensional invariant
subspace for AY,.

Let n € N. The restriction Dé\ft | 2, is a finite dimensional operator, and so can be exponentiated in the usual

N .
s,t‘ DoV together with (3.6]), show that

manner. Similar considerations applied to A
lAN _@N
e2%st(PoVy) = (e"75tP)oVy, Pe 2, (3.14)

where the restrictions are done with n = deg(P). Combining this with (2.8) shows that, for s,¢ > 0 with
s>1/2,
_pN
E,v (PoVy)= (e7 7t P)(1), (3.15)

where by P(1) we mean the complex number given by setting all v. = 1 in P(v). Analogous considerations
from (2.7) and (3.10) show that, for ¢t > 0,

E,x(PoVy)= (e 2% P)(1). (3.16)
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3.2 Concentration of Heat Kernel Measure

The expectation-intertwining formulas (3.16)) and (3.15) show there is O(1/N?)-concentration of the Uy or
GL n heat kernel measure’s mass. The following lemma makes this precise. It is a version of [16, Lemma 4.1];
we expand on the statement and proof here to give some quantitative estimates (cf. Proposition [3.18).

Lemma 3.13. Let V be a finite dimensional normed C-space. For parameters s,t € R, let Dy and Ls; be
two operators on V' that depend continuously on s and t. Then there exists a constant C(s,t) < oo, depending
continuously on (s, t) € R2, such that, for any linear functional 1»: V — C,

[ih(ePotteboty) —p(ePota)| < O(s, t) |2 v[[¢]lv+el, zeV, ¢ <1 (3.17)
Note that the constant C'(s, t) also depends on the norm || - ||y .

Proof. We follow our proof in [[16, Lemma 4.1]. For the moment, write D = Dy and L = L, ;. Using the well
known differential of the exponential map (see for example [[17, Theorem 1.5.3, p. 23] or [25, Theorem 3.5, p.
701),

1
A DiuL _ DuL / o—v(D+ul) p o(D+uL) g,
du 0

1
:/ ((1=0)(D+uL) [ o(D+ul) g,
0

we may write

€ 1
oD+el _ D :/ A DiuLg, _ /8 {/ A=) (D+uL) o (D+uL) gy | gy,
o du 0 0

Crude bounds now show

€] 1 1
D+eL _ D (1—v)(D+ul) 5 ,v(D+ul)
He e HEnd(V) S/o {/0 He Le ‘End(V) dv_ du, (3.18)
where || - ||gna(vy is the operator norm induced by || - ||y. Now, set
C(s,t) = sup ‘e“*”)(Ds’t*“Lstte”<Ds,t+“LSvt> . (3.19)
0<u<]el ’ End(V)
0<v<1

(This constant nominally depends on €, but we can take e = 1 here to provide a uniform bound.) The func-
tion (u,v,s,t) s eV Psetulse) [ ev(Dsitulss) js continuous, and hence C(s,t) is a continuous in (s, t).

Equations (3.18)) and (3.19) show that

H6D+EL - eDHEnd(V) < C(s,t)]el; (3.20)

and (3.17) follows immediately from (3.20). O

Since ¢(P) = P(1) defines a linear functional on &, for each n, (3.16), (3.15)), and Lemma immedi-
ately yield the following.

Corollary 3.14. For s,t € Rand P € &, there is a constant C (s, t, P) < oo, continuous in (s,t) € R?, so that

’(e—DﬁYtP)(l) — (e*DSvtP)(l)‘ < % -C(s,1, P). (3:21)
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Proof. Let n = degP, and choose any norm || - || %, on the finite dimensional space #,; then C(s,t, P) can
be taken to equal C(s,)[|¥||% || P2, where 1)(P) = P(1) and the constant C'(s,t) is from (3.19) with the
operators D ; = — Ds,t]yn and Lsy = — Ls,t\yn. O

Corollary (in the special case (s,t) — (¢,0)) shows that the large-V limit of the heat kernel expectation
E N of any trace polynomial is given by the flow operator e~P+0; in this sense, D1, is the generator of the limit
heat kernel (and hence of the free unitary Brownian motion). In particular, taking P = v, so that (PoV ) (U) =

tr(U™), (3.16) and (3.21) show that

(e7Ptoug) (1) = lim tr(U™) pN (dU) = v (t) (3.22)

N—oo ]UN

are the moments of v4; cf. Definition Since Dy ¢ is a first-order differential operator, the operator e~ Dtojsan
algebra homomorphism, and since the evaluation-at-1-map is also a homomorphism, the complete description of
the semigroup acting on H & is given by

(7ol ulro) ) (1) = O vy (0 v ()P () (3.23)

n —n

This simplifies further, since v_,, (t) = v, (t) for all m.

3.3 Estimates on the Constants C(s, t, P)

Corollary [3.14] suffices to prove weak a.s. convergence of distributions when using (Laurent) polynomial test
functions; in particular, this will suffice to prove Theorem[1.7] To extend this convergence to a larger class of test
functions, as in Theorems we will need some quantitative information about the constants C'(s, ¢, P) in
(3.21). To prove such estimates, we begin by introducing a norm on & that will be used throughout the remainder
of this section.

Definition 3.15. Let || - |1 denote the (*-norm on 2. Precisely: let N§ denote the set of functions k: & — N
that are finitely-supported. For k € N¢, define v¥ to be the monomial

vk = H vé‘(e).
eesupp k

Any P € & has a unique representation of the form

Pv)= > av" (3.24)

for some coefficients ay € C that are 0 for all but finitely-many k. Then we define

1Pl =) axl. (3.25)

keNk

The uniqueness of the representation of P shows that || - ||1 is well-defined on &, and it is easily verified
to be a norm.

We will use the norm || - ||; of to provide concrete bounds on C(s, ¢, P) for P € Z,; this will suffice
to prove Theorems [I.3] and (as well as a weaker version of Theorem |1.2] with ultra-analytic test functions).
We remind the reader of the following lemma: the operator norm on matrices induced by the /'-norm on vectors
is bounded by the maximal column sum of the matrix.
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Lemma 3.16. Let V' be a finite dimensional vector space, and let e1,...,eq € V be a basis. Let || - |1 de-
note the norm |laier + - -+ + aqeqlli = |a1| + -+ + |aq| on V. Then for A € End(V'), the operator norm
|All1s1 = sup ||Aw||; is bounded by

wl1=1

< - :
1411 < max [ A(e;)]x (3.26)

Proof. Letting w = aje; + - - - + ageq, compute

d d

[ Awll = [la1 A(er) + - -~ + agA(ea)lls < Y laxl|A(er) |1 < ax [[Ale;)lh > lal,
k=1 == k=1

and since Zizl |ak| = ||w]|1, this proves the result. O

Remark 3.17. If we represent a vector in V' in a non-unique way, for example v = aje; + ages + bie; =
(a1 + b1)er + ageq, note that ||v||y = |a1 + b1| + |az| < |ai| + |b1| + |az]; thus, if we use such a redundant
representation for a vector when “computing” the || - ||;-norm, we will always get an upper bound. This will be
relevant in the proof of Proposition [3.18] below, where it will be challenging to detect repeated occurrences of
basis vectors.

We now prove a quantitative bound for the constants C'(s, ¢, P) for any P € &.
Proposition 3.18. Let s,t € R, letn € N, and let P € P,,. Definer = |s — 5| + %|t|. Then for all N > 1,

1 r T2
— *?1262

(% P) ) — (e P) )| < + (4+52) 1Py (327

Proof. Let V. = 2, equipped with the norm || - ||; of (3.25), let ¢)(P) = P(1), and set D = —D,; and
L = —L; ;. Then Lemma shows that

_pN - 1 1 N
[(72P) (1) = (72 P) ()] = [p(eP* FP) — 6(ePP)| < CI0IiIPL,  (328)
where
C= sup o(1=0)(D+uL) [ ,u(D+ul) H . (3.29)
0<u<1/N2 1—1
0<v<1
Note that, for P(v) = 3, axvK as in (3.24),
(P = |P(1)] = ] 3 ak‘ < ||P|li, and therefore |||} < 1. (3.30)
k
Hence, to prove the proposition, it suffices to show that lb is bounded by %nQe%"Q(Hl/ N%),
Since the operator norm || - ||1—1 is submultiplicative, for 0 < u, v < 1 we can estimate
He(l—v)(D-i-uL)Lev(D-i-uL)H < He(l—v)(D-i-uL)’ . ev(D-i—uL) ‘ . HLH1—>1
1—1 1—=1 1—1

< e(I=0)(IPlh—1tullLlli-) | go([Dlhstull L) | L[ 1-1

— ellPlhis1, gullLllisa L)1
where the second line follows from expanding the power series of the exponentials and repeatedly using the
triangle inequality and submultiplicativity of the norm ||-||; 1. Hence, taking the supremum over 0 < u < 1/N2,

we have )
C < elPlhior . exzlilh=r ypy, (3.31)
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It behooves us to estimate || L||1—1 and || D||1—1; we do this using Lemma
The basis of &, defining the norm || - ||; is the set of monomials in #7,; that is, using the notation of
Definition [3.13] the basis is

B = {V¥: deg(vF) <n} = {v}: Y |k(e)|le| < n}.

€€l

We must therefore estimate the || - ||;-norm of the images of D = —D,; and L = —L,; on these basis vectors.
So, fix a finitely-supported function k: & — N. Then for any € € &, we have

o k k
vk = k(e)—, where M B,
(91}5 Ve Ve

(L.e. we write %vk = kv*~! = kv¥ /v to simplify notation.) Thus, from li we have

ZQi Zk n:t ) k+2 Z 4 _DkTik Tik ]ksjk EJ,

ees 1<j<k<|e|

(This is a finite sum: k(g) = 0 for all but finitely-many € € &.) Thus, from (3.2) and (3.5), we have

Zk Ks - ) n(e) + ;n(s)] vk

565’
t t V0 g2 Ul
k — S (D) F ()| VK
FXkE X (s p) @+ g] Sy
s 1<j<k<|e|

All of the vectors vk and v_o .2 v.1 v /v, in the above sum are basis vectors in %,,. They may not be distinct,
0,2, Vel | y may
VELAVE Js

but by Remark [3.17| we can compute an upper bound for the norm by simply summing the absolute values of the
coefficients:

[Dac ) < 5 S K(E)

tj%;k(e) ngqu <s _ ;) (+1) + ;(i)’ .

We can estimate the internal terms as follows: since |n(¢)| < |e] (cf. Definition [3.5),

‘ <s - ;) n(e) + %n_(s)

and similarly the term inside the double sum is < r. Hence, we have

< |s—

t 1
2| s @)1+ ltlln- ()] < 7le

D)l < & 3 o) + 7 Sk L=, (332

eef c€f

Since vk € %, we have >___, ||k(¢) < n, and so too |¢| < n for any nonzero term in the sum. Thus, lb

yields
.
[Pl < max || = Da(v ) < 2n+ 2(n —n=gn’. (3.33)
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Turning now to L = —L 4, we have

P {k(s)k(é)vk/vgv(;, e#0,

Doy | k(e)(k(e) — DvE/e2, &=

Thus, from (3.3) we have

lel el 19]
Y R(v) (% 50 =Y k(e)(k(e) = 1) D ivsu)g(k) + > k( Zzi%(m(k)
€,0€8 6 €S J.k=1 5 e£6EE j=1k=1
and so, from (3.4) and (3.3),
lel k
1 t t v
3 REKE - Y |(s-5) @+ 5] v
e j,k=1 €
lel 193] k
1 t t v
3 2 KARO LY [(55) @+ 5] g
2 4 2 2 Vs
e£dEE 7j=1 k=1

As above, it follows that

165 (V)1 < gzk(s)(k(s) ) lef® + Z k(e)k(9)[e]l0]

€& E#&Gé"
T

< §Z:k(€)2|5|2 > k(e)k(8)[ell9]

ees 575566’

2
r 7“

= — — < =n”. .

5 2 k(EkO)elld] = 5 <Zk |e|> < gn (3:34)

5566" ees

As this holds for all v € 4,,, we therefore have

— _ k f 2
IL]l1—1 = Jnax I = Lop (vl < 5n° (3.35)
Combining (3.31) with (3.33)) and (3.35)) proves the result. O

When s,t > 0ands > t/2,r = (s — 5) + £ =s. Proposmonthen shows that the constant C'(s, ¢, P)
in Corollary can be bounded by

C(s,t,P) < %(deg(P))Qes(deg(P))z||PH1, Pe (3.36)

by using 1/N? < 1. We can do better than this if we take N sufficiently large.

Corollary 3.19. Let s,t € R, and setr = |s — 5| + |t|. Let 6 > 0,n,N € N, and P € P,. If N > /2/5,
then

(5P) (1) — (P P)(1)] < 1y - B0 P @37

1
N2 §
Proof. When N > /2/6, we have 1 +1/N? < 1+ §/2, and so
n2e 0 g3 (1+on? (3.38)

Elementary calculus shows that the function  — xe~%%/2 is maximized at = 2/4, and takes value 2/ed < 1/§
there. Substituting z = n2 in 1i the result now follows from l) O
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That being said, the author does not believe the estimate (3.37) on the constant C'(s, ¢, P) in (3.21)) is any-
where close to optimal: the above proofs involved fairly blunt estimates that ignored many potential cancellations.

Indeed, if we work explicitly in the case N = 1, for any linear polynomial HZ > P = >} apvk, (2.12)
shows that
1 t i n t1.2
(ethOP)(l) = [ e22m Z apU" = Z ape 2"
k=—n U=I k=—n
while (3.22)) shows that
n
(e7P0P) (1) = ) apv(t).
k=—n
Thus, we have
n
—pl _ _t
(eP) @) — (e P0P)W)] £ 3 I —nollarl < 2Pl (3.39)
k=—n

since 0 < e~ 2k < 1 and |k (t)] < 1 (as it is a moment of a probability measure on U). On Uy, every trace
polynomial reduces to a polynomial in U which intertwines with a linear polynomial (since tr(U*) = UF for
U € Uy). This reduction process can only increase the || - ||1-norm; cf. Remark [3.17] Thus, shows that,
in the special case N = 1, there is a uniform bound (uniform in n and t) for the concentration of expectations
of polynomials in &7,,. It does not follow easily, unfortunately, that C'(¢, 0, P) is uniformly bounded in the Uy
case; but the author strongly suspects this is so. We leave the investigation of the precise behavior of the constants
C(s,t, P) to a future publication.

4 Convergence of Empirical Distributions

This section is devoted to the proofs of Theorems Theorem [1.2]is treated first, separately, with special-
ized techniques adapted from [30]. We then proceed with Theorem [1.7] and then derive Theorems [I.3] and
essentially as special cases.

4.1 Empirical Eigenvalues on Uy

Let f: U — C be a measurable function. Since the group U consists of normal matrices, measurable functional
calculus is available to us. From 1| the empirical integral fU fdv} is the random variable

/fdﬁivztrofN on (U, pp). (4.1)
U

We will initially bound the empirical integral in terms of the Lipschitz norm on test functions. A function
F: Uy — Cis Lipschitz if
[F(U) = F(V)]
Fllunwuy) = sup ———————— < 00,
” H p(Ux) U#AVeUn dUN(U7 V)

where dy,, is the Riemannian distance on Uy given by the left-invariant metric induced by the inner product
(2.2) on up. In the special case N = 1, this is just arclength distance:

i i
ap =Nl 42)

||f||Lip('U) ~or a#B€[0,2m) joe = B

The following general lemma was given in [30, Proposition 4.1]; it is adapted from the now well-known tech-
niques in [21]], and attributable to earlier work of Talagrand.

25



Lemma 4.1 (Lévy, Maida, 2010). Let N € N. If f: U — C is Lipschitz, then tr o fx: Uy — C is Lipschitz,
and

1
ltr o fllLipwy) = 71 Lip(o)- (4.3)

Remark 4.2. Lemma @.1]is proved in [30] only for real-valued f; but the proof works without modification for
complex valued test functions.

Lemma.T]is then used in conjunction with the following, proved as [30, Proposition 6.1].

Lemma 4.3 (Lévy, Maida, 2010). Let F': Uy — R be Lipschitz, and let N € N. Then fort > 0,
Var v (F) < N ipuy)- (4.4)

Lemma is proved using a fairly well-known martingale method. If U} is a Brownian motion on Uy (i.e.
the Markov process with generator %AU v)» and T > 0, then for any L?-function F': Uy — R, the real-valued
stochastic process

t s (e2T-D20y F)(UN)

t
is a martingale, which is well-behaved when F is Lipschitz (in particular since |22V~ F ILipwn) < IF llLipua)
for any ¢t > 0). Our first task is to generalize Lemma in two ways: from variances to covariances, and from
real-valued to complex-valued random variables.

Corollary 4.4. Let N € Nandt > 0. If F,G: Ux — C are Lipschitz functions, then
Cov v (F, G)‘ < 2| F|lLipua) | GllLipwy) - 4.5)

Remark 4.5. To be clear: for two complex-valued L? random variables F and G, Cov(F,G) = E(FG) —
E(F)E(G) = E[(F - E(F))(G - E(G))].
Proof. From the Cauchy-Schwarz inequality, we have

|Cov(F,G)| = |E[(F — E(F))(G - E(G))]| < |F —E(F)|12|G — E(G)| 12 = /Var(F)Var(G). (4.6)

Note that, for a complex-valued random variable F' = F| + iF5, Var(Fy + iFy) = Var(F1) + Var(Fy). A
complex-valued function is Lipschitz iff its real and imaginary parts are both Lipschitz, and so Lemma[4.3|shows
that

Var, (Fy +iF) = Var, (F1) + Var,x (Fy) < ¢ (\|F1||%ip(UN) + ||F2||%ip(UN)) . 4.7)

‘We now estimate

||F1”%ip(UN) + ||F2Hiip(UN) < 2max {\|F1||iip(UN)7 ||F2Hiip(UN)}
_ 2 7 9
< 2max { (F1(U) = F1(V)) (F2(U) — F(V)) }

sup , sup
vev  duy (U V)2 Tuiy duy (U, V)2

(F(U) — Fi(V)? | (B(U) - Fa(V))?
§25‘J£3[ A O V)E (U V)? ]

= 2| F1 + i)

where the penultimate inequality is just the statement that if f1, fo > 0 then sup(fi1+ f2) > max{sup f1,sup f2}.
Combining this with (4.6) and {.7) proves the (4.5). O
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Remark 4.6. It is likely that the variance estimate (4.4) holds as stated for complex-valued F', but this is not
immediately clear from the proof as given. Since we do not care too much about exact constants, we are content
to have a possibly-extraneous factor of 2 in (.5).

Combining Lemma §.T| and Corollary {.4] (in the special case F' = G) with (4.1)) immediately proves (I.5))
in Theorem We will now show that, at the expense of decreasing the speed of convergence below O(1/N?)
(but still summably fast), convergence holds for the much less regular functions in the Sobolev spaces H,(U) for
p>1.(Ifp<3, H,(U) consists primarily of non-Lipschitz functions; cf. Section ) We begin by considering
trigonometric polynomial test functions.

Proposition 4.7. Let n € N, and let f(u) = > ;__, f (k)uF be a trigonometric polynomial on U. If 1 < p < %
then

=2 4y
~N n 9
e (/de”t ) < vt 3ogplf I 4.8)

Proof. From (I.16), the empirical integral is the random variable
[ g = 3" fwulh,
U k=—n
and so we can expand the variance as
vm(éﬁwﬁ—»§jfuvwmww@mwmnwm. 49)
il |kI<n

Using Corollary f.4]and then Lemma[.1] we have

. ) 2t
’COVpiv (tr[(')]]vtr[(')k])‘ < Qthr[(')J]HLip(UN)Htr[(')k]”Lip(UN) = WHXjHLip(U)HXkHLip(Uy (4.10)

where % (u) = u¥; cf. Section Since the functions x are in C''(U), we can compute their Lipschitz norms
as

1 L1
HXk”Lip(U) = §S%P|Xk’ = §|k|-
Combining this with (4.9) and (.10) yields

n 2
Var </deﬁgv> < %;W > ORIk = %;W (Z |k:|yf(k)|> . @1

l7,[k|<n k=—n

Note that the £ = 0 term in the squared-sum is 0, so we omit it from here on. We estimate this squared-sum with
the Cauchy-Schwarz inequality, applied with |k| = |k|17P|k|P:

2
STORIFEI] < | DD EPEP) L ST KPR
1<[k|<n 1<|k|<n 1<[k|<n
< D0 RPCP) AR @) 4.12)
1<|k|<n

where the Sobolev H,-norm is defined in (2.9). Let r = 2(p — 1); then 0 < r < 1. We utilize the calculus
estimate

[e%9)
1 n+1 d or 9
S [ g Dy
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which yields

o0
Z |k|2(1—p) _ 2Zk2(1—p) < 3 42 n3—2p (4.13)
1<|k|<n k=1 P
Equations (#.12)) and (.13 prove the proposition. O

Remark 4.8. In the regime p > % where 2(1 — p) < —1, the sum in 1i is uniformly bounded in n, and the
resulting estimate on the variance is

1 4Pt 3
~N )
v </deyt ) = N2 2p — 3HfHHP(IU)7 p>3-

In the case p = %, H,(U) corresponds roughly with Lipschitz functions, and so 1| is the optimal result.

We will use Proposition [4.7|to prove (1.4)) by doing a band-limit cut-off of the test function f at a frequency
n that grows with N (in fact, the optimal result is achieved at n = N). To proceed, we first need the following
lemma.

Lemma 4.9. Let N € Nandt > 0. For f € L*(U),

Var (/deDtN> <4 £ 11 - (4.14)

Proof. For any L? random variable F, we utilize the crude estimate
Var(F) = ||F = E(F)[|72 < (|F|lz2 + [E(F)])* < 4] F]7.
With F' = [, fdvy, 1i shows that, for U € Uy,
1
PO =+ > )] < Ifl=

AEA(U)

since A(U) is a set of size N. Since p}" is a probability measure, it follows that || F| 22Ny < Il fllLoe(u)- and the
result follow. [

We now proceed to prove (1.4)) in Theorem [1.2]

Proposition 4.10. Lett > 0, N € Nand 1 < p < 3. For f € H,(U),

~ 1 4 Vi 1 2
Var (/deVtN> < W . ﬁ”fHHp(]U) <\/3_2p + \/2]7— 1> . 4.15)

Proof. Fix f € Hy,(U), with Fourier expansion f = >, _, F(k)xp. Let

N
fn=> fk)xx
k=—N
be the band-limited frequency cut-off at level NV, and define

Fy= [ pnai', and PN = [ (7w
U U

28



so that Fiy + FN = fU f du}Y . From the triangle inequality for L2,

1/2
(Var (/ fdagv» = \Var(Ey + FN) < Var(Fy) + y/ Var(F V). (4.16)
U
From Proposition 4.7} the square of the first term in (#.16) is bounded by
N3720 4t 5 1o 4t
z: 2 “2p. |72
From Lemma4.9] the square of the second term in is bounded by
Var(FN) < 4[| = full7 oo ), (4.18)
which we can bound as follows:
2 2
sup|f(u) = fn(w) =sup| Y flkur| <[ DO UFR| < Do R DD KPR
ucl uCU >N |k|>N |k[>N |k[>N
< SR I - (4.19)
|k|>N
We can bound the above sum as in (#.13)), using the calculus estimate
0 o0
> s eV
k=N+1 N P
Combining this with (.18 and {.19) yields
8
N 1-2 2
Var(FV) < N'7°P. 2 1||f||Hp(U). (4.20)
Combining @.16), @#.17), (#.20) proves @.13). O

This brings us to the proof of Theorem [I.2]

Proof of Theorem[I.2] Proposition .10 proves (T.4), while, as remarked above, Lemma [4.1] and Corollary {.4]
prove (1.5)). Thus, we are left to prove only (1.3). Fix f € C'(U), and let € > 0. By the Weierstrass approximation
theorem, there is a trigonometric polynomial g. on U such that || f — gel| oo (m) < v/€/4. Let

F:/fdﬁtN, and G:/gedﬁtN.
U U
Then, as in (@.16)),we estimate

V/Var(F) < v/Var(G) 4+ v/Var(F — G) < \/Var(G) + 2||f — gelloo < /Var(G) + v/¢/2 (4.21)
by Lemma[d.9] Now, g, is Lipschitz, and so (I.5) gives

2t
Var(G) < ﬁ”ge”Lip(U)‘ 4.22)

Thus, for any N > 2, /t|lgellLipw) /€%, v/Var(G) < v/€/2, and so (4.21) and (4.22) show that Var(F) =

Var( [;; f dv}N) < e for all sufficiently large N. Convergence in probability (1.3) now follows immediately from
Chebyshev’s inequality. O

For a discussion of the (lack of) sharpness of (I.4), see the end of Section 4.2}
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4.2 Empirical Noncommutative Distribution on GL

Definition 4.11. Let s,t € R, and let D ; be the intertwining operator on & given in Theorem For each n,
the finite dimensional subspace &, is invariant under Dy, and so e~ Dot P P is well-defined. Define the
noncommutative distribution ¢, ;: C(A, A*) — C to be the following linear functional:

st (f) = (€77 X(N)(1),  feC(A AT (4.23)
where Y: C(A, A*) — P is the inclusion of [2.31).

To be clear: Dy ; does not preserve the space Y (C(A, A*)) of linear polynomials, and so e~ f contains terms
of higher (ordinary) degree, although it preserves the trace degree of Y(f). The functional ¢, is defined by
evaluating the resultant polynomial function v — (e~ P=+Y(f))(v) € 2+ atv = 1.

Remark 4.12. Tt is tempting to think that ¢ is therefore a homomorphism on C(A, A*), since e~ s is a

homomorphism on &*. However, T is not a homomorphism. The product on C(A, A*) is incompatible with
the product on the larger space Z27; it is the difference between convolution product and pointwise product of
functions.

To properly call the linear functional a non-commutative distribution, we must realize it as the dis-
tribution of a random variable in a noncommutative probability space (< ¢, 7s+). This is done in precisely the
same way that we constructed the mean (@) of an empirical distribution li as a genuine noncommuta-
tive distribution. We take o7, ; = C(A, A*), and define 75 (f) = ps+(f) for f € o7; then @5 = ¢, Where
a € C(A, A*) is the coordinate random variable a(A, A*) = A. Note that ¢, ;(1) = 1 since D, annihilates
constants. That 7, is tracial and positive semi-definite actually follows from Theorem (@@ identifies
st as the limit of the mean distributions E(@évt) which are tracial and positive definite (since fi5; has infinite
support); see the discussion on page[I2] It is straightforward to verify that a limit of tracial states is tracial, and
hence 7, ; is a tracial state. What is not so clear from this definition is whether 7 ; is faithful, as this property
does not generally survive under limits. In the special case s = ¢, the concurrent paper [11] proves that ¢; ; is
the noncommutative distribution of the free multiplicative Brownian motion g, of , and so in this case, 7 ;
is known to be faithful. In fact, using free stochastic calculus techniques, it is possible to construct ¢, ; as the
distribution of a stochastic process in a faithful W *-probability space; we address this in a separate publication
[26].

The key to proving Theorem [I.7]is the following extension of Corollary [3.14] We will use it here only in the
diagonal case (P = (), but the general covariance estimate will be useful in Sections and 4.4

Proposition 4.13. For P,Q € 2, there is a constant Cy(s,t, P, Q) depending continuously on s,t so that, for
each N € N,

1
‘Covﬂgt(PoVN,QoVN)‘ < <5 Calst, P.Q). (4.24)
Proof. From (3.13), we may write
PoVy-QoVy = (PQ*)oVy
where Q* = CQ. Thus, (3.15) shows that
P _nN %
E,~, (PoVy QoVy) = (e P (PQ))(1). (4.25)

Similarly,
E,~,(PoVy)-E,~ (QoVy)= (e7P=tP)(1) - (e P5Q") (). (4.26)
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To simplify notation, we suppress s, ¢ and denote

U = (e PP (1), Y = (e ) (1), Wl = (e PR (PQY) (1), 4.27)
Uy = (e P P)(1), T,=(ePQ")(1), Ti,.= (e D1 (PQY))(D). (4.28)

Thus, (4.25) and (#.26) show that
Cov,w (PoVy,QoVy) = oy, - wl, (4.29)

We estimate this as follows. First
(O, — UNON| < OV, — Oy [0, — |+ [0, - OO, (4.30)

Referring to (4.28), since e~ P+ is a homomorphism, the second term in (4.30) is 0. The first term is bounded
by # - O(s,t, PQ*) by Corollary [3.14} For the third term, we add and subtract ¥ ¥, to make the additional
estimate

00, — WYY < [ - )+ e, - ]
LA 2 A RIS LA 2

1 1 1 x
< 57 10O, P) + <|\1J1\ + 57 C(s,tjP)> 2 O 6Q7)
1 * 1 *
= 52 " ([L[C (5,8, P) + 01| C (5,1, Q") + 577 - Cls, 1, P)C(s,1,Q"). (4.3

Combining (#.31)) with @.29) — (#.30) and the following discussion shows that the constant

Cy(s,t, P,Q) = C(s,t, PQ*) + C(s,t, P)C(s,t,Q%) + |V.|C(s,t, P) + |¥1]|C(s,t,Q%) (4.32)
verifies (#.13)), proving the proposition. O

Proposition shows that any trace polynomial in Z é\Q has variance of order 1/N?2, as discussed following
the statement of Theorem [I.7} The theorem follows as a very special case, due to the following.

Lemma 4.14. Let Z € GLy, and let f € C(A, A*). Let pz denote the noncommutative distribution of Z with
respect to (M, tr) (Definition , let Y: C(A, A*) < P+ be the map of (2.31)), and let V x be the map in
Notation[3.21 Then

wz(f) = (X(f) o VN)(Z).

Proof. As both sides are linear functions of f, it suffices to prove the claim on basis elements f(A, A*) = A®
for some e € &1. Then Y(f) = v, and (v:) o Vy(Z) = tr(Z°) = pz(A%) as claimed. O

This brings us to the proof of Theorem [I.7]

Proof of Theorem([I.7, We begin by establishing that (I.T0) holds with the linear functional ¢, ; of Definition

4.11] From (2.27), we have
BEN0) = [ ealhudiiaz)

GL N
where ¢ is the noncommutative distribution of Z in (M, tr). Applying Lemma and (3.15)) yields

E(EN)(f) = B, (Y(f) o Viy) = (e P51 (£))(1). (433)
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From the definition (#.23) of the limit distribution o, ;, (#.33) shows that

E@)() — earlD)] = () @)~ (> T(N)W)] < 55 - Ol 1, X))
by Corollary [3.14} this proves (I.10).

The random variable @évt on the probability space (GL, Mé\;) has value ¢z at Z € GLy. Thus, using
Lemma.14] we have

Var[pgy ()] = Var, (Y(f) o V), (4.34)

and (I.TT)) follows immediately from Proposition @#.13] O

We now give some quantitative estimate for the constant C(s, ¢, P, Q) of (4.32). First we need to bound the
terms | W, | and |V} | in that equation.

Lemma 4.15. Let s,t € R, withr = |s — L| + 1|t|. Letn, N € N, and let P € 2,,. Then
)(e*DéYtP)u)) < eSWHFYNDR Pl and ](e—%tp)u)‘ < 57| Ps. 4.35)
Proof. Following (3.30), (3.33), and (3:33)), we estimate
(€72 P) )] < e Py < fle” ™o il Pl < e Ploalior Py < 0NNy

proving the first inequality in (#.33)). The second follows by taking N — oc. O

Corollary 4.16. Let s,t € R withr = |s — 5| + L]t

and N > \/2/9,

T ms

1
N2 52
Proof. The polynomial Q* has trace degree m, and so PQ* has trace degree n + m. It therefore follows from
(#32)), together with Corollary [3.19)and Lemma[4.15] that

Cov,x (PoVy,QoVy) < (1O pIL Q). (4.36)

1 1 -
Cov,y (PoVN,Qo Vi) < <5 - [5 S8 tm)) pos |,
1 r m 1 r T T m %
+ﬁ62(1+5) (n2+ HP” QI + = ( 2(1+5) + e2™ 2 L(1+6) )HP”1||Q Hl}-

The reader can readily verify that || PQ*||; < ||P||1||@]|1. Together with the estimate (n +m)? < 2(n? +m?),
the argument of Corollary [3.19] then proves (@.36). O

We conclude this section with a brief discussion of what bounds we expect are sharp, and the consequences
this would have for the proof of Theorem[I.2] As mentioned in the remarks following the suggestive calculation
(3.39), it is possible that the constants C'(¢, 0, P) of Corollary are uniformly bounded over P € H . To be
precise, we conjecture that there is a constant C'(¢) (depending continuously on ¢ > 0) so that

(e P)(1) — (e P P) (1 )‘ < C;\E? PeHZ. (4.37)

If this holds true, then as in the proof of Proposition it would follow that there is a constant C(¢) such that,
for j, k € Z,
Ca(t)

N2~

’COVpQ’t (vj oVy,v, 0 VN)‘ < (4.38)
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Indeed: thg terms |¥| and |V, | in |i and tb are < 1, since U1 = limy ;00 U = limy o0 Epévtr[(-)j]
and |tr(U7)| < 1for U € Uy (see the proof of Lemma, and similarly | W, | = limpy_, [tr[(-)7*]| < 1.

Consider, then, f € H,(U) with p > %; the covariance expansion together with the conjectured 1'
yields

([ 1) < X 1T Cov (Vi) < (Zu )2.

FkEZ kez

We can then estimate this squared-sum as in (4.19): writing | f(k)| = (1 + k2)"P/2(1 + k2)?/2|f(k)|,

2
(Df(k)r) < (Z<1+k2>—p> 1,0

kEZ keZ

and this sum is finite provided p > % To summarize, if the conjectured bound l) holds true, then we have

ar (/ fdﬁtN) =0 <]\1[2> , if f € Hy(U) for some p > 3. (4.39)
U

In [30, Theorem 2.6 & Proposition 9.9], the authors showed that, if f € H; /Q(U) is real-valued, then the fluctu-
ations of the empirical integral are O(1/N?)-Gaussian with variance close to || f H%I/Q(U) for large ¢:

[ [ s - E< / deNﬂ D NOo(f), im0l = 1, o

We see from here that, at least as ¢ — oo, we have N2Var ([, f dofY) ~ || f H%I/Q(U). Thus, we cannot expect the

conjectural O(1/N?)-behavior of 1! to hold for f ¢ H;/5(U), and so this is the minimal regularity needed
for this rate of convergence.

4.3 Empirical Eigenvalues on GL

We begin with the following observation: for holomorphic trace polynomials, P o Vy with P € HZ, Dy,
reduces to D, g.

Lemma 4.17. For s,t > 0 with s > t/2, and for P € HZ,

(e P2 P)(1) = (e P10 P)(1),

(4.40)
(e7P=tP)(1) = (e"P=—0P)(1).

Proof. For P € HZ, the function Z — P o V(Z), Z € GLy, is a trace polynomial in Z and not Z*; hence,

it is holomorphic on GL . For any holomorphic function f and any X € uy,

@Ox1)Z2) = S| f(26%) = i(ox )(2).

t=0

Hence 0% f = —0% f, and so (2.6) yields

AY, :(s—> > 8Xf+ o Okf=(s—1) Y 0xf=(s—t)Ap,f.

XeBn XE,BN XeBn
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Applying the intertwining formulas (3.6) and (3.10) now shows that
(e % P) o Vy = (e P%10P) o Viy.

holds for all N. Evaluating both sides at Iy gives (e*Dgf P)(1) = (e_DéV*f’OP) (1). Taking the limit as N — oo
(using Corollary [3.14) now proves (@.40). O

This brings us to the proof of Theorem [I.3] which we break into two propositions.

Proposition 4.18. Let s,t > 0 withs > t/2. Fixd > 0and f € G5 (1+420) (C*). Then

11 1 [7\"?
N
‘E( o fd¢s,t) - /des—t < W ’ g <1 + 5 85> HfHG%(l-Q—Qé)' (4‘41)

Proof. The random variable f(c* f d(?ﬁ?ft is given by

( / f d%ﬁﬂ) = Z k)tr(Z%), Z € GLy, (4.42)
(C*

ke

(Z*)| grows only exponentially in %, while by assumption f (k) decays

super-exponentially fast. Note that

/fdys t—z.f Vk S_t Zf Dam B0 )(1)7 (443)

keZ kEZ

which converges as above since the v (s — t) has only exponential growth. Formally, we also have

E(/C*fd%ﬁ) S k) /GLN o(2%) ul(d2)

keZ
=3 FR) (7o) (1) = Y F(k) (e P roug) (1), (4.44)
kEZ keZ

by Lemma The convergence of this series will follow from , which we now proceed to prove. Com-
y

paring @43) and (F49)

‘ ([ raas) - [ rand <

We bound these terms using Corollary [3.19

> If \] Dirouy)( )—(e‘DS-“ka)(l)\. (4.45)

kEZ

SN _ 1 1 s 2
‘(e i%—tovk)(l)——(e 1%7tovk)(1)‘<:jv5‘ geg(L+®k lvkll1,

which holds true whenever N > /2/4; note also that ||vg||; = 1. Thus (4.45) implies that

< L LS s,
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and this sum is bounded by

1=

2

—55k2 S(1+0)k% —s6k?
3 10 < (5 ) Wy
keZ

k€EZ
< <1 +
where we have made the estimate

" 2 & 2 1 /o
Z e 597 §1+2/ e dr =1+ =4/ —.
J— 0 2 50

This proves @.4T). O

Remark 4.19. In '@, we have used Lemmato convert @é\iw and D,_; o back to Dé\ft and D ; to apply
Corollary We could instead have used that corollary with r = |s — t| (or 7 = ¢ for some € > 0 in the case
s = t) to show the same result with the milder assumption that f € G%(H%). This is not possible in Proposition
[4.20| below where covariances are used, thus destroying the holomorphic structure; we have kept the regularity
conditions consistent between the two.

NI

™

2) 15l 0 (4.46)

N | =
ﬁ

Proposition 4.20. Let s,t > 0 with s > t/2. Fix § > 0 and f € G y(1425)(C*). Then, for N > \/2/6,

1 4 1
(/ fdgbst) N2'52<H2‘/27Ts<5> 1F1E, 1 0s- (4.47)

Proof. Starting from (4.42), we expand

ar ( [ a8 = 3 50700, (i) ), (4.48)
c jkez
Note that tr(Z*) = v;, o Vy(Z). Since vy, € P and |lugllr = 1, Corollaryshows that
1 4 -
‘Covuiv,t (vjoVn,vg 0 VN)‘ SN ﬁeS(lM)(]QJrkg)' (4.49)

Combining this with (4.48)) yields

4 A 2
var ([ 743 ) < g5 5 3 OS5
j,ke

2
1 % (Z 1+6)k2> 7 (4.50)
keZ

and the result follows from (4.46) with r replaced by 2s. O
Thus, we have the ingredients to prove Theorem [I.3]

Proof of Theorem[I.3] Since o > s, 6 = 3(Z — 1) > 0 and s(1 + 26) = o. Thus Propositionproves (1.6)
with a constant that depends continuously on s (note here that G§(1+26) = G423 C G,), and Proposition Fl_?g

similarly proves (1.7).
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4.4 Empirical Singular Values on GL y

As in Section we begin by noting a reduction in the action of the generator D ; of the noncommutative
distribution ¢ ; when restricted, in this case, to holomorphic trace polynomials in ZZ*. For this we need some
new notation.
2k 2[k|
—

Notation 4.21. For k € Z\ {0}, let (k) = (1,%,...,1,%) ifk > 0 and e'*(k) = (=1, —*,...,—1, —*) if
k < 0; note that |'*(k)| = 2|k|. Denote &* = {e'(k): k € Z\ {0}} C &. Let P'* C P be the subalgebra
of polynomials

P =C [{ve}eesr+] -

For convenience denote U]i* = Vglx (k)
The homomorphism ®1,.: HP — P determined by ®1.(vy) = v,};* is an algebra isomorphism. Note that,
forany N € N,
®1,(P)oVy=(PoVy)od, 4.51)

where ®(Z) = ZZ* is the map from Definition 1.4
Lemma 4.22. Let s,t > 0 with s > t/2. For P € H% and N € N,

(e ®1.(P)) (1) = ("0 P) (1),

(4.52)
(6_9511@1*(]3))(1) = (eD2t=°P)(1).
Proof. For Z € GLLy and X € uy, note that
ZetX(ZetX)* —_ ZetXe—th* — ZZ*, ZeitX(ZeitX)* _ ZeQitXZ*. (4.53)

Let f: GLy — C be holomorphic. The first equation in (4.53)) shows that dx (f o ®) = 0, and so in particular
the first terms 3 x5 0% (f o ®) =0in ii For the second terms,

dix (fo®)(2) = 4 f(ZeX(ZeX)*) = 4 F(Ze2tX 7%,
dt],_ dt|,_q
and so
? (fod)(Z) = 92 f(ZeisXe%tXeisXZ*) _ 0? f(Z€2i(s+t)XZ*)‘
. Is0t |5 ,—g D50t | g

If we additionally assume that f is tracial, f(ZW) = f(WZ) for all Z,W € GLy (for example if f is a
holomorphic trace polynomial f = P o V y for some P € H{ %), then

0? 0?

2 _ *r7 2i(s+) X * r7 i(s+t) X
Ox (fo®)(2) D50t o_, f(Z*Ze ) =4 5501 S,t:of(Z Ze ) (4.54)
By comparison,
ok ;
_92 — 72 - = i(s+t) X
RID =S @)= 5| F2e0)
and so we have
O (fo®) = —4(d% f) o @+ (4.55)
where ®(Z) = Z*Z. Hence, from (2.6)), we have
1
5 Ao @) = 2 > 40 f) 0@t = ~t(Auy f) 0 @t = ~t(Ayyf) 0 P, (4.56)
Xebn
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where the last equality comes from the fact that Ay, preserves the class of smooth tracial functions. (This
follows from its bi-invariance, so it commutes with the left- and right-actions of the group; in our case, where
f will be a trace polynomial, it follows from the fact that Ay, preserves trace polynomials.) Hence, taking
f =PoVy forsome P € HZ and using (3.6), (3.10), and (4.51)), we have

(DY@1.(P)) o Viy = —2t®1,(DYyP) 0 Viy = 1, (—D (P) o Viy.
Since ¥, is an algebra isomorphism, it follows that
(e7254®1,(P)) o Vi = B, (2500 P) 0 Viy. (4.57)
Evaluating both sides at Iy gives
(7P, (P)) (1) = By (€20 P) (1) = (e300 P) (1),

the last equality following from the general fact that (®1,(Q))(1) = Q(1). Now letting N — oo proves the
lemma. t

We now approach the proof of Theorem |[I.5]as we did for Theorem[I.3] We begin by verifying (1.§).

Proposition 4.23. Let s,t > 0 with s > t/2. Fix 6 > 0, and let f € G%(1+25) (C*). Then

([, ) o=

Proof. The random variable f(c* f dﬁé\ft is given by

( / n3t> > fytr(Yh), Y eMy, (4.59)

kEZ

1
1 /7m\2
.5<1+2 35> 1£lcrs 1120 (4.58)

which converges since, for any fixed Y, |tr(Y*)| grows only exponentially in &, while by assumption f (k) decays
super-exponentially fast. We also have

/fdygt_Zf ve(=2t) =Y f(k) (e 0v;) (1), (4.60)
k€EZ kEZ

which converges as above since v (—2t) have only exponential growth (being the moments of a compactly-
supported probability measure). By definition, subject to convergence,

E(/ nst) S ik) /GLNtwb(Z)’f)uth(dZ)

keZ
= ST R (PR @1 (on) (1) = Y (k) (ePPou) (1), (4.61)
keZ keZ

by (@.51) and Lemma [#.22] The convergence of this series will follow from (#.58), which we now proceed to

prove. Comparing (4.60) and (4.61),

~ N
l </ | dn; t) — /fdu_2t < Z |f (k)] ‘(eDZt,ka)(l) — (eDQt*ka)(l)‘ : (4.62)
keZ
The remainder of the proof proceeds exactly as in the proof of Proposition d.41] following (4.43). O
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Proposition 4.24. Let s,t > 0 with s > t/2. Fix 6 > 0 and f € Gys(1425)(C*). Then, for N > /2/4,

1 4 1 /=« 9
</ fdng t) N 52 (1 3/ 835) [RAlrT (4.63)

Proof. As in ( , we begin by expanding the variance from (4.59) as follows:

ar(/ vm) > F(R)f(k)Covg, ) (tr](-V], tr[()F)). (4.64)

J,kEZ

By definition, for any random variables F, G on MX°,

Cove, (v )(F G) = Cov,n (Fo®,G o).

With F(Y) = tr(Y*), we have F o ® = (v 0 Viy) 0 & = ®1,(vy) o Vv by (4.51), and so the covariances in
([@.64) are

A o)) +2R?)
N2 52

by Corollary since deg(v;*) = 2|k|. The remainder of the proof follows exactly as in the proof of Proposi-

tion .20} following (4.49). O

This brings us to the proof of Theorem|[I.3]

‘COVMS oVN,vk OVN ‘_

J

Proof of Theorem[I.3] Since o > 4s,6 = 3(Z —1) > 0and 4s(1+26) = o. Thus Proposition@proves (1.8)
with a constant that depends continuously on s (note here that G 2(1426) = Go/8 C Gg). Similarly, Proposition

4.24] proves (1.9). O

S L? Convergence

In this final section, we observe that the techniques developed in Section (3.2|in fact yield, with little extra effort,
convergence in a sense significantly stronger than those given in Theorems We begin with a brief
discussion of strong convergence.

5.1 Strong Convergence and Noncommutative /”-norms

Let p be a probability measure on M. Suppose that the noncommutative empirical distribution &" of p¥ has
an almost-sure limit distribution ¢, in the sense of Definition In other words, if Ay is a random matrix
with distribution pV, we have w4, (f) — ¢(f) a.s. for all noncommutative polynomials f € C(A, A*). The
following stronger form of convergence has significant applications in operator algebras.

Definition 5.1 (Strong Convergence). For each N, let p” be a probability measure on My, and let Ay be
a random matrix with distribution p~. Say that Ay converges strongly if it converges in distribution and in
operator norm almost surely. That is: there exists a C*-probability space (<, T), and an element a € <, such
that, for any noncommutative polynomial f € C(A, A*),

tr[f(An, AN)] = 7[f(a,a”)] a.s. and | f(ANn, AN) My — || f(a,a")|| o a.s. 5.1
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Definition [5.1] naturally generalizes to multivariate noncommutative distributions. In their seminal paper
[22]], Haagerup and Thorbjgrnsen showed that if p'V is (a finite product of) the GUEy measure , then the
independent GUE y random matrices with this distribution converge strongly. More recently, in [[13], the authors
showed that strong convergence also holds for (finite products of) the Haar measure on Up. Given our mantra
that the heat kernel measure p¥ on Uy interpolates between these two ensembles, it is natural to ask whether
the matrices U}V also exhibit strong convergence. By extension, we may also ask whether random matrices Z é\’;
also exhibit strong convergence (now that we have proved, in Theorem that they have an almost-sure limit
distribution).

Note that, for any matrix A € My, || A]| = limg_ (tr [(AA*)Y] )1/ %0. since AA* € M this makes sense
for all real ¢ > 0, but for convenience we may restrict ¢ to be an integer. In fact, the same holds true in any
faithful noncommutative C*-probability space (<7, 7):

IERT x\q1) /29
lallr = Jim (7 [(aa")r])"/".
These are (limits of) the noncommutative LP-norms over (<7, 7):

lall o ormy = (7[(aa®)P?]) . (5.2)

| - | zp(er,r) is @ norm on &7 for p > 1. In the case that & is a W*-algebra, its completion (7, T) can be
reahzed as a space of unbounded operators affiliated to 7 when p < oo, while L™ (o7, 7) = <.

The second statement in (5.1) can thus be rephrased as an almost sure interchange of limits: since (M, tr)
is a faithful C*-probability space, then Ay € My converges to a € &/ strongly if and only if @4, — ¢, a.s.
and

<J&£“whm £ (Axs AR)llo ey = B [1(a, a*m(ﬂ,ﬂ) =1, (5.3)

provided that (<7, 7) is a faithful C*-probability space.

5.2 Almost Sure L? Convergence

Theorem |1.7|establishes that the random matrices U and Z2, '+ converge weakly almost surely to limit noncom-
mutative d1str1but10ns. Indeed, the U} case (of convergence in expectation) is the main theorem in [9], where it
is shown that, if UtN is chosen to be a Brownian motion on Uy, then the weak limit exists as a noncommutative
stochastic process, the free unitary Brownian motion discussed at the end of Section In this case, the limit
noncommutative probability space can be taken as a free group factor, and so is indeed a faithful C*-probability
space. As for Z é\,[t’ Definition and the subsequent discussion show how to realize the almost sure limit
noncommutative distribution g ; as the distribution of an operator 5+ = ., , on a noncommutative probabil-
ity space (.7 ¢, Ts); the main theorem of the author’s complementary paper [26] demonstrates that .o7; ; may
be taken to be a free group factor, with 7 ; the usual faithful tracial state. As such, we can construct a larger
C*-probability space that contains both of the limit operators u; and z, ;. (By taking the reduced free product C*-
algebra of the two spaces, we can even make u; and z,; freely independent if we wish.) Thus, in the statement
of Theorem. 1.9} there is no loss of generality in realizing the limits in a single C*-probability space (<7, T).

While we are, as yet, unable to prove strong convergence of U} and Z7, 't to uy and 25 ¢, we can prove almost
sure LP-convergence for all even integers p, i.e. Theorem [1.9] From @, this result could be viewed as only
infinitesimally weaker; but, in fairness, it does not suffice for the same powerful operator algebra techniques that
strong convergence supports.

Once again, they key is a variance estimate, which follows easily from Proposition4.13
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Lemma 5.2. Let s,t > 0 with s > t/2, and let f € C(A, A*) be a noncommutative polynomial. Let p > 2 be
an even integer. Then, for N € N,

Var<”f(UtN, (UM )HLP (M r > =0 <]$2> and Var(”f( A (Zévt) )HLP (My tr ) =0 <]\172) .

Proof. We begin with the case of Z ?@ The variance in question is

Var (I (255, (Z2)) g ) = Var,s, (F7), (5.4)

where FP: GLN — C is the random variable
p MN tI) r ’ ? .

Note that g,(A, A*) = (f(A4, A*)f(A,A*)*)p/2 is an element of C(A, A*). Thus using the inclusion T of
C(A, A*) — 27+ (2.31), we have
FP(Z) = T(gp) o VN (Z). (5.5)

By Proposition 4.13]

1
Varp,é\ft (T(gp) © VN) S ﬁ : 02(87 t7 T(gp)a T(gp)), (56)

and this, together with (5.4) and 1) proves the lemma for ZS]\Q The statement for U;¥ actually follows as a
special case. Indeed, for any P € 2, and (3.16) show that

Var v (PoVy) = (e*@% (PP*)(1) — (e M0 P) (1) (e~ P80 P*) (1), (5.7)

Proposition is proved by showing that this quantity, with Dgt in place of D%, is < Co(s,t, P, P)/N?.

Although we must have s,¢ > 0 and s > t/2 for ,ué\ft to be a well-defined measure, the operators e*DJSVﬂt, and ergo
the quantities in (5.7) and the constant Cs(s, ¢, P, P), are all well-defined for s,¢ € R. Thus, we may restrict

(.6) to find

Var v (F?) = Var,x(T(gp) 0 V) < 575 - Ca2(t,0,T(gp), T(9gp)), (5.8)

1
N2
and this proves the U}" -case of the lemma. O

Remark 5.3. The size of the constant Ca(t, 0, P, P) has only been shown (Corollary 4.16) to be bounded (almost)
by e2t-des(P)?|| p ||2. We conjecture (as in (4.38)) that the growth with deg(P) is erroneous; but the dependence
on || P||; is surely not. It is relatively straightforward to calculate that, with g,, defined from f as in the proof of

Lemma

1T (gp) 1 = 1T

This is not unexpected, since the LP-norm itself is the pth root of the quantities considered here.

This brings us, finally, to the proof of Theorem

Proof of Theorem[I.9) The almost sure weak convergence of Z2, 't 10 z5; was established in Theorem |1 7 UN
follows as the special case Z, t,O (and was established already in [32]). It follows that, for any f € C(A, A*>

E (I, U sy ) = 1t )y, and

E (1123 (Z) Wiy ary) = 17 Gt ) oy
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since these quantities (rased to the pth power as they are) are trace polynomials in U/ (resp. Z ;N,t) and u; (resp.
Zs,t)- Lemma together with Chebyshev’s inequality and the Borel-Cantelli Lemma, now shows that

LN YN st ey = I s )Yy 1y @5. and

L2 2Ny — 1 ot 2 gy 5

The theorem now follows by taking pth roots. 0

Remark 5.4. The above proof, coupled with Remark[5.3] shows that it is plausible that the rate of a.s. convergence
in Theorem [I.9] is uniformly bounded in p (contingent on the conjectured trace degree-independence of the
constants Cy(t, 0, P, P)) in the U} -case. If this is true, then strong convergence U¥ — u; follows readily from
(5.3). This is left as a promising avenue for future study.
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