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1 Introduction

Let E be a compact metric space, and let Q(x,dy) be a sub-probability transition function
on F, that is Q(x, dy) satisfies all conditions for a probability transition function except that
Q(z, E) < 1. In the proof of their Theorem 5.4, Bass and Pardoux| (1987)) show that, if @
satisfies the conditions of the Krein-Rutman theorem (Theorems 6.1 and 6.3 of |Krein and
Rutman (1950))), then, for any pair of continuous functions f,g, g > 0 E], and any sequence
of probability measures on F, {1},

. QN f(x) vi(dx)
M QR gy m(d) ~ SS9 a1
where the constant C(f,¢g) is independent of the sequence {vy}. In particular, with g = 1,
Q" f(x) vi(dx)
O () ) O

(1.1) can be viewed as a reverse ergodic theorem for sub-probability transition functions.
Note that, tipically, both the numerator and the denominator in tend to zero.

The result of Bass and Pardoux| (1987) is a key element in the proof of uniqueness of
the reflecting Brownian motion in a cone, with radially constant direction of reflection, by

!The conditions of the Krein-Rutman theorem actually allow for g > 0 as long as g is not identically zero
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Kwon and Williams| (1991) and in the proof of uniqueness of reflecting Brownian motion
in an orthant, with constant directions of reflection on each face, by [Taylor and Williams

(1993)).
Our first goal here is to extend the Bass and Pardoux| (1987)) result to a sequence of
compact metric spaces Eg, F1, s, ... and a sequence of sub-transition functions @1, Qs, .. .,

with ; governing transitions from F; to E;_1, and give conditions under which

lim f QrQr—1 - Q1f(x)vg(dr) —C(f,9) (1.2)
k—o0 f QrQr—1 - Qrg(z)vi(dz)
where C(f, g) is independent of {v}. We call an inhomogeneous reverse ergodic theo-
rem for sub-probability transition functions.

Note that, even in the case when E; = F for all [ and @); converges, as [ goes to infinity,
to a sub-transition function () on F, it is not in general possible to reconduct the limit in
to the Krein-Rutman theorem. In fact this would essentially require exchanging the
limits

lim lim J Q@1 Qua f () (d) — lim lim J QuiQuir1 - Quir f(x)vi(de)
1=00 k=00 [ QuikQuik—1- " Qu19(x)vp(de)  k—ooisoe [ QuikQuik—1- - Quy19(x)v(de)

Rather than trying to reinforce the conditions of the Krein-Rutman theorem, we provide
new conditions under which holds (Theorem [2.4). Our conditions are uniform lower
bounds which have a clear probabilistic meaning and can be verified in many contexts.

In fact our second goal is to use our inhomogeneous reverse ergodic theorem to prove
uniqueness for a reflecting diffusion process, with varying, oblique direction of reflection, in
a curved domain with only one singular point, that, in a neighborhood of the singular point,
looks like a cone. Although one expects that such a diffusion, for a short time after it leaves
the singular point, is essentially a reflecting Brownian motion in the cone (we actually prove
this in a rigorous sense: see Lemma , it is not clear how the uniqueness result we seek
might follow from the Kwon and Williams (1991)) result, essentially due to a limit exchange
problem like the one mentioned above.

With our approach, we can prove uniqueness under very natural, geometric conditions
(Conditions and : Besides mild regularity conditions, we only require that, at
the singular point, where we have not a single normal direction and a single direction of
reflection, but a cone of normal directions and a cone of directions of reflection, there is a
normal vector that forms an angle of strictly less than /2 with every direction of reflection,
and a direction of reflection that forms an angle of strictly less than 7/2 with every normal
direction (Conditions (7i1) and (iv)).

Our argument follows the general outline of [Kwon and Williams| (1991), with two fun-
damental changes: We characterize a reflecting diffusion as a solution of a constrained mar-
tingale problem rather than of a submartingale problem, which simplifies all compactness
arguments; We replace the Krein-Rutman theorem by our inhomogeneous reverse ergodic
theorem.

In order to apply our inhomogeneous reverse ergodic theorem, first of all we note that
we can apply the Markov selection results of |Costantini and Kurtz (2019)), so that we can
reduce to proving uniqueness among strong Markov reflecting diffusions.




Next, we need to prove our uniform lower bounds: () an (i) in Theorem 2.4, We obtain
the bound (i) by means of some auxiliary functions that we construct by elaborating on the
functions v, and y introduced in|[Kwon and Williams| (1991)) (or the corresponding functions
introduced in [Varadhan and Williams| (1985)), in the 2-dimensional case). In order to do this,
we have to prove that, under our conditions, the parameter « in Kwon and Williams| (1991)
- which rules the probability that the reflecting Brownian motion in the cone hits the tip -
satisfies v < 1. This follows essentially by the fact that, under our conditions, the reflecting
Brownian motion is a semimartingale (Theorem [A1.9)).

In order to verify the bound (i7), we use a coupling argument based on Lemma 5.3 of
Costantini and Kurtz] (2018) (Lemma[3.29), the fact that, for any reflecting diffusion, X, the
rescaled process 2% X (274.) converges to the reflecting Brownian motion in the cone (the
above mentioned Lemma , and the support theorem of Kwon and Williams (1991)).

Finally, let us mention that we are currently working on a general existence and unique-
ness result for reflecting diffusions in a piecewise smooth domain in dimension 2, which
exploits the results presented here.

The outline of the paper is the following: in Section [2]we prove our inhomogeneous reverse
ergodic theorem, while in Section [3| we prove our uniqueness result for reflecting diffusions.
Section [3 is divided into several subsections: in Subsection [3| we formulate the problem
and the assumptions, and we prove some preliminary results; in Subsection we prove
existence of a strong Markov, reflecting diffusion; in Subsection we outline the proof of
uniqueness; in Subsections [3.4] and we prove the required bounds. Finally in Appendix
we summarize the results of Kwon and Williams) (1991)), Varadhan and Williams| (1985))
and Williams| (1985) and we prove our results in the cone; Appendix contains the various
auxiliary functions.

2 An inhomogeneous reverse ergodic theorem

Let E be a compact metric space, and let Q(x,dy) be a sub-probability transition function
on E, that is, for each x € E, Q(x,dy) € M(F) with Q(z, E) <1 and for each C' € B(E),
Q(x,C) is Borel measurable in . We will still denote by @) the integral operator defined
by @. In the proof of their Theorem 5.4, Bass and Pardoux! (1987) show that, if () satisfies
the conditions of the Krein-Rutman theorem (Theorems 6.1 and 6.3 of Krein and Rutman
(1950)), then, for all f,g € C(E), g > 0F] {v} C P(E),

k
x)vg(dx
k—oo [ QFg(z)vy(dx)
where the constant C(f,g) is independent of {v}.
Our goal is to extend this result to a sequence of compact metric spaces Fy, Fq, Es, ... and
a sequence of sub-probability transition functions @1, Qs, ..., with ); governing transitions

from E; to E;_1, and give conditions under which (1.2)), i.e.

‘m f QrQr—1- - Quf(x)vi(dz) _
i [ QrQr-1 -+ Quyg(@)vy(dz) Clh )

2The conditions of the Krein-Rutman theorem actually allow for g > 0 as long as g is not identically zero,
but g > 0 is enough for the application in [Bass and Pardoux] (1987 and for our purposes as well.




with C(f,g) independent of {v}}, holds. We may as well take g = 1, and we will do so in
the sequel.

Lemma 2.1 Assume

lélEf Ql(x;El—l) > 0, VZ, (21)
and set, for f € C(Ey),
Tof(z) = QrQr—1---Q1f(x) (2.2)

CQkQro1 - Qil(x)
If there exists a constant C(f) such that

AT DR
then holds for f and g =1 with C(f,1) = C(f).

Remark 2.2 Note that the operator Ty, corresponds to a probability transition function from
E). to Ey and can be written as

Thf(x) = PpPy—1--- Pif(x)

where the P, are the operators corresponding to the probability transition functions from E;
into By given by

Qi(x, dy)[Qi—1 - - Q11(y)] Qu(z,dy)[Qi—1 - - - Q11(y)]

Al =70 00 G QR4

(2.3)

Proof. Divide and multiply by QxQk—1---Q11(z) inside the integral in the numerator of
(1.2) (with g =1). O

Lemma 2.3 Assume (2.1)). Define

(e — dQl(x7 )
fl,a:( ay) . d(Q[(ZE, ) + Ql(f’f, )) (y) (24)
and

oz, F) = / oz 9) A i@, 9)) (Qule dy) + Qu(E. dy)). (2.5)

Then
P = Al < 1- e Dy (Do hi00) 26)

_ . Ql—l"'Qll(y)
< 1-ale,?)inf (Ql_l...Qll(z))



Proof. Observe that P(z,dy) << Q(z,dy) with density given by (2.3). Then
1Pz, ) = P(@, ) [lrv
=3 / i, SRy (G ) ' Q. dy) + Qu(F, dy))

Q... Q11(x) Qr...Q11(7)
o (x Qi1 Q11(y) = Qi1 Q11(y) . ~
=1 / <fl,oc( 7y) Ql- ] Q11(1') ) A (fl,x( 7y) Ql- ] Qll(i’/) ) (Ql( 7dy) +Ql( 7dy))

<1 [Uato) n @) (G o ) (@) + QuE.dy)

Qi1 Qll(y)>
Ql e Q11<Z)

The second inequality in (2.6)) follows from the fact that
Q... Q1l(z) < Qiz, Bi_1)sup Qi1 - - - Q11(2) <sup Qi1 - - - Q11(2).

<1—¢(z,7)inf (

Y

0

Theorem 2.4 For x,x € E, let ¢(x,x) be defined as in Lemma . Assume @ is not
identically zero, i.e. sup, Q;(z, Ey;_1) > 0, for all I, and there exist co > 0 and ¢y > 0 such

that

(i)
inf Qe Qul(@) > cosup Qu - Qul(a), k.
.Z‘EEk l‘GEk
(i)
P > e
Hl%f x;fré%k ex(x,T) > €
Then
sup Q- --@Q11(z) >0, Vk, (2.7)
zeby

and holds for all f € C(Ep) and g = 1, with C(f,1) = C(f) given by Lemma .

Proof. First of all note that (i) above and the assumption that, for every I, @Q; is never
identically zero imply, by induction, and thus, by (i), that inf.cp, Q- Q11(x) > 0
for every k, which, in turn, implies .

Next, for v € P(E;), denote

vPdy) = [ (o dyo(ds).
E;
Of course we can suppose €y < 1, ¢g < 1. For v, € P(E;), by Lemma[2.3] for all [,
lvP —vE[ry = sup

//(PZ(%C)—H(%,O)))u(da;)a(dz)
CeB(E;—1) | JE, JE;

< sup ||F(x,-) — P(Z,")|lrv <1 — eocp.
IE,EEEZ




Then, by Lemma 5.4 of (Costantini and Kurtz| (2018), for v,v € P(Ey),
VP Py Py — VB Py Prillrv = (VB (Pe1 - Pr) — (UP) (Py—r -+ Pr)||v
< HVPk - gpkHTVHVPkA Pl —UP - P1HTV
< (1 - EOCO)HVPk—l P — VP "P1||TV7
and, by iterating,
VP Py P — VP Py Pillpy < (1 — eoco)F.
In particular, for each f € C(E)), for an arbitrary {z;}, x) € Ej for each k,

T f (@) =T f (2)| < NGy Pt -+ Pros1) Pr -+ - Pr=04 Pe -+ Pillpv || fI| < (1—eoco)*|| f1],

so that {7 f(zx)} is a Cauchy sequence. If C(f) is its limit, we get, in an analogous manner,

sup [Ty f () = C(f)] < (1 = eoco)* I 1| + |Tief (24) = C(f),

el

which yields the assertion by Lemma [2.1] 0

3 Existence and uniqueness for reflecting diffusions in
a domain with one singular point

3.1 Formulation of the problem and preliminaries

We consider a simply connected domain D C R? that has a smooth boundary except at a
single point, which we will take to be the origin, and that in a neighborhood of the singular
point looks like a cone. More precisely we assume the following condition (dy denotes the
Hausdorff distance).

Condition 3.1

(i) OD — {0} is of class C'. There exists a nonempty domain, S, in the unit sphere, S41,
such that, setting
K={z:x=rz,2z€8,r >0},

it holds, for r less or equal than some positive constant rp,
dy (DN 3B, (0),KNAIB.(0)) < cpr?,
di (0D N OB,.(0),0K N 0B,(0)) < cpr?,
dy((D —K)NdB,(0),0KNdB,(0)) < cpr?,
dy (K — D) N 9B,(0),0D NIB,(0)) < cpr?,

T

and, denoting by zZ the closest point to T on S and by n(z), n*(x) the unit inward
normal to D and to K at x # 0, respectively,

In(x) —n*(|z|2)| < cplz|, Vx € dD — {0}.

D is a bounded domain.



(ii) For d >3, the boundary OS of S in S is of class C3.

Remark 3.2 Clearly Condition[3.1(i) implies that, for every x € dD, |z| < rp,
x
]

and hence, by the smoothness of S (Condition[3.1(i1)), for rp sufficiently small, there is a
unique zZ € 0S such that

d( 788)§CD’x‘7

T T

zZ| = d(—,0S).
™ | )

|z
We assume the following on the directions of reflection.

Condition 3.3
(i) g : R — {0} — R? is a locally Lipschitz vector field, of unit length on D, such that

inf . 0.
xealg—{o}g(m) n(z) >

There exists a unit vector field g : 0S — R? such that, for v € D and % the closest
point to i on dS, it holds, for |x| < rp,

19(x) = g(2)] < ¢gfz].

(i1) Define g on OKC — {0} by

g satisfies
inf g(z)-n"(x) > 0.
et 9 )
Ford >3, g is of class C*. For x € OK — {0}, denoting by n"(z) := fa» the radial unit

T . g—a-n"n"—gn<nk .
vector, £1x is of class C3 and It s of class Cc*.

(111) For x € 0D — {0}, let G(z) := {ng(z), n > 0}, and let G(0) be the closed, convex cone
generated by {g(z), z € dS}. Assume

G(0)NK #0.

(iv) Let N(0) denote the normal cone at the origin for D, that is,
N(O):={neR’: liminf n-— >0}
2€D—{0},|z|—0 ||

There exists a unit vector e € N(0) such that

inf e-g=c.>0.
9€G(0),]g|=1
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Remark 3.4 By Condition (z'), N(0) is also the normal cone at the origin for K, i.e.
NO) ={necR": n-2>0,Ve ek}

N(0) is a closed convex cone.

Condition (iv) implies that N(0) # (), hence K is contained in a closed halfspace.

Note that we are not assuming that the interior of N(0) is nonempty, therefore K is
allowed to contain full straight lines. In particular we are allowing 0D to be C?, but g to be
discontinuous at the origin.

o

If the interior of N(0) is nonempty, we can assume, w.l.o.g., that e €N(0), and hence
that there exists ¢, > 0 such that, for x € D — {0}, |z| < rp,

xr-e>dlzl|

Remark 3.5 Conditions [3.1)(ii) and [3.3(ii) are the assumptions of [Kwon and Williams

(1991)), which we need because we will exploit some of their results.

Reflecting diffusions are often characterized as solutions of stochastic differential equa-
tions. Assume the following.

Condition 3.6
(i) b:RT— R? and o : RT — R4 are Lipschitz continuous.
(i) o(0) is non singular.

Definition 3.7 A stochastic process X is a solution of the stochastic differential equation
with reflection in D with coefficients b and o and direction of reflection g, if there exist
a standard Brownian motion W, an a.s. continuous, non decreasing process X and an a.s.
measurable process 7y, all defined on the same probability space as X, such that W (t+-)—W (t)
is independent of ]-'tX’W”\” for allt > 0 and the equation

X(t) = X(0) + [y b(X(s))ds + [; o(X(s))dW (s) + [} (s) dA(s), t>0,
v(t) € GIX(), )| =1, dr—ae, t>0, (3.1)
X(t)eD, At)= [ 1on(X(s))d\(s), t>0,

is satisfied a.s..
Given an initial distribution p € P(D), weak uniqueness or uniqueness in distribution

holds if all solutions of with P{X(0) € -} = u have the same distribution on Cx[0, c0).

A stochastic process X (for example a solution of an appropriate martingale problem or
submartingale problem) is a weak solution of (3.1)) if there is a solution X of such that

X and X have the same distribution.

We denote by A the operator

D(4):=C*(D), Af(x) :=bla) - V() + sir((o0")(2)D*F () (3.2)



Remark 3.8 Since 0(0) is non singular, it is easy to check that X is a solution to if and
only if c=1(0)X is a solution of , with the appropriate coefficients, in the corresponding
domain o=1(0)D, with vector field of the directions of reflection ‘2:1(8%, and the new
domain and vector field of directions of reflection satisfy Condition ﬁ and Condition [3.5,
Therefore, without loss of generality, we will take, from now on,

o(0) = 1.

Conditions [3.1} B.3] and [3.6] will be our standing assumptions.

As we will see in the next subsections, it turns out to be more convenient to characterize
a reflecting diffusion process as the natural solution of the constrained martingale problem
(see |[Kurtz (1990) and Kurtz| (1991)) defined below; however, Theorem below shows
that the two characterizations are equivalent.

Let
U = St
=={(x,u) €edDxU : wueG(x)}, (3.3)
B :D(B):=C*D) - C(2), Bf(xz,u) ==V f(z)- u

Note that = is closed by Condition [3.3(1).
Define Ly to be the space of measures p on [0,00) x U such that p([0,t] x U) < oo for
all t > 0. Ly is topologized so that u, € Ly — p € Ly if and only if

/ f(s,u)pn(ds x du) — f(s,u)p(ds x du)
[0,00)xU [0,00)xU

for all continuous f with compact support in [0,00) x U. It is possible to define a metric on
Ly that induces the above topology and makes Ly into a complete, separable metric space.
Also define L= in the same way.

We will say that an Ly-valued random variable A; is adapted to a filtration {G;} if

A([0,-] x C) is {G;} — adapted, VC € B(U).
We define an adapted L=z-valued random variable analogously.

Definition 3.9 (Kurty (1991)) Let A, U, = and B be as in and (B.3). A process X
in Dpl0,00) is a solution of the constrained (local) martingale problem for (A, D, B,Z) if
there exists a random measure A with values in L= and a filtration {F;} such that X and A
are {F;}-adapted and for each f € C*(D),

f(X(t))—f(X(O))—/O Af(X(s))ds—/[Ot] _Bf(e,w)A(ds x do x du)  (3.4)

is a {F}-local martingale. By the continuity of f, we may assume, without loss of generality,
that {F,} is right continuous.

Remark 3.10 Since f(x) := x; i = 1,...,d, belongs to D(A) = D(B), every solution of the
constrained martingale problem for (A, D, B, =) is a semimartingale.
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An effective way of constructing solutions of a constrained martingale problem is by time-
changing solutions of the corresponding controlled martingale problem which is a ”slowed
down” version of the constrained martingale problem.

Definition 3.11 (Kurtd (1991)) Let A, U, = and B be as in (3.2) and (3.3). (Y, Ao, A1) is a
solution of the controlled martingale problem for (A, D, B,=Z), if Y is a process in D5[0, 00),
Ao s nonnegative and nondecreasing, Ay is a random measure with values in Ly such that

M) = A ((0,4] x U) = / 1=(Y (5), 1) Ay (ds x du), (3.5)
[0,t]xU
Ao(t) + A (t) =,
and there ezists a filtration {G;} such that' Y, Ao, and Ay are {G,}-adapted and

Y (@) = f(¥(0)) —/ Af(Y(s))dXo(s) —/ Bf(Y(s), u)A1(ds x du) (3.6)

0 [0,4xU

is a {G,}-martingale for all f € C*(D). We can assume, without loss of generality, that {G}
15 Tight continuous.

Remark 3.12 [t can be easily verified (e.g. by Proposition 3.10.3 of |Ethier and Kurtz
(1980)) that, for every solution of the controlled martingale problem for (A, D,B,=Z), Y is
continuous.

Definition 3.13 Let A, U, = and B be as in (3.2) and (3.3). A solution of the constrained
martingale problem for (A, D, B,=Z) is called natural if, for some solution (Y, \g, A1) of the
controlled martingale problem for (A, D, B, =) with (right continuous) filtration {G;},

X)) =Y (1), Fi=Gyrp ') =inf{s:do(s) >}, >0

A0,4] x C) = /[0 o O O x ), CEBE. (D

Given a a solution (Y, Ag, A1) of the controlled martingale problem for (A, D, B, =), the
time changed process X defined by will not always be a solution of the corresponding
constrained martingale problem. In fact it may be impossible to stop (3.6, after the time
change by A;', in such a way that the stopped process is a local martingale. Conditions
under which it is possible are given in Costantini and Kurtz| (2019) (Corollary 3.9) and the
following lemma guarantees that they are satisfied under our standing assumptions.

Lemma 3.14 There exists a function F € C*(D) such that

xealgﬁ{o} VFE(z)-g(z) :=cp>0.

Proof. See Appendix A2. O
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Proposition 3.15 Let A, U, Z and B be as in (3.2) and (3.3) and assume Conditions|3.1]
and [3.4.
For every solution of the controlled martingale problem for (A, D, B, =), the time changed

process X defined by 1s a natural solution of the corresponding constrained martingale
problem and (3.4]) is a martingale.

Proof. By Lemma and Lemma 3.1 of Costantini and Kurtz (2019), ;' (¢) is a.s. finite
for every t > 0 and, after the time change by \;", (3.6) is a martingale. O

The following lemma yields the equivalence between the definitions of a reflecting diffusion
as solution of an SDER and as solution of a constrained martingale problem. It will also be
used in Section 3.2

Lemma 3.16 For every solution (Y, Ao, A1) of the controlled martingale problem for (A, D, B, =),
Ao(t) >0 for allt >0, a.s..
Moreover, \g s strictly increasing, a.s..

Proof. The first assertion follows essentially from Condition [3.3|iv) and Remark [3.12] The
proof is analogous to that of Lemma 6.8 of |(Costantini and Kurtz (2019) and Lemma 3.1 of
Dai and Williams (1996). The second assertion follows from Lemma 3.4 of |Costantini and
Kurtz (2019). O

Remark 3.17 It follows from Remark[3.19 and Lemma that every natural solution of
the constrained martingale problem for (A, D, B,Z) is a.s. continuous and so is the corre-
sponding process A([0, -] x Z).

Theorem 3.18 Let A, U, = and B be as in and and assume Conditions
and [3.4.

Fvery solution of is a natural solution of the constrained martingale problem for
(A, D, B,=).

Fvery natural solution of the constrained martingale problem for (A, D, B,Z) is a weak

solution of (3.1]).

Proof. The proof is the same as for Theorem 6.12 of (Costantini and Kurtz| (2019). It relies
essentially on Lemma [3.16] and Remark [3.17] O

Remark 3.19 Proposition [3.15 could have been proved, alternatively, by Lemma and
Lemmas 3.3 and 3.4 of Costantini and Kurtz (2019).

We conclude this section with two important properties of a natural solution X of the
constrained martingale problem for (A, D, B, Z). For § > 0, define

O =inf{{t >0: |X(t) =6} (3.8)

Lemma 3.20 There exists 8 > 0, ¢ > 0, depending only on the data of the problem, such
that, for § < § Arp, for every natural solution X of the constrained martingale problem for
(A, D, B, =) starting at 0,

E°[7°] < 2.
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Proof. The assertion follows essentially from Condition [3.3|iv). The proof is analogous to
that of Lemma 4.2 of (Costantini and Kurtz (2018) and Lemma 6.4 of [Taylor and Williams
(1993). O

Lemma 3.21 For every natural solution X of the constrained martingale problem for (A, D, B, Z),

/OOO Lo (X (1) dt =0, a.s.

Proof. The proof uses the same argument as Lemma 2.1 of Taylor and Williams (1993)).
Fix an arbitrary unit vector v. Then, by Remark [3.17]

m(?) ::v-X(t)—u-X(O)—/O v b(X(s)) ds —4”] v uA(ds % du)

is a continuous semimartingale with

. ] (#) = / 0(X () of?ds.

Therefore, by Tanaka’s formula (see, e.g., [Protter| (2004)), Corollary 1, Chapter IV, Section
7), for each ¢t > 0,

/0 Loy (X (s) - 0) |o(X(s))Tv|*ds = /R 1i0y(a) Ly(a)da =0, a.s.,

Li(a) being the local time of m at a. Hence the set of times {s < ¢t : X(s)-v =
0 and |o(X(s))Tv| # 0} has zero Lebesgue measure, a.s., which yields the assertion by

By Condition [3.6(ii). O

3.2 Existence

In this subsection we show that there exists a strong Markov, natural solution of the con-
strained martingale problem for (A, D, B, =), and hence, by Theorem [3.18] of the stochastic
differential equation with reflection 3.1, The strong Markov property will be crucial in our
argument to prove uniqueness of the solution.

Theorem 3.22 Under Conditz'ons cmd for each v € P(D), there exists a strong
Markov, natural solution of the constrained martingale problem for (A, D, B, =), with initial
distribution v.

Proof. We will first construct a solution of the controlled martingale problem. Let {6}
be a strictly decreasing sequence of positive numbers converging to zero, and let {D¥} be a
sequence of bounded domains with C! boundary such that D* C D¥*' ¢ D, D¥ N Bs, (0)¢ =
DNB;, (0)° and DFNBs, (0) € D*H1. Also let g* : RY—{0} — R% k € N, be a locally Lipschitz

vector field, of unit length on dD*, such that ¢*(z) = g(x) for z € DN (B(;k(())) and that,
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denoting by n*(z) the unit, inward normal at = € D, it holds inf,cspr g*(x) - n¥(x) > 0.
Then we know, by the results of |Dupuis and Ishii| (1993)), that, given a standard Brownian
motion, W, for each D*-valued random variable &, independent of W, there exists a unique
stochastlc ic process § * for which there is a nondecreasmg process [¥ such that (&% 1) satisfies
in DF with direction of reflection ¢g*. The sequence of stopping times {6%},

0% .= inf{t > 0: &"(t) € dD* N B, (0)},

is strictly increasing and, setting
6 := lim 6,

k—o0

for each random variable & with compact support in D — {0}, independent of W, we can
define a pair of stochastic processes ¢ and [ that satisfies

§(t) = £o+/0 5(5(8))d8+/0 0(5(8))dW(8)+/0 9(&(s))dl(s),

t
€0 eD— {0} [ Lon-lE()dls) =10, as. (39)
0
for 0 <t < #. We will now show that, on the set {6 < oo} it holds, a.s.,
sup [(t) < oo, lim £(t) =0. (3.10)
0<t<0 =6~

In fact, let F' be the function of Lemma [3.14] Then, by Ito’s formula, on the set {6 < oo},
we have

| LoV EE atepan ) }

Since the process 1 VF(E(s)To(£(s)) is predictable and bounded, the process
fot 1<y VF(E(s)To(&(s))dW (s) is a.s. continuous. Therefore, on the set {§ < co}, the limit

limy o0 foek 1<y VE(E(s) o (E(s))dW (s) exists and is finite a.s.. This yields the first asser-
tion in (3.10)) and allows to define, on the set {6 < oo}, I(#) := supy<,, [(t). The second asser-
tion follows by observing that, on the set {# < oo}, both [(¢) and fo 1<y VE(E(s)To(&(s))dW (s)
are continuous on [0, 0] a.s..
By , on the set {# < 0o}, the solution of is uniquely defined up to 6 included.
Now let ¢° be a unit vector in G(0) N K (Condition [3.3] (iii)). Then, by Condition [3.1f1),
for p small enough pg° € G(0) N D. Let {p,} be a decreasing sequence of positive numbers
such that p, — 0 and p,g° € G(0)N D for all n. Consider the stochastic differential equation
with reflection

XU(t) = Xp+ / (X" (s))ds + / o (X"(5))dW (s) + / G(X7(5))dI"(3) + pug® L™ (8),

10 < {21P +1ar)o+ | [ VPEs o

0

1
_ —{2HFH L |AF6, +
Cr

X"(t) € D— {0}, I" non decreasing, /Ot Lop—1o1 (X" (s))dl"(s) = 1"(t)3.11)
L) = ##{s <t : X"(s7) = 0},
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where # denotes cardinality, X7 is a random variable with compact support in D — {0} and
W is a standard Brownian motion independent of X{'. Existence of X" follows from the
existence of the solution of (3.9)) up to (and included, if finite) the first time the process hits
0.
Define
Ag(t) == inf{s : s+ 1"(s) + p"L"(s) > t},

AY([0,8] x ©) ::/ Le(g(X™(A5(5))) dI" (A5 () + Le(g")pa L™ (A5 (5)),

0

B"f(w,u) :=u- V f(2)lop—oy(x) + (pu) ' [f (2 + pau) — f(2)] 10 (@),
and Y"(¢) := X"(A\2(t)). Then for each f € C*(D),

S (0) — FY(0)) - / AF(Y™(s))AN(s) — / B f(Y"(s), u)A}(ds x du)

0 [0,t]xU
is a martingale with respect to {EYH’AS’A?}. (Y™ Ay, A7) is not a solution of the controlled
martingale problem for (A, D, B™, =) in the precise sense of |Costantini and Kurtz| (2019) and
Kurtz (1991), because B™f is not continuous on = and because we can only say

t < A(t)+AT([0,t] xU) <t+ pn.

However, the same relative compactness arguments apply (see, for example, Lemma 2.8 of
Costantini and Kurtz (2019)) and, if the law of Y"(0) converges to v, any limit point of
{(Y"™, \§, A7)} will be a solution of the controlled martingale problem for (A4, D, B, =) with
initial distribution v.

Then, taking into account Lemma [3.14] Lemma 3.1 of [Costantini and Kurtz| (2019),
Condition 3.5 of (Costantini and Kurtz| (2019) is satisfied, and the assertion follows from
Lemma [3.14] Lemma and Corollary 4.12 a) of Costantini and Kurtz| (2019).

O

3.3 Outline of the proof of uniqueness

Our approach follows the general outline of Kwon and Williams| (1991)), but in order to deal
with curved boundaries, general diffusions, and varying directions of reflection, we replace
some analytical building blocks of Kwon and Williams| (1991)) by corresponding probabilistic
results. In particular, we replace the application of the Krein-Rutman theorem in [Kwon and
Williams| (1991) by the inhomogeneous ergodic theorem of Section . In turn, some of the
estimates we need to apply our probabilistic results exploit some analytical results of Kwon
and Williams| (1991)) and a result proved in Appendix A1, together with the coupling result
of Lemma 5.3 of |Costantini and Kurtz (2018]). Another essential ingredient of our arguments
is that, in order to prove uniqueness of the solution of the constrained martingale problem
for (A, D, B,Z), it is enough to prove uniqueness among strong Markov, natural solutions
(Costantini and Kurtz| (2019)).
Recall that we are assuming Conditions and [3.6] throughout this section.
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Fix 0 < 6* < 6, where § is as in Lemma [3.20 and let
D, := DN Bseg-on, E,:={xcD:l|z|=05§2%"}, n>1 (3.12)

Let X be a solution of the constrained martingale problem for (A, D, B, Z). Define recursively

¥ =95 :=1inf{t > 0: X(¢t) =0}, ™ =inf{t >0: X(¢t) € E,}, n >0,

' =inf{t > 9}, : X(t) € E,}, O} :=inf{t > 7" : X(t) =0}, [>1,n>0,
(3.13)

In order to simplify the notation, we set
=7 =7 9=9. (3.14)
Lemma 3.23 Suppose that the hitting distributions {u,} defined by
pn(C) :=P{X(r") € O}, C e B(En),

are the same for all strong Markov, natural solutions of the constrained martingale problem
for (A, D, B,=Z) starting at 0.

Then, for each v € P(D), there is a unique natural solution of the constrained martingale
problem for (A, D, B,E) with initial distribution v.

Proof. Lemmal[3.16|allows to apply Corollary 4.13 of[Costantini and Kurtz| (2019). Therefore
it is enough to prove uniqueness among strong Markov, natural solutions of the constrained
martingale problem for (A, D, B,=Z). Let X be such a solution with initial distribution v.

Set 7% := 0. For n > 0 and f € C(D) that vanishes in a neighborhood of the origin,
define, for each n > 0,

9 l_ 19?

Rrf ::]E[ / et f(X(t))dt} +E[§:E[H e~ 1R =Th) / e~ (X (1)) dt |
0 =1

n
m=0 7

The hypothesis ensures that the distribution of X (7/*) is p™ for all [. Then, by the strong
Markov property, the factors in the second expectation are independent, with distributions
determined by the initial distribution v and by the unique distribution of X™(- A ¥"), where
X™ is a solution of the constrained martingale problem with initial distribution p™ and 9" is
the first time X™ hits zero. Consequently, each term on the right side is uniquely determined.
The independence implies also that the series is convergent for any f.

Let 7" := [0,9] UUE, (7", 97']. Then R} f can be written as

Ryf=E Vm L (t)e o 17 (S)dsf(X(t))dt] —E Vm eI T s £ (X (1)) dt |

where the latter equality holds for n large enough, depending only on f.
Now we have

/ 17 (s)ds =9+ 2(19? —1') =00, a.s.,

0 =1
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because the random variables in the sum in the right side are positive i.i.d. random variables.
Hence, for each ty > 0, for n large enough, (depending only on f),

/meﬁﬁ””@“voawmﬁ = /mlwawﬂﬂﬁﬂ“W%ﬂX@»Mt (3.15)

to to

1
< ekt s s, (3.16)
n
On the other hand, by Lemma [3.21], for each ¢t > 0,
e Jo L7 (e)ds e, a.s.

Therefore, a.s., the sequence {e™" Jo tra()ds £(X(t))} converges to e f(X(t)) and is uni-
formly integrable, so that

/ e Lrn$)ds £ (X (1)) dt —n—yo0 / e MF(X(t)dt, a.s.,
0 0
and, again by (3.16|), with ¢ = %,
Rif =E { /0 e~ o 1 (e)ds f(X(t))dt] oo E { /0 e f(X(t))dt} = Ry f.

Since the class of continuous functions on D that vanish in a neighborhood of the origin is
separating, it follows that the finite dimensional distributions of X are uniquely determined.
OJ

Theorem 3.24 Under Conditions cmd for each v € P(D), there is a unique

natural solution to the constrained martingale problem for (A, D, B,Z) with initial distribu-
tion v.

Proof.We only need to show that the assumption of Lemma [3.23] is verified.
Let X be a strong Markov, natural solution of the constrained martingale problem for
(A, D, B,=Z) with X(0) = 0. Then

ELf(X(7))] = E°[f(X(r),7 <]+ E°[f(X(r)),7 > V]
= E[E[f(X(r),7 < O|F]] + E°[E[f (X (7))| Fo], 7 > V]
= E'EXTf(X(7),7 < 9] + E°[f (X (n)] E°[BX 7 > 9}

where the last but one equality follows from the strong Markov property. This identity gives

EO[EX(Tl’[f(X( ), T < V]
EO[EX D {7 < 0}]

E°[f(X(7))] = (3.17)

Define
@uf(@) = B (0).r <], v € B, o1
Quf(zx) =E*[f(X(rF 1), 7" ' <], zeE, k>2 '
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Note that each @ is uniquely determined, by the uniqueness of the distribution until the
origin is hit. Iterating (3.17), we have

[Qk -+ Q1 f(X (V)]
Q-+ QiL(X (7))
Then, if Theorem applies to the subtransition kernels {Qy},

E°[f(X(7))] = C(f),

where C'(f) is the same for all strong Markov, natural solutions of the constrained martingale
problem for (A, D, B,Z). The same argument works for the hitting distribution of each E,,
by applying Theorem to the subtransition kernels {Qg }r>nt1-

Thus we are reduced to verifying the assumptions of Theorem [2.4 This is the main
object of the next two subsections. ([l

E[/(X(r))] = o

3.4 Estimates on hitting times

In this subsection we verify, for §* small enough and for an arbitrary n > 0, assumption (i)
of Theorem for the subtransition functions {Q,1x} defined by (3.18), and (3.12),
where X is a strong Markov, natural solution of the constrained martingale problem for
(A, D, B, =). Note that the subtransition function @, is the same for any natural solution,
because it depends only on the path until the origin is hit. In this context, assumption (i)
can be reformulated as: There exists ¢ > 0 such that

Pr(r" < 9)

inf ——=2 > vk > 1.
a:,yle%n+k ]P)y(T" < 19) = o

or, more generally, there exists ¢y > 0 such that, for § < §*,
Pz(70 < ¥)

: S 3.19
o<|x1|2|y\<5 Py(70 < 9) — o, ( )

where 7° is defined by (3.8)).
The proof of (3.19) is based on estimating P*(7° < 1), both from above and from below,

by means of suitable auxiliary functions (Lemmas and . These auxiliary functions
are constructed by elaborating on some functions introduced by [Varadhan and Williams
(1985) and Kwon and Williams (1991) in the study of the reflecting Brownian motion in
with direction of reflection g (see Appendices and .

Lemma 3.25 There exists 6* > 0 such that:
(i) For o* <0, there exists a function V € C*(D — {0}) such that

%m OV(x) =00 (3.20)
VV(z)-g(z) <0, forze (0D —{0}) N Bs(0) (3.21)
AV (z) <0, forz € (D —{0}) N Bs(0). (3.22)

17



(i) For 0 < o* < 1, there exist two functions Vi, Va € C3(D — {0}) such that

Vi(z) >0, Va(z) >0, forze (D—{0})nNBs(0),

lim, 5., 0 V() = lim, 5, 4 Va() = 0. (3.23)

z€D,z—0

inf|,=5 V1(2)
SUp|z|—s Va(x)

inf|z|:§ Vz(x)
SUp||=s V1(z)’

info<5§5* > 0, inf0<5§5* >0

VVi(z)-g(z) >0, VVi(z) g(z) <0, forze (0D —{0})N Bs(0) (3.24)

AVi(z) >0, AVy(z) <0, forz € (D—{0}) N Bs(0). (3.25)
Proof. See Appendix [A2] O
Lemma 3.26 Assume Conditions and[3.6. For a natural solution, X, of the con-
strained martingale problem for (A, D, B,Z), let
W:=inf{t>0:X(t) =0}, 7°:=inf{t>0:|X(t)]=05}, §>0.
There exists 6*, 0 < 6* < 6, such that:
(i) For a* <0, for each x € D, 0 < |z| < § < 6%,
P (75 < 19) =1.
(ii) For 0 < o* < 1, there exists a positive constant cy such that, for v,y € D, 0 < |z| =
lyl < < 6%, PY(r% <) >0 and

P (70 < o)

Pi(rd <) =

Proof. Let 0*, V, Vi, V5 be as in Lemma [3.25
If o* < 0, by applying Ito’s formula to the function V, we have, for o < 0%, for every
fixed z € (D — {0}) N Bs(0) and € < |z|,
E* [V(X(t° A7) < V(2),
which yields, V' being nonnegative for z € (D — {0}) N Bs:(0),

|iI|1f V(y)P"(r° < 7°) < V(a),
yl=¢
and hence, by letting e — 0,

P (19 < 7'5) =0.

If 0 < o* < 1, by applying Ito’s formula to V;, we obtain, for x € (E — {O}) N Bs(0) and
€ <zl
E*[Vi(X(7° A T9))] > Vi),
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which yields
sup Vi (u) P*(7° < 79) + sup Vi (u)P” (¢ < 7°) > Vi(x),

|ul=6 |ul=e

and hence, by letting ¢ — 0,
sup Vi (u) P*(7° < 9) > Vi(x). (3.26)

Analogously, by applying Ito’s formula to V, we get,
|iI|1—f6V2(u) P (7‘6 <T) + ‘iI‘l_f Va(u) P* (7 < 7'5) < Vo(z),

and hence, by letting e — 0,

‘illlzfé‘/g(u) P (70 < 9) < Va(a). (3.27)

Combining and , we get, for z,y € (D — {0}) N B;s(0) with |z| = |y],

IP”:(T‘S < 19) - Vi(x) infjy=s Vo (u) inf,—s Vi(u) . ¢ inf,—s Vo(u)
P (5 < 0) = Valy) subpus Va(u) — 028 supy, —y Va(u) 02825 Supy s Va(u)

>

3.5 Estimates on hitting distributions

In this subsection we verify assumption (ii) of Theorem by a scaling argument and a
coupling argument similar to those of |Costantini and Kurtz| (2018). Assumption (ii) follows
essentially from the fact that, for any =, * € F,,, we can construct, on the same probability
space, two natural solutions of the constrained martingale problem for (A, D, B, Z), starting
at z and ¥, such that the probability that they hit F,,_; before the origin and that they
couple before hitting E, ; (i.e. that their paths agree, up to a time shift, for some time
before they hit F,_;) is larger than some €y > 0 independent of x and = and of n (Lemma
[3:29). The construction is based on a result of [Costantini and Kurtz| (2018) and on a uniform
lower bound on the probability that a natural solution of the constrained martingale problem
for (A, D, B,=) starting on E, hits the intermediate layer {x € D; |z| = 272"*16*} in the
open set O™ := {z € D : 2" 'z € O}, where O is arbitrary. In turn this uniform lower
bound is proved by the support theorem of Kwon and Williams (1991) and by showing
that, for any natural solution of the constrained martingale problem for (A, D, B, =), X,
the rescaled process 22" X (274".) converges to the reflecting Brownian motion in X with
direction of reflection g (Lemma . Existence and uniqueness of the reflecting Brownian
motion in K with direction of reflection § has been proved in [Varadhan and Williams (1985),
Williams (1985) and [Kwon and Williams| (1991)), assuming only Conditions (i) and (ii)
and Conditions[3.3)(i) and (ii). We show in Appendix[A1](Theorem that, if Conditions
3.3| (iii) and (iv) are verified, the reflecting Brownian motion is the unique natural solution
of the constrained martingale problem for (3A, K, B, =), where

== {(z,u) €K x S :ue G(x)), G(z):= { é?(%(f)’ 720} iig{c o
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(in particular the reflecting Brownian motion is a semimartingale). In this subsection, in
order to distinguish the reflecting Brownian motion in /C with direction of reflection g from
a solution of the constrained martingale problem for (A, D, B, =), we will denote the former

by X.
Recall that we are assuming Conditions and [3.6] throughout this section.

Lemma 3.27 For § > 0, let
Too=inf{t > 0: |X(t)| >0}, 7 =inf{t>0:|X()| >}

Then, for every & € K N B;(0),
P{m=7"}=1

Proof. For z € 0Bs(0) N K, that is |Z| = 0 and Z in the interior of the cone, then, by
standard properties of Brownian motion,

P?(7; = 0) = 1. (3.28)

For z € 0B;(0) N 0K, note that, for all r,
- — 1 —
|0B,(z) N (Bs) N K| > ilaBr(:L’) N K.

and let
0, :==inf{t > 0: X(t) ¢ B,(2)}.

Then, by Lemmas 3.3 and 2.3 of Kwon and Williams (1991)), for r < |z|,

P*(75 < 6,) > P*(X(0,) € B,(x) N (B;5)°NK) > r >0,
where, for r sufficiently small, x is independent of r. Since 0, —,_ 0 a.s., this implies

P*(75 =0) > &,
and hence, by the strong Markov property of X and the 0-1 law (see Proposition 7.7 and
the proof of Theorem 7.17 of Karatzas and Shreve (1991))), (3.28)) holds for z € 9Bs(0) NOK
as well.
Then the assertion follows by the strong Markov property. O

Let X be a natural solution of the constrained martingale problem for (A, D, B, =).
Define,
7= inf{t >0 | X (t)] = 272", (3.29)

and note that 7™V is the hitting time of the surface “halfway” between E, and E, ;.

Consistently with (3.14]), we denote

=7,

Recall that we have defined ¥ := inf{t > 0: X(¢) = 0}
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Lemma 3.28 For any sequence {x"} C D such that {2?"a"™} converges to some T € K—{0},
let X™ be a natural solution of the constrained martingale problem for (A, D, B,E) starting
at 2" and X be the reflecting Brownian motion in K with direction of reflection g, starting
at . Then

220 X*" (274 & X7(.). (3.30)

In particular, for any open set O such that ONKNIBs«2(0) # 0, there exists ng = no(O) > 0
such that, for |z"| = 272"726*, hence |Z| = §* /4, and O™ := {x : 22"z € O}, it holds

liminf P*" (7Y < 9, X(r®V) € 0,) > no., (3.31)

n—oo

Proof. The convergence in (3.30)) follows from compactness arguments such as, for instance,
those used in Lemma 2.8 of |Costantini and Kurtz (2019) and from the fact that X is the
unique solution of the constrained martingale problem for (3A, K, B, =) (Theorem [A1.9).

As for (3.31)), (3.30)) together with Lemma yield
liminf P*" (7Y < @9, X (7" € O,)

n—oo
>PH{F <9, X(7) e O}y > inf P{F <9, X(7) €O}
z€K, |x|=6*/4
where 7 := inf{t : | X(¢)] > 2716*} and ¥ = inf{t : X(¢) = 0}. (3.31) then follows from

the support theorem of Kwon and Williams| (1991)) (Theorem 3.1), the Feller property and
Lemma [3.27] O]

Lemma 3.29 Let {D,} be defined by (3.12)) and {Q,} be given by (3.18)-(3.13). With the
notation of Lemma and Theorem for x,x € 0D, let

nl2,T) = / (Fuls ) A FuF ) (Qu(e, dy) + Qu(F-dy)), 0> 1,
where
) = ol
e d(Qn(xv) +Qn(§7'))’

Then there exists eg > 0 such that

dQn(ga )

fn(%v ) = d

inf inf €,(z,7) > €.
n>12,3€0D,

Proof. By Lemma and Lemma 5.3 in |Costantini and Kurtz| (2018)), we can construct,
on the same probability space, two natural solutions, X and X, of the constrained martingale
problem for (A, D, B, =), starting at  and = respectively, such that, denoting by £ the event

E={3L0<t<T" AN T<T'AD: X(t+5)=X(+5),0<s< (7" AY) =t}

it holds _
P{r" ' <9} n&) =PH7" ' <9}NE) > e,
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for some positive constant ¢y independent of n, x and z. This implies

1Qn(, ) — Qu(@, )| < Qu(®, Eno1) A Qu(T, Eo1) — €.
On the other hand, we have

HQn(-Ty ) - Qn(§> )H = / (fn(xa y) \ ﬁl(ia y)) (Qn(xa dy) + Qn(a dy)) - en($’ 5)
Z Qn(xv En—l) A Qn<§7 En—l) - En(xvi)a

and the assertion follows by combining this inequality with the previous one. 0

A1l Results on the cone

Let K be the cone in Condition [3.1]and g be the vector field in Condition [3.3] The reflecting
Brownian motion in K with direction of reflection § has been studied by [Varadhan and
Williams (1985) and Williams (1985)), for d = 2, and by |Kwon and Williams| (1991) for
d > 3, without assuming Conditions 3.3| (iii) and (iv). We summarize below the main results
of [Varadhan and Williams (1985) and Kwon and Williams| (1991]).

If g satisfies Conditions (iii) and (iv), a modification of Theorem (Theorem
below) yields that the reflecting Brownian in K with direction of reflection g is a
semimartingale. In dimension d = 2, Williams| (1985) proves that this is equivalent to the
fact that the parameter o* (defined in below) is strictly less than 1. In dimension
d > 3, the issue of when the reflecting Brownian motion is a semimartingale is not discussed
in Kwon and Williams| (1991)). We prove here one of the two implications, namely that the
fact that the reflecting Brownian motion is a semimartingale implies that the parameter a*
(defined by Kwon and Williams| (1991)) as in Theorem is strictly less than 1 (Theorem
A1.10). Beyond the intrinsec interest, this allows us to approximate the domain D by the
cone K in some of the estimates we need to prove uniqueness. (see the proof of Lemma ?77).

Let K be a cone as in Conditions (i) and (ii), g be a vector field as in Conditions
3.3 (i) and (ii). In|Varadhan and Williams| (1985)), [Williams| (1985)) and [Kwon and Williams
(1991), the reflecting Brownian motion in IC with direction of reflection g is viewed as a
solution to the following submartingale problem.

Definition A1.1 A stochastic process X with paths in Cgl0,00) is a solution of the sub-
martingale problem for (3A,K, g - V,0K), if there exists a filtration {F}, on the space on
which X is defined, such that X is {F;}-adapted and

1

FXO) = 1X(0) = 5 [ A3 ds

is an {F;}-submartingale for all f € C2(K) such that f is constant in a neighborhood of the
origin and

g-Vf>0 onoK —{0}.

The solution to the submartingale problem for (%A,K,g - V,0K) is unique if any two
solutions have the same distribution.
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A solution X 1is said to spend zero time at the origin if

E| / 110y (X (s))ds] =0
0
For d = 2, in polar coordinates, we can suppose, without loss of generality,
K={(r,z): r>0,0<2z<(}, 0<({<2m, (A1.1)

Let 1K := {(r,2) : 7 >0, 2 =0}, K := {(r,0) : 7 >0, 2=} and denote by n! and n?
the unit inward normal vectors on ;K and 9,K. Conditions (i) and (ii) reduce simply
to

(AL2)

1
3(z) = { g, forxedC,

g2, for x € OK.

Theorem A1l.2 (Varadhan and Williams (1985)))

Let d = 2, and let K and g be as in and . Let (1 and (5 denote the angles
between g' and n', and between g* and n?, respectively, taken to be positive if g* (g*) points
towards the origin. Set

o= 8 Jg & (A1.3)
" Yor(2) 1= cos(a’z = 1), if o #
o (2) ;= cos(a*z — (1), if a* #0,
W)= —2tg G, ot = (A14)
Then the function
o r e (2), if a* #0,
B(r,2) = { —Inr + ¥°(z2), if a* =0, (AL5)
satisfies
AV =0 in IC, (A1.6)

g-V¥ =0 on OK — {0}.

Theorem A1.3 (Varadhan and Williams (1985), Williams| (1985))) -
Let d =2, and let K, g', g%, a* be as in Theorem|A1.9. For o < 2, for each x € I, there
exists one and only one solution to the submartingale problem for (%A, IC,q-V,0K) starting
at x that spends zero time at the origin and it is a strong Markov process and a Feller process.
This solution is a semimartingale if and only if o* < 1. For o* > 2, for each x € IC, there
exists one and only one solution to the submartingale problem for (%A, K,g5-V,0K) starting
at x, and it 1s absorbed at the origin after the first time it hits it.

Now let d > 3. Recall that n" denotes the unit radial vector, i.e. n"(z) := fa» and n*(x)
denotes the unit inward normal to K at = # 0.

Theorem Al.4 (Kwon and Williams (1991))
Let d > 3, K be a cone as in Conditions[3.1) (i) and (ii), § be a vector field as in Conditions
(i) and (ii). For each o € R there exist (o) € R and 1, € C*(S) such that

AMQ) Vo + Aga1thy =0 in S,

O@Mﬂa +9r - defﬂﬂa =0 on 887 (Al?)
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where g.n" and gr are the radial component and the component tangential to S of g. g
is strictly positive. X\ and o v+ 1, € C*(S) are analytic functions. \ is concave, A(0) = 0

and
1

-~ [ g
() asg'”’C

where Y* is the unique solution of

Asd—lw*zo in S, AlS
Vg — divag(w*(#QT — nK)) =0 on IS, (AL8)
such that ¥* is strictly positive and fs v*=1.
If N(0) # d — 2, there exists a unique o # 0 such that

AMo®) =a (" +d—2),

and the function VU defined as in (A1.5) for a* # 0 satisfies (A1.6)). o* >0 if N(0) > d — 2,
a* <0if N(0) <d—2.
If N(0) = d — 2, there exists a solution to

(d=2)+ Agt® =0, inS,
—Gy + gr - Va1 = 0, on 08,

and the function U defined as in (AL.5) for o* = 0 satisfies (A1.6). In this case, we set

o = 0.

Theorem A1l.5 (Kwon and Williams| (1991

Let d > 3 and let K and g be as in Theorem . For a* < 2, for each x € K, there
exists a unique solution to the submartingale problem for (%A,IC,?] -V,0K), starting at x,
that spends zero time at the origin and it is a strong Markov process and a Feller process.
For o* > 2, for each x € K, there exists a unique solution to the submartingale problem for
(%A, IC,q-V,0K) starting at =, and it is absorbed at the origin after the first time it hits it.

Remark A1.6 In the case o = 0, both for d = 2 and d > 3, the function used in Kwon
and Williams (1991) is actually —V, but we prefer to have VU(r, z) —,_o 00.

Remark A1.7 Ford =2, 14, 9" € C(S). Ford > 3, a careful inspection of the proofs of
Kwon and Williams (1991) shows that 4., € C**B(S) for every 0 < B8 < 1 (see Theorem
6.31 of |Gilbarg and Trudinger (1983) and the Remark following it).

The function defined in (2.7) of [Kwon and Williams| (1991):
U(z) !, ifa* <0,
®(z) = e Y@ ifa* =0, (A1.9)
U(z), ifa* >0,

gives a way of measuring the distance from the origin and satisfies g- V® = 0 on 0K — {0}.
It will be used both to localize and to construct auxiliary functions (see Appendix .
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Let g be a vector field as in Conditions|3.3| (i) and (ii) and let G(0) be the closed, convex
cone generated by {g(z), z € dS}. Set

D(A) = C;(K),

Ga) = { {ng(e). 020}, = € 0K~ {0},

Zi={(z,u) €K xU :ueG)}, U:=28"" (A1.10)
Bf(z,u) :=Vf(x)-u, D(B):=C;K)

IC is unbounded, but the definitions of constrained martingale problem, controlled mar-
tingale problem and natural solution of the constrained martingale problem carry over to
(%A, KC, B, =) without any modification.

Lemma A1.8 There exists a function F € C3(K) such that

inf F(x)-g(x) = .
xealzg—{o} VF(x)-g(x) :=cp >0

Proof. See Appendix A2. O

Theorem A1.9 Let K and g be as in Theorem for d = 2, and as in Theorem
for d > 3, and, in addition, assume that g satisfies Conditions 3.9 (ii) and (iv).

Then, for each v € P(K), there ewists one and only one natural solution, X, to the
constrained martingale problem for (%A,IC,B,E) with initial distribution v and it is the
unique solution of the submartingale problem for (%A, KC,g-V,0K) that spends zero time at
the origin. X is a semimartingale. The associated random measure, A, satisfies E[A([0,¢] x

Z)] < oo for allt >0, and (3.4) is a martingale.

Proof. Let {d;x} be a strictly decreasing sequence of positive numbers converging to zero,
with §; < 1, and let { D*} be a sequence of domains with C! boundary such that D¥ ¢ D¥ C

[

K, DFN (Bfgk(())>C =KnN (B(;k(())) and D* N Bs, (0) € D**1. Also let g* : R4 — {0} — RY,
k € N, be a locally Lipschitz vector field, of unit length on dD*, such that ¢*(x) = g(x) for
ASNG) o (ng(O))c and that, denoting by n*(z) the unit, inward normal at x € dD*, it
holds inf,c5pr g% () - n*(z) > 0.

For each k, consider a sequence of bounded domains {D*V}, N € N, with C! bound?ry,
such that D¥N ¢ DkN+L < DF DEN 0 By(0) = DF N By(0) and DFN 0 (BN(O)> C

DENFL Also let g% be a locally Lipschitz vector field, of unit length on dD*¥, such that
g*N(x) = ¢g*(x) for x € D* N By (0) and that, denoting by n*(x) the unit, inward normal
at x € D®N it holds inf,cypr g8V (z) - nPN(z) > 0.

Let & be a random variable with compact support supp(&) € K — {0} and, for k and
N large enough that supp(&) C DEN, let €5V be the (strong) solution of in DkN
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N

with direction of reflection ¢~ and initial condition &, and let {¥" be the corresponding

nondecreasing process. Define
N =inf{t > 0: [¢*N(t)| > N}.

Let ¢ € C%(K) be defined by:

p(x) = x(®(2)), (AL.11)
where @ is defined in (A1.9) and x : R — R, is a smooth, nondecreasing function such
that x(u) = 0, for u < supj, <5 ®(x) and x(u) = u, for u > inf|y>5 (), for 1 < § < ' such
that 0 < sup,<; ®(z) < infjy>5 ®(x). Then 6y < § for all k and

Vo(z) - ¢"N(z) =0, for x € D"V |z| < N,
‘xlgnoogo(x) =00, Ap(z)<c(l+¢(x)), forz e K, |z] <N,
and, by applying Ito’s formula to ¢, we obtain
lim  sup POV <t)=0. (A1.12)

NS —
°° k: supp(¢0) CDF

From (A1.12), by a standard procedure, we see that, for supp(§) C Dy, there is one and
only one solution, &*, to ‘) in DF with direction of reflection ¢* and initial condition &,
and it is defined for all times. Moreover, setting

0 == inf{t > 0: (1) € 0D" N B, (0)}, 6 := lim 6,

k—o00

(A1.12) yields that

P(f < oo, sup sup |£¥(t)] = 00) = 0. (A1.13)
k: SUPP (&) CDF #<0k

Hence, by an analogous procedure, we can define a pair of stochastic processes £ and [ that
satisfies for 0 <t < 6, and almost every path of £ such that # < oo is bounded. For
each N € N, for each path such that § < oo and sup,. [£(t)] < N, we can repeat the
argument of Theorem and obtain , so that holds almost for every path such
that # < co. Therefore the solution of is well defined, up to # included if 6 is finite.

We can now proceed as in the proof of Theorem [3.22)and construct a sequence {(Y", Ay, A7)}
such that, for each f € C3(K),

PO ®) = F ) = 5 [ AN - [ B (s Al s x du)

0 [0, xU
: : : YA AL
is a martingale with respect to {F, }, where

B" f(z,u) = u- Vf(z)Lloc—(oy () + (pn) "' [f(x + pau) — f(2)] 10 (2),

and Y™(0) is an arbitrary random variable with compact support in K — {0}. By employing
again the function ¢ defined in (A1.11]), we can see that, if the laws of Y"™(0) converge to
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v, {Y"} satisfies the compact containment condition. Then the same relative compactness
arguments as in Theorem apply and any limit point of {(Y™, A, A7)} will be a solution
of the controlled martingale problem for (%A, KC, B, =) with initial distribution v.

Lemma 3.1 in |Costantini and Kurtz (2019)) holds for non compact state spaces as well,
provided that f and Af in its statement are bounded, and Lemma ensures that its
assumption is verified. Therefore, for every solution, (Y, A, A1), of the controlled martingale
problem for (A, K, B,Z) and Ay defined by (3.7), it holds E[A;"(t)] < oo, which ensures
that Yo, is a solution of the constrained martingale problem and that is a martingale.
Since the function f(x) := z;, 1 = 1, ..., d, can be approximated, uniformly over compact sets,
by functions in D(A) = D(B), Y o \;' is a semimartingale.

Moreover, it can be easily checked, in the same way as in Remark [3.12] that all solutions
to the controlled martingale problem for (%A, K, B, Z) are continuous and that Remark E
and Lemma [3.21] carry over to the present context. Therefore every natural solution of the
constrained martingale problem for (%A, K, B, Z) is a solution of the submartingale problem
for (%A, KC,g-V,0K) that spends zero time at the origin. O

Theorem A1.10 Let K and g be as in Theorem[A1.9, for d =2, and as in Theorem[A1.]],
for d > 3, and, in addition, assume that g satisfies Conditions (i1i) and (iv). Let o* be
the parameter defined in Theorems|A1.5 and|A1.5. Then it holds

of < 1.

Proof. In dimension d = 2, the assertion follows immediately from Theorems|A1.9(and |A1.3]
By adapting, in a nontrivial way, an argument of [Williams| (1985)), we are able to prove that
it holds in dimension d > 3 as well.

By Theorems and [AT.5] o* < 2. Suppose, by contradiction, that 1 < o* < 2.

In the following, it is convenient to normalize § so that g(z) - n*(z) = 1, rather than
|g(z)] = 1. Of course this does not affect equation (ALT) and Condition 3.3 It can be easily
checked that, for € > 0 less than a threshold determined by the data of the problem, the
vector

g (2):==g(z) —en”, z€dS, (A1.14)

satisfies all points of Condition [3.3] Then, by Theorems [AT.9) and [AT.5] o, defined as in
Theorem with g replaced by ¢¢, satisfies

a < 2. (A1.15)
Let us show that

a™ > a’. (A1.16)
For a > 0, let (A(«), ) be as in Theorem and (A“(a), ) be the corresponding objects
with g replaced by ¢¢. Since g% = gr, and ¢t = g, — €, (A(«), ¥,) satisfies

/\E(Oé) Vs, + Aga-11)§, =0, in S,

a(gr — OV + Gr - Vgart), =0,  on 9S. (A1.17)
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Consider the function 1, (1¢) . Straightforward computations show that (A1.7)) and (A1.17)
imply that, for z € S,

Aga1(Pa(5))(2) = X (@)= M) (a(¥) ™) (2)=2((¥5) ™ Visa1 (¥a(5) ) Va1 (¥5)) (2),
and, for z € S,

(Vsa-1(va(¥5) ™) - 97) (2) = —ae ($a(95)7)(2).
Let 2% be a point of global minimum for v, (¢)5,)~!. If 2 € 48, it must hold

(VSd—1(¢a(¢;)_l) : gT) (ZO) = (VSd—l(wa(@D;)_l) : n’C) (ZO) >0,

while
—ae(ha(¥y) (") <0,  Va >0,

because 1, and zza are strictly positive. Therefore it must be 2° € S and

Va1 (a(¥6)7)(°) = 0, Aga-s(¥a(95)7)(2") >0,

which yields
A (a) > AMa), Yo > 0. (A1.18)

Then ()\E)/(O) > N(0) > d — 2, so that ®* > 0. Hence, taking into account that \(a) —

a(a + d — 2) vanishes for « = 0 and « = o* and is strictly concave, (A1.18)) gives (A1.16)).
The function W€ defined by (A1.7) with ), replaced by ¢ and a* replaced by a* has

the following properties:

AV(z) =0, in K,
ey U (z) @70/ < (g - V) () < ¥ ()@ D/ on 9K, (A1.19)
U ()" < Ue(r) < cW(x)* /e,

where the constants ¢; and ¢y can be taken independent of € because the map a — 1,
is continuous and 1 < a < 2. Of course (A1.19)) still holds if we revert to the usual
normalization of g, |g| = 1, as we will do for the rest of the proof.

The rest of the proof follows closely the proof of Theorem 5 of [Williams (1985). Let X
be the solution of the constrained martingale problem for (%A,IC, B, =) starting at x = 0.
Fix 0 < 6 < 1, and let

T' :=inf{t > 0: U(X(t)) > 1},
XHt) = X(tATH).
Define
95 = 1inf{t > 0: X'(t) = 0},
0 =inf{t > 9. | U(X'(t) =5}, n>1,

U c=inf{t > 0} . X'(t) =0}, n>1,
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with the usual convention that the infimum of the empty set is oco. By the continuity of X,
6} 1 oo and ¥}, 1 0o as n — co. We have

WX (t)

= D LU (X (EAG) — U(X ()] (A1.20)
+ D Ly en[T(X (E A VL)) — T(XHO)))].

As far as the first summand is concerned, we have, by (A1.19), on the set {9} < t},

W0 A B ) = DO R)] = DX A O)) < 08T/

In addition, it can be easily checked that the argument used to prove (52) inWilliams| (1985)),
combined with Lemma 2.8 of Kwon and Williams (1991), still works, that is

E[D Lu<n] <E[D Lgpen] <cd (AL.21)

where ¢ depends only on o* and ,+. Thus, for each ¢, by (?7?), the expectation of the first

summand vanishes as 6 — 0. As for the second summand in (A1.20), by (A1.21) and the
definition of X!, it is bounded above by an integrable random variable. Moreover, taking

into account that 0}, < ¢ implies 0} < T", hence {0 <t} € Fyrr1, we have
E[i Loy <oy [UE(XT(E A,)) — T(XT(6,,))]
n=1
= E[i Ligr <y [U(X(EAO, ATY)) — U(X (0, AT))]]
n=1
= E[i Ligt < B[U(XEAILAT"Y)) — U (X0, ATY)| Forazm] |-
n=1

Let us show that

E[\I/E(X(t/\ﬁ}LATl)>_\1/€(X(T,1AT1))‘]—"GMTJ] = E/[ BY“(x,u) A(dsxdxxdu)‘]-“@mp] :

G}LATl,t/\ﬂ}L/\Tl} xZ
In fact, setting, for 0 <n <4, 9, :=inf{t > 0, : W(X(t)) = n}, by (A1.19), we have

E[\I’E(X(t/\ﬁ}m/\Tl))_\I/E(X(Q;/\Tl))|f971LAT1]} —E /[ B\Ifﬁ(:c,u)A(dsxdxxdu)\f%m]_

H}LATl,t/\ﬁ},’nATl} x=

Sending 7 to zero, by the continuity of X, we obtain the desired result. Then we can continue
the above chain of equalities with
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= ]E[Z 1{971131&}/[ BY(z,u) A(ds X dx % du)}
n=1

B}L/\Tl,t/\ﬂ}l/\Tl} x=

< ]E[/ BY(x,u) A(ds x dz x du)]
[O,t/\Tl X=
Summing up, we have proved that, for each e,

E[U(X(tATY)] < E{/

[O,t/\Tl] XZ=

BY(x,u) A(ds x dz x du)]

By (AL.19), for ¥(z) < 1, ¥¢(x) > ¢;¥(z)?, and V¥ - g converges to zero uniformly on
OK N{z: ¥(z) < 1}. In addition, by Theorem |A1.9) E[A([0,¢ A T"] x Z)] < oco. Therefore,
in the limit as ¢ — 0, we find

E[U(X(tATY))?] =0, V>0,

which contradicts the fact that X spends zero time at the origin. U

A2 Auxiliary functions
Lemma A2.1 There exists 6* > 0 and a function V € C*(D — {0}) such that

V(z) >0, forze (D-{0}), lim V(z)=0 (A2.1)

z€(D—{0}),2—0

VV(z)-g(z) <0, forze (0D —{0}) N Bs(0) (A2.2)

Proof. The proof is similar to that of Lemma 2.2 of [Kwon and Williams (1991). Let a*,
o+ and 1° be as in Theorem [A1.2] for d = 2, and in Theorem th:funcd3, for d > 3, and let
U be given by (A1.5)). Since dS is smooth, by Condition [3.1] (ii), we can extend ¢4~ to a C?
function on some open neighborhood &* of § such that
zlensf Yo (z) > 0.

Analogously we can extend 1° to a C? function on some open neighborhood S* of S. Let
Kri={zx:z=rz 2ze€S8%r>0}

Let ® be the function defined in (A1.9). We have

®(z) > 0in K7, lim &(x) =0, (A2.3)
zeX*, x—0
and, if a* =0,
0<dy < |VO@)| <o, |D*D(z)] < % v € K, (A2.4)
Xz
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if a* #0,

cp®(x) < |VO()| < co®(x)

Ny *

c
|z’
We will look for a function V' of the form
V() = f(®(x)) —cve -,
for some f € C%((0,0)), so that
VV(x) g(z) < —cye., forz e dk —{0}.

By Condition (i), there is 6*, 0 < §* < rp, such that (E — {0}) N Bs«(0) € K* N Bs«(0).
Then, for z € (D — {0}) N Bs+(0), letting z be the closest point on 9S to fa7» by Condition
(i) and Condition (i), we have

VV(x)-g(x)
< VV([z[z) - g(|z[z) + [VV(2) = VV(|z|2)] + [VV(|z]2)[|g(x) = g(|2|2)]
< —cyee + d OS<1iI<)1 |D*V(tz + (1 — t)|z|2)|cp |z + [VV(|2|2)]cy |2],

Therefore, in order to ensure (A42.2)) for some 6*, it is enough to choose f so that

lim . IVV(x)||z] =0, lim . |D*V (z)||z|* =0

zEK*, x— zekK*, z—

(note that, for |z < 6%, 6* < V/3/cp, it holds infocye [tz + (1 — t)|x]2] > $|2|). In view of
(A2.4) and (A2.5)), this is implied by

limgexe a0 [f'(®(2))] [VO(2)| [2] = 0,

limgercs oo [f(@(@)|[VO(2)*|2[* =0, limgex- om0 [[/(2(2))|[D*®(2)||z[* = 0.
(A2.6)
If, in addition,
@)

2€K*NBg+ (0) ||

> 0, (A2.7)

then, by choosing ¢y = 1 inf e f(i(f)), we will obtain V(z) > 0 for z € (D —{0}) N Bs-(0).
Since we can always extend V' to a strictly positive function in CQ((E — {O})), |D will
be be satisfied.

Therefore we can take

f(u) := w1l for o # 0, f(u) :=u, for a* =0.

Proof of Lemma [3.14l
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Let * and V be as in Lemma [A2.1]
By Condition (i) and (iv), possibly by taking a smaller §*, we can always suppose
that

inf e-g>0.
9€G(x),|g|=1, €D, |x|<5*

Let 0 < p* < 1 be such that

sup V(z)< _inf V().
zeD, |z|<p*s* z€D, |z|>6*

Let D be a bounded domain with C* boundary such that D C D and DN (Bp*g*(())) =
DN (Bp*g*(0)> and let § : R — R? be a locally Lipschitz vector field, of unit length on

dD, such that §(z) = g(z) for z € 9D N (Bp*(;*(())) and, denoting by 7n(x) the unit, inward

normal at = € 8D, it holds inf__,59(x) -n(z) > 0. There exists a function Fe CQ(B) such
that _
inf VF(z)-g(x) >0,

x€dD
(see, e.g. [Crandall et al.| (1992), Lemma 7.6). Of course we can always assume that

sup F(z) < —0".

z€D, p*d*<|z|<8* B
Now let x : R — [0,1] be a nonincreasing, C* function such that y(u) = 1 for u <
SUD,e [z <prs+ V (2) and x(u) = 0 for u > inf 5,155+ V(2) . Defining

F(z) = x(V(z))e o+ (1 - x(V(2)) F(x),

we have

VF(z)= [X(V(:r)) e+ (1 — X(V(x)))VF*(x)] + (6 cx— F(x))x'(V(:z:))VV@)
so that, for all x € 9D — {0},

VF(z)-g(z) > inf  e-gA inf VF(z) g(x).
QEG(x)»|g|:17x€D7 ‘m|§§* x€dD

0

Proof of Lemma Consider the function ® defined in (A1.9) and let § > 1 be

such that sup,cg <1 ®(#) < inf, g 55 (). Let D be a bounded domain such that
D C KN Bs41(0), DN Bs(0) = KN Bs(0) and dD — {0} is of class C'. Let g : R? — R? be a

locally Lipschitz vector field, of unit length on 0D, such that g(z) = g(x) for z € 9D N Bs(0)
and, denoting by n(z) the unit, inward normal at € dD, it holds inf,cop—_1oy 9() - n(x) >
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0. Then Lemma ensures the existence of a function FP € C?(K N Bs(0)) such that
VEP(z) - g(x) > cpp > 0 for every z € (9K — {0}) N Bs(0).

On the other hand, there exists a function F$ € C?(S) such that Vga 1 FS(z2) - g(2) >
cps > 0 for every z € 9S. Define FS(x) for x € K — {0} as FS(z) := FS(%).

||
Let x : R — [0,1] be a nonincreasing, C*> function such that y(u) = 1 for u <
SUD,exc, o<1 P(¢) and x(u) = 0 for u > inf, & ;55 P(x) . Then the function

F(x) = x(®(x)) F7(z) + (1 = x(®(2))) F* ()

has the desired properties. O

Proof of Lemma [3.25

Let o, ¢4+ and 9° be as in Theorem [A1.2] for d = 2, and in Theorem th:funcd3, for d > 3,
and let U be given by (A1.5). By Theorem |A1.10] we can fix 5 > 0 such that

o< B<1. (A2.8)

Then, by Remark A1.7, we can extend 1, to a C>*# function on some open neighborhood
S* of § such that
Zlgg* Yo+ (2) > 0.
Analogously we can extend 1/° to a C**# function on some open neighborhood S&* of S. Let
K:={x:z=rz, 2€8* r >0} We will choose §* such that
e-x > —clz|, 0<c <1, x e K. (A2.9)

Note that the derivatives of ¥ satisfy the same bounds as ® ((A42.4) and (A2.5)). More-
over, ((A2.8]), combined with (A1.6)) and Condition (i), implies that, for 6* < rp,

IAW(z)] < |:vT;P‘ﬁ’ z € DN By (0), (A2.10)
if a* =0,
\\ _
IAT(2)] < Cq,m(%)ﬁ, z € DN By (0), (A2.11)

if a* # 0, Consider first the case a* < 0. We look for V' of the form
V(z) = f(¥(z)) —e-x.

By the same computations as in the proof of Lemma [A2.1] we see that :3.21) is verified as
soon as ([A2.6) holds (with ¢ replaced by W, of course). As far as (3.22) is concerned, we
have, by Condition [3.6}

AV (z)

< SAV(@) + B@ITVE) + 5l(ee") @) — 11DV (@)
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and, supposing (A2.6) holds (with ¢ replaced by W),

< SAV() + fa] (1)
= S VR + F(0() ) + fal o)
< el (W) V@R + £/ (0() ARl + o] Po(1).

Hence, taking into account (A2.4) and (A2.5) (with ® replaced by V) and (A2.11]), (3.22)

holds if
sup  f"(¥(x)) <0,
x€DNBgsx (0)
and
lim  f(¥(x)) =0, if a* =0, lim  f(U(x))¥(z) =0, if a* < 0.
zeD, x—0 zeD, xz—0

Therefore we can take
f(u) :==1In(u), for a* =0, f(u) :=In(In(u)), for o <0.

With these choices, also (3.20)) is verified.
In the case 0 < a* < 1, one can check, by computations analogous to those above, that
we can take

Vi(z) =exp(¥(z)) —14+e-z, Vo(z)=In(V(x)+1)—ec-x.
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