SUBADDITIVE THEOREMS AND FIRST PASSAGE PERCOLATION
IN TIME-DEPENDENT ENVIRONMENTS

YUMING PAUL ZHANG AND ANDREJ ZLATOS

ABSTRACT. We prove time-dependent versions of Kingman’s subadditive ergodic theorem,
which can be used to study processes such as first passage percolation or propagation of
solutions to PDE in time-dependent environments.

1. INTRODUCTION AND MAIN RESULTS

During the last half-century, Kingman’s subadditive ergodic theorem [4] and its versions
(in particular, by Liggett [6]) have been a crucial tool in the study of evolution processes in
stationary ergodic environments, including first passage percolation and related models as
well as processes modeled by partial differential equations (PDE) which satisfy the maximum
principle. Typically, the theorem is used to show that propagation of such a process in
each spatial direction has almost surely some deterministic asymptotic speed. This can also
often be extended to existence of a deterministic asymptotic propagation shape when the
propagation involves invasion of one state of the process (e.g., the region not yet affected by
the it) by another (e.g., the already affected region).

Kingman’s theorem concerns a family {X,,,} (n > m > 0) of random variables on a
probability space which satisfy the crucial subadditivity hypothesis

Xonn < Xk + X forallk e {m+1,...,n—1}, (1.1)

together with E[X,,] € [-Cn, 00) for some C' > 0 and each n € N. Also, {X,,,,} is stationary
in the sense that the joint distribution of { X, tnminik| (1, k) € Ny x N} is independent of

m € Ny. It then concludes that X := lim,,_, % exists almost surely, and

E[X] = lim - 20n] Xon] _ 3¢ EXon]
n—00 n n>1 n

Moreover, X is a constant if {X,,,} is also ergodic, that is, any event defined in terms of
{Xim.n} and invariant under the shift (m,n) + (m + 1,n + 1) has probability either 0 or 1.

A typical use of such a result in the study of PDE is described in Example 5.3 below. Here
we let X, be the time it takes for a solution to propagate from me € R? to ne € R? (see
the example for details), with e some fixed unit vector (i.e., direction). Subadditivity is then
guaranteed by the maximum principle for the PDE, and Kingman’s theorem may therefore
often be used to conclude existence of a deterministic propagation speed in direction e, in an
appropriate sense and under some basic hypotheses.

However, this approach only works when the coefficients of the PDE are either independent

of time or time-periodic. The present work is therefore motivated by our desire to apply
1
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subadditivity-based techniques to PDE with more general time dependence of coefficients
(and to other non-autonomous models), in particular, those with finite temporal ranges of
dependence as well as with decreasing temporal correlations. Despite this being a very
natural question, we were not able to find relevant results in the existing literature. We thus
prove here the following two results, and also provide applications to a time-dependent first
passage percolation model (see Examples 5.1 and 5.2 below). In the companion paper [8] we
apply these results to specific PDE models (as indicated in Example 5.3), reaction-diffusion
equations and Hamilton-Jacobi equations.

Our first main result applies when the process in question (or rather the environment
in which it occurs) has a finite temporal range of dependence, with F:* being the sigma-
algebras generated by the environment up to and starting from time ¢, respectively. It mirrors
Kingman’s theorem, with a weaker stationarity hypothesis (3) below (analogous to [6]) but
under the additional hypothesis (6). The latter is the natural requirement that if the process
propagates from some “location” m to another location n, starting at some time ¢, it cannot
reach n later than the same process which starts form m at some later time ¢t 4+ s, at least
when s is sufficiently large. In the case of PDE, maximum principle will often guarantee this
if the time-dependent propagation times an’n > 0 (i.e., from location m to n, starting at
time ¢ € [0,00)) are defined appropriately (see Example 5.3). We also note that (1) below is
the natural version of (1.1) in the time-dependent setting.

Theorem 1.1. Let (Q,P, F) be a probability space, and {F;*}i>o two filtrations such that
F, CF CF and FOF OF

forallt>s>0. For any t >0 and integers n >m >0, let X+ Q — [0,00) be a random
variable. Let there be C' > 0 such that the following statements hold for all such t,m,n.

(1) X} < X\ + X,:;X’”’k forallk e {m+1,...,n—1};

(2) E [X&J < 00;

(8) the joint distribution of {X, ,.\1,
(4) XL, is Fi -measurable, and {w € Q| X} (w) < s} € Fp, for any s > 0;
(5) F; and F, . are independent;
(6) X} < X)he 45 for all s € [C,C + ], with some ¢ > 0.

. —

Xt

mm—42r **

.} is independent of (t,m);

Then
X9 E [ X E|X) |+C
lim —2" — lim M = inf % almost surely. (1.2)
n—oo M n—00 n n>1 n
Moreover, if C' € N and Xrtnyn are all integer-valued, then it suffices to have ¢ =0 in (6).

Remarks. 1. Of course, it suffices to assume (1) and (6) only almost surely.

2. There would be little benefit in using different C' in (5) and (6) because (5) clearly holds
with any larger C, while iterating (6) yields (6) for all s € [kC,kC + kc] and any k € N.

3. The ergodicity hypothesis in [4] is here replaced by (5) (or by (5*) below).
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Our second main result allows for an infinite temporal range of dependence of the envi-
ronment, provided this dependence decreases with time in an appropriate sense, and we then
also need a uniform bound in place of (2).

Theorem 1.2. Assume the hypotheses of Theorem 1.1, but with (2) and (5) replaced by
(2") Xo, < C;
(5*) lim, oo ¢(s) = 0, where
¢(s) :==sup {|P[F|E] —P[F]| | t >0 & (E,F) € F; x F\,, & P[E] > 0}.

Then
X? E|[X?

lim —" = lim M in probability, (1.3)

n—oo M n—00 n
and if there is a > 0 such that lim,_,o, s*¢(s) = 0, then also

o XOn . E[XT,]

lim —= = lim ————= almost surely. (1.4)
Moreover, if C € N and X}, ,, are all integer-valued, then it suffices to have ¢ = 0 in (6).

Remarks. 1. Again, using different C' in (2*) and (6) would not strengthen the result.
2. We will actually prove this result with ¢(s) being instead the supremum of
Z |P[F; N E;] — P[E]PIE]|
i>0
over all {(E;, F;) € F;, X Fyyo}iso with ¢, t1, -+ > 0 and Ey, Ey, ... pairwise disjoint (which
is clearly no more than ¢(s) from (5%)).
3. We will also show that without assuming limg ., s“¢(s) = 0, we still have
X3, E [X0]

lim inf > lim
n—00 n n—00 n

almost surely. (1.5)

Organization of the Paper and Acknowledgements. We prove Theorem 1.1 in
Section 2 and the claims in Theorem 1.2 in Sections 3 and 4. Section 5 contains some
applications of these results.

We thank Patrick Fitzsimmons and Robin Pemantle for useful discussions. YPZ acknowl-
edges partial support by an AMS-Simons Travel Grant. AZ acknowledges partial support by
NSF grant DMS-1900943 and by a Simons Fellowship.

2. FINITE TEMPORAL RANGE OF DEPENDENCE

Let us first prove a version of Theorem 1.1 with N-valued random variables and C' = 0 in
(5). Theorem 1.1 will then easily follow. Let us denote {X = s} := {w € Q| X(w) = s}.
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Theorem 2.1. Let (Q,P, F) be a probability space, and {F;}ien, two filtrations such that
Fo CF C---CF and FOFF D2F D.... (2.1)

For any integers t > 0 and n >m >0, let Ty, : Q@ — Ny be a random variable. Let there be
C,C" € N such that the following statements hold for all such t,m,n.
(1) T}, < T, + T;;Tm”“ forallk e {m+1,...,n—1};
(2’) E[T9,] < C';
(8°) the joint distribution of {T}, .. 1, Thmyor - -+ ¢ 05 independent of (t,m);
(4°) T}, is F; -measurable, and {T}, , = j} € Fy;; for any j € Ny;
(5°) F; and F;" are independent;
(67) Ty < T+ C.
Then
Bl E[73)

 Ton
lim —= = lim = in almost surely. (2.2)
n—oo n, n—00 n n>1 n

Proof. First, we claim that almost surely we have

Ty E [T} E [T}
lim sup —22 < lim M = inf M. (2.3)
n—00 n n—00 n n>1 n

The proof of (2.3) is similar to the proof of [1, Lemma 6.7], although there the analogs of
T}, , were bounded random variables; the idea goes back to [4], where the analogs of T}, ,

m,n

were t-independent. For any integers n > m > 0, (4’) shows that for any i, j € Ny we have
{13, =it €F; and {T}),=j}eF
Therefore (5) and (3’) yield
P1Y, =i & Ty, =i =P[T0,, =i P[T},, =i =P[T0,, =i P10, = j] -
T8 1 (1)

0
Summing this over ¢ € Ny, we find that Tg,:?;{” (= T " (+)) has the same distribution as
I Thus from (1’) we obtain

0,n—m"
E[13,] <E[1,] +E [T ] <E[15,] +E[12, ..

Fekete’s subadditive lemma thus implies that the equality in (2.3) holds.
For any n € N, let tf := 0 and &f := T¢,,, and then for i € N define recursively

By iteratively applying (1’), we get for any k € N,

<) & (2.4)
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Similarly as above, it follows from (3’)—(5’) that for any jo, 71, ..., jk—1 € Nog we have
Plg = ji for i =0,... .k —1] =P & = ji for i =0,... .k - Q&T%lonj;m—jk,l]
Pl =jifori=0,. .. k-2 P [T(%lgnj;m = jii]
=Pl =jifori=0,.... k=2 P[Ty, = jr]
-1

[
[
=

—

o3

N

|
<
<

—

Summing this over all indices but ¢ shows that £ has the same law as T&n for each 7. This,
(27), and (2.4) with n = 1 then show that for any k € N,

k—1
E[Tow] < ) E|&] =kE|Tg,] < C'F. (2.5)

i=0
Also, the above computation shows that &7, ..., &, are jointly independent random variables

for all n and k, so the strong law of large numbers yields

lim — z Z &' = Toon almost surely.

k—o0

Thus (2.4) and the equality in (2.3) yield that for any € > 0 there is n. € N such that

_ T,  E[19..] . E[TY,]
limsup ——= < —= < (1+4¢) lim ——— almost surely. (2.6)
k—o00 Ne Ne n—o00 n

Now fix any [ € {0,...,n. — 1} and note that (1’) yields for all k£ € Ny,

Toknest < Togn, + Tlmg et (2.7)
Since T i b has the same distribution as 7¢);, we obtain from (2.5) that
1
Y P [Tkﬁkkn o> (kne +1) } > P[T3 > ke] < <E[13)] < oo.
k>0 k>0
70
Borel-Cantelli Lemma then implies that lim sup,_, @ k;;;’fg;g 4 < € almost surely. This

and (2.7) for each [ € {0,...,n. — 1}, together with (2.6), now show that

Ty, B [T5,]
limsup — < e+ (1 +¢) lim —— almost surely.
n—00 n n—00 n

Taking € — 0 now yields the inequality in (2.3).
Next, for each (t,m) € N2 let

t

T,
Z! = lim inf —22F
n—0o0 n
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It follows from (6’) that ZYF“* is non-decreasing in k € N. But since the law of Z! is
independent of (t,m) by (3’), we must almost surely have Zt“* = Z! for all k € N.
However, this and (3’) imply that Z! is independent of F,_ ., for all k¥ € N, while (4’) shows
that it is also measurable with respect to the o-algebra generated by |J,, F, . This shows
that there is a constant @ € [0, 00) such that Z! = @ almost surely for each (¢, m) € N2.

In view of (2.3), to prove (2.2) it remains to show that

. E[1,]
Q > lim ——2"4 (2.8)
n—o0 n

Our proof of this is related to the approach of Levental [5] in the t-independent case, which
is in turn based on [3]. However, t-dependence complicates the situation here, which is why
we first needed to show that Z! is in fact (¢, m,w)-independent to conclude (2.8) (in [5], it
was sufficient to allow w-dependence at first). Fix any € > 0, and denote Q). := @ + ¢ and

N, =min{n > 1|Tf, .\, <nQ.}

(which also depends on e but we suppress this in the notation). It follows from Z! = @
a.e. that almost surely we have N < oo for all (t,m) € NZ, and (3’) yields that N}, has the
same distribution as N{. Moreover, N} is F;"-measurable by (4’). Next, let M. € [1,00) be
a large constant such that

E T311{N8>M5} <e. (2.9)
Let now ty := 0 and 7o := 0, and for k£ > 0 define recursively
TkyTk4+1"

Tkl =Tk + Nﬁfl{NﬁZSMe} * 1{Nﬁ’,§>Me} and  tpyq =ty + T

Fix any n € N. We will now use {ry}x>1 to divide the “propagation” from 0 to n into several
“steps”. Since this sequence is strictly increasing for each w € €2, the random variable

K, :=min{k € Ng|ry > n— M.}
is well defined, and satisfies 0 < K,, <n — 1 and rg, € [n — M.,n — 1]. Then (1°) yields

Tk Tk+1 TKp M TKnp T

Kn—1
To, < Y Th, 4T =8, + Tk (2.10)
k=0
tin trn ()
(note that, e.g., Trx"n = Trfn;_))(.),n(-)). If N}* < M., then
va:,rku < (Tha1 — Tk) Qe
while if N/* > M., then ryy; = ) 4+ 1. Hence we obtain

K,—1 K,—1

n—1
Sp < Z (Try1 — 72) Qe + Z T::,rk+11{Nilg>ME} <7rk,Q + ZT::,rk+11{NfI’z>ME}‘ (2.11)
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We now want to take expectation on both sides of (2.11). From (47) we see that for any
i,j € Ng we have {r, =i &t = j} € F; . Since T“+1 and N/ are F,-measurable, from
(57), (3"), and (2.9) we obtain

E [Tk ri+1 {Nt1;>Ms}} = Z E [Tij,z’+11{Ng’>Mg}1{rk:i & tk:j}:|

1,520

= S BTl oy | Pl =i & b= J]
i,j>0
— BT\l {yeunry| <2
So (2.11) and rg, < n yield
E [Sn]
n
Finally, we claim that E [Trtf;:n] < C'M?; this together with (2.10) and (2.12), and then
taking ¢ — 0, will yield (2.8). To this end we note that 1 <n —rg, < M, implies

Then < max T (2.13)

TEn ™ T ef1,min{Me,n}) 07

is F, -measurable, we obtain from (5°), (3’), and (2.5),

< E[”:]QE +e< Q4 2. (2.12)

Since {tx, = j} € F; and T’

j n—Iln
[ rikh} ZE n— ln]‘{tKn*J} ZE [Tg—l,n} Pltx, =l =E[Ty] < C'L
>0 Jj=0

Therefore indeed

[Tf;;n n} Zcz <CO'M
so (2.8) holds and the proof is finished. O
Proof of Theorem 1.1. Let us first assume that ¢ > 1 and define
Tril,n = [X:n,n + C] (e NO)

Let us redefine F; to be F,_ for t > C and {0,Q} for ¢t € [0,C) (i.e., shift F, to the right
by C) and let C' := E [[X{; + C]. After restricting ¢ to No, it is Clear that 7" , satisfies

m,n

hypotheses (27)—(6") of Theorem 2.1, with max{[C, 1} in place of C. And (1’) also holds
because if n > k > m > 0 are integers, then (1) and (6) with s := [X]  +CT — X/  yield

t+T7

t+ mk+Tt

t+T

T, =X}, +O]<{ Xm’“+th+CW§{ +Tt,c+0—‘<T

Hence (2.2) proves (1.2) with the last numerator being E [[X{,, + C7]. Note that this argu-
ment also applies in the setting of the last claim in Theorem 1.1 and without [-].

To get (1.2) as stated and for any ¢ > O let S >1 GF = .7-"3/[5, and V! == SXHS. Since
the above argument applies with (Gi,Y, s SC, Sc) in place of (fti,X;m,C’, ¢), we obtain

(1.2) with the last numerator being E [£[S(X{,, 4+ C)]]. Taking S — oo yields (1.2). O
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3. TIME-DECAYING DEPENDENCE 1

In this section we will prove the first claim in Theorem 1.2 and the corresponding integer-
valued claim. Let us first prove a version of the latter with weaker (2*) and stronger (5*).

Theorem 3.1. Let (Q,P, F) be a probability space, and {F; }en, two filtrations satisfying
(2.1). For any integerst > 0 and n > m >0, let Xﬁm : Q0 — Ny be a random variable. Let
there be C' € N such that for all such t,m,n we have (1) and (3) from Theorem 1.1, and

(27) E [XS,J +E [(X§,)%] < oo
(4*) X}, is F; -measurable, and {X}, , = j} € F;; for any j € Ny;
(5** ) lims 00 @(s) = 0, where

P[F|E
o(s) = sup{‘ I[P’[}L]] - 1‘ ’ teNy & (E,F) e F, x F., & PIE|P[F] > 0}.
(67) X < Xp0+C.

Then (1.3) holds.
Proof. From (5**) we know that for each ¢ > 0, there is C. € N which is a multiple of C' from
(6**) and

¢(Ce) <e. (3.1)
Let us then define (again suppressing € in the notation for the sake of clarity)

T,fm = Xfmn + C..

As before, one can easily check that (1), (2*), (3), (5**), and (6*) still hold with X/ .
replaced by 77, ., and (4*) can be replaced by

(47) T, is .E*—measurable, and {1}, , = j} € F,, ¢, for any j € No.
Next, let

- E[X3,]
X :=liminf ———. (3.2)
n—oo n
As before, for any ¢ > 0 and n € N, let ¢ := 0 and & := On, and then for ¢ € N define

recursively
n n n n t? n . n
G= T &, & = T (it and i =EE.
By (1) we have Tp,,, < S Een for each k € N. Also, since (47) yields
it follows from (3) and (3.1) that

Z]]P) zn(z—l—l)n_.]&t _k 1+€ Z]]P) in,(i+1)n ]P[t?:k]

k,7>0 k,7>0

=(14e)> jP[T5,=j] = (1+o)E[Ty,] = (1+e)up.

J20

(3.4)
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We can similarly obtain

E [gzn - CE] < (1 + 8)(:”’8 - Cz—:) (35)
and
El& —C = (1 —e)(ug — Ce) (3.6)
because &' > C.. Invoking (1) and (3.4) with n = 1 yields for C! := E[X{,] + C.,
n—1
i < Sl < (1+ )b < (1+2)Cln, (3.7)
i=0

This implies that X < (14 ¢)CL
Let us now pick n. € N such that

E[T3,]
——"= < X+, (3.8)
Ne
which exists by (3.2). Then (4”) shows that for any integers n > m > 0 and i, j € Ny we get
{T(?,m = Z} S "T_.i_—C5 and {T;n,n = j} S ‘E+‘
Therefore (3) and (3.1) yield
[Tmonm} NPT, =i &I, =i <(1+e) Y jP[T, =PI, =]

i,5>0 i,5>0

(1+¢) Z]IP’ Topm =7 =1+ e)E [T, ] -

7>0
For any n € N write n = kn. + [, where k € Ny and [ € {0,...,n. —1}. By applying (1) and
the above computations recursively, we obtain

E (78] < B [Tk m ] + B [T B [T80 ] + (14 9B (13,

< <E[TY) + (1 +e)kE[Ty,.].

Thus (3.8) yields
BT, (E[T0] , (+okn(X+e)

n o n n
which then implies
o E[XR] o E(T5]
lim sup = = limsup <(1+e)(X+e).
n—o0 n n—00
Since € > 0 was arbitrary, this and (3.2) show that
E[X3,]
lim = = X. (3.10)
n—oo n

Next we claim that there is C\, > 0 such that for any ¢ € (0,1], n € N, and i # j we have
Var[§] < Con®  and  Cov [, €] < Cien’. (3.11)
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We postpone the proof of (3.11) to the end of the proof of (i). Since t} = Zf;ol £, we now

have
k-1 k—1

Var [t] = ZVar &+ QZ Z Cov | < (1+ek)Cn*k.

=0 j=i+1
Chebyshev’s inequality then yields

i — B[]
P k k
I

Since E[t}] = S2¥0 2, this and (3.4) imply

C.n?.

Var [t}]  1+¢k
< <
CE] C?k?2 — C?k

14 ¢k
C2k
For any N € N write N = kn + [, where k € Ny and [ € {0,--- ,n — 1}. Then (1) yields

tn
P [Ek > (14 e)uf + CE} < C,n®.

0 0 0 0 kn n o kn
XO,N S TO,N S TO,kn Tlm Jkn+l < t Tk:n Jkn+l

0

Denoting 73 := Tk, we get E[7%] < (1 +¢)?C’n by (3.9) and (3.7), as well as

nkn—l—l’
Xon wg - Ce 1+ck
P|—2 1 0+ = < ——C.n% 12
[N >(+5) + +kn]‘0§k0n (3.12)
Now, for each € > 0 pick n. € N such that
. Ce . Eng
If we then take n = n. in (3.12) and then N — oo (so that k& — o0), for each 6 > 0 we obtain
XD Ne C C* 2
limsup P | —2& >(1+€)'u0 25| < il
N—o00 ng e CEQ

Since py® = E[X,, ] + C: and lim._,n. = oo by (3.13), taking ¢ — 0 in this estimate and
0
using (3.10) and (3.13) shows that limy_,o P [Xf\}N > X+ 2(5] =0 for all 6 > 0. That is,

0

limsup —2% < X in probability. (3.14)

N—oo

Let us now assume that there is 6 > 0 and a sequence n, — oo such that

Xon
P20 X < —25| > 46. (3.15)

ng

. E[X3 ]
Since for all large enough k we have —”“

0 0o 0
]P’[X’” X<- ]SIP’[XO’" E[XO”'J<—5]§

> X — 0 by (3.10), we obtain

()

E

ST

n ng
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(52+]P’ +ZP[ O”k_E[Xgnk}mD.

i>1
] < C.nd by (3.11) with i = 0, for M := [$] + 1 we obtain

X9, —E[X0,]

0, 0,np

%lH

g

Since Var[X{

0,ng

—-E[X?
ZP[ 0,ng [ Onk] >Z] S QLZ?V&I“ [Xg,nk} §52
i>M

But (3.10) and (3.14) also show that for all large enough k we have

Onk

> | <62

g

Hence for all large enough k we obtain

X0
P20 ¥ < 25| < 36,

ng

0
which contradicts (3.15). It follows that lim, ., P [Xgn

this and (3.14) yield (1.3).
_ It therefore remains to prove (3.11). Similarly as in (3.4), for any (i,n) € No x N and with
=& — O, we get

B|(&)] < arar s, - o) - a+ar [,

—X<—5} = 0 for each 6 > 0, so

as well as

E [(53)2] <(1+¢)E [(T&lﬂ . (3.16)
Since Var[€/] = Var[¢}"], to prove the first claim in (3.11), it suffices to show E[(X{),,) ] < Cen?
for some C, > 0 and all n € N. We can use T, < Y77 & (due to (1)) and (3.16) to obtain

n—1

Z(&})?] < (U+on’E|(13,)°]

=0

B (x3.)°] < B[(15,)7] < nB

which yields this estimate with C, := 4E [(X&l + 01)2}

To prove the second claim in (3.11), we apply (4*) to get that for any 7,7, 7,5, k,l € Ny
satisfying [ > k that

{tZ :Z/} c f;/__c‘:’ {Tkn (k+1)n —7/} € JT_‘T_H C. ﬂ}—/,
{tr =7YeF q, {1, =71 € Ty

Note that [ > k implies j' > i + 4’ whenever P[T} tepyn = 8 &ty =1 & 1] = j'] > 0 because

(3.17)

=t &+ G > G =+ Tk
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t

Recalling that £ = — C. > 0, it follows from the above, (3), (3.1), and (3.5) that

kn J(k+1)n
E[G6] = Y (=00 COP (T =3 &t =7 & Ty =i & 8 =7
,5,i,7'>0
<(l+¢) Z (1—C)(j—C)P [Tl{;,(zH)n J} P [tz =j & Tkn (hpnyn = 1 & U = il]
4,5,1',5'>0
—(1+e) Y (i-CHG-C)P[TY, = j]P [T,m(k+1 —i &t —i’]
,7,4'>0

<a+oE[gElE] <aveorElg]
where we used that the summands are zero whenever j < i’ + i. Also note that (3.6) yields
Elg]E[d]>a-oE[E]
hence )
Cov (&, &) = Cov |, &] < 4B [§]" = 4B [X0,)". (3.18)
Now the second claim in (3.11) follows by (3.10), and the proof of (i) is finished. O

Next we adjust this proof to obtain the integer-valued version of the first claim in Theo-
rem 1.2. We will use in it the following lemma.

Lemma 3.2. For E,F € F, let U(E, F) := max{s € Z| (E,F) € F; xF/., for some t € No}
(if there is no such s, then ®(E,F) := —o0). Assume that A¥ B, € F (k,j € Ny) are
such that By, By,... are pairwise disjoint, and so are A, A¥ ... for each k € Ny. If
s = min{W(By, A}) |j,k € No} > 0 and S := sup{f(j,k) |P[AF N B] > 0} for some
f:N2 —[0,00), then with ¢ from Remark 2 after Theorem 1.2 we have

> J(k) [PLAT 0 By] — PASIP[By]| < 25¢(s).

J,k>0
Proof. Let

*:={(j.k) e Nj | £ (P[4} N By] — P[AS]P[B,]) > 0},

and let U := {j € No| (j, k) € UT} for each k € Ny. Then

> FGRPIAS N B —PIANPBY <S> (P | | A nBe| —P| [ AY| PIBi] |,
(j,k)eU+ k>0 ]EU+ ]EUJr
which < S¢(s) because if ¢, € Ny is minimal such that B, € F;_, then UjeU,j Ak e FrL.
The same estimate holds for the sum over U™, finishing the proof. U

Theorem 3.3. Assume the hypotheses of Theorem 3.1, but with (2**) and (5**) replaced by
(2*) and lims_,o ¢(s) = 0 for ¢ from Remark 2 after Theorem 1.2 (with s,tg,t1,--- € Np).
Then (1.3) holds.
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Proof. This proof follows along the same lines as the one of Theorem 3.1, with some minor
adjustments. From (1), (2*), and (3) we see that for any integers ¢ > 0 and n > m > 0 we
have

X!, < C(n—m). (3.19)
With the ¢ considered here, let C. € N be such that
6(C:) < 3, (3.20)

and let T}, X, 7, &, puit be defined as before. Then (3.19), Lemma 3.2, and (3) yield

Z]P zn(z+1 ]&tn_k]

k,j>0
< Z GPTE iy = J] P[] = k] + (Cn + C.)e

k,j >0 (3.21)
=Y JP[TY, = j]P[t] = k] + (Cn+ C.)e

k,j>0

= ug + (Cn+ Ce)e

instead of (3.4). Similarly, we obtain

E & — C.] < puy — C. + Cne. (3.22)
and
E[e" — C.] > i — C. — Cne. (3.23)
Using (1) and (3.21) in place of (3.4), we now get
< Cln (3.24)

in place of (3.7), with C := E [X{,] + C. + Ce.
Next, similarly to (3.21) and using Lemma 3.2 and (3.19), we can replace (3.9) by

BT =3 P (Th, =) & T8, =1
i,5>0
< Z JP[TL, = J] P10, =i] + (C(n—m) + C.)e (3.25)
4,70
=E[T),_] + (C(n—m) + C.)e.

With this, we again obtain (3.10).
The proof of (3.11) is also adjusted similarly to (3.21). We now obtain

E {(”)2} <E [(Tgn . 05)2} 4 (Cn)% =E [(Xg,n)Q] + (Cn)2e

and

E[(&)’] <E[(T0.)°] +(C+C.)%e
which yields the first claim in (3.11) as before (with a different C,). In the proof of the
second claim, we use (3.22) in place of (3.5), as well as £ < Cn (due to (3.19)). We also use
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the same adjustment as in (3.21), but now replacing the sum over k£ by the sum over (z,4’, j')
(with A W) (T in(41m = J} when we use Lemma 3.2). This and (3.19) show that

E[G&] = D (=0 = COP [T ey =i &t =5 & Ty =i & i =

i,5,1',5'>0

< Z i—C j—C)]P’[T}i;7(l+1)n:j]IP’[ =7 &T/,m(,€+1 z&t”:i] + (Cn)’e

4,7,4",7' >0

-y (z’—CE)(j—CE)]P’[T&n:j]IP’[T,ﬁn(kﬂ — i &t —i] + (Cn)2e

$,5,'>0
=E [56‘} E [f,ﬂ + (Cn)?’e <E [53]2 + CneE [Sg} +(Cn)%e

This, (3.23) applied with ¢ = k, [, and ég < Cn then yield the second claim in (3.11) with
C, = 4C"°.

Now, the proof of (3.12), but with (3.4), (3.7), and (3.9) replaced by (3.21), (3.24), and
(3.25), shows that

XN b (1+¢)C. 1§ 1+ ¢k
P = > 4 O A < C.n?
[ N n+ e n +kn}_ C2k

. O kn : n
where 7y := T, 7 satisfies E[77/]

and the rest of the proof is identical to the proof of Theorem 3.1. O

< (CL+ (C + C.)e)n. This then implies (3.14) as before,

We can now prove the first claim in Theorem 1.2 similarly to the proof of Theorem 1.1.

Proof of the first claim in Theorem 1.2. Let us first assume that ¢ > 1. Let
Tt n- (an,n + C-I (E NU)

and restrict ¢ to No. Similarly to the proof of Theorem 1.1, we find that T}, , satisfies
hypotheses (1), (3), (4**), (6**) of Theorem 3.3 (with X} . replaced by Ty, ), but with
max{[C7], 1} in place of C'in (6**). Hence iteration of (6**) shows that it also holds for T}, ,
and C" := 2max{[CT, 1} in place of C. From (2*) for X} . we see that T} , also satisfies
(2*) with C” in place of C.

Let now ¢ be as in Remark 2 after Theorem 1.2. Note that if we define ¢(s) as in that
remark but only with s, to, y, - - - € Ny, then ¢ < ¢. Therefore our hypothesis lim,_, ¢(s) =
implies the last hypothesis in Theorem 3.3 as well. That theorem for T}, now yields (1.3).

For c € (0 1), we let Gi¥ and Y!, be as in the proof of Theorem 1.1. The above argument
with (G;", Y}, ., SC, Sc) in place of (]—"ti, toms €, c) then again concludes (1.3).

Finally, in the setting of the last claim in Theorem 1.2 we can just apply Theorem 3.3
directly to X}, , (with ¢ above). O
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4. TIME-DECAYING DEPENDENCE II

In this section we will prove the second claim in Theorem 1.2, as well as the corresponding
integer-valued claim.

Proof of the second claim in Theorem 1.2. Similarly to the proof of the first claim in Theo-
rem 1.2, this claim again follows from the corresponding integer-valued claim. Hence, without
loss, we can restrict ¢ to Ny and assume that X}  only takes positive integer values.

The first claim in Theorem 1.2 yields

X0, . E[X3,] . .
lim —— = lim ——— =X >0 in probability. (4.1)
n—oo N n—o00 n
Let us now prove
0
limsup —2 < X almost surely. (4.2)
Nn—00 n

As in the proof of Theorem 3.1, let T}, := X  + C. some C. € N that is a multiple of
C' and (3.20) also holds. Then (17), (3’), (6") from Theorem 2.1 hold and so does (4”) from
the proof of Theorem 3.1, while (2') is replaced by Tg, < C + C, and (5*) also holds.

For any n € N, define ¢! and £ as at the start of the proof of Theorem 3.1. From (4”)
we again get (3.17) for any 4,4, j, 7, k,l € Ny, and the argument after (3.17) again shows
that if [ > k, then j" > i 4 ¢’ whenever P[T,ﬁ;7(,€+1)n =i &ty =17 &t = j'] > 0. Then the
argument from the proof of the second claim in (3.11) in the proof of Theorem 3.3 (which
uses Lemma 3.2) shows that for any v,/ € N we have

Plgr>v & >V = Z P [Crli,(l+1)n =j&tl =j& Tli/n,(k-i-l)n =i&ty =1
i—v,j—v'i’,j' >0
< S P[T =i B = & T =i et =] e
i—vj—1'i,§7>0

- Y P, =j]P [T,;';,(M)n — i &t = z"} te (4.3)

i—v,j—v' i’ >0
<P [Too,n = y/] Z P [Tli;u(k:-l-l)n = Z:| P [tz = i/] + 2¢
i—1,i' >0

=P [Ty, > V]| PTy, > v] + 2.

Now fix some K € N. From (1’) we see that for any n € N we have

K-1

0 ti'

1o rn < Ty ity
=0

(4.4)

From (4.1) we see that there is e-independent nx € N such that for all n > max{C.K,nk},

Ty 2 XJ 1
P{O’”—gz?]gp{ 0n _ X > — (4.5)

< —.
n n __K]_QK2
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From (1), (2*), and (3) we get T;? < C.+ Cn < (C+ 1)n for these n and all i € Ny.

n,(i+1)n
This means that if only one of the numbers
T 2
n in,(i+1)n .
ti==— - X — = €c{0,.... K -1
gZ n = K (Z { ) ? })

K K K

79 g 2 1 2
0An o (gl+_)<0+ :O+3_

The same estimate holds if each of these numbers is less than ©!. These facts, (4.3), (3"),
and (4.5) now imply that for any n > max{C.K,nk} we have

0 C+3 C+1
P{O’K —Xz—}g > P{g?z—K &9?20}

Kn K . .
0<i,j< K & i#£j
C+1
< K°P [gg > ; Plgn > 0] + 2K
1 [TY C+3
<P |2 X > | 42K
-2 [ n - K + c
We can now apply this estimate iteratively with Kn, K?n, ... in place of n and obtain for

any n > max{C.K,nk} and g € N,

TP
0,Kan X>C+3

Kin =~
This of course also yields

X(())Kq C+3
P BT X > T <9279 4 4K, 4.
{an S=TK }— AR (46)

The hypothesis shows that there is A € N such that C. < Ae= for all ¢ € (0,1). Let
C'">Ck:=AKng and My = 2AK,

with C’ € N. Then for any ¢ € N, (4.6) with ¢ := 277 and n := 249C" (> max{C.K,ng})
yields

TO
] < 2%?{ 0n x> 0;3] +A4K?% <2794+ 4K %,
n

XO
0,07 MY C+3
Pl——X>——| <HK*274 4.7
cC'My T T K |~ (47)
By the Borel-Cantelli Lemma we then obtain
X0 o C+3
lim sup CO,iWA;IK <X+ ers almost surely. (4.8)
q—00 K

Now apply (4.8) with C” taking all the values in
Uk = {CK,OK +1,... ,CKMK}.
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Then for any large n, there is (C’, q) € U x N such that C"M} < n < C"M} + Cx'n and

X(()),C’M;"(<X+C+4
oML == K

So by (1) and (2*) we have X0, < X0 ,,,« + CCyg'n, which yields
) ) K

X3 C+14
limsup —= < X + erd +CCy! almost surely.
n—o0 n K

By taking K — oo, we conclude (4.2).
It remains to prove

X0
X < liminf =2 almost surely. (4.9)
n—oo n
We will do this with only assuming lim, . ¢(s) = 0 (rather than lim, . s*¢(s) = 0), and
without the use of the proof of (4.2). This will then also prove Remark 3 after Theorem 1.2.
For any t,m,n,j € Ny with j > n, let
X! < X!

. m,m-+1i . . . . m,m-+n
Y)Y, . = min — and Z! = lim lim Y} . =liminf —"2
k n<i<j ? n—+00 j—+00 iTd n—00 n

ZHCk is non-decreasing in k € N by (6) (with ¢ = 0), and since the law of Z!, is independent
of (t,m) by (3), we almost surely have Z!F¢% = Z! for all k € N. Moreover we claim that
7y is almost everywhere constant (which implies that Z! is a.e. equal to the same constant

for each (t,m) € Np).
If this is not the case, let ¢ := Var[Z]] > 0. From (1), (2*), and (3) we have

Xt
max {Zg, Yy ﬂ} <C for all t,n,j € Ny with j >n > 1. (4.10)
n

Osmn,5°

Let 0 := m. By (3) and Ergorov’s Theorem, there d-dependent n,j € N? with j > n
such that for any ¢ € Ny we have

Yi. — 2ol <0 on some 2 C Q with P[Qf] > 1 — 4.
Also since Z0 = Z§* a.e. for all k € N, (4.10) and Var[Z]] = ¢ imply

Cov [V, Y] > Cov [Zg, Y] — (C+C?)8 > Cov [Z8, Z§*] —2(C + C?)6 >

O;n,57 = Om,j 0;m,5

(4.11)

N O

Next note that by (4), (4.10), and the definition of Y, . we have

Osm,j

Yb;w is fcj—measurable and Yo;n,j is Fg,-measurable.
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This, Lemma 3.2, (4.10), and Y, . only taking rational values show for any k > j >n > 1,

O;n,j
E [Yoh; Yomi] = Z paP [Yo,; =p & Y, ; = d
p,q€Q
< Y paP Yo, = p] P[Yg,, = a] + C*¢(C(k - j)) (4.12)
p,q€Q
= B [¥5,,] E [Yuu] + C*6(C(k = 7)),

Hence Cov Yy, ., Yir ] < C?¢(C(k — j)), which contradicts with (4.11) if we take k large
enough (because (5*) holds).
Therefore Z{ is indeed almost everywhere equal to some constant @ € [0, X]. Then (4.9)

is just X < @, so we only need to prove this. For any € > 0 and K € N, let us define
T:n,n = XE(m,Kn + 08 (413)

(which depends on e, K but we suppress this in the notation). Then again (1’), (3’), (67)
from Theorem 2.1 hold and so does (4”) from the proof of Theorem 3.1, while (2’) is replaced
by 15, < CK + C., and (5*) also holds. From (1’), (3’), and 75, < CK + C. we obtain for
any t,m,n € Ny,

TYman < CEn + C.. (4.14)
Note that to prove X < @), it suffices to show that
E[Tg,) M .

<KQ+ KCe+¢(C. +2) + (4.15)

holds for each ¢ > 0 and K € N, with some n-independent M. _. This is because after
dividing (4.15) by K and taking n — oo, we obtain from (4.1),
E[XY 2

Taking K — oo and then ¢ — 0 now yields X < @, so we are indeed left with proving (4.15).
This is done similarly to the argument in the proof of (2.8), with K@ in place of Q). Fix
e>0and K € N, let Q. := KQ + ¢ (as at the start of that proof), and let T} , be from

t
(4.13). Note that for any ¢, m € Ny we have liminf,, % = K@ almost surely because
Z! = @ almost everywhere. Define

N!, M, ty, Tk, S

as in the proof of (2.8), and follow that proof, with two adjustments near the end where (5’)
was used. The first is the estimate on

tr
E Trkﬂ”kJrl 1{N:I’j >SM:}|

From (47) we have for any 4,j € Ng that {r, =i & t, = j} € F,_, and TZHI and N7 are
F; -measurable. Hence we can use (5*), (4.14), and Lemma 3.2 instead of (5°) (as well as (3’)
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and (2.9) as before) to obtain

E [va:,erll{Nﬁ’ng}} - Z E [Tgi-i-ll{Nf>M5}1{7"k=i & ty=j}
2,720
< D IP[TYy, =1 & N} > M Plry =i & ty, = j] + (CK + C.)e (4.16)

i,5,1>0
=E |:T([)),11{N8>M5}:| + (CK 4+ C.)e < (CK 4+ C. + 1)e.

This then yields

E[S,] <KQ+ (CK+C.+2)e (4.17)

in place of (2.12). The second place is the estimate on E[Tf}‘ .J, but here we can simply use
(4.14) to obtain

E[T" 1< CKIl+ C..

n—I,n

This and (2.13) yield

E[Tixn ] < ZE [75,] < MACKM, +C.) = My, (4.18)
This, (4.17), and (2.10) now show (4.15), and the proof is finished. d

5. FIRST PASSAGE PERCOLATION AND PDE IN TIME-DEPENDENT ENVIRONMENTS

We will now provide an application of Theorems 1.1 and 1.2 to first passage percolations
in time-dependent environments. Let V; be the set of edges of the lattice Z%, that is, each
v € Vj connects two points A, B € Z% which share d — 1 of their d coordinates and differ
by 1 in the last coordinate (these can be either directed edges or not). Let us consider a
traveler moving on the lattice Z? from point A to B. He can move along any path v made
of a sequence of edges v], v, ... U where each v; connects some points A;_; and A;, with
A= Agand B = A, . Let us denote by I'4 p the set of all such paths. Let us assume that the
travel time for any edge v, if it is reached by the traveler at time ¢, is some number 7% > 0.

For any v € I'4 p and any time ¢, define recursively (for i =1,2,...,n,) the times
tz‘ = ti,1 + 7'5971 and Tso = t”'y — tg.

That is, ¢; is the time of arrival at the point A;, and TvtO is the travel time along v when the
starting time is ty. Finally, let

X' (A, B) :=inf{T!|y€lap} (5.1)

be the shortest travel time from A to B when starting at time t.
When the travel times are independent of ¢, this is of course the standard first passage
percolation model. Let us consider one of the following two setups when time-dependence is
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included. Let & > 0 be some number, and let 7 be either the first time such that

t

| gras—1, (5:2)
0

or let
7! = inf {8 + (ff,+s)_1 s> 0} : (5.3)

In the first case, one can think of £/*% as the instantaneous travel speed along v at time ¢ + s,
which changes due to changing road conditions (so fOT EIsds is distance traveled in time 7).
In the second case, one can think of 7% as the speed of a train leaving one end of v at time
t + s (which could be zero if there is no such train), and the traveller chooses the one that
brings him to the other end at the earliest time.

Now for any e € Z? we can define Xye, = X*(me, ne), so that asymptotic speed of travel
in direction e from the origin, starting at time ¢, is |e| divided by the reciprocal of

t.e
= 54

provided the limit exists. Theorems 1.1 and 1.2 can be used to show this, either almost surely
or in probability, if the speeds & are random variables satisfying appropriate hypotheses.

Note that hypotheses (1) and (6) in these theorems will always be satisfied (the latter with
c:= o0 and any C' > 0) for both models (5.2) and (5.3). If there is L < oo such that for all
(t,v) € [0,00) x V; we have ftHL &ds > 1 or sup{&;|s € [t,t + L]} > 1 when we define 7/
via (5.2) or via (5.3), respectively, this will also guarantee (2*) (and so (2) as well). Finally,
we will let F;~ be the o-algebra generated by the family of random variables

{&1s€0,t]&v eV}, (5.5)
and F;' the o-algebra generated by the family of random variables
{&ls > t&v e Vg, (5.6)

which will guarantee (4).

We note that (3) follows from space-time stationarity of £, For any y € Z%, the translation
o,(x) := x + y on Z* induces a translation map on V;, which we also call o,. If (Q, F,P)
is the involved probability space, then the speeds & are space-time stationary provided
there is a semigroup of measure-preserving bijections {Y () : @ — Q} (5 )e[0,00)xz¢ such that
Y (0,0) = Idg, for any (s,y), (r, z) € [0,00) x Z* we have

Tsw) © Lire) = Listry+a):
and for any (t,s,v,y,w) € [0,00)? x V; x Z4 x Q we have

&L syw) = :;Jyr(sv) (w).

Hence if the speeds &' are also space-time stationary, we will only need to check (5) or (5*).

We can construct space-time stationary environments with appropriately time-decreasing
correlations by sampling space-stationary environments. Let (€, Fy,Py) be a probability
space and let o, be as the above. We say that a random field n : V; x £y — R is space
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stationary, if there is a semigroup of measure-preserving bijections {Y, : Q¢ — Qo },cza such
that Ty = Idg,, for any y, z € Z% we have Y, 0T, = T, ., and for any (v,y,w) € Vyx Z¢x Qq
we have

n(v, Tyw) = n(oy(v),w).
Let us assume below that 7 satisfies this as well as % <n < L for some L > 1.

Example 5.1. Let Q := [0, C') x Q{° have the product probability measure (with some C' > 0
and the uniform measure on [0,C)), and for w = (a,wp,wq,...) € Q let

55(“’) = n(U7WL(t+a)/CJ>- (57)

That is, the speeds & always change after time interval C, starting from some time in [0, C).
Then they are clearly space-time stationary. Moreover, if F;- are defined via (5.5) and (5.6),
then F; and F, . are independent for each ¢ > 0 because random variables a(w) := n(vy,w;)
and f(w) := n(ve,w;) are independent for any vy,ve € V; and any distinct ¢, € Ng. The
above discussion now shows that Theorem 1.1 applies to Xfrfn above for any e € Z<, so %Xéfl
converges to some w-independent constant almost surely.

Moreover, for any A, B € Z and t > 0 we clearly have

LA - By € X'(A,B) < LIA - BIs, (5.8)

where |e|; = |ey| + -+ + |eq| is the L' norm, so the deterministic constant (5.4) is from
[£]el1, Lle]1]. Let us denote B}(0) the ball in R with respect to the L' norm, with radius r
and centered at the origin. Then (5.8) and a standard argument [2,7] show that there is a
convex open set S C RY, containing B} ,(0) and contained in Bj(0), such that if S;(w) is the
set of all A € Z¢ with X*(0,A) <t (for t > 0 and & from (5.7)), then for almost all w €
we have that for any ¢ > 0 and all large-enough ¢ > 0 (depending on w and ),

(1—=10)tS C Si(w) C (1 +9)tS. (5.9)

That is, S is the deterministic limiting (as t — oo) shape of the (scaled by t) set of all points
reachable from the origin in time ¢.

Example 5.2. Consider a Poisson point process with parameter A > 0 on R, defined on
some probability space (€', F',IP'), and let N, be the corresponding counting process (i.e., IV
is the number of points in the interval (0,¢]). We now let Q := Q' x Q° have the product
probability measure, and for w = (W', wp, wy,...) € Q we let

&(w) = n(v, w,).

That is, now the interval after which the speeds & change has an exponential distribution.
The speeds are again space-time stationary, and (5*) holds with ¢(s) := e™** when F;- are
defined via (5.5) and (5.6). Indeed, if G;s := {Nys = N} for t,s > 0, then P[G, ] = e™*
and events E and F'N Gy, are independent whenever £ € F;” and F € Fj}, (see below).
This includes F' = Q, which yields for general E € 7, and F € F/,

0 < P[F NGy, NE] < PGy, N E] = P[G,,JP[E].
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Therefore |P[F N G 4|E] — P[F'NGys)| < PG 5] and so
[B[F|E] — PIF]| < [BIF N G5, |E] = PIF 01GS,)| + Bl = e
The above discussion therefore shows that Theorem 1.2 applies to anen above for any e € Z¢,

t . .
SO %XO’Z converges to some w-independent constant almost surely. And just as before, we

can again also conclude (5.8) and (5.9).
[t remains to prove independence of £ and F'NGj for any F € F; and F € Fiis. Let us

denote vy, vy, . .. all the edges in V; and for m, J € Ny let Y,/ (w) := (n(vo,wm), - - -, n(vs, wm)).
By Dynkin’s 7-A Theorem, it suffices to show that P[E N F NGy, | = PIE|P[F' N Gf,] for

E:{Yﬁt‘eAiforizl,...,n} and F:{Y]@eAifor@':n+1,...,2n}7

with arbitrary J € Ny, Borel sets A5, ..., Ay, C R’, and times
0<t1 < - <th=t<t+s=t1 < - <o
Note that N;, > Ny, , for all i (let o := 0, so Ny, = 0), and for any ky, ..., ke, € Ny we have

2n 2n
Nt —ti_q))P _
P [Nti — N, =kifori=1,..., Qn} = H (A( o 2) e At — szk,
it i=1

i=1

(clearly D iy, Pik = 1). Since Gf ; = { Ny, , > Ny, }, with Ky := (ky11, . . ., k2n) We obtain

P [F N G;S} = Z P [Y];]]thrZ;:nHki cA &N, — Ny, =k fori=n+1,... ,Qn}
KyeNxNg~!
2n
= Z (sz',ki>P[YJ; kieAifori:n—i—l,...,Qn}
KaeNxNg—! \i=nt1 e

because the g-algebras F' x {},25°} and {0, '} x F,° are independent, random variables
{Ni, — Ni,_, }iz1,. 20 are jointly independent, and the joint distribution of {Y,], Y7, ...} is
independent of m. But then with K; := (ki,...,k,) we similarly obtain the desired claim

PIENFNGL] = > PV , €A&N, — N, —kifori=1,.. 2n]
, ik
(K2,K1)ENxN3" 1

2n
= Z ( pzk) P |:YJ1'_ o €EAjfori=1,... ,Qn]
J=1m
1

(K2,K1)ENxNZn—1 \i=

= Z (ﬁpi,ki>P[YJ;_lkiEAi forizl,...,n}

KieNg \i=1

2n
Z (H pi,ki>P[Y§;_1ki€Ai fori=1,...,2n

KoeNxNp—t \i=n+l
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= Z (ﬁpzk) P [Yjé-:l’fi cAfori=1,...,n

Ki1eNy \i=1
2n
Z (szkz>P[Ysz k_GAifori:nle,...,Qn]
. j=n+1"™"1
KoeNxNp—t \i=n+l

=P[E]P [FNG,],
where we also used k,;1 > 1 in the third equality.

Example 5.3. An important family of examples to which our main results apply are partial
differential equations (PDE) on [0,00) x R? for which the maximum principle holds, with
space-time stationary coefficients that yield (5) or (5*) when F;" are defined similarly to (5.5)
and (5.6) (but with the PDE coefficients in place of & ; this of course again guarantees (4)).

One can then fix some initial condition ug : R — R and for (ty,y,2) € [0,00) x R*
let X' (y, z) be the smallest ¢ > 0 such that the solution u to the PDE with initial data
u(to, ) = uo(- — y) satisfies u(t +to,-) > ug(- — 2). We again let X, := X'(me, ne) for any
e € S1 and Theorem 1.1 will then apply if (2) and (5) hold, while Theorem 1.2 will apply
if (2*) and (5*) hold, in either case provided we choose ug so that in the setting above we
have inf;scu(t + to,-) > ug(- — y) for all (¢,t9,y) € [0,00)% x R? (this is needed for (6) to
hold, via the maximum principle, while (1) and (3) are satisfied by the maximum principle
and space-time stationarity of coefficients).

If an estimate like (5.8) also holds, one may even be able to obtain an asymptotic shape
theorem for solutions with initial data g (similar to (5.9)), although its specific form may
depend on further properties of the solution dynamic. We provide such applications in the
companion paper [8].
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